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Abstract

Let R be a commutative Noetherian ring of dimension d and B = R[X1,. .., Xm, Y51, ... ViE]
a Laurent polynomial ring over R. If A = B[Y, f '] for some f € R[Y], then we prove the following
results:

(#) If f is a monic polynomial, then Serre dimension of A is < d. In case n = 0, this result is
due to Bhatwadekar, without the condition that f is a monic polynomial.

(71) The p-th Euler class group EP(A) of A, defined by Bhatwadekar and Raja Sridharan, is
trivial for p > max{d+1,dim A — p+3}. In case m = n = 0, this result is due to Mandal-Parker.

1 Introduction

In this paper, we will assume that all rings are commutative Noetherian of finite Krull dimension, all
modules are finitely generated and all projective modules are of constant rank. Throughout this
paper, R will denote a ring of dimension d and B will denote the Laurent polynomial
ring R[X1,..., X, Y51, ... Y, F!] over R.

Let P be a projective R-module. An element p € P is said to be unimodular if there exist
¢ € Hom(P, R) such that ¢(p) = 1. We write Um(P) for the set of all unimodular elements of P. We
say that Serre dimension of R is < t if every projective R-module of rank > ¢ + 1 has a unimodular
element.

Quillen [21] and Suslin [24] proved Serre’s conjecture that projective modules over polynomial rings
k[X1,...,X.] over a field k are free for all m > 1 or equivalently Serre dimension of k[X71,. .., X,,]
is 0. It is a classical result due to Serre [23] that Serre dimension of R is < d. Plumstead ([20],
Theorem 2) generalized Serre’s result by proving that Serre dimension of R[Y] is < d. Rao ([22],
Theorem 1.1) generalized Plumstead’s result and proved that if C' is a birational overring of R[YT],
ie. R[Y] C C C STIR[Y], where S is the set of all non-zerodivisors of R[Y], then Serre dimension
of C'is < d. As a consequence of Rao’s result, we get that Serre dimension of R[Y, f~1] < d for any
non-zerodivisor f € R[Y].

Bhatwadekar-Roy ([6], Theorem 3.1) generalized Plumstead’s result and proved that Serre dimen-
sion of R[X1,...,X,,] is < d for any m > 1. Bhatwadekar-Lindel-Rao ([2], Theorem 4.1) generalized
Bhatwadekar-Roy’s result and proved that Serre dimension of B := R[Xj,..., Xm,Ylﬂ, LY E s
<d.

Bhatwadekar ([1], Theorem 3.5) further generalized above result of Bhatwadekar-Roy to polynomial
extensions over a birational overring of R[Y]. More precisely, he proved that if C'is a birational overring



of R[Y], then Serre dimension of C[X7,...,X,,] is < d. As a consequence of this result, we get that
Serre dimension of R[X7,..., X, Y, f~1] is < d for any non-zerodivisor f € R[Y].
It is natural to ask if analogue of Bhatwadekar’s result [1] is true for Laurent polynomial rings.

More precisely, we can ask the following.

Question 1.1 Let C be a birational overring of R[Y]. Is Serre dimension of C[X1, ..., X, Ylil, S
<d?

We answer this question when C' = R[Y, f~!] with f € R[Y] a monic polynomial. Note that Lindel
[13] gave another proof of Bhatwadekar-Lindel-Rao’s result ([2], Theorem 4.1) mentioned above. Our

proof closely follows Lindel’s idea. We state our result.

Theorem 1.2 Let A = B[Y, f~!], where f € R[Y] is a monic polynomial. Then Serre dimension of
A is <d.

Assume dim R = d > 3 and p is a positive integer such that p > d — p + 3. Then Bhatwadekar
and Raja Sridharan have defined the p-th Euler class group EP(R) of R which is an additive abelian
group. We will not give the explicit definition of EP(R) (see [5], section 4 for definition). Rather
we will describe the elements of EP(R), since this suffices for our purpose. Let I be an ideal of R
of height p such that the R/I-module I/I? is generated by p elements. Let ¢ : (R/I)? — I/I* be
a surjection, giving a set of p generators of R/I-module I/I?. The surjection ¢ induces an element
of the p-th Euler class group EP(R), denote it by the pair (I,¢). Further, it follows using mowving
lemma and addition principle, that every element of EP(R) is a pair (I, ¢) for some height p ideal T
of R and some surjection ¢ : (R/I)? — I/I?. Bhatwadekar and Raja Sridharan ([5], Theorem 4.2)
proved that there exist a surjection ® : RP —— I which is a lift of ¢, i.e. PR A/I = ¢, if and only if
the associated element (I, ¢) of the group EP(R) is the trivial element (identity element 0 of E?(R)).

It is well known that a projective R-module of rank d need not, in general, have a unimodular
element. The significance of Euler class group theory is demonstrated by the following result of
Bhatwadekar-Raja Sridharan [3], where they proved that for a rank d projective R-module P with
trivial determinant, the precise obstruction for P to have a unimodular element lies in E¢(R). More
precisely, given a pair (P, x), where x : AYP 5 R is an isomorphism, they associate an element e(P, x)
of the Euler class group E¢(R) and prove that P has a unimodular element if and only if e(P, x) is the
trivial element of E4(R). Such an obstruction theory is not known for projective R-modules of rank
d — 1 except for some special class of rings. When R = S[Y] is a polynomial ring in one variable over
some subring S of R, then Das [7] proved that for a rank d — 1 projective R-module @ with trivial
determinant, the precise obstruction for @ to have a unimodular element lies in E4~1(R).

Let I be an ideal of R[Y] containing a monic polynomial in the variable Y. Assume R[Y]/I-
module I/1? is generated by p elements, where p > dim(R[Y]/I) + 2. Then Mandal ([14], Theorem
2.1) proved that any surjection ¢ : (R[Y]/I)? —= I/I? can be lifted to a surjection ® : R[Y]? — I.
Let P = Q®R be a projective R-module of rank p and ¢ : P[Y]/IP[Y] — I/I? be a surjection, then
Bhatwadekar-Raja Sridharan ([5], Proposition 3.3) proved that v lifts to a surjection ¥ : P[Y] — I,



thus generalizing Mandal’s result. If we further assume that height of I is p and 2p > dim R[Y] + 3,
then to the surjection ¢, we can associate an element (I, ¢) € EP(R[Y]). Since ® is a surjective lift of
@, by ([5], Theorem 4.2), we get that (I, ¢) is a trivial element of EP(R[Y]).

Let A = R[X3,...,X,;] be a polynomial ring over R and I an ideal of A of height > d + 1. Let
p > max{dim(A/I)+ 2,d + 1} be an integer and ¢ : (A/I)? —+ I/I? be a surjection. Since height of
I > d, by Suslin (2.5), there exist an automorphism O of A such that ©(I) contains a monic polynomial
in X,, with coefficients from R[X;, ..., X,,—1]. Therefore replacing I by O(I), we may assume that
contains a monic polynomial in X,,. By Mandal ([14], Theorem 2.1) mentioned above, ¢ can be lifted
to a surjection ® : AP —— I. Therefore if we further assume that p > maa{dim A —p+3,d+ 1}, then
by ([5], Theorem 4.2), the associated element (I, ¢) of EP(A) is trivial. Since any element of E?(A)
is a pair (I, ¢) for some height p ideal I of A, we get that the p-th Euler class group EP(A) = 0. In
particular, E*+1(R[Y]) = 0 for d > 2. This result is generalized by Mandal-Parker ([17], Theorem 3.1)
where they prove that E4TH(R[Y, f~!]) = 0 for d > 2 and f € R[Y]. We generalize Mandal-Parker’s
result as follows.

Theorem 1.3 Let A = B[Y, f~1] for some f € R[Y] and p an integer such that p > maz{dim A —
p+2,d+1}. Let P = Q®R be a projective R-module of rank p and I a proper ideal of A of height
> d+ 1. Assume there is a surjection ¢ : PR A/I(P® A) — I/I?>. Then ¢ can be lifted to a
surjection ® : PR A —— I. As a consequence, taking P to be free, we get that any p generators of
I/I? can be lifted to p generators of I.

The following result is a direct consequence of (1.3).

Corollary 1.4 Let A = B[Y, f~!] for some f € R[Y] and p an integer such that p > max{dim A —
p+3,d+ 1}. Then the p-th Euler class group EP(A) of A is zero.

Let I be an ideal of R[Y] containing a monic polynomial and P a projective R-module of rank p
with p > dim(R[Y]/I) + 2. Let ¢ : P[Y]/IP[Y] — I/I? and § : P — I(0) := {f(0)|f € I} be two
surjections such that ¢(0) = 6 ® R/I(0). Then Mandal ([15], Theorem 2.1) proved that there exists a
surjection ® : P[Y] —— I such that ® ® R[Y]/I = ¢ and ®(0) = J, thus answering a question of Nori
[15], in case the ideal I contains a monic polynomial.

Above result of Mandal on homotopy section was generalised by Kumar-Mandal ([10], Theorem 1.2)
to Laurent polynomial case as follows: Let I be an ideal of R[Y,Y ~!] containing a monic polynomial
fin R[Y] with f(0) = 1. Let P be a projective R-module of rank p with p > dim(R[Y,Y ~!]/I) +
2. Let ¢ : P[Y, Y Y/IP[Y,Y™!] = I/I? and § : P — I(1) := {g(Y = 1)|]g € I} be two
surjections such that ¢(1) = §® R/I(1). Then there exists a surjection ® : P[Y,Y 1] — I such
that ®® R[Y,Y 1]/I = ¢ and ®(1) = 6.

We prove the following result which is an analogue of Kumar-Mandal’s result.

Theorem 1.5 Let A = B[Y, f~1], where f € R[Y] is a monic polynomial with f(1) a unit in R. Let I
be an ideal of A of height > d+1 and P a projective B-module of rank > max{d+1,dim(A/I)+2)}. Let



¢ : PlY, f~Y/IP[Y, f~'] == I/I? and § : P — I(1) be two surjections such that §@I1(1)/1(1)? =
PpRA/(Y — 1), where I(1) = {g(Y = 1)|g € I} is an ideal of B. Then there exists a surjection
U P[Y, f71] == I such that V@ A/I = ¢ and ¥(1) = 4.

2 Preliminaries

In this section, we note down some results for later use. For a ring A, ht I will denote the height of
an ideal I of A. We begin by stating a result of Lindel ([13], Lemma 1.1).

Proposition 2.1 Let A be a ring, Q an A-module and s € A such that Qg is free As-module of rank
r. Then there exist p1,...,pr € Q, ¢1,...,0, € Q* and t > 1 such that

(i) 0:4 SA=0:4 s> A, where s’ = s'.

(it) SQ C F and s'Q* C G, where F =%\ _ Ap; CQ and G =Y ._, Ap; C Q*.

(738) (¢i(pj))1<ij<r = diagonal (s',...,s"). We say F and G are s'-dual submodules of Q and Q*

respectively.

Definition 2.2 (i) Let A be a ring, M an A-module and § : A — A an endomorphism. We say
maps £ : M — M and £ : M* — M* are d-semi-linear if £ and £* are group homomorphisms with
respect to addition operation and {(am) = §(a){(m), £*(ap) = §(a)E*(¢) for any m € M, ¢ € M*
and o € A.

(i1) Let I be an ideal of A and s € A. An endomorphism h : A — A is called s'I-analytic (¢t € N),
if h(s) = s and h(a) —a € s'I for all a € A with 0:4 s'=1 =0:4 s’.

The following result is due to Lindel ([13], Lemma 1.4)

Lemma 2.3 Let A be a ring, I an ideal in A and M an A-module such that My is free of rank r
for some s € A. Then by (2.1), there exist p1,...,pr € M and ¢1,...,o. € M* satisfying properties
(i — 1) of (2.1).

Let F =3 Ap; C M and G = Y_._, Ap; C M* be submodules of M and M* respectively.
Assume h : A — A is an s*I-analytic endomorphism of A. Then there exist h-semi-linear maps
E:M — M and £ : M* — M* with the following properties:

(i) &(p) — p € S'IF, £*(9) — ¢ € $'IG and E*($)E(p) = h((p)) for all p € M and ¢ € M.

(i1) If N and N’ are submodules of F' and G respectively such that F C N C M and G C N' C M*,
then &(N) = N and £&*(N') = N'.

The following result on fiber product is well known. For a reference (see [16], Proposition 2.2.1).

Proposition 2.4 Let A be a ring and f,g € A be such that fA+ gA = A. Let M and N be two A-
modules. Suppose ¢ : My — Ny is an Ap-homomorphism and ¢ : My — Ny is an Ag-homomorphism
such that ¢g = y. Then

(1) there exist an A-homomorphism & : M — N such that {f = ¢ and &5 = .

(i) if ¢ and ¢ are surjective, then & is surjective.



In case f is a polynomial variable over R, the following result is implicit in Suslin ([25], Lemma
6.2) and is known as Suslin’s monic polynomial theorem. The proof of Suslin’s monic polynomial
thorem works in our case also.

Theorem 2.5 Let R[X1,..., X, Y] be a polynomial ring over R. Let f € R[Y] — R and A =
R[X1,..., Xm, f71]. Let I be an ideal of A of height > d. Then there exist a positive integer N such
that for any set of integers s; > N, if ¢ is the R[f~1]-automorphism of R[X1,..., Xm, f~1] defined
by ¢(X;) = X; + f=% for all i, then ¢(I) contains a monic polynomial in f=1 with coefficients from
RIX1,..., Xm].

The following result is implicit in Mandal’s result ([14], Lemma 2.3).

Lemma 2.6 Let I be an ideal of B of height > d andn > 0. Then there exist a R[Ynil]—automorphism
O of B such that ©(I) contains a monic polynomial in Y, of the form 1 4+ Y,h for some h €
R[X1,..., X, Y . YV EL V)

The following result is due to Bhatwadekar-Lindel-Rao ([2], Theorem 4.1).
Theorem 2.7 Let P be a projective B-module of rank > d. Then P has a unimodular element.
The following result is due to Bhatwadekar-Raja Sridharan ([4], Proposition 3.3).

Proposition 2.8 Let I be an ideal of R[X]| containing a monic polynomial and P = QB A a projective
R-module of rank v, where r > dim(R[X]/I) + 2. Let ¢ : P[X] = I/I? be a surjection. Then ¢ can
be lifted to a surjection ® : P[X] — I.

The following result is due to Dhorajia-Keshari ([8], Theorem 3.12). We will only state the part
needed here.

Theorem 2.9 Let A = R[X1,..., X, Y1,..., Y0, (fi ... fn) Y] with fi € R[Y;] and P a projective

A-module of rank r > d + 1. Then P is cancellative, i.e. POA? = Q®A! for some integer t > 0
implies P = Q.

Definition 2.10 For an integer n > 0, a sequence of elements a1, ...,a, in R is said to be a reqular
sequence of length n if a; is a non-zerodivisor in R/(ay,...,a;—1) fori=1,...,n.

Let I be an ideal of R. We say [ is set theoretically generated by n elements fi1,...,f, € R if
VI= T F)

Assume height of I is n. Then I is said to be a complete intersection ideal if I is generated by a
regular sequence of length n. Further, I is said to be a locally complete intersection ideal if Iy is a

complete intersection ideal of height n for all prime ideals p of R containing I. ]

The following result is due to Mandal-Roy ([18], Theorem 2.1). See also ([14] Theorem 6.2.2).



Theorem 2.11 Let J C I be two ideals of R[X] such that I contains a monic polynomial. Assume
I=(ft,..,f)+ 1% and J = (f1,..., fa1) + I D' Then J is generated by n elements. As a
consequence, since I =+/J, I is set-theoretically generated by n elements.

The following result is due to Ferrand and Szpiro. For a proof see [27] or [19].

Theorem 2.12 Let I be a locally complete intersection ideal of R of height n > 2 with dim(R/T) < 1.
Then there is a locally complete intersection ideal J C R of height n such that

(i) VI =+J and

(ii) J/J? is a free R/J-module of rank n.

The following result is easy to prove, hence we omit the proof.

Lemma 2.13 Let f € R[T] — R. Then
(i) If I is a proper ideal of R[T, f~], then ht I = ht (I N R[T]).
(ii) If I is a proper ideal of R[f, f~'], then ht I = ht (I N R[f~1]).

Lemma 2.14 Let I be an ideal of A = R[T, f~1], where f € R[T) — R. If J = I N R[f™}], then
ht J =htI.

Proof Assume that I is a prime ideal. If we write a = I N R, then ht I = ht [Aq and htJ =
ht JRq[f~!]. Hence we assume that (R, a) is a local ring. Further if I = aA is an extended ideal,
then ht I = hta = htJ. Hence assume that I # aA. In this case ht ] = hta 4+ 1. Since R/a is a
field, we get that R/a[f, f~'] — R/a[T, f~'] is an integral extension. Hence ht I/a = ht.J/a, where
J=1n R[f, f~!]. Therefore ht[ = hta+ 1 = htJ = ht J, by (2.13). The general case follows by
noting that ht I = htI, VI =Py n...NP,, VJ =P Nn...NP., where P, = P, N R[f~!] and
ht P; = ht P;. |

Lemma 2.15 Let R be a ring of dimension d, B = R[X1,..., X, Ylil, .., YH and A= BJY, f71,
where f € R[Y] — R. Let I be an ideal of A of height > d. Then there exist an integer N > 0 such
that for any set of integers s;,l; all bigger than N, if ¢ is an R[Y, f~1]-automorphism of A, defined
by ¢(X;) = Xi + f~% and ¢(Y;) = Y f', then ¢(I) contains 1+ fh for some h € B[Y].

Proof We induct on n. Assume that n = 0. If I; = I N B[f~!], then by (2.14), ht [; = ht [ > d.
Applying (2.5) to the ring B[f '] = R[X1,..., X, f1], we can find a positive integer N such that
for any integers s; > Ny, if ¢; is the R[f~!]-automorphism of B[f~!] defined by ¢;(X;) = X; + f~*
for 1 <i < m, then ¢;(I;) contains a monic polynomial, say F' of degree u, in the variable f~1 with
coefficients from B. Since ¢; naturally extends to an R[Y, f~!]-automorphism of A, we get ¢1(I)
contains F' and hence it contains f*F which is of the form 1+ fg for some g € B[Y].

Assume that n > 0. Define Ly, (1) and Ly, -1 (1) as the set of highest degree coefficients and lowest
degree coefficients respectively of elements in I as a Laurent polynomial in the variable Y,,. It is easy



to see that Ly, (I) and Ly -1 (I) are ideals of C[Y, f~!], where C' = R[X1,..., X, V7!, .., Y, EL ]
By ([14], Lemma 3.1), we get that height of the ideals Ly, (I) and Ly -1 (/) are > ht I.

If we write L = Ly, (I) N Ly, -1 (I), then L is an ideal of C[Y, f~!] of height > ht I > d. Hence by
induction on n, there exist an integer Ns such that for any set of integers s;,[; all bigger than N», if
01 is an R[Y, f~!]-automorphism of C[Y, f~1] defined by 61(X;) = X; + f~% and 61(Y;) = Y; fl for
1<i<mand1<j<n-—1,then #;(L) contains a polynomial h=1+ fh for some b’ € C[Y].

We extend 6; to an R[Y, )Y, f~!]-automorphism of A. We can find a polynomial G in 6;(I) of
the form G = h + h1Yy, + -+ hY,! for some t € N, h; € C[Y, f~!] and h as above. We can choose
an integer N3 = max {power of f~! occurring in G} such that for any integer I, > N3, if 5 is an
C[Y, f~!-automorphism of A defined by 62(Y;,) = Y, f'», then 65(G) = 1+ fh for some h € B[Y].

We note that 626, is an R[Y, f~!]-automorphism of A defined by X; — X; + f~% and Y; — Y; fli
for 1 <i<mand 1< j<n. Taking N = max{Nz, N3} completes the proof. [ |

Proposition 2.16 Let A = B[Y, f~!], where f € R[Y] is a monic polynomial and I an ideal of A
of height > d. Then there exist an integer N > 0 such that for any set of integers t;,s;,1; all bigger
than N, the R[Y, f~']-automorphism ¢ of A defined by ¢(X;) = X; + Yt + =5 and ¢(Y;) = Y fb
satisfies the following:

(i) ¢(I) contains a monic polynomial in'Y with coefficients from B and

(#4) ¢(I) contains a polynomial of the form 1+ fh for some h € B[Y].

Proof Assume n = 0. Then B = R[X1,...,X,,]. By (2.14), ht IN B[f~!] = ht I > d. By (2.15),
there exists N1 > 0 such that for any s; > Ny, if ¢; is the R[Y, f~!]-automorphism of B[f~!] defined
by ¢1(X;) = X; + f7% for 1 <i < m, then ¢1(I N B[f~!]) contains 1 + fg for some g € B[Y].

By (2.13), ht ¢1(I) N B[Y] = ht I > d. Applying (2.5) to B[Y], there exists Ny > 0 such that for
any t; > Na, if ¢ is the R[Y]-automorphism of B[Y] defined by ¢2(X;) = X; + Y% for 1 <i < m,
then ¢o(¢1(I) N B[Y]) contains a monic polynomial, say G, in the variable Y. Since ¢2¢1 naturally
extends to an R[Y, f~!]-automorphism of A, we get that ¢ (I) contains

(i) a monic polynomial G in the variable Y with coefficients from B, and

(it) an element 1+ fh, where h = ¢2(g) € B[Y].

Note that ¢a¢; is an R[Y, f~!]-automorphism of A defined by X; + X; + Y% + f=%. This proves
the result in case n = 0, by taking N = maxz{Ny, Na}.

Assume n > 0 and use induction on n. Defining Ly, (I), Ly.-1(I) and L as in (2.15), we get that L
is an ideal of C[Y, f~'] of height > ht I > d, where C' = R[X1,..., X,,,, Y;E!, ... VL] By inductive
hypothesis, there exist an integer N3 such that for any set of integers t;, s;,1; all bigger than Nj, if 6,
is an R[Y, f~!]-automorphism of C[Y, f~1] defined by 61(X;) = X; + Y% + f~% and 61(Y;) = Y; fl
for all ¢, j, then 6, (L) contains

(a) a monic polynomial, say g, in Y with coefficients from C and

(b) a polynomial & of the form 14 fA’ for some h' € C[Y].



We extend ) to an R[Y, )Y, f~1]-automorphism of A. We can find F and G in 6;(I) of the form
F=9Y+g, 1Y 1+ +goand G = h+hY, 4+ + hY}! for some s,t €N, g;, h; € C[Y, f71]
and g, h as in (a), (b).

Choose N; = max { power of f~! occurring in G and degrees of g, g; in Y } such that for any
integer I,, > Ny, if 05 is an C[Y, f~!]-automorphism of A defined by 65(Y;,) = Y,, f'», then

(i) Y,7*09(F) is a monic polynomial in Y with coefficients from C[Y;*!] = B (here we are using f
to be monic) and

(#4) 02(G) = 1+ fh for some h € B[Y].

We note that 6201 is an R[Y, f~!]-automorphism of A defined by X; — X; + Y% + f~% and
Y; = Yjfli for 1 <i<mand 1< j<n. Taking N = max{N3, N,} completes the proof. [ |

3 Main Theorems
In this section, we prove the results stated in the introduction.

Theorem 3.1 Let R be a ring of dimensiond, B = R[X1,..., X, Y, ..., Y and A = B[Y, f],

where f € R[Y] is a monic polynomial. Then Serre dimension of A is < d.

Proof Without loss of generality, we may assume that R is reduced. If m = 0, then replacing A by
A[X1], we will assume that m > 0. Let P be a projective A-module of rank > d = dim R. We need
to show that P has a unimodular element. If S denote the set of all non-zerodivisors of R, then S™'R
is a zero dimensional ring. Therefore, by Dhorajia-Keshari ([8], Lemma 3.9), we can find some s € S
such that P is a free As-module of rank r. By Lindel (2.1), there exist an integer t > 0, p1,...,p. € P
and ¢1,...,¢, € P* such that the submodules F = >""_, Ap; of P and G =) _._, A¢; of P* satisfies
the followings: s'P C F, s'P* C G and the matrix (¢;(p;)) = diag(s’,...,s"). The submodules F
and G are called s’-dual submodules of P and P* respectively. Replacing s by s’, we assume that F
and G satisfies sP C F, sP* C G and (¢;(p;)) = diag(s,...,s).

Since A/(s(Y — 1)) = R[Xy,..., X, Y, ..., Y] is a Laurent polynomial ring over a d di-
mensional ring R := R[Y, f~1]/(s(Y — 1)), by Bhatwadekar-Lindel-Rao (2.7), P/(s(Y — 1)) has a
unimodular element. Let p € P be such that its image p in P/s(Y — 1)P is a unimodular element.

Let us write ¢;(p) = a; € A for 1 <4 <r and define b:= (1 -Y)[[;Z, X; ][}, Vj. Then sbis a
non-zerodivisor in A. We can find an integer [ > deg(a;) such that a} := a1 + s2b! is a non-zerodivisor
in A, where deg(ay) is the total degree of a; as a polynomial in Xi,...,X,, with coefficients from
RV, ... VALY, f71]. Hence height of the ideal a A is > 1.

Since P is a unimodular element in P/s(Y — 1)P and ¢1,...,¢, is a basis of the free module
Pr, we get that (ai,as,...,a,,8*(Y —1)) € Um,;1(As). Since a] € a3 + s*(Y — 1)A, we get
(a},az,...,ar,8*(Y —1)) € Um,1;(As). Hence by prime avoidance argument, we can choose ¢, . . ., ¢,
in A such that if a = a; +s?(Y —1)¢; for 2 < i < r, then height of the ideal (a}, ..., ay)Agey—1yis >r.
Let I’ > 2d be an integer, where d is the maximum of total degrees of ay,...,al as a polynomial in



X1, ..o, Xom. If we write a” := a’. + s2(Y — 1)(a})", then degree of a” as a polynomial in X1,..., X,
is e :=mll'.

Let ¢ = copa + -+ + Cr_1pr_1 + (¢r + (@}))py. Then p := p+ sblpy + s(Y — 1)q is also a lift of
p. Further we have ¢;(p) = a} for 1 <i <r —1 and ¢,(p) = a,/. Hence replacing p by p, we see that
height of the ideal Op(p)Asy—1) = (a},...,a;_1,a]) Ay 1y is > 7.

Since p is a unimodular element in P/s(Y —1)P and p € P is a lift of p, we get Op(p)+s(Y —1)A =
A. Further height of the ideal Op(p)Ay—1) is > r. Therefore we get that height of the ideal Op(p)
is > r. By (2.16), there exist an integer N > 0 such that for any integers ', s’,1"” all bigger than N,
if © is the R[Y, f~!]-automorphism of A defined by ©(X;) = X; + Y* + =" and O(Y;) = Y; " for
1<i<mand 1< j<n, then the following holds:

(a) ©(Op(p)) contains a monic polynomial in Y with coefficients from B.

(b) ©(Op(p)) contains a polynomial g € B[Y] of the form 1+ fh for some h € B[Y].

Further if we choose s’ and !” in the automorphism © such that s’ > (m?il)l”, then with e :=
(ms’ — nl")Il’, the following holds:

(c) fO©(a;) € B[Y] for 1 <i<r—1.

(@) fO(a) € 22 [TV + fBIY).

Parts (a) and (b) follows from (2.16). For (c), recall I’ > the maximum of total degrees of af, ..., a,

) Ty

hence we only have to ensure e > I's’. This is indeed the case because of our choice of s’. Part (d) is
a direct consequence of the choice of e and s'.

Replacing A by O(A), we assume that

(a’) Op(p) contains a monic polynomial in Y with coefficients from B.

(') Op(p) contains a polynomial g € B[Y] of the form 1+ fh for some h € B[Y].

(d) fea, € BlY]for 1 <i<r-—1.

(@) feay € 2T Y + fB[Y].

We have g = 1+ fh € Op(p) for some h € B[Y], hence A = B[Y]+ gA. To see this, write a € A
as a = b/ f" for some b € B[Y]. Then fta € B[Y] and (g — 1)*a = (fh)'a € B[Y], since h € B[Y].
Hence a = (g — 1)'a + ggo € B[Y] + gA.

Since A = Op(p) + s(Y — 1)A, using previous relation, we get A = Op(p) + s(Y — 1)B[Y].
Therefore B[Y] = ANB[Y] = Op(p) N B[Y]+ s(Y —1)B[Y]. Using (a'), ([11], page 100, Lemma 1.1)
and B[Y] = Op(p) N B[Y] + sB[Y], we get B = (Op(p) N B) + sB. Hence we get that

(i) Op(p) contains an elements 1 + b's for some b’ € B.

(#4) Op(p) contains an element 1 + s(Y — 1)a for some a € B[Y].

Let ¢} and v} in P* be such that ¥{(p) =1+ V's and ¢5(p) = 1+ s(Y — 1)a. We can choose an
integer Iy > 0 such that f ¢/ (p;) € B[Y] for j = 1,2 and 1 <4 <r. Write ¢,1; = flogp; € P* for
j=1,2and p,y1 = f°p € P.

Consider the B[Y]-modules M := 27" B[Y]p; and H := 3./27 B[Y]$;. We have ¢;(p;) € B[Y]
for1<i<r+2and1<j<r+ 1. Further we have M ®py) A C P and H ® gjyjA C P*.

Since sP C F, we get spp41 = ».._, bip; for some b; € A and hence ¢;(spr11) = sb; for
1 <4 < r. Since s is a non-zerodivisor in A, we get b; = ¢;(pr+1) € B[Y]. Therefore sp,11 =



31 @i(pr41)pi. Hence if we write F' := "7, B[Y]p;, then we have sp, 41 € F’. Similarly if we write
G' := >, B[Y]¢;, then we get s¢,4; € G’ for j = 1,2. Therefore My and H, are free modules
over Bs[Y] with My = F! and H; = G'. Further F' and G’ are s-dual submodules of M and M*
respectively, i.e. sM C F', sH C G’ and the matrix (¢;(p;)) = diag(s, ..., s).

Let us define a B-algebra endomorphism ¢ : B[Y] — B[Y] by §|B = id and 6(Y) = 1+ (Y —
1)(1 —b2%s%) = Y + s20%2(1 — Y), where b’ € B is chosen earlier as ¢,,1(p) = f°(1 4 ¥'s). Since
§(Y') —Y?! € s?B[Y] for all integers t > 0, we get that §(a) — « € s2B[Y] for any a € B[Y]. Such an
endomorphism & of B[Y] is called s2-analytic. Recall that M = 37" B[Y]p; is a B[Y]-module.

Applying (2.3) to above data, we get J-semi-linear maps £ : M — M and £* : M* — M™* such that
£ (9)(&(p)) = 0(¢(p)) for any ¢ € M* and p € M. Further £*(H) C H. Therefore A® gy &*(H) C P*.

We have the followings:

(i") dp(pri1) = ¢ (fop) = 2 F2[IT Y + fb for some b € B[Y], using (d').

(7)) Grs1(prsn) = FO0(f7p) = Foe(1 +1/s) for ¥/ € B, using (i)

(#91") dry2(pra1) = fob(fop) = fore(1 + s(Y — 1)a) for some a € B[Y], using (i4).

Using the relation £*(¢)(£(pr4+1)) = 6(¢(pr41)), we see that the d-images of elements in (i') — (4i¢’)
belong to Ons(&(pr41)). Further using A ®pry) §(M) C P and A ®p[y) £(H) C P*, we see that
d-images of above three elements belong to Op(1®&(pr41)). We will show that 1 ® {(py4+1) is a
unimodular element of P by showing that the j-images of above three elements generate the unit
ideal. Suppose not, then there exist a maximal ideal m containing elements

(@) S(s* 2L Y + fb) = 22 [T VI + 6(£)6(b),

(@i") S(flote(1 +b's)) = 6(f)ote(1+ b's) and

(iii") §(flore(1+s(Y — 1)a)) = 6(f)ote(1+ s5(Y —1)d(a)).

Assume 0(f) € m. Then by (i), we get that s € m as Y;’s are units in A. Since §(f) — f € (s?),
we get f € m. This is a contradiction, since f is a unit in A. In the other case, assume §(f) ¢ m.
Then 1+ s§(Y —1)6(a) € m and 1 +b's € m. Since §(Y —1) = (Y — 1)(1 — b"?s?) € (1 +b's)A, we
get (Y — 1) € m. This shows that 1 € m, a contradiction. Therefore we get that 1 ® £(p,41) is a
unimodular element. This completes the proof. |

Theorem 3.2 Let A = B[Y, f=1] for some f € R[Y] and p an integer such that p > maz{dim A —
p+2,d+1}. Let P = Q®R be a projective R-module of rank p and I a proper ideal of A of height
> d+ 1. Assume there is a surjection ¢ : PR A/I(P® A) — I/I?>. Then ¢ can be lifted to a
surjection ® : PR A —— I. As a consequence, taking P to be free, we get that any p generators of
I/I? can be lifted to p generators of I.

Proof We assume n > 1. If n = 0, then we can use retraction from n = 1 case. If C :=
R[Xh...,Xm,Ylil, .. .,Ynifl], then A = C[Y,;F1Y, f~!] with f € R[Y]. We are given a surjection
¢ : P®(A/I) — I/I? where P = Q®R. We want to show that ¢ can be lifted to a surjection
P:PRA— 1.
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Let ®; : P® A — I be a lift of . We can find an integer k > 0 such that f*®; maps P® C[Y,F!,Y]
into J := I NC[Y;F,Y]. Now fF®, induces a map ¢ : P® (C[Y;F',Y]/J) — J/J? Note that
V= fF¢: PR (A/I) —+ (J/J?)s is a surjection.

Using height of I > d and applying (2.15), we get an R[Y, f~!]-automorphism © of A such that
O(I) contains 14 fh for some h € C[Y,F!)Y]. Replacing A by ©(A) and I by ©(I), we can assume that
1+ fh € I. Since 1+ fh € J, we get (J/J?)14n is the zero module. Hence 11 sp, is a surjections.
Applying (2.4), we get ¢ : P®(C[Y,F1,Y]/J) — J/J? is a surjection. If ¢ has a surjective lift
U: PRCIYELY] = J, then f~%W;: P® A —+ I will be our required surjective lift of ¢. Therefore
it is enough to show that 1 has a surjective lift from P ® C[Y;*!,Y] onto J.

Note that C[Y,;*!,Y] = B[Y] is a Laurent polynomial ring over R and J is an ideal of C[Y,F!,Y]
of height > d = dim R. By (2.6), there exist a R[Y,¥!]-automorphism © of C[Y,F!, Y] such that ©(J)
contains a monic polynomial in Y;, of the form 1+ YA’ for some i’ € C[Y,Y,,]. Replacing J by ©(J),
we can assume that .J contains a monic polynomial 1 + Y, A’ in the variable Y,.

Lift ¢ to a map ¥, : PRC[Y,Y,F] — J. If we write K := J N C[Y,Y,], then Y,'¥; will map
P®CY,Y,] into K for some integer [ > 0. Now Y,!¥; will induce a map ¢ : P® (C[Y,Y,]/K) —
K/K? such that dy, = Y9 is a surjection from P® (C[Y,Y,!]/J) onto J/J?. Since K contains
a monic polynomial 1 + YA/ in Y, we get (K/K?)11y, v = 0. Applying (2.4), we get that § :
P®(C[Y,Y,])/K) = K/K? is a surjection. Applying Bhatwadekar-Raja Sridharan (2.8), we get
that & can be lifted to a surjection A : P® C[Y,Y,] — K. Therefore Y, 'A is a surjective lift of 1.
This completes the proof. |

Theorem 3.3 Let A = B[Y, f~1], where f € R[Y] is a monic polynomial with f(1) a unit in R. Let
I be an ideal of A of height > d+1 and P a projective B-module of rank > maxz{d+1,dim(A/I)+2)}.
Let ¢ : P[Y, f=Y/IP[Y, f~1] = I/I? and § : P —» I(1)(:= {g(Y = 1)|g € I}) be two surjections such
that § = ¢ ® A/(Y —1), where I(1) is an ideal of B. Then there exists a surjection W : P[Y, f=1] —= I
such that W@ A/I = ¢ and ¥(1) = 0.

Proof Without loss of generality we assume that f € R[Y] — R. Let & : P[Y,f~!] — I be any
lift of ¢. Then ®;(1) = § modulo I(1)2. Hence ®;(1) —§ € I(1)>Hom(P, B). Write ®;(1) — 4§ =
fiWgi(Maq + -+ + fr(1)g-(1)a, for some f;,g; € I and o; € Hom(P, B). If we write ®5 :=
®1 — (frgiar + -+ frgrai), where &; = a; ®id : P® gpA — A, then &5 : P[Y, f~1] — I is also a lift
of ¢ with ®5(1) = 0.

Let J := I N B[Y]. Then there exist k > 0 such that f*®, maps P[Y] into J. Now f*®, induces
a map v : P[Y]/JP[Y] — J/J?. Note that vy = fk¢ : P[Y, f1/IPY,f71] =+ (J/J?); is a
surjection.

Since ht I > d, by (2.16), applying some R[Y, f~!]-automorphism of A, we may assume that I
contains (¢) a monic polynomial g in Y with coefficients from B and (i7) an element 1 + fh for some
h € B[Y]. Since 1+ fh € J, we get (J/J*)141sn = 0. Therefore 114 ¢y, is the zero map. By (2.4),
we get 1 : P[Y]/JP[Y] —= J/J? is a surjection. Further f(1)¥§ : P —- J(1) is a surjection with
¥(1) = f(1)k§® B/J(1). Since rank of P > dim B[Y]/J + 2 holds and J contains monic polynomial
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g, using Mandal ([15], Theorem 2.1), there exist a surjection ¥ : P[Y] — J which is a lift of ¢ and
(1) = f(1)*6. Therefore ® = f~*W; : P[Y, f~!] —» I is a surjection which is a lift of f~%¢ = ¢
with ®(1) = 6. This completes the proof. |

4 Applications

Let M be a finitely generated R-module. If we write p(M) for the minimum number of generators of
M as an R-module, then Forster [9] and Swan [26] proved that pu(M) < maz{u(Mp) + dim(R/p)[p €
Spec (R), Mp # 0}. In particular, if P is a projective R-module of rank r, then u(P) <r+d. As a
consequence of our result (1.2), we prove the following result.

Theorem 4.1 Let A = B[Y, f~!] for some monic polynomial f € R[Y] and P a projective A-module
of rank r. Then pu(P) <r+d.

Proof Assume P is generated by s elements, where s > r + d. Then we will show that P is also
generated by s — 1 elements. By Forster-Swan, we have s < dimA+r =d+m+n+1+r. Let
¢ : A* = P be a surjection. If @ is the kernel of ¢, then rank of @ is s — r > d. Hence by (1.2), Q
has a unimodular element, say ¢ € Um(Q). Since A° = P®Q, we get ¢ € Um(A®). Since ¢(q) = 0,
¢ induces a surjection ¢ : A°/qA —+ P. Since s — 1 > d, by (2.9), A*~! is cancellative. Hence
A%/qA = A571. Therefore P is generated by s — 1 elements. This completes the proof. ]

Proposition 4.2 Let A = B[Y, f71] for some f € R[Y]. Let J C I be two ideals of A such that
I=(f1,....fa)+ 1% and J = (f1,..., fu_1) + 1= D' Assume that I contains (i) a monic polynomial
F € C[Y] in the variable Y and (ii) an element of the form 1+ fh for some h € C[Y]. Then J is

generated by n elements. As a consequence, I is set-theoretically generated by n elements.

Proof Replacing f; by fVf; for some integer N > 0, we may assume that f; € B[Y] for all i. Let
K = IN B[Y] be an ideal of B[Y]. Let ¢ : (B[Y]/K)® — K/K? be the map defined by e; — f,.
Then ¢ is surjective and ¢4 ¢p, is zero map, since 1+ fh € K. Hence by (2.4), ¢ is a surjection.
Therefore, we get K = (f1,...,fn) + K2 If L := (f1,..., fn_1) + K@~ D' then Ly = J. Since K
contains a monic polynomial F, using (2.11), we get that L is generated by n elements. Therefore J
is generated by n elements. u

Theorem 4.3 Let A = B[Y, f71] for some f € R[Y]. Let J C I be two ideals of A such that
I=(fi,onfn) + 1% and J = (f1,..., fao1) + IV Assume that height of I > d. Then J is

generated by n elements. In particular, I is set-theoretically generated by n elements.

Proof Applying an automorphism as in (2.15), we may assume that I contains an element 1+ fh for
some h € B[Y]. Now as in (4.2), replacing f; by f f;, we may assume that f; € B[Y]. Then if K =
INB[Y], then K = (f1,..., fn) + K? as in (4.2). Since height of K > d, using some automorphism of
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B[Y], we may assume that K contains a monic polynomial in Y. Now, if L = (f1,..., fa_1)+ K™ D',
then by (2.11), L is generated by n elements. Hence J = K is generated by n elements. ]

Theorem 4.4 Let A = B[Y, f~] for some f € R[Y] with further condition that m~+n > 1. Let I C A
be a locally complete intersection ideal of height r > max{dim A —1,dim A —r + 2} with dim A/T < 1.
Then I is set theoretically generated by r elements.

Proof By Ferrand-Szpiro (2.12), there is a locally complete intersection ideal J of height r such
that (i) v/J = VT and (i) J/J? is a free A/J-module of rank 7. Since m +n > 1, we get r > d + 1.
By (1.3), the r generators of free module .J/J? can be lifted to r generators of J. Hence I is set
theoretically generated by r elements. |
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