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ABSTRACT

An ordered maftroid is a partially ordered set equipped with a geometric closure operator.
This structure abstracts the combinatorial properties of semimodular lattices in much
the same way that matroids abstract the combinatorial properties of geometric lattices.
Circuits in an ordered matroid are defined and cryptomorphisms relating the circuit family
and the closure operator are given. An ordered sum operation for ordered matroids is

introduced and a unique ordered decomposition theorem is proved.




1. INTRODUCTION

An ordered matroid is a partially ordered set equipped with a geometric closure operator.
This structure, introduced by Faigle [4], abstracts the combinatorial properties of semi-
modular lattices in much the same way that matroids abstract the combinatorial properties
of geometric lattices. In his paper Faigle gave cryptomorphic descriptions of an ordered
matroid in terms of its rank function, family of flats, family of hyperplanes, and family of
independent sets and associated a dual ordered matroid with every ordered matroid. The
object of this paper is to study circuits and 2-connectivity in ordered matroids. Alternative
names that have been used for ordered matroids and related structures are pregeometries
on posets [4] and F-geometries [6](F-geometries are more general structures than ordered

matroids. The B-independent sets of an ordered matroid satisfy the axioms of a F-geometry

(see [4}}).

In section 2 we present the basic theory of ordered matroids, as developed in Faigle [4],
and give a few examples. Our treatment is slightly different from the one given in [4], but

these can easily be shown to be equivalent.

In section 3 we define circuits and relate them to hyperplanes via duality, Unlike the case
in matroid theory, the circuits of an ordered matroid are not the complementary subsets of
the hyperplanes of the dual ordered matroid. A circuit turns out to be the set of maximal
elements in the complementary subset of a hyperplane in the dual ordered matroid (this
relation between circuits and hyperplanes motivated our definition of a circuit). Since in
the case of matroids the underlying set is trivially ordered (i.e., an antichain) this relation

reduces to the usual one between circuits and hyperplanes in a pair of dual matroids.

Next we relate the circuit family to the closure operator. The action of the closure
operator of an ordered matroid is reducible to an ordered analog of the familiar process

of “Completion of Circuits” in matroids [2]. This leads to a circuit set characterization of
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ordered matroids.

Section 4 develops a theory of 2-connection in ordered matroids. An ordered sum
operation for ordered matroids is introduced and a unique ordered decomposition theorem

is proved.
2. ORDERED MATROIDS

P = (P,<) denotes a finite poset. A subset C C P is a chain if any two elements of
C are comparable, and is an antichain if any two elements of C are incomparable. A

subset A C P is an ideal of P if

a<b=>acA, Vbe A, a€ P
Dually, a subset A C P is a filter of P if

a<b=>be A, Vbe P,ac A.

F(P) denotes the lattice of ideals of P. For a subset A C P, A~(A") denotes the set
of minimal (maximal) elements of A under the induced order and [A](|4]%) denotes the

ideal (filter) generated by A, i.e.,
[A] = {a € P:3bec A with ¢ < b},

[A]¢ = {a € P:3b€c A with b <a}.

The height of an element ¢ € P will be denoted by h(a),ie., h(a) = max{|C|-1:C C P
a chain, a € CT}. Every poset P has an order dual P* = (P, S*)- which is defined as

the set P together with the order relation
a<*bin P* < b<ain P.

So (P*)* = P and the ideal generated by AC P in P* is [A]%.
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Let (L,A,V) denote a finite lattice. An element a # 0 € L is join irreducible if for all
ACL, a=supA implies a = b for some bec A. L is semimodular if for all a,b€ L,a
covers a A b implies aV b covers b.

A closure operator on P is a function ¢l : F(P) — 7 (P) satisfying the following:

ACe(d), VAeF(P), (1)
AC B = c(A) Cc(B), VA BEcF(P), (2)
cl(cl(A)) = cl(4), VA€ F(P). (3)

An ideal A€ F(P) isa flat if A = cl(A). It is easy to see that the intersection of flats

is a flat. A closure operator on P is geometric if
a€c(AUb) —cl(A) = be cd(AUa) — cl(4), VAe 7(P),a,be (P - A)". (4)

An ordered matroid G is a pair {P,¢l), where P is a finite poset and ¢l is a geometric
closure operator on P. To every ordered matroid G on P we associate the lattice L(P)
of flats of G, ordered by inclusion. For any pair A,B of flats, AANB = AN B and
AV B = ¢l(AUB). For A€ F(P), define r(A4) = h(ci(A)), where h(cl(A)) is the height
of the flat ¢l(A) in L(P). r(A) is the rank of A. Faigle [4] proved

Theorem 1.

i} The lattice of flats of an ordered matroid is semimodular.

ii) If L is a semimodular lattice with poset of join irreducibles P, then P together
with ¢ : F(P) — F(P) given by cl{A) ={p € P :p < supA} is an ordered matroid
and v : L — L(P) given by t(a) ={p € P:p<a} isa lattice isomorphism. 1

Theorem 2. A function r: F(P) — N is the rank function of some ordered matroid G

on P if and only if r satisfies

T(@) =0, (5)
ACB=0<r(B)—r(A)<|B—4], VABE7(P), (6)
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r(AUB)+ r(ANB) <r(A) +r(B), VA,B € 7(P). (7)
Moreover, r determines G uniquely. ]

For future reference we note the following., Let G be an ordered matroid on P with

closure operator ¢l and rank function r. Then
cl(A)={aec P:r(AU]e]) =r(A)}, VA € F(P). (8)

If the elements of P are pairwise incomparable, an ordered matroid on P is just a

matroid. Below we mention a few other examples:

a) For any partial order P, 7(P) is a distributive lattice and is the lattice of flats of

the free ordered matroid on P. The following Proposition is from [5].

Proposition 3. ' A finite semimodular lattice I is distributive if and only if the number

of join irreducibles of L is equal to the height of L.

Proof: If L is distributive with P C L the poset of join irreducibles, then by Birkhoff’s
theorem [1], L = F(P). Clearly the height of L is equal to |P].

Conversely, let L be a semimodular lattice, with poset of join irreducibles P, satisfying the
hypotheses. By Theorem 1 there exists an ordered matroid G on P suchthat L = L(P).
By the hypotheses r(P) = |P|. From Theorem 2 it now follows that r(4) = |A|, for all
A€ F(P). By (8),every A€ F(P) isaflat of G and hence L = F(P). So L is

distributive, 1

b) Let I be a collection of ideals of P satisfying
i) el
iil) ACBel,AcF(P)=> A€,
iii) A,Bel,|B]>|Al=JacB~-Ast AUa€ I
For A € F(P), define r(A) = max{|B|: B C A,B € I}. It is shown in [3] that r
satisfles the rank axioms of an ordered matroid. This structure is called a distributive

supermatroid.




c) A special case of the above example is the class of transversal matroids on posets : Let
{Ay,...,A,} beafamily of ideals of P and define I to be the collection of those ideals

of P that are partial transversals of {41, A4s,...,4,}.

d) Let P consist of disjoint chains whose elements are incomparable, and consider an
integral polymatroid on the set of chains of P. For any A € F(P), define r(A) to be
the vector rank in the polymatroid of the integral vector corresponding to A (indicating

the number of elements of each chain that are contained in A).

e) Let P be the collection of indecomposable subgroups of a finite abelian group, partially
ordered by inclusion. For any ideal A € ¥ (P), define cl(A) = {p € P:p C (A)}, where

{(A) is the subgroup generated by A.

f) Let P be a partially ordered set and F be a field. Let ¢ : P —» PG(n,F) be an

order preserving map such that, for all ¢ € P,

dim((a)) < dim < U ¢(b)> 1,

bc[a)-a

where (A) denotes the subspace generated by A. For any ideal A € 7 (P), define

r(A) = dim (< bgAgb(a))) .

We now discuss the operations of restriction, contraction, and duality (see [4]). Let G
be an ordered matroid on P (with rank function r and closure operator cf) and let
A € F(P). The restriction of G to A, denoted by GJ]A or G\(P — A), is the ordered
matroid on A whose closure operator ¢l 4 is given by
cla(B) =cl(B) N A, VB € 7 (4).
The contraction of G to P — A, denoted by G- (P —A) or G/A, is the ordered matroid
on P — A whose closure operator ¢l p/a s given by
clp/a(B) =cl(AUB) — A, VB € F(P — A).
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The rank functions of G|A and G:-(P—A) aregiven by ra(B) =r(B) and rp/4(B) =
r{AU B) —r(A) respectively.

A minor of G is an ordered matroid of the form {G\(P — A))/B for some A €
F(P), B € 7(4). Equivalently, a minor can be defined as an ordered matroid of the form
(G/B)\(P — A) for some A€ 7(P), B € F(A). The dual of G is the ordered matroid

G* on P* whose rank function r* is given by
r*(4) = |A| +r(P — A) —r(P), YA € F(P*). (9)

(G*)* =G, (G/A)* = G*\A for Ac F(P),and (G\A)* = G*/A for A€ F(P*).

3. CIRCUITS AND HYPERPLANES

We first establish a relation between the closure operators of an ordered matroid and
its dual. Let ¢l and ¢l be closure operators on P and P* respectively. We say that

cly and clp are dual if
acch(A—a) e adcdy(P—4), VA€F(P),acA™

Theorem 4. ¢ly and ¢l are dual if and only if ¢l; and cly are geometric and they

define dual ordered matroids,

Proof: (If) From (8) and (9) we have

a€chi{A—a) & r(A)=r(Ad—a)
o ri(P—-A)<r*((P—-A4)Ua)

< adely(P — A).

(only if) For A € #(P) and a,b€ (P — A)” assume that a € cl1(4Ub) —cli(A). So
a & cla((P—A)—a~b) and a € cla((P—A)—a). Hence cly ((P—A)—a—b) C cly((P—A)—a)
and so b ¢ clp((P— A) —a—b). Thus b€ elyj(AUa) and ¢!y is geometric. Similarly
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for clz. Denote the rank functions of the matroids defined by ¢ly and ¢lo by r
and r* respectively. Let ay,...,a, be a listing of the clements of A such that
A; = {ay,...,a;} € F(P), forall 1 < ¢ < n. Set Ao = 0. We shall show that
|A] — r(A) = r*(P) — r*(P — A). This will prove that c¢/; and ¢l define dual ordered

matroids.

For 1 <¢ < n, we have from (8)

T(A,') = T(A,;_.l) & a; & cll(Ai_l)
< a; ¢ clz((P — A,;_.l) — a,,-)

& r*(P— Ai_q) > r*(P — A).

So,

|A| —r(A H ) =r(A;..
|{ “(P—A;q) > (P — A)}|

=r*(P) —r*(P - A).

1
Let G be an ordered matroid on P. A subset C C P is called a circust if
##C, (10)
C is an antichain of P, (11)
a € cl([C] — a), Va € C, (12)
a¢c[C]—a—b), Va,b & C,a # b. (13)

Another way of defining a circuit is as follows: Let C C P be a non-empty antichain.
Consider the minor (G||C])-C. Since C is an antichain, this minor is a matroid. C is

a circuit of G if and only if (G|[C])-C is a circuit in the matroid sense of the term.
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A flat A € L{P) is called a hyperplane if
A+P, (14)

(P—A)~ Ccl(AUa), VYac(P~—A). (15)

An equivalent definition of a hyperplane is as follows: Let A € #(P) and consider the
minor (G- (P — A))|(P — A)~, which is a matroid. A is a hyperplane if and only if
(G- (P — A))|(P— A)~ is a rank 1 matroid consisting of a single parallel class. Faigle
[4] has defined a hyperplane to be a meet irreducible element in the lattice of flats, i.e.,
A# P and A= A;NA; for A;,A; € L(P) implies A = A; or A = A;. The definition
we have used can be shown to be equivalent to that used in [4].

We denote the family of circuits of G by C and the family of hyperplanes by ¥.
Proposition 5. C C P isa circuit of G if and only if P —[C] is a hyperplane of G*.

Proof: We may assume that C is a non-empty antichain of P. From Theorem 4 we

have

acc(]Cl—a)©adgd*(P—[C], Va € C,
adcd([Cl—a—b) & accd*((P-{CluUb), Va,b€ C,a # b,

(Here cl* denotes the closure operator of G*). The Proposition follows from the above

equivalences. ]

Proposition 6. Let A€ F(P),a € P — A, and a € cl{A). Then there existsa C € C
such that a ¢ C C AUa.

Proof: We first assume that a € (P — A)}~. Let B be a minimal ideal with respect to
the following property: [¢] —a C B C A and a € c/(B). We assert that C = (BUa)¥
is a circuit. Clearly C is an antichain of P and e € C C AU a. We shall now verify

(12) and (13) in the definition of a circuit.




First note that [C] = BUa and therefore, by the defining property of B, a € ¢l([C] — a).
By the minimality of B, a ¢ ¢I{B—b) forall b€ C, b # a. Therefore a € ¢l(B)—cl(B—b)
and by the exchange axiom b € ¢l((B—b)Ua)—cl(B—b). So b € cl{{(B—b)Ua) = cl(|C]—b)
and (12) is verified.

By the minimality of B, a & ¢/(B—b) = cl{{C]—a—b) and b ¢ cl(B~b) = cl(|C]~a—b)
for all b€ C,a # b. Now consider by,by € C such that b; # b2 and b1,b2 # a.
Assume that by € el([C] — by — b2) = el((B U a) — by — bz). By the minimality of
B, b € cl((BUa)—by —by) — cl(B — by — by) and therefore by the exchange axiom
a € cl(B — bz) — cl(B ~ by — by), which contradicts the minimality of B. Therefore
by & €l{[C] — by — bg) and (13) is verified.

In the remaining case a ¢ (P — A)~. Consider the ideal A U (Ja] —a). Since a €
el (AU([a] ——a)) we get, from the previous case, a circuit € & C such that a € C C AU[a].

As C is an antichain we have C C AU a. |

We note that the converse of the above proposition is not true: A€ #(P), a€ P~ A
and Ce€C with a € C C AUa do not necessarily imply a € ¢/(A4) (See Theorem 8).

We now observe two properties of circuits in ordered matroids with a view to characterizing
C (note that in case P is an antichain, (i) says that C is a clutter and (i) reduces to

the strong circuit elimination axiom in matroids).
Proposition 7.

i) C1#C3,C1 C[Ca]l = C; C [Ca] —Cy, VC1,Cq € C.
11) 01#02,0601002,6601—[02]
= dCzel st beC3C ([Cl U 02] — a), VC,,Cq € C.

Proof:
i) Assume that C;NCy # 0 andlet & € C;NCy. Since C; # Cy, we have b €
cl{([C1] —b) Cel([C2) —b—by) for some by € Cy — Cy. But this contradicts the fact that
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Cs 1is a circuit.

i) Consider the ideal [C;UC3] —a —b. Since C> is a circuit and b ¢ Cy,a €
el{[CL U C3) — a — b). From the above and the fact that C; is a circuit it follows that
b € cl(]C1 U C3] — a — b). Therefore from Proposition 6 we get the existence of a Cg € C
such that be C3 C ([C; UCy] — a). |

Theorem 8. A family C of antichains of a poset P Is the family of circuits of an
ordered matroid G on P if and only if
héc, (16)

Cy # Cq, C1 C [Ch] = € € [Cq] — Ca, vCy,C € C, (17)

Ci#CoacCinNCy,be Cy — [02]

=3dCseC st bEC;J,g([ClUCz]—a), ¥C,,Cy € C.
(18)

Moreover C determines G uniquely.

Proof: Assume C satisfies (16), (17), and {18) and define ¢l : F (P) — F(P) as follows
cl(A) = AUB, where

B={seP-4a:belan(P-A) = ICc Cwithbe CC AU}, VAEF(P).
We shall show that ¢l satisfies (1), {2), (3), and (4). From the definition of ¢l it is clear

that cl(A) € 7(P) and that (1) and (2) are satisfied.

Let a,b € (P— A)” and a € cl(AUb) — cl(A). So there exists a C € C such that
a,bc C C AUaUb Thus b€ cl(AUa). To complete the proof that (4) holds it remains

to show that & ¢ ¢/(A). This will follow from the next paragraph where we show that (3)
holds. o

Let d € (P —cl(A))~. Assume that d € cl(cl(A4)) — cl(A), i.e., there exists a C; € C

such that d € C; C ¢l(A)Ud and there exists a e € C; such that e € ¢/(4) — A. Since
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e € cl(A), there exists a Cy € C such that e € Co C AUe. Clearly d € Cy — [C3).
By applying (18) we get a Cz € C such that d € C3 C {[C; U C3} — €). We note that
[[Cs] N (cl(A) — A)] < |[C1] N (el(A) — A)|, and therefore by iterating the above process we
will arrive at a C € C such that d € C C AUd. So d € cl{A), which is a contradiction

and therefore ¢l(cl(A)) = cl(A). Thus (P,el) is an ordered matroid.

We have to show now that C equals the set of circuits of (P,¢l). Let C € C. Clearly
C satisfies (10) and (11). By the definition of ¢l,a € ¢l([C] —a) forall a € C. If
a € cl([C]—a—1b) for some a,be C,a+#b it will follow that thereis a C; in € such
that a € C; C[C]—b. Then C; # C,Cy C[C] and Cy ¢ [C] — C. This violates (17)

and therefore (12) and (13) are satisfied. So C is a circuit of (P,¢l).

Now let C' be acircuit of (P,¢l) and ¢ € C. So a € ¢l([C]—a) and thus there exists
a Cy€C suchthat a € C; C[C]. If C; # C, then there exists a b€ C — C; such that
C1 C [C] —b. Now, since € is also a circuit of (P,¢l), a € cI([C1] — a) C el{[C] — a —b)
which contradicts the fact that C is a circuit of (P,¢l). So C = Cj. K

By dualizing the above theorem we get the following:
Theorem 9. A family X of ideals of a poset P is the family of hyperplanes of an
ordered matroid G on P if and only if

PN, (19)

Hliéﬂ-z, H1§H2:>(P—H1)“§H2 VH;,HzE}(, (20)

Hy #Hz,agﬂ'lUHg, a & (PM (HlﬂHQ))—,bE (Hz —Hl)—

=>dHz e X st bgﬂag((ﬂlﬂﬂz)UG), VH{,H, € ¥.
(21)

Moreover X determines G uniquely. ]
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Figure 1 Figure 2

Example 1. Let L denote the semimodular lattice of Figure 1 and let P be the poset

of join irreducibles of L (Figure 2).

Let G denote the ordered matroid (P,cl), where ¢l is defined as in Theorem 1 (ii). From
Figure 1 and Theorem 1 (ii} we see that the lattice L(P) of flats of G is the following

family of flats, ordered by inclusion.

{0,403, 12,430, 11,2, 81,43,4, (3,5}, {1,2,3, 41, {1,2,3,51,{8,4,5},{1,2,3,4,5} .

Figures 3 and 4 depict L(P*) and P* respectively.

Hyperplanes of G = {{1},{2}, {1,2,3,4},{1,2,3, 5}, {3,4,5}}.

Circuits of G* = {{2,3},{1,3},{5},{4},{1,2}}.

Hyperplanes of G* = {{4,5}}.

Circuits of G = {{1,2, 3}}

Note that 4 and 5 are loops in G* (singe element circuits) and isthmuses in G (belonging

to no circuits).
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{1!'2,3s4,5}
3
{4,5} 19 20 4 5

Figure 3 Figure 4
We now look at C4 and Cp;4, the family of circuits of G|A and G-(P— A) respectively.

Proposition 10. Let C be the family of circuits of an ordered matroid G on P and
let A€ F(P).

i) ca={CeC:CCA}

ii) Let ¢'={C—A:Ce€C and 0+ (C— A)}. Then

Cera={BeC:DC[B]=>DC[B]-B, VDe(, D% B}. (22)

Proof:

i) Clear.

ii) Let B€ Cpjs and b€ B. So b€ cl((AU[B]) — b). By Proposition 6 there exists a
C € C such that b€ C C AU[B]. We assert that B C C. If not, then C C (AU[B])—b;
for some by € B, by # b and therefore b € cl((4A U [B]) — b — b1). But this contradicts
the fact that B € Cpj4. Hence B = C — A and therefore B € C'. We now show that
D C [B] implies D C[B]—B forall De (', D+# B. Assume not and let D& (' be
such that D # B, D C [B], and d € DN B. So there exists a d; € B— D such that
d € c{(AU[D]) ~d) C cl{(AU[B]) —d —d;). But this contradicts the fact that B € Cp/a.

We have now shown that Cp/4 is contained in the R.H.S of (22).
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Now let B € ¢' be such that D C [B] implies D C[B]— B forall De (', D # B.
We have to show that B € Cp4. (10) and (11) in the definition of a circuit are clearly
satisfied. Also, it is easy to see that b€ cl(AU[B]) —b forall b€ B and therefore (12)
is satisfied. Assume (13) fails and let @,b € B be such that « € cl((AU[B]) —a—1b). By
Proposition 6 there exists a C € C such that a € C C (AU [B]) —b. Put D =C — A.
Then D e (', D C[B] and D ¢ [B]— B. This contradicts the choice of B. 1

We now introduce a weak circuit elimination axiom (23) and show that it is equivalent
to (18). A little reflection shows that, in the case of matroids, (23) reduces o the usual

circuit elimination axiom.

Proposition 11. Let C be a family of antichains of a poset P satisfying (16), and
(17). Then C satisfies (18) if and only if C satisfies the following

Ci1#CyacCinCy = d1C3,C4€C st

i} C3,Cs C([C1UCy] ~a},
ii) Can(Cy—[Cs]) #0,
111) cyn (02 - [Ci]) 75 9. (23)

Proof: First note that if ,Cq,C; are asin {23), then C;—[C3] and C;—]|Cy] are both
non-empty since (17) is satisfied. So (17), and (18) imply (23). The proof of the other
direction is by induction on |[C1UC]| (the Proposition is clearly true if [[C;UC,]| < 3).
Let b€ Cy ~ [Cy]. By (23) there exists a C4 € C such that C4 C ([C;U 3] —a) and
d € C4N(C2—[C4]). We may assume that b ¢ Cy, as otherwise we are done. Since b & Cy,
we have [[CqUCal] < |[C1UCy)|. Now a € Cy —[C4], d € C2N Cy and therefore by the
induction hypothesis we get a C3 C ([C2 U Cy} —d) such that a € Cs. Since d ¢ Cs
we have |[C1UCs]| < |[CLUCy]|. Now a € C;NCs,b € C; —[C3] and therefore by
again applying the induction hypothesis we get a Cjs C ([C; UC3] —a) such that b€ Cj.
Clearly Cj5 C ([C1U Cy] — a). I
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Let G be an ordered matroid on P with circuit family C. A subset I C P is independent
if
i) I is an antichain of P,

ii) a ¢ cl{[I]—a), Va € I.

Independent sets as defined here are the maximal elements of the “independent sets” of

[4], which are ideals of P.

Proposition 12. I C P is independent if and only if I is an antichain and

cclIl=>ccl-1, VCec.

Proof: (if) Let a € I. If a € cI([I] — a) then from Proposition 6 we have a circuit

C € C such that a € C C [I}, which is a contradiction.

(only if) Let C C [I] and assume that e € CNI. Since C is a circuit a € cl([C]~a) C

cl([I] — a), which is a contradiction. So C C [I] - 1. |

4., CONNECTIVITY

Let (Py,...,P,) bea sequence of posets on pairwise disjoint sets. A poset P, whose

underlying set is 'L:Jl P;, is called an ordered sum of (Py,...,Py) if
PiU...UP; € 7(P), Vie {1,2,... ,n}.
We note that P is not uniquely determined by P;, 1 <1t < n. To indicate this we write
P=Pi®p...0p Py.

For any ideal A€ 7(P), ANP; is an ideal of P;. Also, we note that

P*=P;®p~...Qp~ P/.
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Let (G Loeve s Gn) be a sequence of ordered matroids on pairwise disjoint posets Py, Pa,... ,
P, respectively. Denote the rank function, closure operator, circuit family, and family of
independent sets of G; by r;,el;, C;, and I; respectively. An ordered matroid G on P

is called an ordered sum of (Gi,...,Gp) if

P=P,®p...Qp P, (24)
r(A) = f:n(A NE), VAcZ(P) (25)

It is easily verified that r satisfies the rank axioms of Theorem 2. We write
G=G,Q®p...0p G,.

It follows from (9) that

G*=G, ®p+...®p G7. (26)

Denote by r,¢l,C, and I the rank function, closure operator, circuit family, and family of
independent sets of G. In the following Proposition {X]%([X]) refers to the filter (ideal)

generated by X in P.

Proposition 13.
i) For A€ F(P),let A; = P,NA, 1 <i<mn andlet By = cli(A;). Define

B;, 2<i<n as follows
B;=B;_1U (cl.;(A,-) -~ [(P.,_' U...uU P.;_l) — Bi_l]d).

Then ¢l(A) = By,
ii) Ce€C ifandonlyif CCP; and C € (; for some 1.

iii) I€I ifand only if I isan antichain of P and INP;€ Ij, forall 1<i<n.

Proof: i) From (8) and (25) it follows that B; = P; N cl(4). Assume inductively
that B;y = (PLU...UPy)nec{A) . As cl(A) is an ideal of P we have cl(4) N
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([(Pl U...UPy) — B.,;_lld) = 0. By (8) and (25) it now follows that P;nel(4) =
cl:(A;) = [(P1U...UP;_y) — B;_1]%. Therefore B; = (P;U...UF;)Nel(A). So By, = cl(A).
ii) (if) It can be easily verified from part i) that C satisfies (10}, {11), (12), and (13).

(only if) Let C € C and assume that there exist a € CNP; and b€ CNP; for some
i # j. From part i) it follows that a € ¢l([C] —a —b), which is a contradiction. So C C P;

for some i. Again appealing to part i), it follows that C € C;.

iii) Follows from{pa;rt i). |

A separator of an ordered matroid G on P is an ideal A € 7 (P) such that

G=G|A®pG-(P— A). (27)
In the following Proposition [X] refers to the ideal generated by X in P.
Proposition 14. The following are equivalent for A € ¥ (P):

i) A is a separator.

ii) The rank function rpss of G- (P — A) is given by
rp/a(B) =r([B]) —r([B] - B), VBeF(P-A).
i) A is a modular ideal, i.e.,
r{A)+r(B)=r(AUB)+r(ANB), VBeF(P).
iv) C€C implies CCA or CCP— A,
Proof: i) = ii) Let B € #(P — A). From (25) and (27) we have
r([B]) = r({B] — B) + rp/a(B).
ii) = iii) Let B € 7(P). Then
r(AU B) — r(A) = rp/a(B — 4)
=7({B ~ A]) - r((B ~ 4] — (B — 4))
> r(B) — (4N B).
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The last inequality follows from the submodularity of . So r(AUB)+r{ANB) >
r(A) + r(B). Again by the submodularity of r, r(AUB)+ r(An B} < r(4) + r(B).
Hence, A is modular.

iii) = iv) Let Be ¥ (P). Then
r(B) =r(AnB)+ (r(AUB) —r(A)) =r(ANB) + rp/a(B — A).
Now assume that C € C is a circuit such that a€ ANC and b&e C — A. Then

r([C]) = r(AN[C]) +rp/a(iC] — 4),
r([C]—a) =r((AN[C]) — a) + rpal[C] — 4),

r([C]—b) = r(AN[C]) + rpa (([C] — A) — b).

Since C is a circuit we have, from (8) and (12), r{[C]) = r([C] — @) = r(IC] — ). From

the above we get
r(IC] —a—b) =r((AN[C)) - a) +rpa(([C] - 4) — b) =r([C]).

This implies that @ € el([C] — a — b), which contradicts the fact that C is a circuit.
iv) = i) From Proposition 10 we have Cp/q = {C € C: C C P — A}. Since the circuit
family uniquely determines the ordered matroid, it follows from Proposition 13 ii) that

G=G|A®p G (P — A). 1

Proposition 15. Let G be an ordered matroid on P and let A € ¥ (P) be a separator
of G.

i) @ and P are separators. The union and intersection of separators is again a separator.
Hence the separators from a distributive sublattice of ¥ (P).

ii) B € F(A) is a separtor of G|A if and only if B is a separator of G.

iii) BEF(P~A) isa separator of G - (P—A) ifand only if AUB is a separator of
G.
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Proof: i) follows easily from Proposition 14 iv). ii) and iii) follow from Proposition 14

iv} and Proposition 10. i

An ordered matroid which only possesses the trivial separators @ and P is called

connected.

Theorem 16. Let G be an ordere:d matroid on P. Then G admits an ordered
decomposition G = G ®p...®p G, where G; is a connected ordered matroid (on
F;), for all i. Moreover, if G =G| ®p...®p G}, is another ordered decomposition of
G with @} a connected ordered matroid on Q;, for all i, then m = n and there is a

permutation o of {1,2,...,n} suchthat P;= Ququ and G;= GL(«.’): for all 1.

Proof: Let 0 — Ag C A; C ... C A, = P be a unrefinable chain in the lattice of
separators of G. Denote this chain by S. Put P;= A; — A;_1 and G;= (G|4:)(4;—
Aiq), for 1 <7< n. Since A; is a separator of G, for all %, it follows from Proposition
14 iv) that for every circuit C of G, C C A;— A;_; forsome i€ {1,...,n}. Therefore,
by Proposition 10, the circuits of G; are the circuits of G contained in A; — A;_;. Since
the circuit family uniquely determines the ordered matroid, it follows from Proposition 13
ii) that G = G1 ®p ... ®p Gy. From Proposition 14 ii) and iii) and the unrefinability of

S we get that G; is connected, for all 7.

Let G =G {®p...®p G}, be another ordered decomposition of G with G’ a connected
ordered matroid on @, for all 7. Put B; =Q,U...UQy, for all 1 <3i < n. Then, by
using arguments similar to those in the preceding paragraph, it can be easily shown that
B; is a separator, for all 7, and that § = Bo C B; C...C B,, = P is a unrefinable chain
of separators of G. Denote this chain by S’. From the unrefinability of § and $ and
from Proposition 15 i) it follows by a standard argument that m =n and P; = Qo(s), for
all ¢, for some permutation o of {l,...,n}. G;= G;(i) because they have the same

circuits. 1
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The ordered matroids Gy,...,G, in the ordered decomposition above are called the

components of G.

Example 2.

a) Let G be the free ordered matroid on P. Then G has no circuits and the lattice
of separators of G is F(P) itself. The components of G are therefore the rank 1
matroids on the elements of P and any linear extension of P gives rise to an ordered

decomposition of G into connected components.

b} Let P be the poset of Figure 2 and let G be the ordered matroid on P of Example

1. The lattice of separators of G is shown in Figure 5.

{1,2,3,4,5}

{1,2,3,5}
(o

{1,2,3,4}

Figure 5

The components of G are Gy = G|{1,2,3}, Gz = (G|{1,2,3,4}} - {4} and Gz =
G-{5}. G=G18pG20pG3 and G = G;®pG3QpG; are all the ordered decompositions

of G into connected components.

Circuits in ordered matroids do not enjoy the transitivity property as the following example

shows.
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f -3
o
=)

Figure 6

Example 3. Let P be the poset of Figure 6.

Let G be the ordered matroid on P whose circuit family is given by

C = {{2,4},{3,4},{1,5},{3,5},{1,6},{2,6},{1,2,3}}.

2, 4, and 6 are mutually incomparable in P and there are circuits through 4 and 2 and

through 2 and 6. However, G contains no circuit through 4 and 6.

Proposition 17. Let G be an ordered matroid on P and let a,b € P, a # b. Then
there is a circuit containing a and b if and only if there is a cocircuit containing e and

b. Hence A is a separator of G if and only if P — A is a separator of G*.

Proof: We may assume that e and & are incomparable. Let C be a circuit of G
containing @ and b. We shall produce a hyperplane A of G such that a,be (P—A)".
By Proposition 5, (P — A)™ will then be a circuit of G*.

Let A2 cl(][C]—a—b) beaflat of G such that a,be (P—A)~ (as C is acircuit
of G we can always set 4 = ¢l([C] —a— b)) If A is ahyperplane of G §ve are done.
Otherwise, consider ¢/(AUa). Since A D el([C]—a—1b), b€ cl(AUa). Since 4 isnot a

hyperplane of G, d & cl(AUa) for some d &€ (P~ A)~. Now c(AUd) D c{[C]—a—b)
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and a,/b € (P —cl(AU d))_. Continuing the above process we get a hyperplane of G

satisfying the required conditions. 1

The following Theorem follows from Proposition 17 and (26).

Theorem 18. Let G be an ordered matroidon P. If G =G ®p...®p G, is an
ordered decomposition of G into connected components, then G* = G}, ®p+ ... ®p+ G
is an ordered decomposition of G* into connected components. Hence the components of

G* are the duals of the componenis of G. |

ACKNOWLEDGMENT

The author would like to thank James Oxley for several useful comments.

23




REFERENCES

Aigner, M. (1979). Combinatorial Theory. Springer-Verlag, Berlin-Heidelberg-New
York.

Crapo, H. H. and Rota, G. -C. (1970). On the Foundations of Combinatorial Theory:
Combinatorial Geometries (preliminary edition), MIT Press, Cambridge, Mass.

Dunstan, F. D. J., Ingleton, A. W. and Welsh,D. J. A. (1972). Supermatroids, in
Proc. Conf. Comb. Math., Math. Inst., Ozford, 72-122.

Faigle, U. (1980). Geometries on Partially Ordered Sets. J. Comb. Theory Ser B 28,
26-51.

Faigle, U. (1982). A characterization of finite distributive lattices. Author’s Summary,
MR +#82f:06015.

Korte, B. and Lovész, L. (1985). Posets, matroids and greedoids, in Matroid The-

ory and its Applications. Colloquia Mathematica Societatis Jands Bolyai 40. North
Holland, Amsterdam/Budapest, 239-265.

24




