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Abstract

Let (R,m,K) be a regular local ring containing a field k such that either char k = 0
or char k = p and tr-deg K/F, > 1. Let gi1,...,g: be regular parameters of R which are
linearly independent modulo m?. Let A = Rg,...q,[Y1,-- -, Yom, 1(l1) ™, ..., fn(nn) '], where
fi(T) € k[T] and I; = anY1 + ... + aimYm with (ai1,...,aim) € K™ — (0). Then every
projective A-module of rank > ¢ is free. Laurent polynomial case f;(I;) = Y; of this result is

due to Popescu.

1 Introduction

In this paper, we will assume that rings are commutative Noetherian, modules are finitely generated,
projective modules are of constant rank and k will denote a field.

Let R be aring and P a projective R-module. We say that P is cancellative if PBR™ = QOR™
for some projective R-module @ implies P = (. For simplicity of notations, we begin with a
definition.

Definition 1.1 A ring A= R[Y1,..., Y, f1(l1)7}, ..., fu(ln) 7] is said to be of type R[d, m,n]
if R is a ring of dimension d, Y1,...,Y,, are variables over R, each f;(T") € R[T] and either
each l; = Y;, for some i;, or R contains a field k and [; = Z;n:l a;;Y; — b; with b; € R and
(aity -y aim) € K™ —(0).

Let A be a ring of the type R[d,m,n]. We say that A is of type R[d,m,n|* if f;(T) € k[T
and b; € k for all 1.

Let A = R[Y1,...,Ym, 1(Y1)"Y, ..., fu(Yn) 1] be a ring of type R[d,m,n] with n < m and
l; =Y. If Pis a projective A-module of rank > max {2,d + 1}, then Dhorajia-Keshari ([5],
Theorem 3.12), proved that E(A @ P) acts transitively on Um(A & P) and hence P is cancellative.
This result was proved by Bass [2] in case n = m = 0; Plumstead [12] in case m = 1, n = 0; Rao
[16] in case n = 0; Lindel [8] in case f; = Y;. Gabber [6] proved the following result: Let k be a field
and A a ring of type k[0,m,n]. Then every projective A-module is free. We prove the following
result (3.4) which generalizes ([5], Theorem 3.12) and is motivated by Gabber’s result.

Theorem 1.2 Let A= R[Yy,..., Y, fi(l1)7Y, ..., fulln) Y] be a ring of type R[d,m,n] and P a
projective A-module of rank > max {2,d + 1}. Then E(A®P) acts transitively on Um(A®P). In

particular, P is cancellative.
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The Bass-Quillen conjecture [3, 15] says: If R is a regular ring, then every projective module
over R[X1,...,X,] is extended from R. In B-Q conjecture, we may assume that R is a regular
local ring, due to Quillen’s local-global principal [15]: For a ring B, projective module P over
B[Xy,...,X,] is extended from B if and only if Pm s free for every maximal ideal m of B. We
remark that Quillen’s local global principal is also true for projective modules over positive graded
rings ([19], Theorem 3.1), whereas it is not true for Laurent polynomial rings ([4], Example 2, p.
809).

Lindel [9] gave an affirmative answer to B-Q conjecture when R is a reqular k-spot, i.e. R = Rig,
where R’ is some affine k-algebra and p is a regular prime ideal of R’. Using Lindel’s result, Popescu

[13] proved B-Q conjecture when R is any regular local ring containing a field k.

Quillen [15] had asked the following question whose affirmative answer would imply that B-Q
conjecture is true: Assume (R, m) is a reqular local ring and f € m —wm? a regular parameter of R.

Is every projective R¢-module free?

Bhatwadekar-Rao [4] answered Quillen’s question when R is a regular k-spot. More generally,
they proved: Let (R,m) be a regular k-spot with infinite residue field and f a regular parameter of
R. If B is one of R, R(T) or Ry, then projective modules over B[Xy,...,X,, Ylil, oL YEY are

free.

Rao [17] generalized above result as follows: Let (R, m) be a regular k-spot with infinite residue
field. Let g1,...,g; be reqular parameters of R which are linearly independent modulo m?. If
A=Ry, q[X1,...., X, Vit YA, then projective A-modules of rank > min {t,d/2} are free.

Popescu [14] generalized Rao’s result as follows: Let (R, m, K) be a regular local ring containing
a field k such that either char k = 0 or char k = p and tr-deg K/F, > 1. Let g1, ..., g: be regular pa-
rameters of R which are linearly independent modulo m?. If A = Ry, . g.[X1,..., X, Ylil, oL Y

then projective A-modules of rank >t are free.

We generalize Popescu’s result as follows (5.8):

Theorem 1.3 Let (R,m,K) be a regular local ring containing a field k such that either char
k =0 or char k = p and tr-deg K/F,, > 1. Let g1,...,g; be regular parameters of R which are
linearly independent modulo m?. If A= Ry, 0,[Y1,..., Y, fill1)™}, ..., fulln) 7Y ds a ring of type
Ry, g,[d—1,m,n]*, then every projective A-module of rank >t is free.

Note that we can not expect (1.3) for rings of type R[d,m,n]. For example, let R be either
R[X,Y]x,y) or R[X,Y]] and A = R[Z, f(Z)~'] a ring of type R[2,1,1], where f(T) =T?+ X%+
Y2. Then stably free A-module P of rank 2 given by the kernel of the surjection (X,Y, Z) : A3 — A
is not free. This will follow from the fact that P over the rings R[X,Y, Z] x v, z) [f(Z2)7Y] or
R[[X,Y, Z]][f(Z)71] is not free ([4], p. 808) and ([11], p. 366).



2 Preliminaries

Let A be a ring and M an A-module. We say m € M is unimodular if there exist ¢ € M* =
Homy4 (M, A) such that ¢(m) = 1. The set of all unimodular elements of M is denoted by Um(M).
For an ideal J C A, we denote by E*(A & M, J), the subgroup of Auta(A @® M) generated by all

the automorphisms
1 1
JAIRES .a<p and T, = ) 0
0 idy m idy

with a € J, o € M* and m € M. In particular, if F,;1(A) is the group generated by elementary
matrices over A, then E} (A, J) denotes the subgroup of E,(A) generated by

AWES ! .a and T'p = ! O ’
0 idp b’ idp

where F'= A" a€ JF and b € F. We write E1(A®M) for E'(AeM, A).

By Um'(A@M, J), we denote the set of all (a,m) € Um(A®M) with a € 1+J, and Um(A@M, J)
denotes the set of all (a,m) € Um'(A®M) with m € JM. We write Um,.(4, J) for Um(A®A™',.J)
and Um; (A, J) for Um'(A@ A", J).

Let p € M and ¢ € M* be such that ¢(p) = 0. Let ¢, € End(M) be defined as ¢,(q) = ¢(q)p.
Then 1+ ¢, is a (unipotent) automorphism of M. An automorphism of M of the form 1+ ¢,
is called a transvection of M if either p € Um(M) or ¢ € Um(M*). We denote by E(M), the
subgroup of Aut(M) generated by all transvections of M.

The following result is due to Bak-Basu-Rao ([1], Theorem 3.10). In [5], we proved results for
E'(A@P). Due to this result, we can interchange E(A®P) and E'(AGP).

Theorem 2.1 Let A be a ring and P a projective A-module of rank > 2. Then E'(ADP) =
E(A®P).

The following result follows from the definition.

Lemma 2.2 Let I C J be ideals of a ring A and P a projective A-module. Then the natural map
EY(A® P, J)— EY(4 & 15, 7) is surjective.

Recall that a ring R is essentially of finite type over a ring B if R is localization of an affine
B-algebra C at some multiplicative closed subset of C'. We state two results due to Gabber ([6],
Theorem 2.1) and Popescu ([13], Theorem 3.1) respectively.

Theorem 2.3 Letk be a field and A = k[Y1, ..., Yo, fi(l1) 71, fu(ln)7Y] a ring of type k[0, m, n].
Then every projective A-module is free.

Theorem 2.4 Let R be a regular local ring containing o field. Then R is a filtered inductive limit

of regular local Tings essentially of finite type over Z.



We state two results due to Wiemers ([20], Proposition 2.5) and Lindel ([8], Lemma 1.1)
respectively.

Proposition 2.5 Let R be a ring of dimension d and A = R[X;,... ,Xr,Ylil,...,Ysil]. Let
c € {1,X,,Ys—1}. If s € R and r > max{3,d + 2}, then E}(A,scA) acts transitively on
Uml (4, scA).

Lemma 2.6 Let A be a ring and P a projective A-module of rank r. Then there exist s € A,
P1,...,pr € P and ¢1,...,¢, € Hom(P,A) such that following holds: Ps is free, (¢;(p;)) =
diagonal (s,...,s), sP C p1A+ ...+ p.A, the image of s in Aeq is a non-zerodivisor and (0 :
sA) = (0:s2A).

Definition 2.7 Let R C S be rings and h € R be a non-zerodivisor in R and S both. If the
natural map R/hR — S/hS is an isomorphism, then we say R — S is an analytic isomorphism

along h. In this case, we get the following fiber product diagram

R——S

L

Rh *>Sh.

In particular, if P is a projective S-module such that Py is free, then P is extended from R.
The following result is due to Nashier ([10], Theorem 2.8). See also ([4], Proposition, p. 803).

Proposition 2.8 Let (R,m) be a regular k-spot over a perfect field k. Let g € m and [ be any
reqular parameter of R with (g, f) a regular sequence. Then there exist a field K/k and a regular
K-spot R such that

(i) R = K[Z1,..., Zal(¢(21),Zs,...,24), Where ¢(Z1) € K[Z1] is an irreducible monic polynomial.
Moreover, we may assume Zg = f.

(i4) R’ C R is an analytic isomorphism along h for some h € gRN R’.

(#i7) If R/m is infinite, then K is also infinite.

We end this section by stating two results ([7], Lemma 3.3) and ([4], Proposition 3.7) respec-
tively.

Lemma 2.9 Let A be a ring and P a projective A-module of rank r. Choose s € A satisfying
the properties of (2.6). Assume that R" is cancellative, where R = A[X]/(X? — s2X). Then every
element of Um' (A®P, s>A) can be taken to (1,0) by some element of Aut(A®P).

Proposition 2.10 Let B be a reduced ring of dimension d and R an overring of B[X] contained
in its total quotient ring. Let A = R[Xh...,Xn,Ylil, o YE Then AT is cancellative for
r>d+1.



3 Cancellation over overrings of polynomial rings
In this section, we prove our first result (3.4). We begin with the following:

Proposition 3.1 Let A = R[Y1,..., Y, fi(l) ™ ..., fu(ln) 71 be a ring of type R[d,m,n]. If
s € R and r > max{3,d + 2}, then E}(A,sA) acts transitively on Umy(A, sA).

Proof By ([5], Lemma 3.1), we may assume that R is reduced. The case n = 0 follows from
(2.5). Assume n > 0 and use induction on n. The case each I; =Y, is proved in ([5], Proposition
3.5). We will prove the other case.

Let (a1,...,a.) € Umi(A, sA). Recall that I, = a1 Y1+. ..+ anmYm —by, with (an1, ..., anm) €
k™ — (0) and b, € R. We can find 6 € E,, (k) such that 8(an1,...,anm) = (0,...,0,1). Replacing
the variables (Y1,...,Y,,) by 0(Y1,...,Y,,), we may assume that l,, = Y,, — b,,. Further replacing
Y. by Y,, + b,, we may assume that l,, = Y,,.

Let S = 1+ fu(Y)R[Ys]. Then As = B[Y1,..., Y 1, fill1) ™Y, .oy fae1(ln—1) "], where
B = R[Ynls,(v,)s is a ring of dimension d, I; = Z;:ll ai; Y +E- with EZ = aimYm — b; € B.
Hence Ag is of type Bld,m — 1,n — 1]. By induction on n, we can find o € E}(Ag, sAg) such that
olar,...,ar) = (1,0,...,0). We can find g = 1+ f,,(Y;,)h(Y;) € S and o’ € E}(Ay, sA4,) such
that o’(a1,...,a.) = (1,0,...,0). Rest of the proof is similar to ([5], Proposition 3.5). Hence we
only give a sketch.

Let C = R[Y1,..., Y, f1(l1)"Y ..o, fano1(ln—1)7!] be a ring of type R[d,m,n — 1]. Consider
the fiber product diagram

c A=Cy, v,

| |

Covm) —= Agvi) = Co(¥m) fr (Yom)-

By ([5], Lemma 3.2), there exist oy € E}(Cy,,s) and oo € SLL(C,,s) such that o’ has a
splitting o/ = (02)4, © (01),. Patching unimodular elements oy (ay,...,a,) € Ump(Cy,,s) and
(02)7(1,0,...,0) € Um}(Cy,s), we get (c1,...,¢,) € Um}(C,s). By induction on n, there
exist ¢ € E}(C,s) such that ¢(ci,...,c.) = (1,0,...,0). Taking projection of ¢ in A, we get
® € E!(A, s) such that ®oq(a1,...,a,) = (1,0,...,0). This completes the proof. |

As a consequence of (3.1), we get the following:

Proposition 3.2 Let A= R[Y1,..., Yy, f1(l1) 7Y ..o, fu(ln)71] be a ring of type R[d,m,n]. Then
(1) the canonical map @, : GL.(A)/E.(A) — K;i(A) is surjective for r > max{2,d + 1}.
(i4) Further assume f;(T) € R[T] is monic polynomial, n < m and l; € k[Y1,...,Y;] with
a;; # 0 (see 1.1). Then for r > max{3,d + 2}, any stably elementary matriz in GL,(A) is in

E.(A). In particular, ®442 is an isomorphism.



Proof The proof of (i) is same as ([5], Theorem 3.8). For (i7), let M € GL,(A) be a stably elemen-
tary matrix. In case n = 0 or each l; =Y}, the proof follows from ([5], Theorem 3.8). Assume n > 0
and use induction on n. Recall that [, = a,1Y1 + ... + annYy — by, with a,, # 0. Changing Y, —
ant(Yn—am Y1 —...—ap-1n-1Yn—1)+bn, we may assume that l,, = Y,,. Let S = 1+ f,,(Y,,) R[Y,]
and B = R[Y,]f,s. Then As = B[Y1,..., Yo 1, Yoi1, ., Yo, f1(l1) 74 oo fae1(ln—1) 7] is a ring
of type Bld,m — 1,n — 1] with [; € k[Y1,...,Y;] and a;; # 0. By induction on n, Mg € E.(Ag).
Hence we can choose g € S such that My € E,.(A,). The remaining proof is same as ([5], Theorem

3.8), hence we omit it. |

In the following result, (1) will follow from (2.3, 2.6) and (2) will follow from ([5], Lemma 3.10).

Lemma 3.3 Let A= R[Y1,..., Yy, f1(l1)7, ..., fu(ln)71] be a ring of the type R[d,m,n| and P
a projective A-module of rank r. Then there exist an s € R, p1,...,pr € P and ¢1,...,0, €
hom(P, A) such that

(1) Py is free; (¢i(p;)) = diagonal (s,...,s); sP Cp1A+ ...+ p.A; the image of s in Ryeq is
a non-zerodivisor; and (0 : sR) = (0 : s>R).

(2) Let (a,p) € Um(A @ P,sA) with p = c1p1 + ... + ¢pr, where ¢; € sA for all i. Assume
there exist ¢ € Er. (A, s) such that ¢(a,ci,...,c;) = (1,0,...,0). Then there ezist & € E(A® P)
such that ®(a,p) = (1,0).

Following is the main result of this section which generalizes ([5], Theorem 3.12).

Theorem 3.4 Let A= R[Y1,..., Y, fi(ly)7, ..., fu(ln)"1] be a ring of type R[d, m,n] and P a
projective A-module of rank r > max{2,d+ 1}. Then E(A & P) acts transitively on Um(A & P).
In particular, P is cancellative.

Proof Using ([5], Lemma 3.1), we may assume that R is reduced. If d = 0, then R is a direct
product of fields. Hence P is free by (2.3) and the result follows from (3.1) with s = 1. Assume
d > 0 and use induction on d.

By (3.3), there exist a non-zerodivisor s € R, p1,...,pr € P and ¢y, ..., ¢, € P* satisfying the
properties of (3.3(1)). We may assume that s is not a unit, otherwise P is free and we are done
by (3.1). Rest of the proof is similar to ([5], Theorem 3.12) with J = R, we only give a sketch.

Let (a,p) € Um(A®P). Using (2.2) and induction on d, we may assume that (a,p) = (1,0)
modulo s2A. By (3.3), p = a1p1 + ... + a,p, with a; € sA and (a,ay,...,a,) € Um,1(A4,sA).
By (3.1), there exist ¢ € E'(A,sA) such that ¢(a,ay,...,a,) = (1,0,...,0). By (3.3(2)), we get
U € E(A®P) such that ¥(a,p) = (1,0). This completes the proof. [ ]

Following result generalizes (2.10).

Proposition 3.5 Let B be a reduced ring of dimension d containing a field k and R an overring of
B[X] contained in its total quotient ring. Let A = R[Y1,..., Y, fi(l1)™%, ..., fulln) "] be a ring
of type R[dim R, m,n]* with n < m, l; € k[Y1,...Y;] and a;; # 0. Then every projective A-module

of rank r > d + 1 s cancellative.



Proof IfdimR < dorr > d+ 2, then result follows from (3.4). Hence we assume dim R = d+1
and r=d+ 1.

Step 1: We first prove that A%*! is cancellative. When n = 0, we are done by (2.10). Assume
n > 0 and use induction on n.

Recall that I, = ap1Y1 + ... + apn Y, — by with a,,, # 0. Changing Y,, — a;ﬁ (Y, —amY: —
oo — Opp—1Yn—1) + by, we can assume that [, = Y,,. Let P be a stably free A-module of rank
d+1. It S = 14 f,(Y,)k[Y,], then dim B[Y, ]}, (v.)s = d. If R = R[]}, then Ag —
R, Yo 1, You1, oo Yo, fi(ll) ™Y, o fae1(ln—1) 1] is a ring of type R'[d +1,m — 1,n — 1]*
with I; € k[Y1,...Y;] and a;; # 0. By induction on n, Pg is free. Hence we can find g € k[Y}]
such that Py g is free. If C" = R[Y1,...,Y0 1, Yot1, .., Yoo, fille) ™Yoo fam1(lnm1) Y] and
C = C'[Y,,], then we have following fiber product diagram

C—>A:Cfn

| |

Crigf, — At+gf, = Cr (14950

Since Pryp,q is free, by (2.7), P is extended from C, say P} = P for some projective C-module
P'. Since P&A 5 AM2 we get (P'@C)y, =5 O, “2. Since f, € C'[Y,] is a monic polynomial,
using Suslin’s monic inversion theorem ([18], Theorem 1), we get P'®C = C4+2. But C is a ring
of type R[d + 1,m,n — 1]* with I; € k[Y7,...Y;] and a;; # 0. Hence by induction on n, C9+1! is
cancellative. Therefore, P’ is free and so P is free. This proves that A" is cancellative.

Step 2: We will prove the general case. Let P be a projective A-module of rank d + 1. If
d = 0, then we may assume that B is a field. It is easy to see that R = B[X, f(X)~!] for some
f(X) € B[X]. Hence A is a ring of type B[0,m + 1,n + 1], so P is free, by (2.3). Assume d > 1.

If S is the set of non-zerodivisors of B, then as above, projective modules over S~ A are free.
Hence we can choose s € S such that Pj is free and (3.3 (1)) holds. Note that if B’ = B[T|/(T? —
s?T), R' = R[T|/(T? — s?T) and A’ = R'[Y1,..., Y, f1(l))"Y, ..o, fu(ln) 7Y, then (A')4F! is
cancellative, by step 1. By (2.9), every element of Um'(A®P, s2A) can be taken to (1,0) by some
element of Aut(A®P). To complete the proof, it is enough to show that if (a,p) € Um(A®P),
then there exist o € Aut(A®P) such that o(a,p) € Um' (ABP, s> A).

Let “bar” denote reduction modulo s24. Then A = R[Y1,..., Y, f1(l1)7 Y, ..., fn(ln) "] and
dim R < d. By (3.4), there exist & € E(A®P) such that (@, p) = (1,0). Lifting & to an element
o € E(A®P), we get o(a,p) € Um' (ADP, s> A). This completes the proof. [ ]

4 Quillen’s question and Bhatwadekar-Rao’s results

In this section we will generalize some results from [4] regarding Quillen’s question mentioned in

the introduction. We begin with the following:



Lemma 4.1 Let R be a UFD of dimension 1 and A = R[Y1, ..., Yy, fi(l1)™ ..., fa(ln)™Y] a ring
of type R[1,m,n|. Then every projective A-module is free.

Proof If n = 0, we are done by ([4], Proposition 3.1). Assume n > 0 and use induction on
n. Let P be a projective A-module of rank r. Using same arguments as in the proof of (3.1),
after changing variables (Y1,...,Y,,) by 6(Y1,...,Y,,) for some 0 € E,,(k), we may assume that
ln=Yn.

Let S =1+ fo(Yin)R[Y:] and R’ = R[Y,,]f,s. Then R’ is a UFD of dimension 1 and Ag =
R, ..., Y1, f1(l) 7Y oo fuo1(ln—1) 71 is a ring of type R/[1,m —1,n—1], where [; = a;1 Y7 +
et Gm—1Ym—1 —Zi with E =b; — aiymYm € R fori=1,...,n — 1. By induction on n, every
projective Ag-module is free. In particular, Pg is free. Find 1 + f,g € S such that Py ¢ 4 is
free. The ring C' = R[Y1,...,Ym, fi(l1)7 1, ..., fu—1(ln—1)""] is of type R[1,m,n — 1]. Hence by
induction on n, projective C-modules are free. Consider the following fiber product diagram

C A=Cy,

| |

Ciygt, —> Att£,9 = Cr, (14g10)-

Since P14y, 4 is free, patching projective modules P and (C14y,4)" over Cy, (144,4), We get that P

is extended from C and hence P is free. [ |

4.1 Infinite residue-field case

The following result generalizes Bhatwadekar-Rao’s Laurent polynomial case ([4], Theorem 3.2).

Proposition 4.2 Let R be a regular k-spot of dimension d with infinite residue field, f a reqular
parameter of R and A = R[Y1,...,Ym, f1(l1)"Y, ..., fulln) Y] a ring of type R[d,m,n]*. Then

every projective Ar-module is free.

Proof Let P be a projective Ag-module. If T = R— {0}, then 771 P is free, by (2.3). Findg € T
such that P, is free. We may assume that (g, f) is a regular sequence in R. By (2.8), there exist an
infinite field K/k, a regular K-spot R' = K[Z1,..., Z4](4(2,),2s,...,z,) Such that R' C R is an ana-

lytic isomorphism along h € gRNR and f = Z,. Therefore, A’ = R'[Y1, ..., Yo, fi(l1) 7 ooy fu(ln) 7Y

is a ring of type R'[d,m,n]* and A’ C A is an analytic isomorphism along h. Since P}, is free, by
(2.7), P is extended from A7, .

Enough to show that projective A7, -modules are free. Replace R’ by R and A’ by A. If d < 2,
then Rz, is a UFD of dimension < 1. Hence P is free, by (4.1, 2.3). Assume d > 2 and use
induction on d. The proof is similar to ([4], Theorem 3.2), hence we only give a sketch.

Let S be multiplicative set of all non-zero homogeneous polynomials in C = k[Zs, ..., Z4].
Then Rz,s is a localization of Cg[Z1]. We can find h € Cg[Z;] such that Pg is defined over the



ring D = Cs[Z1,h(Z1) Y, Y1, ..., Yo, f1(11) 7Y, ... fu(1,) Y], Note that Cg is a UFD of dimension
< 1, by ([10], Proposition 1.11). Since D is of type Cs[l,m+1,n+ 1], by (4.1), Ps is free. Choose
F € S such that Pr is free. Since K is infinite, by linear change of variables, we can assume that
F is homogeneous and monic polynomial in Zs with coefficients in k[Zs, ..., Zq].

If R = k[Z1,Z3,. .., Za4](¢(2,),Zs,...,24)» then E[Zg] C R is an analytic isomorphism along F
([4], page 803). If A = R[Zo,Y1,.... Yy, fi(l1)"Y, ..., fu(ln) Y], then Ay, C Az, is an analytic
isomorphism along F. Since Pr is free, P is extended from sz, by (2.7). Observe that /Tzd isa
ring of type ﬁzd [d —2,m + 1,n|. Hence by induction on d, projective ﬁzd—modules are free. In

particular, P is free. |

Recall that R(T') denote the ring S™!R[T], where S is the multiplicative set consisting of all

monic polynomials of R[T].

Corollary 4.3 Let (R,m) be a regular k-spot of dimension d with infinite residue field. If A =
RY1,.... Y, fil)™1 o fu(ln) 7Y ds a ring of type R[d, m,n]*, then projective modules over A
and AQrR(T) are free.

Proof (i) Assume P is a projective A® g R(T)-module. By ([4], Corollary 3.5), R(T) = R[X]m,x)[1/X]
with X =771, Since f = X € R[X](m,x) is a regular parameter, we are done by (4.2).

(74) Assume P is a projective A-module. Then, we are done by (), using Suslin’s monic inversion
([18], Theorem 1). |

The laurent polynomial case of the following result is due to Popescu [14].

Theorem 4.4 Let (R,m, K) be a regular local ring of dimension d containing a field k such that
either char k = 0 or char k = p and tr-deg K/F, > 1. Let f be a regular parameter of R and
A=R[Y1,.... Y, f1(l0))7 Y .. £u(ln) 7Y a ring of type R[d, m,n]*. Then projective modules over
A, A¢ and AQrR(T) are free.

Proof (i) Assume P is a projective Ay-module. By (2.4), R is a filtered inductive limit of some
regular spots (R;);es over Z, in particular over the prime subfield of R. Further, we may assume
that f is an extension of f’ € R; for some j and that f’ is a regular parameter of R; (see [14]).
Choosing possibly a bigger index j € I, we may assume that P is extended from A’f,, where
A = RiYi,.... Y, fi(lh) 7Y, .o, fu(ly) 7Y is a ring of type R;[d,m,n]*. Since tr-deg K/k > 1,
we can assume that the residue field of R; is infinite. By (4.2), P’ and hence P is free.
(#i) Following the proof of (4.3), projective modules over A and AQrR(T) are free. [ |

4.2 Finite residue-field case

The following result is an analogue of (4.2) in case residue field of R is finite and generalizes
Bhatwadekar-Rao’s ([4], Theorem 3.8).



Theorem 4.5 Let R be a reqular Fy-spot of dimension d, f a regular parameter of R and A =
RY1,.... Y, i)Y oo fu(ln) ™Y a ring of type R[d,m,n]*. Then every projective Ag-module
of rank > d — 1 is free.

Proof As in (4.2), using (2.8), we can assume R = K[Z1,...,Z4](4(2,),2,....2,) a0d f = Zg,
where K D [, may be a finite field. Let P be a projective Ay-module of rank r > d — 1. Note that
projective Ay-modules are stably free and dim Ry = d — 1. Hence if 7 > d, then P is free by (2.3,
3.4). Therefore, we need to prove the result in case r = d — 1. We use induction on d.

If d < 2, then Ry is a UFD of dimension 1 and we are done by (4.1). Assume d > 2.
If R = K(Zy,...,Za1)($(2),22,....24_1)> then Edel is of dimension d — 2. Since Ryz,z, , is a
localization of Rz, [Z4], we can find h(Z4) € Ry, ,[Z4] such that Py, | is defined over C' =
Rz, [Za,h(Za) Y1, Yo, f1(1) 7Y, oo (1) Y. Since C is of type Ry, [d—2,m+1,n+1]
by (3.4), Pz, , being stably free is free.

If R = K[Z1,...,Za-2,Zal($(2,).Zs.....Za2,24), then R [Zq_1] C Rz, is an analytic isomor-
phism along Zg1 (see [4], page 803). If A" = R, [Zq1,Y1,..., Y, A=Y fa(ly) 7Y then
A, , C Az, is also an analytic isomorphism along Z;_;. Using Pz, , is free, P is extended from
D =Ry [Zqg1,Y1,..., Yy, fi(l) 7", ..., fu(ln)~']. By induction on d, projective D-modules of
rank > d — 1 are free. Hence P is free. [ |

The following result is an analogue of (4.3) in case residue field of R is finite and follows from
(4.5) by following the proof of (4.3).

Corollary 4.6 Let R be a regular F,-spot of dimension d, and A a ring of type R[d,m,n]*. Then
projective modules of rank > d over A and AQrR(T) are free.

The proof of following result is exactly same as ([4], Proposition 4.1, Theorem 4.2) using (2.3).
Hence we omit the proof.

Theorem 4.7 Let R =F,[[Z1,...,Z4]] and f be a regular parameter of R. If A is a ring of type
R[d, m,n]*, then projective modules over A, Ay, AQgrR(T) are free.

5 Generalization of Rao’s results

In this section, we will generalize some results from [17]. We begin with the following result. It’s
proof is exactly same as ([17], Theorem 2.1) by using (3.4) instead of Swan’s result, hence we omit
it. The case t < 11is (4.7).

Proposition 5.1 Let (R, m) be a formal (or convergent) power series ring of dimension d over a
field k. Let g1,...,q:, 0 <t <d be reqular parameters of R which are linearly independent modulo
m2. If A is a ring of type R[d,m,n]*, then every projective Ay, ., -module of rank >t — 1 is free.
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Lemma 5.2 Let (R,m) be a reqular k-spot of dimension d and S a multiplicative closed subset of
R which contains a regular parameter of R. Let A = R[Y1,..., Y, fi(l1)™%, ..., fulln) "] be a ring
of type R[d,m,n]*. Then every projective S~ A-module of rank > d — 1 is free.

Proof Since dimS™'R < d — 1, if rank P > d — 1, then we are done by (3.4). Assume that
rank P =d — 1. We will follow the notation and proof of ([17], Proposition 2.3). If we show that
every stably free module P of rank d —1 over RY, ([Y1,..., Y, fi(l1)™!, ..., fu(ln) "' is free, then
remaining proof is exactly same as in [17].

Recall that R' = K[Z1,..., Zd)(z.... 24 1.0(z0)- U R = K2y, Za-2, Zd(21,. 7026 Za0)»
then R/, _ is a localization of Rz, s[Z4 1]. We can find f(Zq—1) € Rz,s[Z4-1] such that P is
defined over C = Ryz,[Za_1, f~ 4, Y1, ..., Yo, fi(li) "%, ..., fn(l,)7Y]. Since C is a ring of type
Ezl [d—2,m+1,n+ 1] and P is stably free of rank d — 1, by (3.4), P is free. This completes the
proof. |

The following result is immediate from (5.2).

Corollary 5.3 Let (R, m) be a regular k-spot of dimension 8 and f,g,h regular parameters of R
which are linearly independent modulo m?. Let A be a ring of type R[3,m,n|*. Then projective
modules over A, Ay, Atq and Aggp are free.

Lemma 5.4 Let k be an infinite field, B = k[Z1,...,Zq4], m = (Z1,...,Z4-1,d(Z4)) a mazimal
ideal and R = Bm. Let A= R[Y1,..., Y, fi(l1) 7, ..., fu(ln)71] be a ring of type R[d, m,n]* and
h € k[Zy,...,Z]. Then every projective Ap-module of rank >t is free.

Proof Assume t=d. If h € m, then dim R, = d — 1 and the result follows from (3.4). If h & m,
then R, = R and we are done by (4.3). The proof in case t < d is similar to ([17], Proposition
2.7), hence we only give a sketch.

We can find f € B—m such that P is defined over B[(fh)™1, Y1, ..., Y, fi(l1) "%, ..o, fu(ln) 7Y
If S =k[Ziy1,...,2Z4] — (0), then Pg is defined over E[Yl,...,Ym,fl(ll)_l,...,fn(ln)_l], where
R=K|[Zy,..., ZJm,[(fh)™] with K = k(Zi41,...,Zq) and my = (Z1,...,Z;). Since rank P > ¢
and dim R < t, Pg is free (t = d case).

Proceed as in [17], we get that if B’ = k[Z1,..., Z4_1](z,,..,z,_,), then P is extended from C,
where C = B'[Zg,Y1,...,Ym, fi(li)™, ..., fu(ln)™Y]. Since Cy, is of type Bj[d',m + 1,n]*, where
d’ <d -1, by induction on d, P is free. [ ]

Lemma 5.5 Let K be an infinite field and R = K[Z1, ..., Z4)m, wherem = (Z1,...,Zq-1,9(Zq))
is a mazimal ideal. Fizx q¢ > 0 an integer such that d > 2q — 1. Let B = Rpg,. q,, where h €
K[Zy,...,Z,) withl1 <p<qand ¢1,...,gx are reqgular parameters of m with Z1,...,Zy, g1, ..., gk
linearly independent modulo m?. Let A = B[Y1,..., Y, f1(l1)7 Y, ..., fo(ln) 7] be a ring of type
Bld — 1,m,n]* and P a projective A-module of rank > d — q. Then there exist g € k[Z1,...,Z,)
such that P, is free.
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Proof We follow the proof and notations of ([17], Proposition 2.8) and indicate the necessary
changes. If £ =0, then B = Ry, with h € K[Z,,...,Z,]. In this case, using (5.4), P itself is free.
Assume k& > 0 and use induction on k. Proceed as in [17] using (5.2). Let S = K[Z1,. .., Z,] —(0).
We only need to show that S™!P is free. Remaining arguments are same as in [17].
Recall that g1 = Zp41,...,99—p = Z4. Write R= K(Zy,...,Zy)[Zgs1, ..., ZaJm', where m’ =
(Zgs1s- s Za—1,9(Z4)). Then S™1P is defined over C' = ’égq—p+1~~~gk Vi, Yo, f1(l) 7Y oo fu(ln) 7Y
Assume k < ¢ —p+1. Then C = R[Yy,..., Y, fi(l1)", ..., fo(ln)"}] and S~1P is free, by
(4.3). If k > q¢—p+1, use (5.2) to conclude that S~1P is free. [ |

Theorem 5.6 Let (R,m) be a reqular k-spot of dimension d with infinite residue field. Let A =
Ry 0 Y1, o Yo, i(l) 7o) fu(ln) 7Y e a ring of type Ry, . 4,[d—1,m,n]*, where g1,...,g; €
R are reqular parameters which are linearly independent modulo m2. Then every projective A-
module P of rank r > min{t,[d/2]} is free.

Proof We will follow the proof and notations of ([17], Theorem 2.9). If we show that S~1P is
free, then rest of the argument is same as in [17]. Note R’ = k[Z1,...,Zd](z,,... 2. ,,6(z)) and P
is defined over R, [Yi,..., Yy, fi(l))™', ..o, fu(ln) ™1, Write S = k[Z1,..., Z,] — (0) and R=
K(Zy,.. ., Z)Zgs1s -3 Zal(ZyirvZar,6(24))- Then R’ is a localization of R. We can find hy €
K[Z,...,Z4) such that S~'P is defined over C' = Ry, 7,1 ..z, (Y-, Yo, fi(l) ™ ooy fulln) 71
Since dim R = d — ¢ which is ¢ if d is even and ¢ + 1 when d is odd, S71P is free, by (5.2). W

The following result is an analog of (5.1) for regular k-spots in the geometric case. Recall that
a local ring (R, m) is said to have a coefficient field if R contains a subfield K isomorphic to R/m.
The proof is exactly same as of ([17], Theorem 2.12) using above results. Hence we omit the proof.

Theorem 5.7 Let (R, m) be a regular k-spot with infinite residue field. Let g1,...,g: be regular
parameters of R which are linearly independent modulo m?. Assume that R/(g1) contains a
coefficient field. If A= Ry, g, Y1, Yo, f1(l) 7Yooy fu(ln) Y] is of type Ry, g,[d — 1,m,n]*,
then every projective A-module P of rank >t — 1 is free.

The following result generalizes Popescu’s result [14]. For ¢ < 1, this follows from (4.4).

Theorem 5.8 Let (R,m, K) be a regular local ring of dimension d containing a field k such that
either char k = 0 or char k = p and tr-deg K/F, > 1. Let ¢1,...,g: be regular parameters of R
which are linearly independent modulo m?. Let A = Ry, ¢, [Y1,..., Yo, fi(l1) ™oy fu(ln) Y] be
a ring of type Ry, .. g,[d — 1,m,n]*. Then every projective A-module of rank >t is free.

Proof We follow the proof of (4.4) and use same notations. As in [14], if ¢ = g1...g, then g
is an extension of ¢’ € R; for some j. Further, ¢’ is a product of regular parameters g,...,g;
of (R;,m;) which are linearly independent modulo m?. If P is a projective A¢-module, then by
choosing possibly a bigger index j € I, we may assume that P is an extension of a projective
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module P’ over A’, where A’ = (Rj)y[Y1,..., Yo, fill1) ™Yo, fu(ln) 7], If dim R’ = d’, then A’
is a ring of type (R;)y[d — 1,m,n]*. Now R; is a regular k-spot. Since tr-deg K/k > 1, we can
assume that the residue field of R; is infinite. By (5.6), P’ and hence P is free. |

The following result is immediate from (5.8).

Corollary 5.9 Let (R,m, K) be a regular local ring of dimension d containing a field k such that
either char k = 0 or char k = p and tr-deg K/F, > 1. Let f,g be regular parameters of R which
are linearly independent modulo m?. If A is a ring of type R[d, m,n]*, then every projective module
over A, Ay and Ayq are free.

Acknowledgements: We would like to thank Professor D. Popescu for sending us a copy of
[14] and Mrinal K. Das for bringing Gabber’s result to our notice.
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