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Abstract

Let G be a finite group acting on the finite set X such that the corresponding
(complex) permutation representation is multiplicity free. There is a natural rank
and order preserving action of the wreath product G ~ S, on the generalized
Boolean algebra Bx(n). We explicitly block diagonalize the commutant of this
action.

1 Introduction

This paper is inspired by the following two results:

(i) Explicit diagonalization of the “Bose-Mesner algebra” (= commutant of a certain
wreath product action) of the generalized Johnson scheme, by Ceccherini-Silberstein,
Scarabotti, and Tolli [2].

(ii) Explicit block diagonalization of the commutant of the wreath product action on
the nonbinary analog of the Boolean algebra, due to Dunkl [5] and Gijswijt, Schrijver,
and Tanaka [6].

A natural question suggested by these results is to explicitly block diagonalize the
commutant of the wreath product action on the generalized Boolean algebra. To do
that is one of the aims of this paper. Our second aim is to recast the results of [2] on
the generalized Johnson scheme, presented there in the language of harmonic analysis
(Gelfand pairs, induced representations, spherical functions etc.), in purely combinatorial
terms. This is achieved by means of the concepts of semisymmetric Jordan basis and upper
Boolean decomposition. These notions are implicit in [2, 6] and were stated explicitly in
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[10]. They allow a simple reduction to the case of symmetric group action on Boolean
algebras, given in [5, 6]. In the rest of this introduction we define our objects of study
and state our result.

Let Mat(n x n) denote the algebra of complex n x n matrices and let A C Mat(n X n)
denote a x-subalgebra. Then the noncommutative analog of the spectral theorem asserts
that there exists a block diagonalization of A, i.e., there exists a {1,...,n} x S unitary
matrix N, for some index set S of cardinality n, and positive integers po, qo, - - - Pm, Gm
such that N*AN is equal to the set of all S x S block-diagonal matrices

Co 0 ... 0
0o ¢y ... 0
: : .. : ’ (1)
o o0 ... C,

where each Cj is a block-diagonal matrix with g repeated, identical blocks of order py

B 0 ... 0
0 B, ... 0

Cr = : C : (2)
0 0 ... By

Thus p2 + -+ + p2, = dim A and poqo + - - + PmGm = n. The numbers po, qo, - - - , P> @m
and m are uniquely determined (upto permutation of the indices) by .A.

By dropping duplicate blocks we get a *-isomorphism

O A= @Mat(pk X Dk)-

k=0

In an explicit block diagonalization we need to know this isomorphism explicitly, i.e.,
we need to know the entries in the image ®(M ), for M varying over a suitable basis of A.
When A is commutative we have p, = 1 for all £ and we speak of explicit diagonalization.

We now define the x-algebras to be considered in this paper. Let B(n) denote the set
of all subsets of [n] = {1,2,...,n}. For a finite set S, let V(S) denote the complex vector
space with S as basis.

Let G be a finite group acting on the finite set X. Assume that the corresponding
permutation representation on V(X)) is multiplicity free. This implies, in particular, that
the action is transitive.

Let Ly be a symbol not in X and let Y denote the alphabet Y = {Lo} U X. We call the
elements of X the nonzero letters in Y. Define Bx(n) = {(a1,...,a,) : a; € Y for all i},
the set of all n-tuples of elements of Y (we use Ly instead of 0 for the zero letter for
later convenience. We do not want to confuse the letter 0 with the vector 0). Given



a = (ay,...,a,) € Bx(n), define the support of a by S(a) = {i € [n] : a; # Lo}. For
0 <i < n, Bx(n); denotes the set of all elements a € Bx(n) with |S(a)| = i. We have

Bl = (X141 [Bx(nd = (1) 1.

(We take the binomial coefficient (}) to be 0if n < 0 or k < 0).

Let S,, denote the symmetric group on n letters. There is a natural action of the
wreath product G ~ S, (see [3, 7]) on Bx(n) and Bx(n);: permute the n coordinates
followed by independently acting on the nonzero letters by elements of G. In detail, given
(91,92, -+, gn, ™) € G ~ S, (where 7 € S,, and ¢; € G for all i) and a = (ay,...,a,) €
Bx(n), we have (g1, ..., gn,7)(a1,...,a,) = (b1,...,b,), where b; = giar—1(;), if ar-—1(; is
a nonzero letter and b; = Ly, if ar-1; = Lo.

We give V(Y) and V(Bx(n)) the standard inner products, i.e., we declare Y and
Bx(n) to be orthonormal bases.

We represent elements of End(V (Bx(n))) (in the standard basis Bx(n)) as Bx(n) x
Bx(n) matrices (we think of V(Bx(n)) as column vectors with coordinates indexed by
Bx(n)). For a,b € Bx(n), the entry in row a, column b of a matrix M will be de-
noted M (a,b). The matrix corresponding to f € End(V(Bx(n))) will be denoted M.
We use similar notations for Bx(n); X Bx(n); matrices corresponding to elements of
End(V(Bx(n);)).

Set

Ax(n) = {M;: [ € Endg.s,(V(Bx(n)))}
Bx(n,i) = {M;: f e Endg.s,(V(Bx(n)))

Thus Ax(n) and Bx(n,i) are %-algebras of matrices.

In the paper [2] it is shown that the action of G ~ S,, on V(Bx(n);) is multiplicity
free and the commutant Bx (n, ) of this action is explicitly diagonalized. This generalizes
the case of the Johnson scheme [4] (corresponding to |X| = 1) and the nonbinary Johnson
scheme [13] (corresponding to G = group of all permutations of X'). For other examples of
this framework see [2, 3]. We consider the related problem of explicitly block diagonalizing
the commutant Ay (n) of the action of G ~ S, on V(Bx(n)). In the process we also
present an alternative combinatorial approach to the generalized Johnson scheme of [2].

Let f:V(Bx(n)) — V(Bx(n)) be linear. Then f is G ~ S,-linear if and only if
My(a,b) = My(r(a),7(b)), for all a,b € Bx(n), 7€ G ~ 5, (3)

i.e., My is constant on the orbits of the action of G ~ S,, on Bx(n) x Bx(n). We now
determine these orbits.

Denote the orbits of G on X x X by
ZOazlv"'aZma



where Zy = {(z,z) : z € X}. Note that m = 0 iff |X| = 1. Unless otherwise stated we
shall assume m > 1 (or, equivalently, |X| > 2). The theory to be presented in this paper
solves the | X| > 2 case in terms of the |X| = 1 case (which is summarized in Section 2
below).

Let
C(nam):{al,,lm) Ele1++lm=n},
where N = {0,1,2,...}, denote the set of all weak compositions of n with m parts. We
have |C(n,m)| = (”+ZL—1) _ (n+m—1)'

m—1

Given (a,b) € Bx(n) x Bx(n), where a = (ay,...,a,) and b = (by,...,b,), define
C(a,b) = (ly,...,ln) € C(|S(a) N S(b)|,m + 1)
by
li=/{ieSa)nSO): (a,b;) e Z}], j=0,...,m.

It is now easily seen that (a,b), (¢,d) € Bx(n) x Bx(n) are in the same G ~ S,,-orbit
if and only if
1S(a)] = [S(e)], [S)] = [S(d)], [S(a) N S(b)] = |S(c) N S(d)], Cla,b) =C(c,d). (4)
For 0 < i,j,t <mand l = (ly,...,l,) € N* let ijl be the Bx(n) x Bx(n) matrix
given by
L it [S(a)| =4, |S(0)] = 4, |S(a) N S()] = ¢, Cla,b) =1,

0 otherwise.

t,l _
Mi,j(a'> b) = {

Ix(n) = {(,5,t,0) i, j,teN t<i t<j i+j—t<n, leCt,m+1)}

It follows from (3) and (4) that {Mf]l : (4,4,t,1) € Ix(n)} is a basis of Ax(n). We
have

|Zx(n)] = dim Ax(n) = (”:{1;3), (5)

since (i,7,t,1) € Zx(n) if and only if (i —¢)+ (j —t) +lo+ - -+ 1, <mand all m+ 3
terms are nonnegative.

For 0 <7 < n define
Ix(n,i) = {(t,0):teN, t<i 2i—t<n,lelC(t,m+1)}.

We have that {Mff : (t,1) € Ix(n,i)} is a basis of Bx(n,i) (here we think of Mfll as
Bx(n); x Bx(n); matrices). We have

Yo |Ctm 4+ 1) = ("), if i < n/2,
S teain Ot m+ 1) = ("H) = (P, ifi > n/2,
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where we have used the identity >_, (") = (m;ff{l) (Exercise 3(a) in Chapter 1 of
[12]).

Note that if m = 0 or 1 then, for z,y € X, (z,y) and (y,z) are in the same G-orbit
of X x X. Thus Mltll is symmetric and it follows that Bx(n,4) is commutative, since a
subalgebra of Mat(n x n) having a basis consisting of symmetric matrices is commutative.
Hence V(Bx(n);) is a multiplicity free G ~ S,-module. This argument does not apply
when m > 2.

We now describe our explicit block diagonalization of Ax(n). We need to make a
number of definitions.

Our poset terminology follows [12]. Let P be a finite graded poset with rank function
r: P — N. The rank of P is r(P) = max{r(z) : x € P} and, for i = 0,1,...,r(P), P,
denotes the set of elements of P of rank i. For a subset S C P, we set rankset(S) =

{r(x):z € S}

Let P be a graded poset with n = r(P). Then we have V(P) = V(F) & V(P)) &
- @ V(P,) (vector space direct sum). An element v € V(P) is homogeneous if v € V(P;)
for some i, and if v # 0, we extend the notion of rank to nonzero homogeneous ele-
ments by writing r(v) = 7. Given an element v € V(P), write v = vg + + -+ + v, v; €
V(F), 0 < i < n. We refer to the v; as the homogeneous components of v. A sub-
space W C V/(P) is homogeneous if it contains the homogeneous components of each
of its elements. For a homogeneous subspace W C V(P) we set rankset(W) = {r(v) :
v is a nonzero homogeneous element of W}.

The up operator U : V(P) — V(P) is defined, for z € P, by U(z) = >_, y, where the
sum is over all y covering x. Similarly, the down operator D : V(P) — V(P) is defined,
for x € P, by D(x) = >_, y, where the sum is over all y covered by z.

Let (,) denote the standard inner product on V(P), i.e., (z,y) = d(x,y) (Kronecker
delta), for x,y € P. The length \/{(v,v) of v € V(P) is denoted || v |.

Let P be a graded poset of rank n. A graded Jordan chain in V(P) is a sequence

c=(v,...,u) (7)

of nonzero homogeneous elements of V' (P) such that U(v;_1) = v;, for i = 2,... h, and
U(vy) = 0 (note that the elements of this sequence are linearly independent, being nonzero
and of different ranks). We say that ¢ starts at rank r(v;) and ends at rank r(vy). A
graded Jordan basis of V(P) is a basis of V(P) consisting of a disjoint union of graded
Jordan chains in V(P).

The graded Jordan chain (7) is said to be a symmetric Jordan chain (SJC) if the
sum of the starting and ending ranks of ¢ equals n, i.e., r(v1) + r(vy) = n if h > 2, or
2r(vy) =nif h = 1. A symmetric Jordan basis (SJB) of V(P) is a basis of V(P) consisting
of a disjoint union of symmetric Jordan chains in V(P).

The graded Jordan chain (7) is said to be a semisymmetric Jordan chain (SSJC) if the
sum of the starting and ending ranks of ¢ is > n. A semisymmetric Jordan basis (SSJB)
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of V(P) is a basis of V(P) consisting of a disjoint union of semisymmetric Jordan chains

in V(P).

For 0 < k <n we set k- = max(0,2k —n) (note that £~ depends on both k£ and n.
The n will always be clear from the context). Note that 0 < k- < kand k <n+k~ — k.
For a SSJC ¢ in V(P), starting at rank ¢ and ending at rank j, we define the offset of
c to be i +j —n. It is easy to see that if an SSJC of offset s starts at rank k then the
chain ends at rank n + s — k and we have k= < s < k. Also note that the conditions
0<k<n, k- <s <k are easily seen to be equivalent to 0 < s < k < L"T“J < n.

We use the following terminology in connection with the notion of block diagonal form:
let A be a finite set and let NV be a A x A matrix. Given a partition A = A;U---U Ay, of
A into pairwise disjoint nonempty subsets Ay, ..., Ay we say that N is in block diagonal
form with a block corresponding to each A; if A(x,y) = 0 whenever (z,y) € (A1 X A1) U
U(Ak XAk)

Suppose we have an orthogonal graded Jordan basis O of V' (P). Normalize the vectors
in O to get an orthonormal basis O". Let (vq,...,v;) be a graded Jordan chain in O. Put
and o, = lvusill 1 <9y < p (we take vy = v;, .4 = 0). We have, for 1 <u < h,

UV,

;o
Yu = o]l Toull
U(vy)  Uut1
U') = N A 8
( u) || Vu || || Vu || uYu+1 ( )

Thus the matrix of U with respect to O’ is in block diagonal form, with a block correspond-
ing to each (normalized) graded Jordan chain in O, and with the block corresponding to
(vi,...,v,) above being a lower triangular matrix with subdiagonal (as,...,a,—1) and
0’s elsewhere.

Now note that the matrices, in the standard basis P, of U and D are real and transposes
of each other. Since O’ is orthonormal with respect to the standard inner product, it
follows that the matrices of U and D, in the basis O’, must be adjoints of each other. Thus
the matrix of D with respect to O’ is in block diagonal form, with a block corresponding
to each (normalized) graded Jordan chain in O, and with the block corresponding to
(vi,...,v,) above being an upper triangular matrix with superdiagonal (o, ..., ap_1)
and 0’s elsewhere. Thus, for 0 < u < h — 1, we have

D(v11) = auty, (9)

It follows that the subspace spanned by each graded Jordan chain in O is closed under U
and D.

The Boolean algebra is the rank-n graded poset obtained by partially ordering B(n)
by inclusion. The rank of a subset is given by cardinality.

Given a = (ay,...,a,),b = (by,...,b,) € Bx(n), define a < b provided S(a) C S(b)
and a; = b; for all i € S(a). It is easy to see that this makes Bx(n) into a rank-n

graded poset with rank of a given by |S(a)|. We call Bx(n) a generalized Boolean algebra.
Clearly, when | X| = 1, Bx(n) is order isomorphic to B(n). When G is the group of all
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permutations of X we have two orbits for the action on G on X x X (i.e., m = 1) and
we call Bx(n) the nonbinary analog of the Boolean algebra. We use U, to denote the up
operator on both the posets V(B(n)) and V(Bx(n)). Note that the action of G ~ S,
on Bx(n) is order and rank preserving and that U, is G ~ S,-linear. Also note that the
inner product on V(Bx(n)) is G ~ S,-invariant.

Consider the permutation representaion of G on V(X). A linear map f : V(X) —
V(X) is G-linear iff the X x X matrix M; representing f (in the standard basis X) is
constant on the orbits of the action of G on X x X. It follows that dim Endg(V(X)) =
m+ 1.

Consider the canonical orthogonal decomposition
VX)=We® - Wy,
of V(X) into distinct irreducible G-submodules, where W, corresponds to the trivial
representation. Set d; =dim W;, i =0,1,...,m,sody=1and dy + --- + d,, = | X|.
For u =0, ..., m, define the linear map f, : V(X) — V(X) by

fuly) =Dz, yeX,

where the sum is over all z € X with (z,y) € Z,. The matrix of f,, in the standard
basis X, is the 0 — 1 matrix with a 1 in position (z,y) iff (z,y) € Z,. Thus f, is
G-linear. Since Wy, ..., W,, are distinct irreducibles we have by Schur’s lemma that
each of Wy, ..., W,, is f, invariant for each u and that the action of each f, on each of
Wo, ..., W,, is multiplication by a scalar. For u,w =0, ..., m, let the action of f, on W,,
be multiplication by the scalar A(u, w).

Set

Ix(n) = {(k,s,p):0<k<n, k- <s<k, peC(s,m)}

n;SJ,pEC(S,m)}.

= {(k,5,p):0<s5<n, s<k<]|

For (k,s,p) € JIx(n) with p = (p1,...,pm) define

n n—s n—s
k = d? .. dPm — .
pln ks, p) (n—s,pl,...,pm) ! m {(k‘—s) (k—s—l)}

.....

orifn#k+--+k).
The following two definitions are from [8] and [2] respectively.
For i,7,k,t € {0,...,n} define

= e ()OI



For i = (lg,...,lm), p= (po,--.,Pm) € Z™" define

m pw m m
A )\ l — )\ T(uvw)
9= 54T (i, ) (LT
where the sum is over all {0,...,m} x {0,..., m} nonnegative integer matrices (r(u,w))
with row sums [, ..., [,, and column sums py, ..., p,. We take the empty sum to be zero.

For i,j5,t,k,s € {0,....,n}, l € C(t,m+ 1), and p = (p1,...,pm) € C(s,m), set
Po = t—s, er = (p())ph s 7pm) and define

ol = (XD ALY B

1,3,k,s i—s,j—8,k—s"

For 0 <k <mn, k- <s<k,and k <i,5 < n+s—Fk, define £, to be the
{k,k+1,....n+s—k} x{k,k+1,...,n+s—k} matrix with entry in row ¢ and column
j equal to 1 and all other entries 0.

We now state our result. Part (i) is proved in Lemma 3.2, part (ii) is proved in
Theorem 3.3, and parts (iii) and (iv) are proved in Section 4.

Theorem 1.1 Let G be a finite group acting on the finite set X such that the correspond-
ing complex permutation representation is multiplicity free with m+1 distinct irreducibles
occuring in it. Assume m > 1. Then

(i) There ezists an orthogonal semisymmetric Jordan basis Jx(n) of V(Bx(n)).

(ii) Jx(n) can be expressed as a disjoint union

Ix(n) = Ugkspegcmdx(n, k, s,p),

where Jx(n, k,s,p) consists of u(n,k,s,p) semisymmetric Jordan chains starting at rank
k and ending at rankn + s — k.

Let J%(n) denote the orthonormal basis obtained by normalizing the vectors in Jx(n).
Define a Bx(n) x J%(n) unitary matriz M(n) as follows: for v € J(n), the column of
M (n) indezed by v is the coordinate vector of v in the standard basis Bx(n).

(7ii) M(n)*Ax(n)M(n) consists of all J(n) x J5(n) block diagonal matrices with a
block corresponding to each (normalized) SSJC in Jx(n) and such that, for each (k,s,p) €
JIx(n), the u(n, k, s, p) blocks corresponding to the SSJC’s in Jx(n,k,s,p) are identical.

(iv) Conjugating by M(n) and, for each (k,s,p) € Jx(n), preserving only one among
the duplicate blocks corresponding to the SSJC’s in Jx(n,k,s,p), thus gives a x-algebra
1somorphism

©:Ax(n)= @ Mat((n+s—2k+1)x (n+s—2k+1)).
(k,s,p)eTx (n)

It will be convenient to re-index the rows and columns of a block corresponding to a SSJC
starting at rank k and having offset s by the set {k,k+1,...,n+s—k}.
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Let (1,5,t,1) € Ix(n). Write
(I)(Mlt:]l) = (Nk,s,p)7 (ka87p> € jX(n)

Then

1 1

n+s—2k\ "2 (nt+s—2k\ "2 ntlp . . _

Nisp = { () 7 ( ik ) P Al Bigrs ifk<i,j<n+s—k
a 0 otherwise.

2 Symmetric group action on Boolean algebras

In this section we summarize results on the S,, action on B(n) in the form needed in this
paper. The main sources are Dunkl [5] and Schrijver [8]. For 0 <4,j,t < n let M/; be
the B(n) x B(n) matrix given by

1 if |a] =1, |b] =4, lanb| =t,
0 otherwise.

t _
M; ;(a,b) —{
It is clear that {M]; :4,j,t € N, t <i, t < j, i+ j —t < n} is a basis of

A(n) = Endg, (V(B(n))).

For 0 <k <n/2,and k <i,j <n—k, define E; j;, to be the {k,k+1,...,n — k} X
{k,k+1,...,n — k} matrix with entry in row ¢ and column j equal to 1 and all other
entries 0.

The following formulation is motivated by the one given in [8] (also see [9]). We do
not use part (v) (a classical result of Delsarte [4]) in this paper but we have included it
for completeness.

Theorem 2.1 (i) There exists an orthogonal SJB J(n) of V(B(n)).

For 0 <k <n/2, let J(n,k) be the union of all SJC’s in J(n) starting at rank k. For
0<i<nand 0 <k < min{i,n—i} set

J(n,i k) ={v e J(n,k):r(v) =i}
and let V(n,i, k) be the subspace of V(B(n);) spanned by J(n,i, k).

(ii) Let 0 < i <n. Then V(B(n);) is a multiplicity free S,-module and

V(B(n);) = B vk

0<k<MIN{i,n—i}

is the orthogonal decomposition of V(B(n);) into distinct irreducible submodules.



Let J'(n) denote the orthonormal basis of V(B(n)) obtained by normalizing J(n).
Define a B(n) x J'(n) unitary matriz N(n) as follows: forv € J'(n), the column of N(n)
indexed by v is the coordinate vector of v in the standard basis B(n).

(iii) N(n)*A(n)N(n) consists of all J'(n) x J'(n) block diagonal matrices with a block
corresponding to each (normalized) SJC in J(n) and such that any two SJC’s starting and
ending at the same rank give rise to identical blocks. Thus there are (Z) — (kfl) tdentical
blocks of size (n — 2k + 1) x (n — 2k + 1), fork=0,...,|n/2].

(iv) Congugating by N(n) and dropping duplicate blocks thus gives a x-algebra isomor-
phism

[n/2]
®: A(n) = €D Mat((n — 2k + 1) x (n — 2k + 1)).
k=0
It will be convenient to re-index the rows and columns of a block corresponding to a SJC
starting at rank k and ending at rank n — k by the set {k,k+1,...,n—k}.

Leti,j,t e Nt <, t<j, i4+7—t<n. Wrie
CI)(MfJ) = (No, .- Niny2))-
Then, for 0 <k < |n/2],

_1L _ L
0

otherwise.

(v) Let 0 <i<m,i” <t<i, and 0 < k < min{i,n —i}. Substituting j =i in part
() and simplifying we get that the eigenvalue of M, on V(n,i, k) is

S ()6

u=0

For a subspace analog (or g-analog) of Theorem 2.1, see [1, 10]. For explicit construc-
tions of orthogonal SJB’s of V(B(n)) and V(B,(n)) (the subspace analog of V (B(n))) see
(9, 11].

3 Upper Boolean decomposition

Let (V, f) be a pair consisting of a finite dimensional inner product space V' (over C)
and a linear operator f on V. Let (W, g) be another such pair. By an isomorphism
of pairs (V, f) and (W, g) we mean a linear isometry (i.e, an inner product preserving
isomorphism) 6 : V' — W such that 0(f(v)) = g(0(v)), v € V.

Consider the inner product space V(Bx(n)). An upper Boolean subspace of rank ¢
is a homogeneous subspace W C V(Bx(n)) such that rankset(W) = {n —t,n — ¢ +
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1,...,n}, W is closed under the up operator U,, and there is an isomorphism of pairs
(V(B(t)),+/|X|U;) = (W,U,) that sends homogeneous elements to homogeneous ele-
ments and increases rank by n — t.

Consider the identity
(1 X[+1)" = (di+do+---+dn+2)"

= 3 o) dhdl g o, (10)
lo .-\l

(I0yeeslm ) EC (nym+1)

We shall now give a linear algebraic interpretation to the identity above.

Consider the inner product space V(Y), with Y as an orthonormal basis. Make the
tensor product
IEVY)=VY)®- - V(Y) (n factors)

into an inner product space by defining
(VI ® Uy, w ® - @up) = (V1,u1) (Un, Un). (11)
There is an isometry
V(Bx(n)) = @, V(Y) (12)

given by a = (ay,...,a,) — a=a1®---®a,, a € Bx(n). The rank function (on nonzero
homogeneous elements) and the up and down operators, U, and D,,, on V(Bx(n)) are
transferred to ®7_,V(Y') via the isomorphism above. From now onwards, we shall not
distinguish between V' (Bx(n)) and ® ,V(Y).

Choose orthonormal bases B; for W;, ¢ = 0,...,m and set B = By U ---UB,,. We
assume that By consists of the vector

Note that orthonormality of B implies that if v = Y _yo,o € B;, i = 1,...,m, then
Y pex @z = 0.
We have in V(Y)

Up(v) =Di(v) =0, veB;, i=1,...,m, (13
Ui(z) = Dy(Lo) =0, (14
Ur(Lo) = VX[ 2, Di(2) = VIX] Lo (15)

Given I = (lp,...,ln) € C(n,m + 1) set

S(n,m,l) =
{(A1,...,An) : A; C[n] for all i, A; N A; =0 for i # j, and |A;| = [; for all i}.
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Given A = (Ay,...,A,) € S(n,m,l) we set

S(A) = AU---UA,,

Given [ = (ly, ..., 1) € C(n,m+ 1) define

Sx(n,l) = {(A, f): A€ Sn,m,l), fe M(A)} (16)
Kx(n,) = {(Af,B): AcSmml), feMA), BC[n]-S(A)}. (17)
Note that
Sx(n,1)] =( " )dlfdlf“'dia",
los -\l
el = (" ) edp e
lo, - L

For (A, f,B) € Kx(n,l), with A= (Ay,..., An), [ = (f1,..., fm), define a vector

V(A f,B)=v,® - ®uv, € R, V(Y)

fi(i) ifie A,
v, = ¥ if1 € B,
Lo ifi€[n]—(S(A)UB).

Note that v(A, f, B) is a homogeneous vector in ®! ,V(Y) of rank |X(A)| + |B|.
Given [ € C'(n,m + 1) and (A, f) € Sx(n,1), set

Kx(l, A f) ={v(A [, B) : BC ([n] - 5(A))},
and define V{; 4 ) to be the subspace of ®}_,V(Y’) spanned by Kx (I, A, f). Set
Kx(n) = UUup Kx(I, A, f),

where the union is over [ € C(n,m + 1) and (A, f) € Sx(n,).

We have, using (13), (14), and (15), the following formula in ®! ,V(Y):
for v(A, f,B) € Kx(n)

Un(v(A, f,B) = VIX] {Zv(A,f,B’>}, (18)

Bl
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where the sum is over all B’ C ([n] — %(A)) covering B.

It follows from the orthonormality of B and the inner product formula (11) that
<,U(A7 f7 B>7U<A/7 f/7 B/)> = 6(('/47 f7 B)?(‘A/7 f/7 Bl))? (19>

where v(A, f, B), v(A', f', B") € Kx(n) and ¢ is the Kronecker delta.

We can summarize the discussion above in the following result.

Theorem 3.1 (i) Forl € C(n,m+ 1), (A, f) € Sx(n,l), Viuay is an upper Boolean
subspace of @I V(Y') of rank n — |32(A)| and with orthonormal basis Kx (I, A, f).

(ii) Kx(n) is an orthonormal basis of @,V (Y).

(iii) We have the following orthogonal decomposition into upper Boolean subspaces:

QRVY) = PP P Vian. (20)
i=1 I A f

where the sum is over alll € C(n,m + 1), A€ S(n,m,l) and f € M(A).
For each (ly,...,ln) € C(n,m+ 1) the right hand side of (20) contains

n
dl1 dl2"'dlm
<zo,...,zm> L m

upper Boolean subspaces of rank lg.

Taking dimensions on both sides of (20) yields a linear algebraic interpretation to
identity (10) above. Certain problems on the generalized Boolean algebra Bx(n) can be
reduced to corresponding problems on the Boolean algebra B(n) via the basis Kx(n).

Lemma 3.2 (i) For | = (ly,...,ln) € C(n,m+ 1), (A, f) € Sx(n,l) there exists an
orthogonal SSJB Jx (I, A, f) of Vua,p), i.e., there exists a graded Jordan basis Jx (I, A, f)

of Vua (with respect to the up operator U,) such that each graded Jordan chain in
Jx (LA, f) is a SSIC in @, V(Y).

Each SSJC in Jx (I, A, f) has offset s =1y + -+ + . For s <k < |%2]|, denote by

2

Jx(k,l, A, f) the set of all SSJC’s in Jx(l, A, f) starting at rank k. Then

stetani= (120 = ("0 ),

(i1) Jx(n) = UJx (1, A, f), where the union is over all l € C(n,m+ 1) and (A, f) €
Sx(n,l), is an orthogonal SSJB of @7V (Y).

13



Proof (i) Consider the upper Boolean subspace V| 4 5 of rank ly. Let v: {1,2,...,l} —

[n] — X(A) be the unique order preserving bijection, i.e., ¥(i) = i'" smallest element of

[n] — 3(A). Denote by v' : V(B(lp)) — Vi.ay the linear isometry given by +/(X) =
v(A, f,7(X)), X € B(lo).

Use Theorem 2.1 (i) to get an orthogonal SJB J(ly) of V(B(ly)) with respect to
V| X| Uy, (rather than just Up,) and transfer it to Vi 4,5 via 7/. Each SJC in J(lp) will
get transferred to a SSJC in V|; 4,5) of offset s. The number of these SSJC’s in V{; 4 5)
starting at rank k is (Z:j) — (k:fl)

(i) This is clear. O

We shall now make three observations on the action of G ~ S,, on the basis elements
in JX(ka l7 Aa f)

Let I = (lo,l1,...,lm) € C(n,m+ 1) and (A, f) € Sx(n,l). Write A = (Ay,...,An)
and f = (f1,..., fm)-

(a) Let v € Jx(k,l, A, f) (i.e., v is a vector lying in one of the SSJC’s in Jx (I, A, f)
starting at rank k) of rank ¢ and let 7 = (1,...,1,7) € G ~ S,, (1 = identity in G).

Write 7A = (7Ay, ..., 7An) = A and frt = (fir eays ooy T Haa,,) = f/. We
want to show that Tv is in the subspace spanned by all elements of Jx (k, [, A, f’) of rank
1.

Let o : [n] —X(A) — [n] —X(A’) be the unique order preserving bijection. There is an
obvious isomorphism of pairs I' : (Viy a5), Un) — (Vi py, Un) taking v(A, f, B) € Vi ay)
to I'(v(A, f, B)) = v(A', [, 0 B).

Clearly we have I'(v) € Jx(k,l, A, f') with r(I'(v)) = i. Define a permutation 7’ :
[n] — [n] as follows: 7/(i) =i for i € ©(A’) and 7'(i) = 7o~ (i) for i € [n] — Z(A). Set
= (1,...,1,7") € G~ S,. A little reflection shows that 7v = 7'I'(v).

Now, by Theorem 2.1 (ii), the subspace spanned by all elements of Jx (k, [, A’, f') of
rank i is closed under permutations of [n] that fix ¥(.A’) and thus it follows that 7v is in
this subspace.

(b) Let v € Jx(k,l, A, f),i€ Aj,ge G,and 7= (1,...,1,¢,1,...,1,id) € G ~ 5,
with g in the ith spot and id denoting the identity of S,,. Then we have

TV = E KeVe,
e

where the a, are scalars, v, € Jx(k,[, A, e), and where the sum is over all

e = (fl, . 7fjfl>€j7fj+l> .- 'vfm)

with e; : A; — B; satistying e;(w) = f;(w), for all w € A; — {i}.

(c) Let v € Jx(k, [, A, f),i € [n] —X(A), g€ G,and 7 = (1,...,1,¢,1,...,1,id) €
G ~ S, with ¢ in the ith spot and id denoting the identity of S,,. Then we have 7v = v.

14



Theorem 3.3 Let0 < s<n,p=(p1,...,pm) € C(s,m) and setl = (n—s,p1,...,pm) €
C(n,m+1).

Define
Visp) = @ @V(Z,A,f)7 Ix(n,5,p) = U g Ix(l, A, f),
A f

where the sum and the disjoint union are over all (A, f) € Sx(n,1).

(i) We have the following orthogonal decomposition

®V(Y) B P Vi (21)

0<s<n peC(s,m)

(ii) Jx(n,s,p) is an orthogonal SSJB of Vi) with each SSJC in Jx(n,s,p) having
offset s. For s < k < |™=] define Jx(n,k,s,p) to be the collection of all chains in
Jx(n,s,p) starting at rank k. Then Jx(n,k,s,p) consists of u(n,k,s,p) semisymmetric
Jordan chains starting at rank k and ending at rank n+ s — k. We have

Jx(n) = Uk,s,p)eTx (n JX(” k,s,p).

Proof Clear. O
For 0 < i < n, define

JIx(n,i) = {(k,s,p) € Ix(n):k<i<n+s—k}
= {(k,5,p) € Ix(n) : s <k < min{i,n+s —i}}.

For 0 <i <n and (k,s,p) € Ix(n,i), define
Ix(n, i, k,s,p) ={v e Jx(nk,s,p):rv) =i}
and Vx(n,i,k,s,p) to be the subspace of V(Bx(n);) spanned by Jx(n,i,k, s,p). We have

the following orthogonal decomposition into subspaces

V(Bx(n))) = D Vxniksp). (22)

(k,s,p)ETx (n,3)

Theorem 3.4 (Ceccherini-Silberstein, Scarabotti, and Tolli [2]) The action of G ~ S,
on V(Bx(n);) is multiplicity free and (22) gives the decomposition into distinct irreducible
submodules.

Proof Let 0 < i < n and (k,s,p) € JTx(n,7). It follows from the three properties (a),
(b), and (c) stated above that Vx(n,i,k,s,p) is a G ~ S,-submodule of &,V (Y).

The decomposition (22) is indexed by Jx(n,i) and a basis of Endg.g, (V(Bx(n);)) is
indexed by Zx(n, ). The result will follow if we show that Jx(n,7) and Zx(n,i) have the
same cardinality.
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Case (i) i <n/2: We have

Ix(n,i) = {(t,0):0<t<i,leC(t,m+1)}
JIx(n,1) s<k<i peC(s,m)}
<i,pelCk,m+1)}

|
—
—~
-
)
3
N—

Clearly Zx(n,i) and Jx(n,4) have the same cardinality.
Case (ii) i > n/2: We have

Ix(n,i) = {(t,0):2i—n<t<i, leCt,m+1)}

= {(t,s,p): 20 —n<t<i, 0<s<t peC(s,m)}

= {(t,s,p):0<s, max{2i —n,s} <t <i, pe C(s,m)}.
JIx(n,i) = {(k,s,p):0<s, s<k< min{i,n+s—1i}, pe C(s,m)}.

Clearly Zx(n,i) and Jx(n,?) have the same cardinality. O

We have from Theorem 3.4 above that, for 0 < i < n, the Vx(n,i,k,s,p), (k,s,p) €
Jx(n,i) are the common eigenspaces for M, (t,1) € Ix(n,i). The eigenvalues will

2,8

follow from part (iv) of Theorem 1.1 (see Theorem 4.4).

4 Explicit block diagonalization

We shall need the following result.

Lemma 4.1 For m > 1 we have

n k
m—1 m+3

k=0 s=k—

Proof We shall use the following well known identities:
(i) For n odd, 12 + 32 + 52 4 --- + n? = ("}?).
(ii) For n even, 22 + 4% + 62+ --- + n? = (";2)
(iii) For r, s > 0 we have

i k+r n—=~k-+s _(n+r+s+1
— r S N r+s+1 )

k—l—r) LEk

; ok =

(For the proof multiply the expansions Ekzo( = W and Zkzo( :

m and compare coefficients of 2" on both sides.)
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We have

+m—1
—ok+1)2(°
(n+s + )( m— 1 )

n

_ > (12+32+...+(n_s+1)2>(3+m_1)

m—1
s=0, n+s even

+ i (22+42+---+(n—s+1)2)(s+m_1)

m—1
s=0, n+s odd
B Zn: n—s+3\[(s+m-—1
N —~ 3 m— 1

_ (ntm+ 3 O
m+ 3
Consider the linear operator on V' (Bx(n)) whose matrix with respect to the standard
basis Bx(n) is Mf Jl Transfer this operator to ®_,V(Y') via the isomorphism (12) above

and denote the resulting linear operator by ./\/lfé In Theorem 4.3 below we show that the

action of ./\/lfé on the basis Kx(n) mirrors the action of M{; on the standard basis of the
Boolean algebra B(n).

Recall the maps f, on V(X) from the introduction. Define linear operators Z, R, :
V(Y)—=V(Y), u=0,...,m,on V(Y) as follows

o Z(Ly) =Lpand Z(x) =0 for x € X.
e Foru=0,...,m, Ry(Lo) =0 and R,(y) = fu(y), v € X.
Note that, for w =0,...,m,
Ru(v) = AMu,w)v, v € By. (23)
Let there be given a (m + 4)-tuple
X = (Su,Sp,Sz,%gs---,SRr,,)

of pairwise disjoint subsets of [n] with union [n] (it is convenient to index the components
of X' in this fashion). Define a linear operator

F(X): @ V(Y) — ® V(Y)

by F(X)=F, ®---® F,, where each F; is U; or D; or Z or R; according as i € Sy or
Sp or Sz or Sg,, respectively.
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Let b € Bx(n). It follows from the definitions that

F(X)(B) % 0 implies SD U SRO y---u S’Rm = S(b), SU U SZ = [n] — S(b) (24)

Given a (m + 4)-tuple r = (ry,7p, 7z, TRy - - -, TR,,) € C(n,m + 4) define II(r) to be
the set of all (m + 4)-tuples X = (Sy, Sp, Sz, Sry,---,Sg,,) of pairwise disjoint subsets
of [n] with union [n] and with |Sy| = ry,|Sp| = 7p,|Sz| = 7z, and |Sg,| = rg,, for
7=0,...,m.

Lemma 4.2 Let (Z;j,t,l) 61}((”) with | = (l07--'7lm)- Set r = (Z—t,j—t,n—f—t—z—
Jylos- -y lm). Then

M = > F(x). (25)

Xell(r)

Proof Let b = (by,...,b,) € Bx(n) and X = (Sy,Sp, Sz, Ry, ---,5%,,) € H(r). We

consider two cases:

(i) |S(b)| # j: In this case we have Mfé(l;) = 0. Now |Sp| + |[Sre| + -+ + |Sr,.| =

j—t+lo+---+1l,=7j. Thus, from (24), we also have F'(X')(b) = 0.

(ii) |S(b)| = j: Assume that F(X)(b) # 0. We have from (24) that F(X)(b) = . @,
where the sum is over all a = (aq,...,a,) € Bx(n); with S(a) = Sy USg, U---U Sg,,
and (ay, by) € Zy, for k € Sg,, ¢=0,...,m.

Going over all elements of II(r) and summing we see that both sides of (25) evaluate
to the same element on 0. O

Theorem 4.3 Let 0 < s < n, p = (p1,...,pm) € C(s,m) and (i,j,t,1) € Ix(n). Let
("4’ f? B) € ICX(”? (TL— S7p17"'7pm))' Setpo =t—s andp+ = (p())pl)"'apm)'

(i) M75(0(A, f. B)) = 0 if |B| #j — 5.

(ii) If |B| = j — s then

B/

i+
MG(AFB) = (XD A L) (Z oA f. B')) , (26)
where the sum is over all B' C ([n] — X(A)) with |B'| =i —s and |[BNB'| =1t —s.
Proof Let r = (i — t,j —t,n+t — 1 — j,lo,...,Ly), where I = (ly,...,l,) and let

X = (Su,Sp,Sz, Ry, -+, 5%,,) € II(r). Assume that F(X)(v(A, f,B)) # 0. Then we
must have

SU U SZ = [n] - (E(A) U B), (27)
SpUSr,U---USg, = X(A)UB, (28)
Sp C B. (29)
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Thus, using (28) above, |B|=j —t+1ly+ -+ 1, —s=j — s (so part (i) follows).
We have

SroU---USg,, = X(A)U(B-Sp).
Since each vector in B is an eigenvector for each of Ry, ..., R,, we see that
F(X)(v(A, f,B)) = av(A, f, B),

where « is a scalar and where B’ = Sy U (B — Sp), yielding |B'| =i — s and |[BN B'| =
|B—Spl=(—-5)—-(—t)=t—s

We now determine . Write A = (A;,...,A,,) and put Ay = B — Sp. It is easily
seen, using (15) and the definition of A(u, w), that

T T M, w) Smenael, (30)

a = |X
u=0 w=0
The {0,1,...,m} x {0,1,...,m} integer matrix with entry in row u, column w equal
to |Sg, N Ayl has row sums lo, . . ., [, and columns sums pg, p1, ..., Pm-
Now fixa {0,1,...,m}x{0,1,...,m} integer matrix (r(u,w)) with row sums lo, ..., L,

and columns sums pg, p1, . . ., P and fix B’ C ([n] —X(A)) with |B'| =i—s and |BNB'| =
t —s. We want to count the number of X = (Sy, Sp, Sz, %y, ---,5%,,) € II(r) with
F(X)(v(A, f,B)) = av(A, f,B"), where |Sg, N Ay| = r(u,w) for u,w € {0,...,m} and
« is given by (30) above.

The discussion above shows that Sy = B’ — B and Sp = B — B’ and (27) above then

determines Sz. The number of choices for Sg,, ..., Sx,, is easily seen to be
ﬁ Pu
o r(0,w),...,r(myw)) [~

Going over all elements of II(r) and summing we get the result. O
Proof of Theorem 1.1 (parts (iii) and (iv)):
(iii) Let (¢,7,t,1) € Zx(n) and (k,s,p) € Jx(n). Observe that the term

.
(1X])= " AN L p")

in (26) above depends only on i,7,t,1,s,p (and not on (A, f, B)). It thus follows from
Theorem 4.3 and Theorem 2.1 (iii) that each SSJC in Jx(n, k, s, p) is closed under all the
operators Mfé and that all these SSJC’s give rise to identical blocks. That the image of
® consists of all such block diagonal matrices follows from the dimension count (5) and
Lemma 4.1.

(iv) Follows from Theorem 4.3 and Theorem 2.1 (iv). O
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Theorem 4.4 (Ceccherini-Silberstein, Scarabotti, and Tolli [2]) Let 0 < i < n, (t,1) €
Ix(n,i), and (k,s,p) € JTx(n,i) with p = (p1,...,pm). Set po = t — s and pt =
(Po, D1, - -+, Pm). The eigenvalue of MZ;»I on Vx(n,i, k,s,p) is

(IX))~t AN L pT) {:zé(—l)u_t“ (t ?_L 5) (?:j::j) (Z —Z;f u) } '

Proof Follows from substituting j = in Theorem 1.1 (iv) and noting that

n+s—2k\""/n+s—2k\n—k—u B 1—k -
i—k ut+s—kJ\i—-s—u) \i—-s—u)’
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