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Course contents of MA 203 (Mathematics III):

Ordinary differential equations of the 1st order, exactness and integrating factors, variation of pa-
rameters, Picard’s iteration method. Ordinary linear differential equations of the nth order, solution of
homogeneous and non-homogeneous equations. The operator method. The methods ofundetermined co-
efficients and variation of parameters. Systems of differential equations, Phase plane. Critical points,
stability.

Infinite sequences and series of real and complex numbers. Improper integrals. The Cauchy criterion,
tests of convergence, absolute and conditional convergence. Series of functions. Improper integrals depend-
ing on a parameter. Uniform convergence. Power series, radius of convergence. Power series methods for
solutions of ordinary differential equations. Legendre equation and Legendre polynomials, Bessel equations
and Bessel functions of first and second kind. Orthogonal sets of functions. Sturm-Liouville problems. Or-
thogonality of Bessel functions and Legendre polynomials. The Laplace transform. The Inverse transform.
Shifting properties, convolutions, partial fractions. Fourier series, half-range expansions. Approximation
by trignometric polynomials. Fourier integrals.

Texts/References

E. Kreyszig, Advanced Engineering Mathematics, 8th ed., Wiley Eastern, 1999.

Teaching Plan

[K] refers to the text book by E. Kreyszig, “Advanced Engineering Mathematics”, 8th Edition, John Wiley
and Sons(1999).

Policy for Attendance

Attendance in both lectures and tutorial classes is compulsory. Students who fail to attend 80% of the
lectures and tutorial classes may be awarded an XX grade.

Evaluation: Figures in parentheses denote the percentage of the marks assigned to each quiz or exam.

Quiz 1 (16.67): 6:00 - 7:00 p.m., Wednesday, August 16.
Quiz 2 (16.67): 6:00 - 7:00 p.m., Wednesday, October 18
Mid-semester examination (33.33)
End-semester examination (33.33)



Topics to be covered before the mid-semester examination

No. | Topic §in [K] No.of Lec.
1. | Basic concepts and ideas, 1.1-1.2

1st order linear equations (homogeneous

and non homogeneous),

Separation of Variables, 1.3-14 3

Exact equations, integrating factors

The Bernoulli Equation 1.5-1.7
2. | Existence and Uniqueness: Picard’s iteration 1.9

Singular solutions, enveloppes and 4

orthogonal trajectories 1.8
3. | Linear Differential equations:

Homogeneous equations with constant

coefficients, 2.1-2.3 4

Existence and Uniqueness, The Wronskian,

Non-homogeneous equations 2.7-2.8
4. | The Cauchy-Euler equations

The Method of undetermined coefficients, 2.9-2.10 4

The method of variation of parameters 2.11-2.12 2
5. | Sequences and Series, Convergence Tests 14.1, A- 3.3 3
6. | Uniform convergence, and Power Series 14.2 - 14.5 3

Topics to be covered after the mid-semester examination
No. | Topic §in [K] No.of Lec.
7. | Improper integrals (p. 27 of this booklet) 3
8. | Laplace transforms and systems of equations 5.1-5.7 4
9. | Series solutions: Legendre’s equation

and the Legendre polynomials 4.3 3
10. | Frobenius’ method, the Bessel’s functions 4.4-4.6 4
10. | Sturm-Liouville Problems: Eigenvalues

and eigenfunctions properties and more 4.7-4.8 3
11. | Fourier Series and Fourier Integrals 10.1 - 10.10 4
12. | Qual. Theory: Phase plane analysis, 3.3-3.5

Critical Points, Linearized Stability. 3




Q.1.

Q.2.

Q.3.
Q.4.
Q.5.

Q.6.

Q7.

Q.8.

Tutorial Sheet No. 1

Classify the follovving equations (order, linear or non—linear)'

(i) & dx3 +4( =y (ii)g—z+2y:sinx (111)ydz2 +2x 2+y=0

(iv) 4 e ‘1‘(5111113)% + 22y =0. (v)(1 +y? )dtg +tdt6 +y=el

Formulate the differential equations represented by the following functions by eliminating the arbi-
trary constants a,b and c:

(i) y =azx?® (ii) y —a® = a(x — b)? (iii) 2> +y* =a® (iv) (v —a)®> + (y — b)? = a?

(v) y =asinz +bcosz +a (vi) y = a(l — 22) + bx + cz® (vii) y = cx + f(c).

Also state the order of the equations obtained.

Solve the equation z3(siny)y’ = 2. Find the particular solution such that y(z) — 5 as T — +00.

Prove that a curve with the property that all its normals pass through a point is a circle.
Find the values of m for which
(a) y =e™® is a solution of
(1) y"+y -6y =0 (ii) y" - 3y" +2y' = 0.
(b) y =™ for & > 0 is a solution of
(i) 2%y" — 4oy +4y =0 (ii) 2%y" —2y” +y = 0.

For each of the following linear differential equations verify that the function given in brackets is a
solution of the differential equation.
(i) y" + 4y = 5e” + 3sinx (y = asin 2z + bcos 2x + e + sin z)
(ii) ¥ —5y' + 6y =0, (y1 = €**,y2 = €*, c1y1 + c22)
(iii) ¢ + 69" + 11y + 6y = e~ 2% (y = ae™™ + be™2* + ce 3% — xe~2%)
(iv) y" + 8y = 9¢® + 65cos x, (y = ae™2* + e*(bcos v/3x + csin v/3x) + 8cos x — sinx + %)
Let ¢; be a solution of y' + ay = b;(x) for i =1, 2.
Show that o1 + o satisfies ¥’ + ay = bi(z) + be(x). Use this result to find the solutions of
y' + 1y = sinx + 3 cos 2z passing through the origin.

Obtain the solution of the following differential equations:

(i) (22 4+ V)dy + (y> +4)dx =0; y(1)=0 (i) v = ycotx; y(n/2) =1

(iif) ¥ = y(y* — 1), with y(0) =2 0or y(0) =1, or y(0) =0 (i) (z +2)y' —ay =0; y(0) =1
() ¢+ =0 (1) =1 (vi) y' = (y — )% y(0) =2

(vii) 2(y sin 2z + cos 2z)dx = cos 2xdy; y(mw) = 0. (viii) ¢’ = m



Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

Q.15.

Q.16.

Q.1.

For each of the following differential equations, find the general solution (by substituting y = vx)

2 _

By (il) 2%y = y* + 2y + 2

(i) 2y =y +acos®(y/z) (iv) 2y = y(ny — Inz)

d b
Show that the differential equation Y _ artoy+m where a,b, c,d, m and n are constants can be
dr cx+dy+n

dy _ax+by if ad — bc # 0. Then find the general solution of

duced to < =
SO T vt dy

(i) 14+z—2y)+y' (4 —3y—6)=0
i) yf = ==t

(i) (z+2y+3)+ 2z +4y—1)y =0.

+1
Solve the differential equation \/1 — y2dz++/1 — 22dy = 0 with the conditions y(0) = 7\/5 Sketch

the graphs of the solutions and show that they are each arcs of the same ellipse. Also show that after
these arcs are removed, the remaining part of the ellipse does not satisfy the differential equation.

The differential equation y = zy’ + f(y’) is called a Clairaut equation (or Clairaut’s equation). Show
that the general solution of this equation is the family of straight lines y = cx + f(c¢). In addition
to these show that it has a special solution given by f’(p) = —z where p = y’. This special solution
which does not (in general) represent one of the straight lines y = cx + f(c), is called a singular
solution. Hint: Differentiate the differential equation.

Determine the general solutions as well as the singular solutions of the following Clairaut equations.
In each of the two examples, sketch the graphs of these solutions.

Hy=ay+1/y. (i) y=ay—y/V1+y?

For the parabola y = 22 find the equation of its tangent at (c,c?) and find the ordinary differential
equation for this one parameter family of tangents. Identify this as a Clairaut equation. More
generally take your favourite curve and determine the ODE for the one parameter family of its
tangents and verify that it is a Clairut’s equation. N.B: Exercise 13 shows that the converse is true.

In the preceeding exercises, show that in each case, the envelope of the family of straight lines is also
a solution of the Clairaut equation.

Show that the differential equation y’ — y* = 2273/2 has three distinct solutions of the form A/ \x
but that only one of these is real valued.

Tutorial Sheet No. 2

State the conditions under which the following equations are exact.
(i) [f (@) + g(y)ldx + [h(z) + k(y)ldy = 0

(ii) (2 + zy?)dz + (az’y + bxy?)dy =0

(iil) (az? + 2bzy + cy?)dz + (ba? + 2cxy + gy?)dy = 0



Q.2. Solve the following exact equations
(i) 3z(xy — 2)dx + (23 +2y)dy =0  (ii) (cos x cosy — cot z)dx — sin z sin ydy = 0.
(iii) e*y(z +y)dr + e*(x + 2y — 1)dy =0

Q.3. Determine (by inspection suitable) Integrating Factors (IF’s) so that the following equations are

exact.

(i) ydz + xzdy =0 (ii) d(e*siny) =0

(iii) dz + (£)2dy = 0 (iv) ye™/vdz + (y — 2e™/¥)dy = 0
x

(v) (2x 4 e¥)dx + ze¥dy = 0, (vi) (2% + y?)dx + zydy = 0
Q.4. Verify that the equation Mdx + Ndy = 0... (1) can be expressed in the form

1 1
5 (Ma + Ny)d(inay) + 5 (M - Ny)dln(g) = 0.

Hence, show that (i) if Mz + Ny = 0, then is an IF of (1) and

1

Mx — Ny
1

(ii) if Mx — Ny = 0, then Mot Ny is an IF of (1).

1
Also show that (iii) if M and N are homogeneous of the same degree then s Ny is an IF of (1).
Q.5. If u(x,y) is an IF of Mdx + Ndy = 0 then prove that
M, — NI—N; In |u| — §1n|,u|.

1 €T
Use the relation to prove that if N (M, — N;) = f(x) then there exists an IF p(x) given by exp(/ f)ar)

and if %(My — N,) = g(y), then there exists an IF pu(y) given by exp(— /ay g(t)dt). Further if
My — N, = f(z)N — g(y)M then p(z,y) = exp([; f(z')da' + [V g(y')dy’) is an IF, where a is
any constant.

Determine an IF for the following differential equations:

(1) y(8z — 9y)dx + 2z(x — 3y)dy = 0.

(ii) 3(z2 + y?)dz + (23 + 3zy® + 6xy)dy = 0

(iii) 4zy + 3y% — x)dx + z(x + 2y)dy =0

Q.6. Find the general solution of the following differential equations.

(i) (y —2y) +a(y® +¢) =0 (i) [y + :JCf(:r2 +y?))dx + [yf (z* +y*) — 2]dy = 0
(iii) (z® 4 y>\/22 + y2)de — zy /22 + 32dy =0 (iv) (:L‘ +9)%y =1

(V) y —zly=a"1y? (vi) 2%y’ + 22y = sinh 3z

(viii) 3 + ytanx = cos® x (ix) (3y Tx 4+ 7)dx + (Ty — 3z + 3)dy = 0.

Q.7. Solve the following homogeneous equations.

) (23 + y? /22 + y?)dx — xy/2? + y2dy = 0, (ii) (23 + y®)dx — 3zy?dy = 0
(iii) (22 + 6y?)dx + 4aydy = 0, (iv) 2y = y(lny — Inx).

(v) 2y’ =y + xcos® ¥



Q.8.

Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

Solve the following first order linear equations.

(i) =y —2y=a' (iii) ' =1+ 3ytanz
(i) y' +2y =™ (iv) ¢/ = cosec = + y cot x.
(v) y' = cosec x — y cot x. (vi) ¢ — my = c1e™®

«

A differential equation of the form y’ + f(z)y = g(x)y® is called a Bernoulli equation. Note that if

a = 0 or 1 it is linear and for other values it is nonlinear. Show that the transformation '~ = u
converts it into a linear equation. Use this to solve the following equations.
d
(i) evy' — e¥ = 2z — 22 (iv)(zy + :c3y3)d—y =1.
x
- ;2 2_ 4 dy _ 3,3
(i) 2+ 1)y ——(y+1)" == (V) == =y +a’y
x dx
(i) 2y =1 —y —ay (vi) zy’ +y = 22%*

(vii) 6y2dz — z(223 + y)dy = 0 (Bernoulli in x).

(i) Solve (2% + 6y?)dx — 4xydy = 0 as a Bernoulli equation.
(ii) Consider the initial value problem ¢y’ = y(1 — y),4(0) = 0. Can this be solved by the meethod
of separation of variables? As a Bernoulli equation?
Put y =1 — u, u(0) = 1 and solve the resulting equation as a Bernoulli equation.
(iii) Solve 2ydx + z(z?Iny — 1)dy = 0. Hint: The equation is Bernoulli in z.
(iv) Solve cosysin 2xdx + (cos? y — cos? z)dy = 0
(Hint: Put 2z = — cos? ; resulting ODE is Bernoulli in z.)

Find the orthogonal trajectories of the following families of curves.

—z? 2

(i) 22 —y? = 2 (i) y = ce (iii) e*cosy =c (iv) 22 +y® =¢
W) P =4a+h) ()R =P —cx)  (vii) g = 2%/(a—2)
(viii) y = c(secx + tan ). (ix) xy = c(x + y)

x) 2?2+ (y—c)?=1+c

2 2
Find the ODE for the family of curves a2x+ 3 + b2y+ 3

orthogonal trajectories. Explain the anomaly.

=1, (0<b<a)and find the ODE for the

A differential equation of the form y’ = P(z) + Q(x)y + R(z)y?* is called Riccati’s equation. In gen-
eral, the equation cannot be solved by elementary methods. But if a particular solution y = y1(z)
is known, then the general solution is given by y(x) = y1(z) + u(z) where u satisfies the Bernoulli

equation
du

i (Q + 2Ry )u = Ru>.

(i) Use the method to solve ' + 23y — 2%y = 1, given y; = .
(ii) Use the method to solve y' = 23(y — 2)? + x 1y given y; = .

Consider the differential equation y’ + P(x)y = 0, where P(x) is continuous on an interval I. Show
that

(i) if y = f(x) is a solution and f(xg) =0 for xg € I, then f(x) =0 for all x € T



Q.15.

Q.16.

Q.17.

Q.1.
Q.2.

Q.3.

Q.4.

(ii) if f(x) and g(z) are two solutions such that f(x¢) = g(zo) for some zy € I, then f(z) = g(x)
for all z € I.

Determine by Picard’s method, successive approximations to the solutions of the following initial
value problems. Compare your results with the exact solutions.

(i) v =2y y(1)=0
(i) ¥ —ay=1; y(0)=1
(i) ' =2 —y* y0) =1
Show that the function f(x,y) = |siny| 4 z satisfies the Lipschitz’s condition

[f(@,y2) = f(@,01)] < Mlyz2 — 1]

with M = 1, on the whole zy plane, but f, does not exist at y = 0.

Examine whether the following functions satisfy the Lipschitz condition on the zy plane. Does g—g

exist 7 Compute the Lipschitz constant wherever possible.

1) f=lz]+yl

i) f=2/yinR:|z|<1L,0<y<1lorinR: |;U|<1,2<y<1
(iii) f —x2|y| inR:|z] <1yl <1
iv) f

=22cos’y +ysin®x, 2| < 1, |y| < 0o

Tutorial Sheet No. 3

Find the curve y(z) through the origin for which y” = ¢ and the tangent at the origin is y = x.

Find the general solutions of the following differential equations.

)y =y =2y=0(i) y" =2+ 5y =0

Find the differential equation of the form y” + ay’ + by = 0, where a and b are constants for which
the following functions are solutions:

(1) 6_2:0, 1 (11) e—(a—i—iﬁ)x’ e—(a—iB)z

Are the following statements true or false. If the statement is true, prove it, if it is false, give a
counter example showing it is false. Here Ly denotes y” + P(z)y’ + Q(z)y.

(i) If y1(x) and ya(z) are linearly independent on an interval I, then they are linearly independent
on any interval containing I.

(ii) If y1(x) and yo(x) are linearly dependent on an interval I, then they are linearly dependent on
any subinterval of I.

(iii) If y1(x) and ya(z) are linearly independent solution of L(y) = 0 on an interval I, they are
linearly independent solution of L(y) = 0 on any interval I contained in I.



(iv) If y1(x) and y2(x) are linearly dependent solutions of L(y) = 0 on an interval I, they are linearly
dependent on any interval J contained in I.

Q.5. Are the following pairs of functions linearly independent on the given interval?
(i) sin2z,cos(2z + Z);2 >0 (ii) 23, 2%z -1 <z <1

2

(iii) z|z|, 220 <z <1 (iv) logz,log2%;2 > 0 (v) z, 2%, sinx;z € R

Q.6. Solve the following:
(i) v —4y' +3y =0, y(0) = 1L,y'(0) = =5, (i) " —2y' =0, y(0) = —Ly(3) =e—2.
Q.7. For what non-negative values of A do there exist non trivial solutions ¢ of ¢” + A\%¢ = 0 satisfying

(i) »(0) = 0 = (), (ii) ¢'(0) = 0 = ¢'(7)
(iii) »(0) = ¢(7),¢"(0) = ¢'(7), (iv)p(0) = —p(7),¢'(0) = —¢' (7).

Q.8. Solve the following initial value problems.
(i) (D*+5D+6)y=0,  y(0)=2,¢'(0)=-3 (i) (D+1)’% =0,  y(0)=1y/(0)=2
(iii) (D% +2D +2)y = 0, y(0) = 1,9/(0) = -1
Q.9. Solve the following initial value problems.
(i) (22D? — 42D+ 4)y = 0,y(1) =4,y'(1) =1
(ii) (422D? + 42D — 1)y = 0,y(4) = 2,y'(4) = —0.25
(iii) (z2D? — 52D + 8)y = 0,y(1) = 5,y'(1) = 18

Q.10. Using the Method of Undetermined Coefficients, determine a particular solution of the following
equations. Also find the general solutions of these equations.

(i) ¥ + 2y + 3y = 27x (il) v + 1y — 2y = 3e”

(iii) y” + 4y’ + 4y = 18 cos hx (iv) y”” +y=6sinx

(V) y" + 4y +3y =sinz +2cosz  (vi) ¥y’ — 2y + 2y = 2 cos:n

(vii) y" + y = 2 CosT + sin (viii) 2y + 3y" +y = 2% + 3sinz
( " (x) ¥y = 5y" + 8y — 4y = 2e* cosx

ix) y" — o = 2z%

Q.11. Solve the following initial value problems.
(©) ¥ +y = 2y =14+ 22 — 22°,y(0),/'(0) = 0.
(i) ¥" + vy — 2y = —6sin 2z — 18 cos 2x; y(0) = 2,y'(0) = 2.
(iii) " — 4y’ + 3y = 4€3*,y(0) = —1,7/(0) = 3.
Q.12. Find a solution y = y(x) of the initial value problem

T Hfo<zxz<m

y' +y = f(z),y(0) = 0,y(0) = 1, where f(z) = { e ifx >

such that both y and 3 are continuous functions.

Q.13. For each of the following equations, write down the form of the particular solution. Do not go further
and compute the Undetermined Coefficients.

1)y +y = 23sinz (i) y” +20/+y = 222e T +aPe2® (i) y/+4y = 23e 4 (iv) yW 4y = ze®/V? sin(z/V2).



Q.14. Solve the Cauchy-Euler equations: (i) z2y" —2y = 0 (ii) 2%y +2zy’ —6y = 0. (iii) 22y +2zy' +y/4 =

1/\/x
Q.15. Find the solution of z2y" — 21’ — 3y = 0 satisfying y(1) = 1 and y(z) — 0 as  — 0.

Q.16. Show that every solution of the constant coefficient equation 3" + ay’ + By = 0 tends to zero as
x — oo if and only if the real parts of the roots of the characteristic polynomial are negative.

Tutorial Sheet No. 4

Q.1. Using the Method of Variation of Parameters, determine a particular solution for each of the following.

(i) ¢ — By + 6y =2 (i) 4 +y =tanz,0 < z < g

(i) v + 4y + 4y =2 27,2 >0 (iv) y” 4+ 4y = 3 cosec 22,0 < z < g
(v) 22y" — 2zy' 4+ 2y = 5zl cosx (Vi) zy” —y = (3 + x)z3e”
Q.2. Let y1(x) and y2(z) be two solutions of the homogeneous equation y” + p(z)y’ + q(z)y = 0,a < x < b,

and let W (z) be the Wronskian of these two solutions. Prove that W'(z) = —p(z)W (z). It W (z9) =0
for some z¢ with a < o < b, then prove that W(x) = 0 for each = with a < z <.

Q.3. Let y = yi(z) be a solution of y” + p(x)y’ + q(x)y = 0. Let I be an interval where y;(z) does not
vanish, and a € I be any element. Prove that the general solution is given by

y = y1(x)[c2 + c1¢(x)] where ¢(z) = /‘:c exp[— [, p(u)du]

dt.
. yi(t)

Q.4. For each of the following ODEs, you are given one solution. Find a second solution.

(i) 42%y" + day’ + (42% — 1)y = 0;y1(z) = sinz/\/x

(ii) y" — 4wy’ +4(a? — 2)y = Oyy1 =

(iil) z(x — 1)y" + 32y’ +y = 0;y1 = z/(x — 1)%;
)

(iv) zy" —y' + 423y = 0,y = cos 2?

3_2 1_2
r=(1—2%)y” -2y — . y=0,y1= -
v 21 2\, ! 3,/ . 0
X

(vi) (14 322)y" 4+ 2y — 6y =0,y = 1 + 22

(vii) (sinxz — xcosz)y” — (zsinz)y’ + (sinz)y = 0,y; = x.

Q.5. Computing the Wronskian or otherwise, prove that the the functions e™%, e™% ... e™% where
r1,T2,...,T, are distinct real numbers, are linearly independent.
Q.6. Let y1(x),y2(x) ..., yn(x) be n linearly independent solutions of the nth order homogeneous linear dif-

ferential equation y™ + py(2)y™ ™V + ... 4 pp_1(2)y + pu(z)y = 0. Prove that y(z) = c1(x)y1(z) +
c2(2)y2(2)+. . 4cn(2)yn () is a solution of the nonhomogeneous equation y™ + py(2)y "V + ... + pp_i(x)y =

D;
(z) dx, where D;(x) is the determinant of
W (z)

where c¢1(x),ca(z), ..., cn(x) are given by ¢;(x) :/

9



Q.7.

Q8.

Q.9.

Q.10.

Q.11.

Q.12.

Q. 13.

Q. 14.

the matrix obtained from the matrix defining the Wronskian W (z) by replacing its i th column by
0

r(x)
Three solutions of a certain second order non-homogeneous linear differential equation are

2

i) =1+¢" (@) =1+ac”, ys(a)=(1+a)e” - L.
Find the general solution of the equation.

For the following nonhomogeneous equations, a solution ¥, of the corresponding homogeneous equa-
tion is given. Find a second solution y9 of the corresponding homogeneous equation and the general
solution of the nonhomogeneous equation using the Method of Variation of Parameters.

(i) A+a?)y” =22y’ +2y =2’ +z, yp=2 ({)ay -y +(1-a)y=2> y=¢

(iii) (22 + 1)y" —4(zx + 1)y +4y = €2*,  y; =e**

(iv) (23 — 22)y" — (23 + 222 — 22)y + (222 + 22 — 2)y = (2 — 222 + x)e®, y; = 22

Reduce the order of the following equations given that y; = x is a solution.

(1) 23y — 322y + (6 — 22)xy — (6 — 22y =0 (i) v + (22 +1)y" — 222y 4+ 22y =0

Find the complementary function and particular integral for the following differential equations

(i) g + 2y +y = sinz (i) y® — y@ = 3y® 4+ 5y — 2y = we” 4 3~

Solve the following Cauchy-Euler equations

(1) 229" + 2zy +y = 2° (ii) 2*y@ + 823y + 1622y + 8xy/ +y = 23
(ili) 2%y” + 2zy + 4 = %

Find a particular solution of the following inhomogeneous Cauchy-Euler equations.

(i) 2%y” — 6y =Inx (ii) 2%y" + 2zy’ — 6y = 1022

Find a second solution of

(i) (2 —2)y" + (x + 1)y’ —y = 0 given that (1 + ) is a solution.

(ii) (2z + 1)y” — 4(x + 1)y’ + 4y = 0 given that €>* is a solution.

Find a homogeneous linear differential equation on (0, 00) whose general solution is c1z2e® + coz3e?.

Does there exist a homogeneous differential equation with constant coefficients with general solution
c12e® + core®?

Tutorial Sheet No. 5
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Q.1. Are the following real sequences bounded, eventually monotone and convergent?
(i) k,2k%3K3 ... (|k| < 1) (i) a,22%a?,3%a3,4%a%,... (Ja| < 1)

(i) 0! 102 107 (iv) 11-31-3:5

1 Ty T e T e V) —, —

11720777 pl 2°2.4'2-4-6’
1 11 1 1

()11+1',1+ﬁ‘i‘g,...,lﬁ-ﬁ-l—...—i-a,...

1\\1/n
Q.2. (i) Prove that (ln (1 + —)) converges to 1 as n — 0.
n

1
(ii) Show that if {a,} is monotone decreasing then so is the sequence {— (al +az+...+ an>}
n

n

Q.3. Examine the following series for convergence.

n i L e S i 1
i ii — (il —  (iv
!
- (2n)! — n" =, Inn Bt In(Inn)
n ) 1-3:5---(2n—1) .. i n+i
EP BNy SEE LIS IESIER) SRS =)
n=1 n=1 n=0 n=1
. 1 1
Q.4. Examine the series Z ay, for convergence, where a,, = (5)”, if n is even and a,, = (g)”, if n is odd.
n=0

Q.5. Examine the following series for absolute and conditional convergence.

A= (CD" e (D) o 1 ~1
(1) Z W (ll) Z W (111) Z'LLk, where Uk = 3@ and U2k+1 — W, k= O, ].7 2, e
n=2 n= k=0
00
(iv) Yy (ug + vg), where up =
k=0

1
andvkzm, k‘:O,l,Q,...

i
93k
Q.6. For what real values of x, are the following series convergent.

o0 o0 oo [e.9] o0

: " " _ . 1 "
O o @D )Y @ +a™) ()Y e D T
1 1 1 1 n=0
0 o Lt
i —1...(n— D"
(vi) nZ:;n(n )...(n—r+1x (vii z:: PR T PR Sy P
Q.7. (Modified Comparison Test.) Let Z Uy, and Z vy, be two series of positive terms. Let —— Untl < Untl
U v
for n > ng. Show that " "
(i) if Z vy, 1S convergent, then so is Z Up.  (i1) if Z Uy, is divergent, then so is Z Up,.
1-3-5---(2n—1 1
Examine the series ; o (n _i 17;! ) for convergence. (Hint: Take v,, = nE )@ 1)1 and
apply (i)).
o0 s . In(1 + 1)
Q.8. Discuss the convergence of (i Z 1/n _ (ii) Z(l —cos(1l/n))  (iii) Z Tln:’ x>0
n=1 n=1 n=3

11




Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

Q.15.

Q.16.

Q.17.

Examine the convergence of the following improper integrals.

L de * dz 1 * cosxdx oo pp—l
. .. p—1 1— q_ld . . d
(1)/0 ) (11)/l o] (111)/0 27 (1 —x) x (1V)/0 N (iv) . 1z x
e’} 2m
) | s (nm > 0)
0

1+ a2

Examine the convergence of the following improper integrals and determine the value of the conver-
gent integrals.

—bx?

© c—azt _ ,
Show that / ————dx is convergent and find its value. Hint for the last part: Try integrating
0 x
by parts.
o oo
(i) Show that both / sinz?dr and / cosz2dx are convergent integrals and find their values.
0 0

(Fresnel Intergals)

dx

o9 oo .2
(ii) Show that the integrals / — and / x—x4 converge and find their values. Hint: Rewrite
0 1 +x 0 1 +x

them as beta integrals and use Euler’s reflection formula.

o
(iii) Express /
0

a—1

T as a beta integral and show that it is equal to B(a,1 —a) where 0 < a < 1.
x

Test for convergence and evaluate the convergent integrals.

A L L)
i , (il — (iii ——— (v x.
0 COsT 1\War — 22 -3 oo+ 20+5 0o Vtanz
/2
(V)/ Vtan xdz.
0

Test the following improper integrals for convergence:

° ° dx *° dx
i rsinxdr (il —_— iii
o) ) e ) e
) o0 21;2_3 7'('/2 )
(1V)/2 md:ﬂ (V)/0 Insinz dz.
2

& a
Prove that the improper integral / log (1 + —2)da: is convergent and that its value is wa if a > 0.
0 x

Hint: Integrate by parts.

Test the following series for convergence.

= 1 =1 > oo 1
(i) i)Y —— i)Y —— (i) .
ngl:o nlnn n;() nPInn %: n(lnn)p n;m nInn(Inlnn)®

oo
Evaluate / exp(—z?)dz.

— o0

12



Q.18. Discuss for convergence the following series:

[e.e]

, log(n!) .. 1:3:5...2n—1\? .. =1 1 1\ . o= (=1)" 1
(1)2 g2(n)(11)z_:1< 2-4-6..(.(2n) )) (111)ZE(1+§+...+E) (IV)Z(n) (1—!—54-...

n=1 n=1

(v) Z L (vi) Z x" exp(—% logn)

1
n"tn

Q.19. Show that the rearrangement

et eb-h oG-

converges and that its value is %log 2

Tutorial Sheet No. 6

Q.1. Examine each of the following sequence for uniform convergence in the given region.

() a", 0<z<1 (i) " 0<x§5<1(iii)1fn$, O<z<oo (iv)nlze ™, 0<z<l.
n2:c2 n2:c

2
T2 (0,00)  (viii) T nis?

(v) a"(L =) on [0,1] (v) 755

(0, 00)

on (0,00) (vii) on

o
Q.2. Show that if Z fn(x) converges uniformly, then f,(z) — 0 uniformly.
n=1
o
Q.3. Examine the uniform convergence of each of the following series Z ug(z) in the given region.
1

. T . k—1 k
= 1; = — < 1.
(a) (i) ug =Dz + D)z 1) O0<z <l (ii) up = ", Jr| <a<
S . x . kx
(b) g (ug, — uk—1) when (i) ug = . and (ii) ug = T3 7222 0<a<zx<oo.
1

o
Q.4. Show that Z cos” x converges uniformly on (z, E). Is the convergence uniform on (0, g)7

= 6" 2
Q.5. Prove that ———— is absolutely convergent but not uniformly convergent on [0, 1].
(1 + 2)71—1
x
1
> (_1)n—l
Q.6. Show that g gy is uniformly convergent for all real  but not absolutely convergent for all
n+ax
1

real x.

13



Q.7.

Q.8.

Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

Q.15.

Q.1.

Q.2.

—1)"(2? 4+ n)

3 converges uniformly in every bounded interval, but does not converge
n

Prove that Z (

1
absolutely for any real value of x.

Show that Z

T) converges uniformly and absolutely for all real x.
nx

2
Show that f,(x) = %

sequence of derivatives f] (z)?

converges uniformly to zero on [0,1]. What can you say about the

2 1 1
nex
Show that f,(x) = T g2 Comverges to zero pointwise. Examine if nlggo ; fn(x)dx = /0 nh_)nolo fn(x)dz

/2 /2
Show that lim cos® xdx = / lim cos®® zdx although the sequence of functions cos?" z

n——aoo 0 n——aoo
fails to converge uniformly on [0,7/2]. Hence determine the limit of the convergent sequence given
in tutorial sheet 5, Q1 (iv).

Hint: Break the integral into a sum of an integral over [0, €] and an integral over [e, 7/2]. On [e, 7/2]
we have uniform convergence and estimate the integral over [0, €.

Prove that g g i) converges uniformly if £ > 1+« > 1.
nn(n
n=10

Find the radius of convergence of the following power series:

ZZ 11 Z%W: 111 Zm'z 1V Zm(m_l)(m_k+l)zm (V)ZZQ(SZLTL)"an
. m=k .

2n)! . = (3n)!
1

m [e.e]

3

[e.e]
(vi ZI: 1) (m k1) (vii zl: o 2" (viii)

n 00
1

Suppose fy,(z) converges uniformly to f(z) on (0, 00) does it follow that / fn(x)de — / f(x)dx
0 0

as n — oo’

. . 2 !
Determine the radius of convergence of E nlz™ and E '™

Tutorial Sheet No. 7

Apply the power series method to determine the general solution of the following differential equa-
tions.

1) (1—2?)y' =y (i) y =2y y(0) =1 (iii) (1 —2?)y’ = 2y
. IE _ 42
(iv) ' —2zy =1, y(0) = 0. From (iv) deduce the Taylor series for e* [ e~ dt.

Find the solution as a power series in powers of (z — 1).

)y +y=0 (i)y" —y=0

14



Q.3.

Q.4.

Q.5.

Q.6.

Q7.

Q.8.

Q.9.

Q.10.

Q.11.

Q.12.

Find the power series solutions for the following differential equations.

(i) Legendre’s equation: (1 — 22)y” — 22y’ + p(p + 1)y = 0.
(ii) Tchebychev’s equation: (1 — x2)y"” — xy’ + p?y = 0.
(iii) Airy’s equation: y"” — xy = 0.
(iv) Hermite’s equation : 3" — 2%y = 0.
Show that the function (sin~'z)? satisfies the IVP: (1 —z?)y” —zy’ =2, »(0) =0, y'(0)=0.
Hence, find the Taylor series for (sin™! z)?. What is its radius of convergence ?

Attempt a power series solution (with center at the origin) for 2%y” — (1 4 z)y = 0. Explain why the
procedure does not give any nontrivial solutions.

Prove that if {f1,..., fn,...} and {g1,...,9n,...} are two sets of orthogonal vectors such that

Lin. Span{fl,...,fn} = Lin. span{gl,...,gn}, for all n,

then f, = ¢,g, for each n.

ar n
Prove that the polynomials T (:132 — 1) forn =1,2,3,... form an orthogonal family of polynomi-
x

1 d"

= onp! dm—n(a:Q —1)". Hint Use the preceeding

als. Deduce from this the Rodrigues formula P, (z)

exercise.

Prove that (1 — 2zh + h?)71/% = Z P,(z)h"
0

Use the formula in Q.3, tutorial sheet 4 to find the second solution of the Legendre differential
equation for the cases p =1 and p = 2.

Show that if f(z) is a polynomial with double roots at a and b then f”(z) vanishes atleast twice in
(a,b). Generalize this and show (using Rodrigues’ formula) that P, (z) has n distinct roots in (—1,1)
and in particular, P,(x) cannot have a double root.

Establish the following recurrence relations for P, (x).

(i) m+1)Pyy1 — (2n+ 1)zP, +nP,—1 =0 (ii) P,y — 2P, — (n+1)P, =0
(iii) 2P, — P,y —nP, =0 (ivyP, ., —P _—(2n+1)P, =0
(v) (22 - 1)P, —nxP, + nP,_1 =0

Prove the following relations:

(i) Pu(—2) = (~1)"Pula) (i) Py(~a) = (—1)"*1 P} (z)

(iil) Po(1) = 1, Py(=1) = (=1)" (iv) Pons1(0) = 0; Py (0) = (—1)"722(32!!)2
() A1) = gn(n+1) (vi) Ph(=1) = (=1)"" Zn(n +1)

o (2n+1)!

(vii) P3,(0) =0 (viil) Py, 1,(0) = (=1) P2

15



Q.13.
Q.14.

Q.15.

Q.1.

Q.2.

Q.3.

Q.4.

+1 9

2n+1°

Prove that /

1
Py ()P, (x)dx =0 (m # n) and / Py (z)%dx =
-1 -1

Let z1,29,..., 2, be the zeros of P,(x). Show that

n

1 1/ 1 1 1
Bo(2)2(1 — 22) - 5(1 —x * 1 —l—x) * ; (z — 2;)2(1 — zJZ)(P/(Zj))z

Hence determine the second solution of the Legendre equation of order n using the formula
1

Y2 = Y1 / —5 €xp ( — /P(w)dw) dx
Y1

Prove the following relation if (n —m) is even (m < n)

+1 1
(i) / P Pldr=m(m+1) (i) / Py, Pydr =0 if (n —m) is even and n # m.
—1 0

1
(iii) / 2™ P! (z)dz = 0 if m < n. What is the value of the integral if instead n —m is odd?
-1

Tutorial Sheet No. 8

Locate and classify the singular points for the following differential equations:

(i) Bessel’s equation: z2%y” + zy/ + (z? — p*)y = 0.

(ii) Laguerre’s equation: xy” + (1 — )y’ + Ay = 0.
(v = (a+ 1))y +n(n+a)y =0.
(

1—2)y" +[c— (a+ b+ 1))y — aby = 0.

)

)
(iii) Jacobi’s equation: z(1 — z)y” +
(iv) The hypergeometric equation: x
)

(v) zy" + (cot )y +xy =0

o0

Attempt a Frobenius series solution y(x) = z” Z for the 2%y” + (3z — 1)y’ + y = 0, and compute
n=0

the successive coeflicients and the radius of convergence of the series solution. Why does the method

fail?

Find two linearly independent solutions of the following differential equations:
(i) z(z —1)y" + (42 — 2)y' + 2y = 0. (ii) 2z(z 4+ 2)y" +y —xzy = 0.

(iil) x2y” + 23y + (2* — 2)y = 0. (iv) zy" + 2y + 2y = 0.

Show that the hypergeometric equation has a regular singular point at infinity!, but that the point
of infinity is an irregular singular point for the Airy’s equation.

!The differential equation y” 4+ p(z)y’ + ¢(z)y = 0 has a regular singular point at infinity, if after substitution of z = 1/t
in the ODE, the resulting ODE has a regular singular point at the origin.

16



Q.5.

Q.6.

Q.7.
Q.8.

Q.9.

Q.10.

Q.11.

Q.12.

Q.13.

Q.14.

Using the indicated substitutions, reduce the following differential equations to Bessel’s equation and
find the general solution in term of the Bessel functions.

(i) 2*y" +ay + (Wa® =)y =0, (Mer=2). (i) 2y" =5y +2y =0, (y=2"u).

(i) 3" 4+ k*zy = 0, (y = u/z, —kx3/2 = 2).
) 2.1

(iv) z%y" + (1 — 2v)ay’ +V(m2”+1—1/2)y:0, (y=2a", a¥=z).

(a) Prove that [z"J,] = 2"J,—1 and [z "], = -2 " Jht1
2
(b) Use (a) to prove that (i) Jp—1 + Jut1 = ?an (i) Jpo1 — Jnr1 = 2J),

2 2 2 /si
Show that (i) J; /5 = \/a sinz (i) J_12 =4/ —cosT (iil) Jig/2 = 4/ E(sn;x F cos :E)

When n is an integer show that

(i) Jn(x) is an even function if n is even  (ii) J,(z) is an odd function if n is odd.

Show that between any two consecutive positive zeros of J,(x) there is precisely one zero of J,,11(x)
and one zero of J,_1(z).

Prove that exp <— — —) Z In( (This formula is due to Schlémilch). Use Schlomilch’s for-

mula to show that JZ + QZJg = 1. Deduce that |Jo| < 1;]J,| < %
1

Prove that (i) cos(z sin 0) = Jo(x) + 2 Z cos 2nfJo, (x) (ii) sin(zsin @) = 2 Z sin(2n + 1)8Jop,41(x).
1

Show that %di[Jg +J24] = EJ% T 1J2+1, dd (2 JpJnt1] = 2(J2 — J2,1), and deduce that
T T
o d o0
2
(i) J3 +ZZJ =1 (i ZO: Cn+1)Jpdpy = 5 Hint for (ii): Look at %[ ;::0(271—1— 1)Jan+1]

Prove the following.

(i) Js+3J)+4J; =0
(ii) Jo — Jp = aJ” find a and c.
(iii) /Jy+1dﬂj‘ = /Jy_ldﬂj‘ — QJZ,.

Using the identity J,;1 = _lev + pJy/x, to prove that

(i) Jpp1(@) = (=1)" \/ga:’”% (li)n(&nx) (Use induction)

x dx x
2 1
(ii) Jgpégj) = ?p -5 ;2 ——— What happens when p = 1/27 (proceed formally)

17



Q.15. Use the Schlémilch formula and the identity et=)/2e9(t=)/2 — (@+n)(t=3)/2 ¢4 prove (for n =

0.+1,42,...) Jo(z +y) = ZJk (y)

k=—o00

2 2
Q.16. Show that v/z [cl J1/3(§z3/2) + CQJ_1/3(§IE3/2):| is the general solution of the Airy’s equation 3" +xzy =
0.

Q.17. Find two linearly independent series solutions of Bessel’s equation with p = 0. (note that one of these
will not be a power series). Perform a similar exercise for Laguerre’s equation.

Additional Problems involving the Bessel and Legendre functions:

1. Laplace’s integral for P,(z). The following integral representations were given by Pierre Simon
Laplace in his Mécanique Céleste. Prove the following:

(i) Py(z) = 1 /Ow(a: + Va2 —1cos¢)"de

™

. 1 (" d¢
(i) Pn(z) = ;/0 (01 VaT — Toos gyt

[e.e]
2. A Frobenius series solution (x — 1)” Z an(z — 1)" for Legendre’s differential equation (1 — z2)y” — 2zy’ + p(p +

n=0
is sought. Determine the indicial equation and the Frobemius exponents. Show that there is a power

series solution that converges in the disc |z — 1| < 2.
x
3. Show that xJy(z) satisfies y” +y = —J1(z) and hence deduce that zJy(x) = / cos(x — t)J1(t)dt.
0

1 K
4. Prove that for a non-negative integer n, Ji(z) = —/ cos(xsinf — k6)do
T Jo

Hint: Put t = € in Schlémilch’s formula and integrate (after multiplying through by e~*?).

jzl”

5. Prove the following estimate used in the proof of Schlémilch’s formula: |J,(z)| < —- —
p.

6. Prove the following for integral values of p:

(i) Jolz) = /1 et (1 = 12)71/2y

™J-1

P L
i) J _ itr ] _ t2 p_l/2dt
W) Jole) = o AT+ 1 /_1 1=

7. Show that zy” + v’ 4+ zy = 0 has a solution of the form (Inz)Q1(z) + Q2(z), where Q1(z) and Qa(x)
are power series. Hint: One solution is a power series with non-zero constant term. Obtain other
solution using the formula in Q.3, tutorial sheet 4.

8. For a function f(z1,z2) which decays sufficiently rapidly the Fourier transform is defined as

fler.&) = [ Foran) expl=imsa + o)) durdos

18



(i) Show that if f(z1,x2) is radial, that is it depends only on r = \/z? + 22, then so is its Fourier
transform (that is, show that f(il,fg) depends only on p = /&7 + &3).

(ii) Let f(x1,22) = ¢(r) and f(£1,£2) = ¢(p). Then

(o) = 2m /0 () o pr)dr.

Solution to Q1(i): The integral is obviously a polynomial since upon expanding the integrand we find that
the integrals of odd powers of the cosine vanish. Call the integrals @, (z). Then clearly

Qo(z) =1=Py(x), Qi(x)=x= P (z).
Our job will be over if we establish the relation
n+1)Qns1 — 2n+ 1)zQn(z) + nQp_1(z) = 0.

For convenience we shall denote  + v/22 — 1cos ¢ by A. Now writing A" = zA™ + A"V22 — 1 cos ¢ we
get

/2 ™
L / A" cos pdo
m 0

Qn(r) = 2Qn-1(x) +

Upon integrating by parts once we get

Qu(z) = Qi (a) + L= /0 " A2 sin dg (+)

Write (22 — 1) sin? ¢ as follows:

(22 —1)sin?¢ = (z —1)—(\/ﬁcosd>)2
= (@2=1)—[(#+ Va? —1cos$)? — 2% — 22/2% — 1 cos ¢]
= (22 —-1) - [A% —z(z+ Va2 — 1cos §) — v/ 22 — 1 cos @)
= (@2-1)—[A2—zA—z(A—1)=—-1- A% +22A.

Substituting in (*) we get

Qn(7) = 2Qn-1(2) + (n — 1)(=Qn-2(2) = Qn(z) + 22Qn-1(2)),

which upon rearrangement gives
nQn(z) — (2n — 1)zQp—1(x) + (n — 1)Qp—2(x) =0

Replacing n by n+ 1 we get the relation sought. The second formula of Laplace can be derived similarly.
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Q.1.

Q.2.

Q.3.

Q.4.

Q.5.
Q.6.

Q7.

Q8.

Tutorial Sheet No. 9

Solve the following boundary value problems.
() y"—y=0, y0)=0, y1)=1 (i) y" -6y’ +25y =0, y'(0) =1, y(r/4) =0
(i) 2%y + 7oy +3y =0, y(1) =1, y(2) =2
(iv) ¥ +y' +y == y0)+24(0) =1, y(1) —y'(1) =8
(V) "+ 7%y =0, y(=1) =y(1), y'(-1) =y'(1).
Find the eigenvalues and eigenfunctions of the following boundary value problems.
Dy"+ Ay =0, y(0)=0, y(1)=0. (@Y + =0, y(0)=0, y(¢)=0.
(iif)y” + Ay = 0, y(0) = y'(0), y(1) =0.,  (WV)y"+ry=0, y(0)=y(27), y'(0) =y'(2m).
(V)(e*y) +e** A+ 1)y =0, y(0)=0, y(r)=0.
For which values of A, does the boundary value problem

y' =2+ (1+Ny=0, y0)=0, y(1)=0
have a non-trivial solution ?

Show that the eigenvalues of the boundary value problem 3" + Ay =0, %(0) =0, (1) +%'(1) =0
are obtained as solutions of tan k = —k, where k = v/A. Conclude from a plot that this equation has
infinitely many solutions. Show that the eigenfunctions are y,, = sin(k,, ).

Determine the normalised eigenfunctions of the Sturm-Liouville problem y” + Ay = 0, y(0) = 0 = y(1).

Expand the function f(z) = x, z € [0,1] in terms of the normalised eigenfunctions ¢, (x) of the
boundary value problem y” + Ay =0, y(0) =0, y(1)+y'(1) =0.
Find the eigenfunctions and the eigenvalues of the following Sturm-Liouville problems.
0y +2/ + A+ Dy =0 y0)=y(m) =0 (i) 2%y" +2y +ly=0; y(1) =y(() =0.
d d k k2 2 k
Verify that J,(£2) satisfies . [wa {Jn(g)}] + (a—zx - %) Jn(f) = 0.

Multiply by J,, () and integrate by parts from 0 to a to get

kl [ Lz kx @ k2 n? kx lx
! _ !/ e ! e - _ e e _
kJn(k:)Jn(l) 3 /0 xJn ( > Jn ( > dx +/0 ( 5T )Jn( )Jn( )d;r =0,

where prime (/) denotes differentiation with respect to the argument of .J,,. Interchange k£ and ¢ to
obtain the relation

| e By (i RAGEARLGEAL)
0
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Prove that if £ and ¢ are the roots of the Bessel’s equation J, () = 0 then

/OaxJ E gy = 0 k£0)

a a

= SPUBP (k=0

1
= JARak) (k=0

d
Q.9. The function P, (x) satisfies the equation %[(1 —2?)P'] +n(n+ 1)P, = 0. Proceed as indicated in

+1
Q.8 above to prove that / P, P,dx =0 (m #n).
-1

2" (n!)?
Q.10. If z" Zar -(x) prove that a, = (2(2)? .
+ 2n(n +1)
11, P h 1— 2P (2)Pde = ———
Q rove that /_1 (1 —2%)[P,(x)]" dx T 1

Q.12. Represent the following functions in terms of Legendre Polynomials: (i) 52342 (ii) 1023 — 322 -5z —1
Q.13. Show that f( ) =z2",(0<z<1l;n=0,1,2,...) can be represented by the Fourier-Bessel series

= Z Where k;’s are the roots of J, (k) = 0.
k Jn—i—l

Q.14. Represent the following functions in a Fourier-Bessel series containing the functions Jo(k;z/a) where
k; are the roots of Jo(k) =0. (i) f(z)=a?—22 (0<z<a) (i) f(z)=1(0<xz<a/2);f(z)=
0, (a/2 <z <a).

Tutorial Sheet No. 10

Q.1. Show that
1

[e.e]

Z —sinnzsin®na = constant (0 < x < 20)
n .
1
=0 a<z<m)
1 41 9 1 (0<x<1/3)
Q.2. Prove that 3 + = Z — sin gmm cos 2mmr = 1 (2/3<x<1)
e m 1 (1/3 <z <2/3)
1 - 2n + 1
Q.3. Show that %ﬂ'(ﬂ' — 22)(7? + 27z — 22°) = ZO:cos % 0<z<m)
o0
_1)n-1 2 2
Q.4. Prove that Z ()nﬁ = 71T— - a:z (—m <z <m).
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Q.5.

Q.6.

Q.7.
Q.8.

Q.9.

Q.10.

Q.11.

sin(2n+1)r 1

Show that Z 1)

(2 1)z
cos(2n + Dz _ z(7r—2:L‘) 0<z<m).

P that =
rove tha Z 2n 1) S

1 1 cos2x cos3x cosdx 1
how that = + = cos z — - - = (=) sinz(0 <z < ).
Show that 5 + 4cos:U 13 51 3E 2(7r x)sinz(0 <z <)

(Fourier Theorem.) Let f(x) be a periodic function of period 27 on the real axis which is piecewise
s

continuously differentiable. Suppose further that / |f(z)|dx < co. Let a,, and b,, be defined by the

relations L L
G = — f(t)cosntdt and b, =— f(t)sinntdt, n=0,1,2,...
L T™J—x
The series 1ag + 1% (a, cosnx + b, sinnz) converges to f(x) if f(t) is continuous at ¢ = x and
converges to 3[f(z 4+ 0) + f(z — 0)] if f(t) has a finite discontinuity at ¢ = z. From the Fourier
expansions given in Q.1 through Q.7 and the Fourier theorem stated above deduce the following

results.

(,)1+1 1 1+1+1 1 1+ 27 (i) 1 1+1 1+1 1+1 1+
Hl+-—-—— — o= ——4...= —= ijjl-—=-4+-——4+-—=-+—=——=+4...
2 4 5 7 8 10 11 33 2 4 5 7 8 10 11

T
__3\/§
, 11 1 w2 11 1 2
(vi) 1 L1 1.1 3 (..)1+1+1+1 2
vi St ==+t =—+... == vii —+s+=...=—

3 5 73 93 32 32 52 72 8
( )1 1 n 1 1 n T 1
Vlll——— — - — 4 ... == ==

1.3 35 57 79 4 2
Using Parseval’s identity, prove that 1+3i4+5i4—|—7—14+...: ’T—g.

x, /2 <z <72

(Hint: Use f(z) =
T — T, /2 <x < 3m/2.

Find the Fourier series of the function f(x) which is assumed to have the period 27, where

(i) f(z)=2, 0<z<2m.

—x, —nm<x<0

(i) f(z) =
z, 0<zxz<m
(iii) f(z)=a+|z|, -T<z<m.

Find the Fourier series of the periodic function f(z), of period p = 2, when

0, -1<z<0

x, O<ax<l1
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Q.12. State whether the given function is even or odd. Find its Fourier series
k, —m/2<x <7/ 2
) f(z) = (ii) f(z) = 3z(m? —2?), —mw<z <.
0, /2 < x < 3m/2

Q.13. Using Fourier Integrals, show that

0 ifxz<0
dw=<¢ w/2 fx=0 (ii) /
0

me ™ ifx>0

. *° cos xw + w sin xw
(i) ;

* cos zw T _
T 02 dw = —e *(x >0)

1+ w? 2

/2 if 0<z<1

00,03 o3 00 o}
(iii) / %dw = ge_z cosz(z > 0) (iv) / SIS T = /4 if x=1
0o wiit 0 v 0 if x>1
Q.14. Let f(x) be defined over R and / |f(z)|dx < oo. Further, let

A(w) = %/_OO f (W) cos wudv; B(w) = %/_OO f () sinwvdv

o0
The Fourier integral / (A(w) cos wz + B(w) sinwz)dw converges to f(x) if f(t) is continuous at
0

t = z and converges to 3[f(z +0) 4+ f(z — 0)] if f(¢) has a finite discontinuity at ¢ = z. From the
Fourier integral theorem stated above deduce the following results.
3

© sinw © cosw T © wsinw T w2 sin T¥
i dw=r/2 (@) [ =T gy [ = T ey [T
(1)/0 ——dw 7/ (11)/0 2™ =5 (111)/0 T2 =g (1V)/0 oira

2 o0
Q.15. If A(w) = —/ f(v) coswv dv, then show that
T Jo

1 [  w *©dA o g2
(i) f(ax) = 5/0 A(E)cos wrdw. (i) zf(x) = —/0 o sinwz dw. (i) 22f (z) = —/0 Tz COs W dw.
Q.16. Find the Fourier cosine integral of f(z) = 1122 and the Fourier sine integral of f(z) = 1 —faﬂ'
Both functions are defined on the interval [0, c0).
Tutorial Sheet No. 11
Q.1. Find the Laplace Transform of the following functions.
(i) tcoswt (ii) tsinwt (iii) e tsin®t (iv) t2e™% (v) (14 te™t) (vi) (5e? — 3)2
(vii) te~2! sinwt (viii) t"e (ix) t2e~* sin bt (xi) cosh at cos at
Q.2. Find the inverse Laplace transforms of the following functions.
Lo —w? o 2as 1 . s s—2 1 )
(i) (s2 +w?)? (i) (s2 — a?)? (i) (82 + w?)? (iv) (s* + 4a*) v) s2(s+4)? (v1) st — 243 (vi) st(s? + 72)
s2+a? | 34352 -5-3 s3— 75?2+ 145 -9

(viii)

Foar Y @rmrsr ¥ T Goeo2e
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Q.3.

Q.4.

Q.5.

Q.6.

Q.7.
Q.8.
Q.9.

Q.10.

Q.11.

Solve the following intial value problems using Laplace transforms and convolutions.

() y" +y=sin3t; y(0) =y'(0) =0 (i) y" + 3y +2y =% y(0) =y'(0) =0

(i) y" + 2y — 8y = 0; y(0) = 1;4'(0) = 8 (iv) y" + 2y’ +y = 2cost; y(0) = 3,4'(0) = 0
(v) v =2y + by = 8sint —4cost; y(0) =1;4'(0) =3

(vi) ¥ — 2y’ — 3y = 10sin h2t;  y(0) = 0;y'(0) =4

Solve the following systems of differential equations using Laplace transforms.

(i) 2/ —:17~|—y, y=4dr+y (i)' =3x+2y, ¢y =-bx+y

(iii) 2" —a+y =y =1, y'+y+2'—2 =0 (iv) 2’ = 5x+8y+1, 3y = —62—9y+t, x(0) = 4, y(0) = -3
(V) y1+y2 = 2cost; y1 +y5 = 0;41(0) = 0;92(0) = 1

(vi) yi +y2 —5cos2t; yy +y1 = 5cos2t; y1(0) = Ly1(0) = 1,52(0) = —1,15(0) =1
(vil) 291 —yb — v = 035 +yp = 4t +2; y5 +ys =17 +2,51(0) = y2(0) = y3(0) =0
(vil) i = y1 + 3y2; y5 = dy1 — e’ y1(0) = 2;91(0) = 3,42(0) = 1,5(0) = 2

Assuming that for a Power series in % with no constant term the Laplace transform can be obtained

[e.e]
term-by-term, i.e., assuming that £~ Z k+1 Z Ak , where Ag, Ay ... Ap ... are real numbers,
0

prove that
(0) c—l(sil) _ (if) 51(82—1“) — sint
(i) El(%e_b/s) — VR (b>0) (i) z—l(ﬁ) — Jo(at) (a>0)
e/ 1 N .1 sint
(v) £L7Y 7 ) = ﬁcos@\/a) (b>0) (vi) L7 (tan! )=
Find the Laplace transform of the following periodic functions.
(i) f(t), f(t+p)= f(t) for all ¢ > 0 and f(¢) piecewise continuous
(i) f(t) = |sinwt
(iii) f(() =10<t<m); f(t) =—1(mr <t <2m); f(t+2m) = f(¢)
(iv) f(O) =t(0<t<1),f(t) =2—-t(1 <t <2); f(t+2) = f(t)
(v) f(t) =sint(0 <t <), f(t) =0(r <t <2m); f(t + 2m) = f(¢t)

Find the Laplace Transform of f(¢) where f(t) =n, n—1<t<n,n=1,23,...
Find f(t) given L[f(t)] = (e7° — 7% — e73° + ¢71%) /s>

Find the Laplace Transform of (i) f(t) = u,(t)sint (i) f(t) = u1(t)e 2" where u, (u1) is the Heaviside
step function.

- 24 45+5

Find (i) £~ [111 ﬁ]

If L[f(t)] = F(s),L]g(t)] = G(s) prove that L~ / f(u)g(t — u)du. Also show that
-1 F(S) e ¢

L [(s—i—a) +a2 t/f “sina(t — u)du.
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Q.12. Compute the Laplace transform of a solution of ty” + ¢’ + ty = 0, t > 0, satisfying y(0) = k,
Y (1) = 1/4/2, where k is a real constant and Y denotes the Laplace transform of y.

Q.13. Compute the convolution of t*~tu(t) and t*~'u(t) and use the convolution theorem to prove
I['(a)'(b) =T'(a + b)B(a,b)

where B(a,b) denotes the Beta function and I'(a) the Gamma function. Use this to find the value of

I'(1/2) and hence of/ exp(—z?)dz.

Q.14. Suppose f(z) is a function of exponential type and Lf = 1/v/s? 4+ 1. Determine f * f.

Q.15. Evaluate the following integrals by computing their Laplace transforms.

(i) f(t) = /0 Slna(ctl“)dx (i) f(t) = /0 %dm (iii) f(t) = /0 sin(tz")dz, a>1
(iv) /Om%(l—costx)dx (v) /OOO Sir;;mdx (vi) /OOO (%) sil;txd$

Q.16. Solve the following integral /integro-differential equations

(i) y(t) =1 —sinht + /t(l +z)y(t — z)dz (i) A= /t y(a;)da:’ where A is a constant.
0 0 Vt—=x

(iii) (jl—gi =1- /Oty(t —7)dt, y(0) = 1.

Q.17. Find a real general solution of the following nonhomogeneous linear systems.

() y1 =y2+€”, yp =y —3e”,

(i) ¥] = 3y1 +y2 — 3sin3t, yh = Ty — 3y2 + 9cos 3t — 16 sin 3¢.

(ili) ¥ = y2 + 6e*,  vh =1 —3e*, 11(0) =11, y2(0) =0.

(iv) ¥y = dy2 + 23, o= —5y1 +15t, 31(0) =1, 32(0) = —2.

(v) yi =y2 —Bsint, yh=—4y; + 17cost, y1(0) =5, y(0)=2.

(Vi) 9h = By1 +4y2 — 5t° + 6t + 25, gy =y1 +2y2 — 2+ 2t +4, 1(0) =0, 2(0) = 0.

Q.18 Prove that the Laplace transform of (1 —e)” is B(s,v + 1) where B(a,b) is the beta function.

Q.19 Show that if f(t) = 1/(1 + t?) then its Laplace transform F(s) satisfies the differential equation

°° sin AddA
F"+ F=1/s. Ded that F :/ .
/s. Deduce that F'(s) Dt s)

Q.20 Show that the Laplace transform of logt is —s~'logs — C's~!. Identify the constant C in terms of
the gamma function.

o b\ dt
Q.21 Evaluate the integral / exp{ - (at—i— z)}— where a and b are positive. Use this result to
0

Vit

1 —b
compute the Laplace transform of — exp (7) ., b>0.

Vit

Tutorial Sheet No. 12
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Q.1.

Q.2.

Q.3.

Q.4.

Q.5.

Q.6.

Q7.

Determine the orbit of each of the following systems:
Wi=y, g=—¢ (i=y(l+z+y), y=-z(l+a+y) (ii)s=22y, §=2>-¢

(iv) & = zye >, §=—2zy®> (v) & =ax —bxy, §=cx—dzy, (a,b,c,d>0).

Find the equilibrium points of the following differential equations

() &1 =1—x9, do=af+z9. (i) @1 =2 +a0—1, iy=27170.
(111) T = (:El — 1)(£E2 — 1), To = (113‘1 + 1)(%‘2 + 1)

(V) ji+9— @ +y?—2y)=0. (v) i1 =12 501 +6, 7o =1 — T2

Describe the phase portrait of each of the following system and determine the nature and stability
properties of the critical points.

(i) T = —Tq, Tog = —T9. (ii) T = T, X9 = —x1 + 2x9.
(iil) 1 = —z9, 2o = 27. (iv) 1 = axq1 — x2, X9 =1x1+axy, a#0.
(V) &1 = —x1 — 229, @9 = 4wy — Dbxe. (Vi) &1 = —4dx1 — 22, To =] — 220.

Determine whether each solution of the system of differential equations X = AX, where A =
-1 0 0 2 =3 0 0 2 1

| -2 -1 2| @ 0 -6 —2 | Gi)| -1 -3 -1

-3 -2 -1 -6 0 =3 1 1 -1

is stable, asymptotically stable or unstable.

Discuss qualitative behaviour of the equilibrium points of Q.2 (i)-(v) and (viii)
(<2, p=2, p>2).

(Competing species) Each of the following problems (i) - (vi) can be interpreted as describing the
interaction of two species with population z and y. In each of these problems carry out the following
steps:

(a) Find the equilibrium or the critical points.

(b) For each critical point find the corresponding linear system. Find the eigenvalues and eigenvec-
tors of the linear system. Classify each critical point and determine whether it is asymptotically
stable, stable or unstable.

(¢) Determine the limiting behaviour of x and y as t — oo and interpret the result in terms of the
populations of two species.

() i=zs(l-z-y), g=y(}—-y—3z)
(ii)ﬂizx(l—w—y), y=y(%—i — 3x).
(i) #=2(3 — v —y), y=y(@2-y—1.1252)
(iv) i =z(1—2z+3y), 7=y25- 1.5y + 0.25x)
(v) £ =2(1.5-0.5y), y=y(-05+x).

For the following problems, carry out the steps in 6(a) and (b) and also discuss the limiting behaviour
of the solution.

(i) The Predator-Prey model: & = az — bry, 3= —cy+ dzy;
(a,b,c,d, positive real constants).
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(ii) The Lanchestrian model for conventional guerilla war:
T =—ay, Y=—br—-cxy.
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Handout (Improper Integrals)

In Riemann integration the range of integration is finite and the integrand is bounded in that range.
It is possible, however, to so extend the theory that the symbol

[ s 1)

may sometimes have a meaning even when either a or b or both are infinite or f(x) is not bounded. It is
convenient to have a local definition of boundedness of a function. A function f : (a,b) — IR is said to be
bounded at a point ¢ in (a, b) if it is bounded in some interval (¢ — §,c+ 9) around ¢ which is contained in
(a,b), otherwise, it is said to be unbounded at c¢. The function f is said to be unbounded at the left end
point a (respectively at the right end point b), if it is unbounded in every interval (a,a + §) (respectively,
(b—4,b)) contained in (a,b). If either a or b or both are infinite and f is bounded at each point contained
in (a,b) and at a or b, whenever they are finite, then the symbol (1) is called an improper integral of

o0 d o0
the first kind. Some examples of improper integrals of the first kind are / v / e *dr and
0

oo 1+ 22’
o0
/ cosxdr.
0

If a and b are both real, but f is unbounded at some point in [a,b], then (1) is called an im-
sinx

1
proper integral of the second kind. Examples of improper integrals of the second kind are / 5
0o

/3—dw and /1 d—:U
2 (z—2)(z—3) 1@t/

If the integral of a function f is to be evaluated over an unbounded interval (a,b) and also f is
unbounded at some point of [a,b], then (1) is called an improper integral of the third kind. Some
examples of improper integrals of the third kind are

(0 /OOO% (i) /Ooo(ld_ixx).

Convergence of improper integrals of the first kind.

2

Definition. Let f be Riemann integrable in [a, R] for every R > a. Then the improper integral

00 R
/ f(x)dx of first kind is said to be convergent if I%im / f(x)dx exists and is finite. The improper
a —Ja
o
integral / f(x)dx is said to be divergent, if it is not convergent.
a

[o¢]
x
Example 1. Discuss the convergence of / —y a> 0, for all real values of p.
x
a

R 1— 1—
d R™P—qP
Casel (p<1) lim & fm Y — o (divergent)
R—oo J, oP R—o0 1—0p
R
d
Case Il (p=1) Rlim & Rlim (log R —loga) = co (divergent)
—00 Jq xT — 00
R (1=p) _ q(1-p) (1-p)
d R
Case III (p > 1) lim & lim a =4 finite (convergent).
R—oo J, P R—o0 1—p 1—p

2In place of this hypothesis, we may simply assume that f is continuous in the interval a < = < co.
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o0
Example 2. Show that / cos x dx is divergent.
0

R

Since lim cosx dxr = lim sin R does not exist, the integral is divergent.
R—oo /o R—oo

Theorem 1 (The comparison test). Assume that
(i) f(z) and g(z) are Riemann integrable in [a, R] for every R > a,
(ii)) 0 < f(z) < g(z), a <z < oo and
o

(iii) g(x)dz is convergent.
0o a
Then f(x)dx is convergent.

R R
Proof: By hypothesis (iii), Rlim / g(x)dx = B say. Let F(R) = / f(z)dz. Then F(R) is monotoni-

cally increasing and by hypothesis (ii) it is bounded above since

R R
0< F(R) = / Fa)da < / o(z)dz < B.
R
Hence, Rlim f(x) exists and is finite, so the integral [ f(z)dz is convergent.

a

Theorem 2. Assume that
(i) f and g are Riemann integrable in [a, R] for every R > a;
(i) 0 < f(z) < g(x),a < & < 00;
[e.e]

(iii) f(x)dx is divergent.

Then g(x)dzx is divergent.
a

Proof: Asin Theorem 1.

:L’2

V1427

o0
Example 3. Show that / dx is convergent.
2

2 (e}
T 1 T
Note that on [2,00), 0 < < . But since ——- is convergent, so is the given integral, by
T+ 1 x3/2 y 232
the comparison test.
[e'¢) {L’3
Example 4. Show that / ———dx is divergent.
2 V1i4a’
Observe that
3 1 1 1

2 <x < o0

x
> - —,
VeT+1  a/l+z 7 V1i+277 Vx

o0
1
But / ——dz is divergent. Hence, by Theorem 2, the given integral is divergent.
2

Jz
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Test for Absolute Convergence.

o0 [e.e]
Definition. The integral / f(x) dzx is said to be absolutely convergent if / | f(x)| dx is convergent.
a a

o0

Definition. The integral / f(x)dzx is said to be conditionally convergent if / f(x) dx is conver-

a
gent, but not absolutely convergent.

Xsinx | |
Example 5. Show that 5—dx is absolutely convergent.
1 X
Note that )
| sin x| 1
0< 5— < 5 1<z <.
x x

°° | sin z|
2

dx is convergent by Theorem 1, so the

*d
Since / —;U is convergent by Example 1, the integral /
1z 1 €T

given integral is absolutely convergent.

Theorem 3. Assume that
(i) f is Riemann integrable in [a, R] for every R > a;
[e.e]

(ii) |f(x)| dx is convergent.

a
o
Then / f(x)dx is convergent.
a

Proof : Since 0 < |f(x)| + f(z) < 2|f(z)|, on the interval (a,c0) the integral is convergent by Theorem 1.

[ @)+ s

is convergent. If we subtract from this integral the convergent integral in hypothesis (ii), we obtain the
required convergence. |

X sinz

Example 6. Show that /

™

dx is conditionally convergent.

Solution. In the interval kn <2 < (k+ 1) where k =1,2,... we have

| sin z| | sin z|
>

z — (k+1m
Hence,
(k+1)m | sin .'13'| 1 (k+1)m 9
de > ——— inz|lder = ——.
/;m = "””—(/<;+1)7r/,wr [sinalde = s
Ifnr<R<(n+1)rm
R sin z| 291 1
dx > — —_—
/,r r PET Z kE+1 3)
k=1

As R — o0, so does n and so does the right hand side of the inequality (3). This proves that |sinz| dx

s
is divergent. Hence, the integral is not absolutely convergent. However, we show that this integral is
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convergent. Indeed, integrating by parts, we have

R _: R
sin x 1 cosR cosT
de = — — dzx. 4
/7r z T x R +/7T 22 )

Since |95 < z%, by Theorem 1 and Example 1, ffo 5% dz converges absolutely and hence, it converges.

Letting R — oo in (4), we now conclude that the integral converges.
Limit Test for convergence.

Theorem 4. Assume that
(i) f(x) is Riemann integrable in [a, R] for every R > a;
(ii) lim 2Pf(z) = A for some p > 1.
Tr—00

Then

[e.e]
/ |f(x)| dx is convergent. (5)
a
Proof : From hypothesis (ii), we have lim a”|f(x)| = |A|. Hence there is a number b such that
Tr—00
2P| f(x)] <Al +1, b<z < oo.
Since, / — P> 1 is convergent, by Theorem 1, we have / |f(z)] is convergent. |
a T a

Limit test for divergence.

Theorem 5. Assume that
(i) f(z) is Riemann integrable in [a, R] for every R > a;
(ii) lim 2Pf(z) = A # 0 (or = £00) for some p < 1.

o0

Then / f(x)dx is divergent.
The test fails if A =0,

Proof : CaseI: Let A > 0. Then a number b > 0 exists such that

xpf(a;)>§, b<z<oo. (6)

x
If A =400, the argument is similar.

[e.e] d [ee]
Since / —ij is divergent, by Theorem 2, / f(x)dzx is divergent whence the desired conclusion.
b

Case Il : A <0 (or A= —00). In this case the integral / [~ f(z)] dx may be treated by Case I.

Next we show that the test fails when A = 0. Consider the integrals

/OO dz /OO dz
— and .
1z 9 xlogx
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In each case, for p = 1, we obtain A = 0. Hence, the first integral is convergent and the second integral is
divergent. I

Illustration of Theorem 4 and Theorem 5.

o0
Example 7. Show that / e~ dx is convergent.
0

Note that )
lim 2?f(z) = lim 2%~ =0.
T— 00 r—00
Hence, the result follows.
Exa leS/OO 08T _ du is absolutel gent
Xamp . ——— dx is absolutely convergent.
o V1423
Observe that
Cos T

. 5/4 T _
A fla) = s z1/4/1 + -3

Therefore, the conclusion follows from Theorem 4.

dzx

o0
Example 9. / _—
P o V1+2zx?

is divergent.

Note that

lim lim ——— = — #0.
z—>oof( ) z—>oo,/1_|_2x2 2 7&

Therefore, the result follows from Theorem 5.
Improper Integrals of the Second Kind.
Let f(z) be unbounded at a and let it be Riemann integrable in [a+¢, b] for all € > 0 such that 0 < € < b—a.

Let F(e / f(x) dx.

b
Definition. The improper integral f(x)dz is said to be convergent, if hm F(e) = A, for some
—0+

A € R. In this case A is called the Value of the integral. The integral (7) is said to be divergent, if it is

not convergent.

Likewise, if f(z) is unbounded at b and it is Riemann integrable in [a,b — €] for all ¢ > 0 such that
b—e

0<e<b—a,letF(e):/ f(z) dz.

a
Definition. The improper integral (7) is said to be convergent, if lim F(e) = A, for some A € R. In
e—0t

this case again, A is called the value of the integral, and the integral (7) is said to be divergent, if it is
not convergent.
If the function f is unbounded at a point ¢ in (a,b), then the integral (7) is said to be convergent if both

C
the integrals / f(x)dz and / f(x) dx converge according to the above definitions.
a (&
Remark. In the above definitions and the results to follow, in place of hypothesis of Riemann integrability

of f, one may simply assume f to be continuous in the corresponding interval. For instance, if f is
unbounded at a, we may assume f to be continuous in the interval (a, b].
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b
Example 10. Discuss the convergence of / ( where p is real.
a

x —a)P’
Case I: —0o < p <0, the integral is proper.

Case II: p = 1.

lim o de = lim [log(b — a) —loge] = 0o
Jim [y = Jim g g€ = oo

Hence, the integral is divergent.
Case III: 1 <p < o0

lim ——— = lim
0 S @—ap o

b dx ) [(b —a)l7P  €lr

does not exist. Hence, the integral is divergent.

Case IV: 0 < p < 1.
) b dz (b—a)l=P
lim = .

0+ Joye (x—a)P  1-p

Hence, the integral is convergent.
b x
Thus the integral / W is convergent for —oo < p < 1 and divergent for p > 1.
. (r—a

Theorem 6. (Comparison Test) Assume that
(i) f(x) and g(x) are Riemann integrable in [a + €, b] for every e > 0 with 0 < e < b —q;

(i) 0 < f(x) <g(x), a<z<b

b
(iii) / g(x) dx is convergent.
a
b
Then / f(x)dxz is convergent.
a

b b b

Proof : For e > 0, flx)de < / g(x)dx < / g(z) dx. As e — 0 the integral on the left is increasing,
a+te a-+te a

but remains bounded above. Consequently, it approaches a limit. ]

Theorem 7. Assume that
(i) f(x) and g(z) satisfy condition (i) of Theorem 6,

(i) 0 <g(x) < f(z), a <z <band that

b
(iii) / g(x) dx is divergent

b
Then / f(z)dz is divergent.
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Proof : This is similar, to that of Theorem 2, except for a change in the limits of integration. |
Theorem 8. Assume that

(i) f(x) is Riemann integrable in [a + €, b] for every € > 0 with 0 < € < b — a;

b
(ii) / |f(x)|dx is convergent.

b
Then / f(x)dx is convergent.
a

Proof : It is same as in Theorem 3 except for a change in the limits of integration. 1
Limit Tests.
Theorem 9. Assume

(i) f(x) satisfies condition (i) of Theorem 8 and

(ii) xli)ra(a: —a)Pf(x) = A, for some p, 0 <p< 1.

Then ff |f(z)|dz is convergent.

Proof : By hypothesis (ii), there is a ¢ such that (z —a)?|f(x)] <|A|+1, a <z <c<b. Since

b b

1

/ de is convergent for 0 < p < 1, by Theorem 7, the integral / |f(x)| dx is convergent. 1
a & —a a

Theorem 10. Assume that
(i) f(z) satisfies the condition (i) of Theorem 1;
(ii) lim (z —a)?’f(z) = A #0 (or £00), for some p > 1.

T—ay

b
Then / f(z)dx is divergent. The test fails if A =0

Proof : Proceed exactly as in Theorem 5. To show that the test fails when A = 0, consider the integrals

1 g 1/2 d
@) | iz (b) / 2
0 VT o xlog(y)
For p =1, A =0 in both the integrals, but (a) is convergent and (b) is divergent. 1

1/2 1
Example 11. Discuss the convergence of / (log —)“ dx.
0 T

For o < 0 the integral is proper and, for o > 0, lim+ Vzf(z) = 0. Hence, by the limit test the integral is
z—0

convergent.
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1
Example 12. Discuss the convergence of / t*tetdt.
0

Let f(t) = t* te™!. There are four cases to consider.

Case I (z > 1) t£%1+ ft) = t£%1+ t*“le~ = 0, and hence the integral is proper.

Case II (z =1) tl—i>%1+ flit) = tl_i)r(r)1+ e~t =1, hence the integral is proper.

Case IIT (0 <z < 1) t£%1+ T f(t) = 1.

Case IV (z < 0) tl—i>I(])a+ tf(t)=1%#0 for x = 0 and the limit is +o00 for x < 0. Hence, the integral is

convergent for 0 < x < 1, proper for x > 1 and divergent for = < 0.

Example 13. Show that the Beta Integral

exists for m,n > 0.

The integral is proper for m > 1, and n > 1. The integrand is unbounded at 0 if m < 1 and it is unbounded
at 1ifn < 1.

Let m < 1 and n < 1. We take any number, say %, between 0 and 1 and examine the convergence of the
improper integrals

1/2 1
/ 21 —z)" dx and / N1 = z)" da.
0 !
at 0 and 1 respectively.
Convergence at 0:

zli)%l_‘_ xl—mxm—l(l o w)n—l —1.

1/2
Since / T dx is convergent for 1 —m <1 or m > 0, by the comparison test
0 X

1/2
/ ™ (1 — 2)""Ydz is convergent at x = 0, for m > 0. The convergence of
0

1
/ 21— z)"ldx
1/2

at 1 is equivalent to the convergence of

0
- / (1—t)""1#)"1dt (using the substitution 1 — z = t)
1/2

at 0. Since,

1/2
/ t" 11 — )™ dt s convergent if n >0,
0

the given integral exists if m > 0 and n > 0.
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[o¢]
Example 14. (The Gamma integral) Show that the gamma integral I'(a) = / 2% te™%dx converges
0
ifa > 0.

Here the integrand is unbounded at 0, if a < 1. Thus, we have to examine the convergence at oo as well as
at 0. Consider any positive number, say 1, and examine the convergence of

/01 f(x)dx and /100 f(x)dx

where f(x) = 2% 1e™® at 0 and oo, respectively.

dx is convergent if 1 —a < 1

1
(i) Convergence at 0: Let a < 1. Note that lin%] 2170 297 e™® = 1 and / T
T— o T

or a > 0.
(ii) Convergence at co: We know that

T a+1

e’ >z for all a.

o 1 o
Thus 2% e ™® < # But / —dx is convergent. Hence, by the comparison test, / % e %dx is
1 T 1
o
convergent for all a. Thus, the integral / % le™®dz is convergent for a > 0.
0
Example 15. Let us discuss the convergence of the following integrals

N dx (Y dx
(1)/0 22 4 z1/2 (ZZ)/O 1— a2

The integrand in (i) is unbounded at 0 and the one in (i) is unbounded at 1. Since —

1
GEE%_ € ;ﬁ75-dm ::GER%_(2 _-2\/2) =2

the integral in (i) is convergent. Since

1—e¢ dx
lim ———— = lim [sin (1 —€)—sin™'0] =sin"'1=

e—0t Jo V1 — 2 e—0t

the integral in (ii) is convergent.

o 3

Example 16. Discuss the convergence of the improper integral

(i)/021f$dx (z'z')/ooo9621793\/E (iii)/_(:%.

(i)Let f(z) = t=. The function f is unbounded at z = 1. We write

/2 xdx _/1 xdx +/2 xdx
0 1-— X o 0 1— xXr 1 1 _'x'

Since f(z) = ;== — 1, the integral becomes

2 L dx 2 dx
/Of(ac)dx—/o 1—$+/1 1—3;_2'
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Also,

1—e 2
d d
lim T~ lim (—In(e)) = 00, lim T~ lim In(e) = —o0.
e—0* Jo 1—-2z e—0t e—0t J14e 11—z e—0t+

Hence, the two integrals fol ld_—zm, 12 ld_—xx are both divergent . Therefore, the integral f02 f(x)dx is also

divergent.

(ii) Here the integral is an improper integral of the third kind. This can be expressed as a sum of improper
integrals of first kind and second kind.

/wdix_/ldiw+/°°d7fﬂ_]+] (sa5)
o 2+ve Jy 2+vr Sy 2+va T Y

For 0 <z <1, m < % and so by Theorem 9, I; is convergent. For 1 < z, ZQJiﬁ < z%, and again

by Theorem 1 and Example 1, I3 is convergent. Thus the given integral is convergent.

/00 dzx _/0 dzx +/°0 dz
U T N T A

*  dx . R dx . _1 us
/0 T2 =AM | Tz g [T (R)] =5

(iii) We formally write

Now

O dx T *®  dr
Likewise, / —5 = 5 Hence, / 5 Is convergent with value equal to 7.
oo L4+ 2 o 42

The integral test.

Example 17. Assume that
(i) f(x) is a non-increasing function for x > 1,
(ii) f(z) >0 for z > 1 and

(iii) f is Riemann integrable in [1, R| for every R > 1.
Then the series > > ; f(n) and the integral floo f(x)dx are convergent or divergent together.

Proof : For n € IN, by hypothesis 1, if n <z <n+ 1 then f(n) > f(x) > f(n+ 1).Integrating from n to

n + 1, we obtain
n+1 n+1 n+1
[ tmde= [ g@de= [T gy,

n n

which gives
n+1
fn) > / J@)de > f(n+1).

Thus, for N € IN, We have



If fl fdx converges to A, then by the second part of above inequality Zk o f(k) < fl fdx < A, which
implies that the series Y ,-, f(k) is convergent. On the other hand, if the series zn:l f(n) is convergent
with sum S , then fix R > 1 and pick NV € IN such that N > R. By the first part of the above inequality,

R N N-1
/ fd:ng/ fdz <> fdz <8
1 1 n=1

This proves that the integral fl x)dzx is convergent. The proof of the statement about divergence is
similar and it is left to reader. 1

1
Example 18. Discuss the convergence of the series Z i

————, where a > 0.
(Inn)e
n= 2

Let f(x) = W Since a > 0, f(x) is non-negative and non-increasing for x > 2. By the integral test,

the series >0, ——L= =3 f(n) and the integral f2°° f dx converge or diverge together. Now

n=2 n(lnn)®
/Rfdx—/R P _ 1 (Inz)" |, if a#1
9 )y z(nz)e 11—« 2 1 '
(In2)1-« if

For a = 1, f2R fdr = In(Inz)|5. Hence, limpg, oo sz fdr = oo, if a <1 andis equal to = ——,
« > 1. Thus the integral f;o fdzr converges if @ > 1 and diverges if 0 < o < 1. By the integral test, the
given series converges if a > 1 and diverges if 0 < o < 1.
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