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Abstract

In a recent article
Projective geometries, Q-polynomial structures, and quantum groups

Terwilliger (arXiv:2407.14964) defined a certain weighted adjacency matrix, depending on a

free (positive real) parameter, associated with the projective geometry, and showed (among many

other results) that it is diagonalizable, with the eigenvalues and their multiplicities explicitly

written down, and that it satisfies the (J-polynomial property (with respect to the zero subspace).
In this note we

* Write down an explicit eigenbasis for this matrix.

* Evaluate the adjacency matrix-eigenvector products, yielding a new proof for the eigen-
values and their multiplicities.

* Evaluate the dual adjacency matrix-eigenvector products and directly show that the ac-
tion of the dual adjacency matrix on the eigenspaces of the adjacency matrix is block-
tridiagonal, yielding a new proof of the (Q-polynomial property.
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1 Introduction

Let ¢ be a prime power and let B,(n) denote the projective geometry, i.e., the poset (under inclusion)
of all subspaces of I, the n-dimensional F -vector space of all column vectors with n components.
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The set of k-dimensional subspaces in B, (n) is denoted B, (n, k) and its cardinality is the g-binomial
coefficient (Z)q. The Galois number

is the total number of subspaces in B,(n).

Let ¢ be a positive real number. In [T5], Terwilliger defined the following (complex) B,(n) x
B, (n) weighted adjacency matrix A,, with entries given by

1 if Y C X, dim(X) =dim(Y) + 1,
dim(X) if X C Y, dim(Y) = dim(X) + 1
. ¥q 1 =7, 3
An(Xa Y) - <§T—11qdim(X) if X = Y, (D
0 otherwise.

Terwilliger [TS] develops a beautiful theory of these matrices (generalizing the ¢ = 1 case studied
in [T3]]. Note that in this case the diagonal entries are 0). The topics studied include: diagonalizabil-
ity, eigenvalues and their multiplicities, dual matrix and the (generalized) ()-polynomial property,
interpretation of the ()-polynomial structure using the quantum group U,./2(sl,) in the equitable
presentation, and split decompositions in the new ()-polynomial structure. Here we consider only
the following two basic results.

Theorem 1.1. (Terwilliger [T5]]) A, is diagonalizable. The eigenvalues of A,, are

oq"F — ¢~

- with mulipliciry (Z) Ck=0,1,....n.

q

Let us make a few informal remarks about the proof of Theorem in [TS]]. It proceeds by
considering the irreducible modules for the Terwilliger algebra 7,, generated by A,, and the dual ad-
jacency matrix A’ (defined below). The decomposition of the standard module (the complex vector
space of column vectors with components indexed by B,(n)) into an orthogonal (under the standard
inner product) direct sum of irreducible 7},-submodules is known ([T1]). With respect to a suitable
basis of an irreducible 7},-submodule W, the matrix representing the restriction of A, to W is also
known [T1] and (a diagonally similar matrix) appears in Terwilliger’s Leonard system classification
[T2] and as such its eigenvalues were known. Coupled with the known decomposition into irre-
ducibles mentioned above this yields the proof of Theorem|[I.1] As pointed out by Terwilliger (in a
personal communication) the eigenvectors for the restriction of A,, to W can also be written down
with components given by certain 3¢, hypergeometric series. However this procedure does not give
us an attractive (global) eigenbasis for A,, itself.

Let £,(k), k = 0,1,...,n denote the eigenspace of A, corresponding to the eigenvalue

”q7;_ff ¢ Set E,.(—1) = E,(n+ 1) = 0 (the zero subspace).

In [T5] Terwilliger defines the dual adjacency matrix A}, a diagonal B,(n) x B,(n) matrix, with
diagonal entries given by _
ANX, X) = ¢ 9 X € By(n).
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Note that the eigenvalues of A* are ¢~* with multiplicities (Z)q, k=0,1,...,n. Also note that

A,, acts on the eigenspaces of A’ in a block tridiagonal fashion.

Terwilliger [T4] (see Section 20) initiated the extension of the ()-polynomial property to graphs
that are not necessarily distance-regular and gave the first attractive example [[T3] of this concept. In
the context of the present paper, and the matrix A,,, the (generalized) )-polynomial property with
respect to 0 says the following.

Theorem 1.2. (Terwilliger [T5])

AX(En (k) C Ey(k—1)@E,(k)® E,(k+1), k=0,1,...,n. )

That is, A} acts on the eigenspaces of A,, in a block tridiagonal way. The tridiagonal relations
satisfied by A,,, A are first derived in [T5] and are then used to prove Theorem@

The purpose of this note is to write down an explicit eigenbasis for A,,. This yields new proofs
of Theorems We show that the method given in [GS] to write down an eigenbasis of A,
in the o = 1 case easily extends to the general case with a few small changes to account for the
parameter .

In a combinatorial study of vector spaces indexing sets for the objects studied (bases, eigenvec-
tors etc.) play an important role. The multiplicities in Theorem suggest that the eigenvectors
may be indexed by subspaces (just like in the classical case of the n-cube the eigenvectors of the
adjacency matrix may be indexed by subsets). However, there does not seem to be any natural way
of indexing the eigenvectors by subspaces. We now describe the indexing set to be used.

The Goldman-Rota recurrence for the Galois numbers ([GoR, KC]) is the identity

Gon+1) = 2G,(n)+ (q" = DGyln—1), n > 1, G4(0) =1, Gy(1) = 2. 3)

More generally, we have the following identity,

= q" —1) , nyk > 1, 4)
( ko), k), \k-1), k-1,

with (g)q = 0(0,k) and (g) = 1. Note that H follows by summing (4) over k.

Let Z,(n) denote the set of all distinct irreducible characters (all of degree 1) of the finite abelian
group 7 and let V,(n) denote the set of all distinct nontrivial irreducible characters of I;. So

INg(n)| = q¢" — 1.

For n > 0, inductively define a set £,(n) consisting of sequences as follows (here () denotes the
empty sequence):

&(0) {0},
&) = {(0), (M)},
E,(n) = {(aa,...;00) | (o1, .ap1) € E(n—1), ap € {0,1}}
U{(a1, ..., aq) | (ag,...ap-1) € En—2), oy € Ny(n — 1)}, n > 2.
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Given o € £,(n), let N(a) denote the number of nonzero entries in the sequence « ( note that a
nonzero entry is either 1 or an element of AV, (m) for some m). Set

E(n k) = {ae&(n)|N(a) =k},

eg(n, k) = 1&(n, k).
It is easy to see that

eqn+1,k) = eink)+eynk—1)+(¢" —1eyn—1,k—1), n,k>1, ®)

with e, (0, k) = (0, k) and e,(n,0) = 1, the same recurrence (with the same initial conditions) as
, Thus e,(n, k) = (Z)q and |E,(n)| = |By(n)].

Another relevant structure in the present situation is an inner product (different from the standard
inner product) on the (complex) vector space of column vectors with components indexed by B, (n).

For X € B,(n) with dim(X) = k define

 pkgl)
W(X) - Pq(n) )

where P,(n) = [[/Z(1 + ¢¢"). We have

St (),
D A7y

X€By(n) !
where the second equality follows by the ¢-binomial theorem (so 7 is a probability vector on B, (n)).
ko (5) (o
In the statistical literature the distribution (pg, p1, - - . , P ), Where py, = 7 qPq (ngk)q , 1s called Kemp’s
distribution, a two parameter analog of the binomial distribution (which corresponds to ¢ = 1,
q = 1) (see, for example, [KK]).

=1

Given vectors u, v with components indexed by B,(n) define

(u, v)r = > uX)o(X)m(X). (6)

X €By(n)

Since P,(n) is independent of k, for orthogonality of vectors we do not need the denominator in the
definition of 7 (X). It is there only to make 7 a probability vector.

It follows from Lemma 10.1 in [T5] (also see Section 2 of the present paper) that A, is self-
adjoint with respect to the inner product (6)).

‘We now state our two main results.

Theorem 1.3. For each o € £,(n) we define a column vector v,, with components indexed by
B, (n), such that

(i) Ayv, = %quk Vo, Where k = N ().
(ii) {va | a € E,(n)} is an eigenbasis of A,
(iii) {va | a € E;(n)} is orthogonal with respect to the inner product ().

4



Theorem [I.1]is an immediate consequence of parts (i) and (ii) of Theorem|[I.3]

Our second main result, in Section 4, considers the action of A} on the eigenspaces of A,,. We
evaluate A*v, and write it as a linear combination of the eigenbasis {vs} and directly show ,
yielding an alternative proof of Theorem While the construction of the eigenbasis of A, is
based on the recurrence (4)) for subspaces, writing down the action of A} on this eigenbasis is based
on the recurrence (5)) for the indexing set.

In Section 5 we work out a detailed example to illustrate our algorithms.

Our approach to proving Theorem|[I.3]and Theorem|I.2]is inductive (which explains our notation
A,, AZ, instead of A, A*, as in [TS]]). It is based on a decomposition of the space of column vectors
with components indexed by B,(n) that was worked out in [S] (the indexing set for the eigenbasis
is suggested by this decomposition).

2 A decomposition of C|B,(n)]

In this section we recall the decomposition from [S]. All the omitted proofs may be found in Section
2 of [S]. This section is virtually the same as Section 3 of [GS] and is included here primarily for
the readers convenience.

Before recalling this decomposition we first observe that A, is self-adjoint under the inner prod-
uct @ Let D,, be the B,(n) x B,(n) diagonal matrix with diagonal entry in row X, column X

given by 1/ gokq(];), where k = dim(X).

Lemma 2.1. ([T, Lemma 10.1) D, A, D, Yis symmetric. Thus A, is diagonalizable with real
eigenvalues.

Proof. For X € B,(n,k),Y € B,(n,r) the entry in row X, column Y of D, A, D, ! is given by

\/ gpkq(g A X Y gp—rqf(g)
+1
\/gbk k) ¢p—(k+1)g =gt if X CYandr=Fk+1,

= \/cpq \/go kl)q ("2") = Voo o ifY CXandr=k-—1,

o elg ifX=Y,

0 otherwise,

\/goqmin{dim(x)vdim(y)} if X CYorY CX,and|dim(X)—dim(Y)| =1,
= qdlm(X) ifX =Y,

0 otherwise,

yielding a symmetric matrix. O

Since FP,(n) is independent of k, the argument showing that D,, A, D, ! is symmetric shows that
A, is self-adjoint with respect to the inner product (6).



For a finite set S, we denote the complex vector space with S as basis by C[S]. We can think of
C[9] as the space of all (complex) column vectors with components indexed by S. Thus, for s € S,
the vector s € C[S] corresponds to the column vector with 1 in component s and 0’s elsewhere.

We have (vector space direct sum)

ClBy(n)] = C[By(n,0)] © C[By(n,1)] © - - - & C[By(n, n)].

An element v € C[By(n)] can be uniquely written as v = vy + v1 + - - + v,, Where v, €
C[By(n, k)] for all k. The vy, are the homogeneous components of v. We say v is homogeneous if
v € C[B,(n, k)] for some k. A subspace of C[B,(n)] is homogeneous if it contains the homogeneous
components of all its elements.

Let 0 < k < n. Define a linear operator [, : C[B,(n)] — C[B,(n)] by I,x(X) = 0 if
dim(X) # kand I, x(X) = X if dim(X) = k, X € B,(n). The k' up operator U, : C[B,(n)] —
C[By(n)] is defined, for X € By(n), by U, ;(X) = 0 if dim(X) # k and U, ,(X) = >, Y, where
the sum is over all Y € B,(n) covering X, if dim(X) = k. Similarly we define the k™" down
operator D, ;. : C[B,(n)] — C[B,(n)] (wehave U,,,, = D, o = 0). SetU,, = Uy o+Up 1+ -+U,,
and D,, = Dy, o+ D1 + - - - + D, ,, called, respectively, the up and down operators on C[B,(n)].

It is easily seen that A,, is the matrix of the operator
k=0 B ’

with respect to the standard basis B,(n).
Define A} : C[B,(n)] — C[B,(n)] by
A(X) = ¢ X, X € B,(n).

In Section 4 we shall study the action of A}, on the eigenspaces of A,,.

The decomposition of C[B,(n)] to be studied gives a linear algebraic interpretation to (3)) and

H Denote the standard basis vectors of ) by the column vectors ey, .. ., ¢,. We identify F* for
k < n, with the subspace of Fy consisting of all vectors with the last n — k components zero. So
B, (k) consists of all subspaces of [y contained in the subspace spanned by ey, .. ., €.

Define Bf? (n+1) to be the collection of all subspaces in B,(n+1) not contained in the hyperplane
IFZ, 1.e.,
Bl(n+1)=By(n+1) = By(n) ={X € By(n+1): X ZF;}, n> 0.

For1 < k <n+1,let B)(n+ 1, k) denote the set of all subspaces in B (n + 1) with dimension k.
We consider BY(n + 1) as an induced subposet of B,(n + 1).

We have a direct sum decomposition
C[By(n +1)] = C[B,(n)] & C[BY(n + 1)]. (7)

We shall now give a further decomposition of C[BZ(n 4 1)].
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Let H(n + 1,F,) denote the subgroup of GL(n + 1,F,) consisting of all matrices of the form

ai

where [ is the n x n identity matrix.

The additive abelian group Iy is isomorphic to H(n + 1,F,) via ¢ : Fy — H(n + 1,F,) given
by

a1
ai
ol =] !
a Cn
n 0---0 1

Recall that Z,(n) denotes the set of all distinct irreducible characters of the finite abelian group
H(n + 1,F,) and N,(n) denotes the set of all distinct nontrivial irreducible characters of H(n +
1,F,).

There is a natural (left) permutation action of H(n+1,F,) on BY(n+1) and BY(n+1, k). This
permutation action induces representations of H(n + 1,F,) on C[B?(n + 1)] and C[B?(n + 1, k)].

For x € Z,(n), let W (x) (respectively, W (x, k)) denote the isotypical component of C[BZ(n +
1)] (respectively, C[BY(n + 1, k)]) corresponding to the irreducible representation of H(n + 1,F,)
with character y. When Y is the trivial character we denote W (y) (respectively, W (y, k)) by W (0)
(respectively, W (0, k)). We have the following decompositions, (note that W (x,n + 1), for x €
N, (n), is the zero module).

W) = WO,0)@---eW(0,n+1), (8)
W) = W)@ ---eW(x,n), x&€Nin), ©)
CBY(n+1)] = W(0)® (ByenymyW (X)) - (10)

Note that C[B,(n)], C[BZ(n + 1)], W(0), W (x) are homogeneous subspaces of C[B,(n + 1)].

Now GL(n+ 1,F,) acts on B,(n + 1) and C[B,(n + 1)] and the action of U,,;; commutes with
the action of GL(n + 1,F,) (and hence with the action of H(n + 1,F,)). Also, C[BJ(n + 1)] is
clearly closed under U,,;,. Thus

W(0), W(x),x € N,(n) are U,-closed. (11)

Define an equivalence relation ~ on BY(n + 1) by X ~ Y iff X N F? = Y N F2. Denote

the equivalence class of X € BZ(n 4 1) by [X]. For a subspace X € B,(n), define X to be the
subspace in Bg’ (n+ 1) spanned by X and ¢,, 1.



Lemma 2.2. Let X,Y € Bg(n +1)and Z,T € By(n). Then
(i) dim (X N F") = dim X — 1 and X N F7 € [X].
(i) Z <TiffZ <T.
(iii) Y covers X iff
(a) Y N Fy covers X N Fy and
(b)Y = span ((Y NFy) U {v}) foranyv € X —F7.
(iv) The number of subspaces 7' € B(‘?(n + 1) with Z' 0N Fy = Z is q', where | = n — dim Z. Thus,
[X]] = ¢"*1F, where k = dim X. O

For X € BY(n+1),let Gx C H(n+ 1,F,) denote the stabilizer of X.

Lemma 2.3. Let X, Y € BY(n+1). Then
(i) The orbit of X under the action of H(n + 1,F,) is [ X].

(ii) Suppose Y covers X. Then the bipartite graph of the covering relations between [Y] and [X] is
regular with degrees q (on the [Y] side) and 1 (on the [X] side).

(iii) Suppose X C Y. Then Gx C Gy. O

Consider C[B,(n + 1)]. For X € B,(n) define
0,(X) =D,
Y

where the sum s over all Y € B?(n+1) covering X. Equivalently, the sum is overall Y € BY(n+1)

~

withY N Fy = X,ie.,Y € [X]. Tt follows from Lemma i) that
0, : C[B,(n)] — W(0) (12)

is a linear isomorphism.

Combining (7) and (I0) we have the decomposition
CBy(n+1)] = (C[By(n)] ® W(0)) @ (Bxen,mW (X)) (13)

where, by (1)) and (12),
C[By(n)] & W(0) is U,4+1-closed. (14)

Let v, (respectively, 1)) denote the character of the permutation representation of H (n+1, F%) on
C[B2(n+1, k)] (respectively, C[B?(n+1)]) corresponding to the left action. Clearly ¢ = >/} 4.
Below [, ] denotes character inner product and the ¢-binomial coefficient (Z’)q is taken to be zero
when n or kis < 0.



Theorem 2.4. (i) Let x € Z,(n) be the trivial character. Then [x, ;] = (kﬁl)q, 1<k<n+1
(ii) Let x € Ny(n). Then [x,y] = (Zj)q, 1<k<n+1.0
Remark 2.5. Using Theorem 2.4 we see that

aim(e0) = 3 (3 21) = Glu— 1) x N (15)

Now, by taking dimensions on both sides of (I3)) and using (12), (I5) we get the Goldman-Rota
identity (3). More generally, by restricting to dimension & on both sides of (13), we get the identity
().

For x € Z,(n), define the following element of the group algebra of H(n + 1,F,):
p(x) =>_x(9) g,
9

where the sum is overall g € H(n + 1,F,). For 1 < k < n + 1, the map

p(x) : C[B2(n+1,k)] = C[B2(n+1,k)], (16)

givenby v = > 1, FLF,) x(g) gv, is a nonzero multiple of the H (n+ 1, F,)-linear projection onto
W (x, k). Similarly for p(x) : C[B(n +1)] — C[BZ(n + 1)].

For future reference we record the following observation:

~ ~

p(x)(Y) and p(x)(Z) have disjoint supports, for Y # Z € B,(n). (17)

Lemma 2.6. Let X € BY(n+1) and x € Z,(n). Then p(x)(X) = 0iff x : Gx — C* is a nontrivial
character of Gx. O

Theorem 2.7. (i) Let x € Z,(n), X,Y € BJ(n+ 1) with X = hY for some h € H(n + 1,F,).
Then

(ii) Let x € Z,(n). Then {r()(X): X € B,(n,k — 1) with p(x)(X) % 0} is a basis of W (x, k),
I1<k<n+1l

(iii) Let x € Z,(n) and let X,Y € B,(n) with X covering Y.
p()(X) # 0 implies p(x)(Y) # 0. O

Let x € N,(n). By Theorem [2.4(ii) we have dim(W (x,n)) = 1. It thus follows by Theorem

—

ii) and above that there is a unique element X (y) € B,(n,n—1) such that p(x)(X (x)) # 0.
Moreover,

Lemma 2.8. Let Y € By(n,n — 1). Then
{xeNy(n) | X(x) =Y} =¢—-1 O
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3 Eigenvectors of A,

Consider the decomposition
ClBy(n+1)] = (C[By(n)] & W(0)) & (ExenymW (X)) - (18)
We claim that
C[B,(n)] ® W(0) and W (x), x € N,(n) are 1,41k, Dy 11 ,-closed. (19)

This can be seen as follows. Since C[B,(n)], W (0), W (x) are homogeneous subspaces of C[B,(n+
1)] it is easily seen that they are closed under I, ;. Consider the standard inner product on
C[B,(n+1)] (i.e., declare B,(n + 1) to be an orthonormal basis), which is GL(n + 1, F,)-invariant
(and hence H(n + 1,F,)-invariant). It follows that W (0), W (x), x € N,(n) are orthogonal and
hence the decomposition is orthogonal. Since D, is the adjoint of U,, 1, it now follows from
and that C[B,(n)] & W (0) and W (x) are closed under D, . The claim now follows from
homogeneity.

Thus C[B,(n)] ® W(0) and W (x), x € N,(n) are closed under A,,.

Let X € B,(n, k). By Lemma Miv) we see that 6,,(X) is a sum of ¢"~* subspaces in B (n +
1,k +1). So we can express D, 1 k+1(0,(X)) in the following form

Doy (00(X)) = ¢"F X + v, (20)

for some v € C[BZ(n + 1, k)]. A little reflection shows that v € W (0). Defining

’

Dn+1,k+1 (On(X)) =0

gives a linear map
!

D,y s W(0) = W(0), 0<k<n,

that takes the vector 6,,(X) for X € B,(n, k) to the vector v above.
Define A, : W (0) — W(0) by

!/

n , n (p . 1
A, =Up + Z @qunH,kH + Z H qk+1[n+1,k+1-
k=0 k=0

We have the following relations (the first of which follows from (20)):

Ans1(6n(v)) = g™+ A, (0,(v)), v € C[By(n)], (1)
Anii(v) = An(v) +6,(v), veC[B,(n). (22)

We now write down the matrix of A/, with respect to the basis {6,,(X) | X € B,(n)} of W(0).
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It follows from Lemma[2.2{iii) and Lemma [2.3[ii) that

Uns1(0n(X)) = D a0u(Y) = q0u(Un(X)), X € By(n),

where the middle sum is over all Y € B,(n) covering X . Similarly, it follows that

"Dy (0n(Y)) = Y a{d"'0.(X)} = a6u(@* ' Dus(Y)), Y € By(n, k),

where the middle sum is over all X € B,(n) covered by Y. Clearly,
qk+1]n+1,k+1(9n(X)) = qen(qk]n,k(X))a X € Bq(”a k)

Thus we see that

Matrix of A, with respect to the basis {0,,(X) | X € B,(n)} is ¢A,. (23)

For a finite vector space X over F, we denote by B,(X) the set of all subspaces of X and we
denote by Ux (respectively, Dx) the up operator (respectively, down operator) on C[B,(X)].

Let (V7, f1) be a pair consisting of a finite dimensional vector space V; (over C) and a linear
operator f; on V. Let (V4, f2) be another such pair. By an isomorphism of pairs (7, f1) and (V53, fs)
we mean a linear isomorphism 7 : V; — V5 such that 7(f1(v)) = fo(7(v)), v € V4.

Theorem 3.1. Ler x € N,(n) and X = X (x). Define
Ax) = CIBy(X)] = W(x)

byY = g m0p(y)(Y), Y € By(X).
Then
(i) A(x) is an isomorphism of pairs (C[B,(X)], qUx) and (W (x), Up+1).
(ii) X(x) is an isomorphism of pairs (C[B,(X)], Dx) and (W (x), Dyt1).

Proof. This is Theorem 4.2 in [GS]]. O

Befor proceeding further we introduce some notation. Let X € B,(n,n — 1). The pairs
(C[B,(X)],Ux) and (C[B,(n—1)], U,_1) are clearly isomorphic with many possible isomorphisms.
We now define a canonical isomorphism, based on the concept of a matrix in Schubert normal form.

A nxkmatrix M over I, is in Schubert normal form (or, column reduced echelon form) provided
(i) Every column is nonzero.

(i1) The last nonzero entry in every column is a 1. Let the last nonzero entry in column j occur in
row 7;.

(ii1)) We have r; < ry < --- < 1, and the submatrix of M formed by the rows 71,75, ..., 1y is the
k x k identity matrix.
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It is well known that every k dimensional subspace of Fy is the column space of a unique n x k
matrix in Schubert normal form.

Let X € By(n,n — 1) and let M (X) be the n x (n — 1) matrix in Schubert normal form with
column space X . The map 7(X) : Fy~' — X given by ¢; — column j of M(X) is clearly a linear
isomorphism and this isomorphism gives rise to an isomorphism

p(X) - C[By(n = 1)] = C[B,(X)]

of pairs (C[B,(n — 1)],U,—1) and (C[B,(X)],Ux) (and also of pairs (C[B,(n — 1)|, D,_1) and
(C[By(X)], Dx)) given by u(X)(Y) = 7(X)(Y), Y € By(n —1).

A~

Since dim(Y) = 1 + dim(Y"), the following result now follows from Theorem

Theorem 3.2. Let x € Ny(n) and X = X (x). Then the composition \(x)u(X) is an isomorphism
of pairs (C[B,(n — 1)],qA,—1) and (W (x), Apt1). O

Lemma 3.3. Let v € C[B,(n)] satisfy

n—k k
_pq"—q
.An(v)——q_1 v.
Then
n+l—-k _ k
Avaldho +00(0)) = F i (¢ 0+ (),
nt1—(k+1) _ k+1
Ava(pd"™ 0 = 0,(v)) = F— g (e o= 0, (0)

Proof. By we have

We have, by (21)) and (22)),
Apia (v +0,(0)) = " Apia(v) + Ani1 (0, (v))
¢*(An(0) + 0,(0)) + @q"v + A, (6, (v))

n—k _ .k n—k _ .k
- me%+£i__il)¢v+(¢+2@i__ﬁl)%@)
q—1 q—1

and

An-l-l(@qn_kv - en@)) = ‘Pqn_k-An-i-l (U) - An-&-l(en(v))
= o¢" " (Au(v) + 0,(0)) — ©q"v — A, (0, (v))
n—k _ k n—k _ .k
_ <_¢L%wq Q>gmnkv_(_¢¢1k+qu q’)eam
q—1 q—1
Y s e U VA

= . (pg" v = 6,(v)). D
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Proof of Theorem[1.3|(parts (i) and (ii))

The proof is by induction on n, the cases n = 0, 1 being clear by taking

V() =0, V) = O—i—Fq, va) = @O—Fq.

Let n > 1 and consider o = (ay,..., ) € E(n+1). Set f = (av1,...,4—1) and k = N(B).
We have three cases:

(a) oy = 0: We have vz € C[B,(n)]. Define

Vo = ¢"vg + 0, (v3) € C[B,(n)] & W(0). (24)

(b) a; = 1: We have v € C[B,(n)]. Define
Vo = pq" Fvs — 0, (vs) € C[B,(n)] ® W(0). (25)
(©) oy = X, X € Ny(n): We have v € C[B,(n — 1)]. Set X = X (x) and define
Va = AX)u(X)(vg) € W(x). (26)

Let us now check assertions (i) and (ii) in the statement of the theorem, beginning with (i). We
have three cases.

(a) oy = 0: Follows from Lemma (3.3
(b) oy = 1: Follows from Lemma[3.3]
©)ap =X, X € Ny(n): Set X = X (x). It follows from Theorem 3.2]that

n—1—k k
¥q —dq
‘ATL (0% - - - VYV«
+1(Va) q q—1 v
_ San—s—l—(k—f—l) _ qk+1
= Vg
q—1

Assertion (ii) follows from the induction hypothesis using the decomposition (I8)), the isomor-
phism (12)) and observing that the determinant of the 2 x 2 matrix

q* 1

1S nonzero. O

Remark It is interesting to see where exactly in the proof above the diagonal entries of A,, are used
since the main ingredients of the proof, (23)), (2I), 22), and Theorem [3.2] all hold even when the
diagonal entries are 0. However, the base case of the induction (n = 0, 1) needs the diagonal entries.
In effect, the presence of the diagonal entries results in the nice formula for the eigenvalues which
makes possible the calculations in the proof of Lemma (3.3

13



We denote the basis given in part (ii) of Theorem [I.3|by B,, Note that equations (24), (25)), (26)
give an inductive procedure to write down B,, 1 given 3,, and 3,,_;. Note also that (up to scalars)
this basis is canonical in the sense that we have not made any choices anywhere.

Proof of Theorem [1.3| (part (iii))
Proof. The proof is by induction on n, the cases n = 0, 1 being clear.

Let n > 1. We consider two cases:
() Let B = (B1,...,0i—1) € &(n). Set k = N(5) and

a = (/817"'76t—1a0>7 O/:(Blv"':/ﬁt—lal)'

Given a vectors u,v € C[By(n)], we shall write (u, v),, for the inner product (6) calculated in
C[B,(n)] and (u, v),+1 for the inner product calculated in C[B,(n+1)]. We have, for X € B,(n, k),

kg(3) kg(3)
<X7 X>n = %7 <X> X>n+1 = % = ﬁ<X7 X>n7

(5 :
<6n<X>79n<X)>n+1 = %q b= %(X, X>n

It follows that

n

(V, V)1 = ﬁ@’ Vs (0 (0), O0n(0))nt1 = HLW@% V)n, v € C[By(n)]. (28)

Note that the scalar factors on the right hand side are uniform across all vectors and do not depend
on k. Thus, since C[B,(n)] and W (0) are orthogonal in C[B,(n + 1)], it follows by the induction
hypothesis that {vg, 8,,(vg) | 5 € £,(n)} is an orthogonal basis of C[B,(n)] & W (0). We have

Vo = ¢Fvg+0,(vp), var = pq" Fvg — 0, (vp). (29)
Since v is orthogonal to 0, (vs) we have, using (28),

(Va, Ua’>n+1 = SDQTL@B? vﬁ’)n-i-l - <9n(vﬂ)7 ‘gn(Uﬁ))n-i—l
Spq/n/ n
= V3, Vg)n — V3, Ug)n
1+¢w<ﬁ 5) 1+ww<ﬂ 5)
pr— 0_

From the isomorphism 6,, we now see that

{va,var | B € En(a)}
is an orthogonal basis of C[B,(n)] & W (0).

(i) Let 5 = (B1,...,0i-1) € E(n—1) andlet x € N (n). Seta = (B4, .., Bi—1, x) € E(n+1)
and X = X(x), where X € B,(n,n — 1). We have v, = A(x)u(X)(vg).

LetY € B,(X) with dim(Y) = k. We have
gl
<Ya Y>n—1 = m~

14



Now observe the following: p(X)(Y) is a linear combination of the elements of the orbit [Y]
whose cardinality is ¢"~*. The number of elements g € H(n + 1,F,) with g - Y =Yis q* and
by Lemma each such g satisfies x(g) = 1. So, for Z € [)A/] if Y = go- Y = Z then
X(91) = x(g2). Thus we have

AT, AT s = 2208 o o iy vy

Py(n+1) (I+pq™ 1) (1+eq™)
It follows from that
<>\(X),LL(X)(U), )‘(X)M(X)<U)>n+1 = (1+¢qnipg;(1+¢qn) <U, U>n—17 u,v € (C[Bq(n - 1)] (30)
From the isomorphism A()u(X) we now see that

{va | B€&(n—1)}

is an orthogonal basis of W ().
That completes the proof. O

4 Action of A’ on the eigenspaces of A,

k

Fork =0,1,...,ndefine E, (k) C C[B,(n)] to be the eigenspace of .A,, with eigenvalue “"qan_kl_ L.
In this section we consider the action of A on the eigenspaces of 4, and give a new proof of
Theorem [1.2

Any homogeneous subspace of C[B,(n)] is closed under the action of A’ and so the subspaces
C[By(n)], W(0), W(x), x € Ny(n) of C[B,(n + 1)] are all closed under A, , ;.

Note the following relations in C[B,(n)] & W (0):

(X)) = AL(X), X € By(n),
i1 (0n(X)) = ¢ 0. (AL(X)), X € By(n).

It follows that

w1 (V) = Au(v), v e ClBy(n)], €20
ni1(0n(v)) = a0 (AL (v), v € C[By(n)]. (32)

Let y € NV,;(n)and X = X(x). Then we have

1A u(X)(Y)) = ¢ A0 (X ) (A, (Y)), YV € By(n —1).

It follows that
it AC)H(X) () = ¢ IACO (X)) (A1 (v), v e C[By(n —1)]. (33)

15



Before giving the proof of Theorem we introduce some notation. For a element 7 € &,(n)
we denote by 7° the element of £,(n + 1) obtained by adding a zero after the last element of 7.
Similarly for 7'. For a element 7 € &,(n — 1) and x € N,(n) we denote by 7X the element of
&,(n + 1) obtained by adding a y after the last element of 7.

Proof of Theorem|[1.2] We shall show by induction on n how to write A% (v,,) as a linear combination
of the vectors vg, where N(3) € {k — 1,k,k + 1}, k = N(«). The cases n = 0, 1 are clear.

Consider a = (o, ..., 0q) € E(n+1). Set B = (a1, ...,4_1) and k = N(f3). There are three
cases to consider:

(i) i, = 0: We have v, = ¢*vg + 6,,(vg), where vg € E, (k) and v, € E,p1(k).
By the induction hypothesis we have

k+1
An(vg) = Dy, uy €E (), j=k—1kk+1 (34)

j=k—1

and we have linear combinations

Upp1 = Z ArUr,  Up = Z brvr,  Up_1 = Z CrUr. (35)

T€€¢(n,k+1) T€EG(n,k) T€€¢(n,k—1)

We have, by (31)) and (32),

wi1(Va) = AZH(quﬂ + 0n(vg))
¢" A (vg) + ¢ 0a (A% (vg))

k+1

= > (d"u+ g n(wy)).

j=k—1
We consider the three terms on the right hand side separately.
(a) We have

qkukJrl + qilen(ukJrl) = (fl(qk“ukﬂ + O (Ug41))

= qil Z aT<qk+1UT + en(UT»

T€€¢(n,k+1)

E -1
- q arvo,

T€€G(n,k+1)

which belongs to E,,1(k + 1).
(b) We have

¢ ug + g 0 (up) = q_l(quUk + 6, (ug)).

By the nonsingularity of the matrix , the vector above is in the span of the vectors ¢*uy,+6,,(uy) €
E,1(k) and g™ *uy, — 0,(uy) € E,41(k + 1) (by Lemma . We make this calculation below.
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q "y, + 0, (uy,))

n—=k k+1 k+1 k
_ + -
1 (uw’“uk + 0, () + 1

(g — enwk)))

gk + ¢k gk +q
_ Z q lb san'n,k k + qk+1 - Z q—lb n ]:0—1 )le7
€€ (n,k) +qt e tm) + ¢~
which belongs to E,, 1 (k) ® E,+1(k + 1).
(c) We have

qkuk—l + q_len(uk—l) = q_l(qk+luk—1 + Qn(uk—l))-

We compute

¢ (" gy + O (ugr))

n—k+1 k+1 k+1 k—1
—1 (¥4 +q k—1 q —q
= Up—1 + O (up_1)) +
q (Spqn—k—i—l + qk—l (q k-1 ( k 1)) San—k-‘rl + qk—l

—1 n—k+1 k+1 -1 k+1
Z q 'er(eq +¢") Z ¢ e (" —q

V-0 +
(pqn—k—i—l + qk—l T e Qan_IH_l + qk—l
T q yK—

(o s = 1))

kfl)

Uri,
T€€¢(n,k—1)
which belongs to E,, .1 (k — 1) ® E,.1(k).
That completes the proof of the first case.
(i) oy = 1: We have v, = ©q" *vs — 0,,(vs), where vs € E, (k) and v, € E,1(k + 1).
By the induction hypothesis we may assume that (34)) and (35) hold.

We have, by (31)) and (32),

2+1(Ua> = AZH(San_kvﬂ — 0n(vg))
0" A (vg) — ¢ 0n (A} (vg))

k+1
= > (g — g 0a(uy).
j=k—1
We consider the three terms on the right hand side separately.

(a) We have

n—k+1

0" Fup1 — ¢ 0, (ue1) = ¢ (g Up—1 — On(up_1))

= ¢ D elpd" o = 0,(v)))

T€€¢(n,k—1)
-1
= E q CrUr1,
T€€¢(n,k—1)
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which belongs to E,,,1(k).
(b) We have

We compute

¢ (pg" " g — 0, (ur))

n—k+1 n—k n—k+1
L (el =g v +q K )
— up + 0, (ug)) + ————— (g™ "u, — 0, (u
(P S )+ EE S a6, u)
le n k+1 n— lb n— k+1_|_
- oy ¢ g il - Z q soqk q )le,

T€EG(n,k)

which belongs to E,, 11 (k) ® E,+1(k + 1).

(c) We have
eq" Muprr — ¢ On (1) = ¢ (g T M ugrn — On(wirn)).
We compute
g (pq" g1 — O (upsn))

(" M upyr + On(upir)) +

_ qfl (p(qn—k—&—l o qn—k—l) goq"_kH 4 qk:—i-l
gan—k—l + qk+1

n—k—1
e = en<uk+1)>)
n—k+1 n—k—l)

B g arplg —q R o A
- Z g R f gh L Uro + Z Dqn—R—1 f g Urt,
T€€¢(n,k+1) T€EG(N,k+1)

which belongs to E,,1(k + 1) & E,11(k +2).
That completes the proof of the second case.

(iii) oy = x, for some y € N,(n): Let X = X (x). Then v, = A(x)u(X)(vg) € W(x), where
vg € E,,_1(k)and v, € E,1(k+1).

By the induction hypothesis we have

k+1
Ar () = D wy, u € Eaa(h), j=k—1kk+1.

j=k—1

and we have linear combinations

Upy1 = E rVr, U = E brvr,  Up—1 = E CrUr.

7€€¢(n—1,k+1) T€€¢(n—1,k) T7€€¢(n—1,k—1)
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From Theorem [3.2] and we now have

ni1(Va) = a7 A (X)) (A (vg)),

and
1 (Va) =
Z qilaT/UTX + Z qile'UTX + Z qilCTU‘rxa
T7€€¢(n—1,k+1) T€EG(n—1,k) T€€¢(n—1,k—1)

which belongs to E,,11(k) ® Epi1(k+1)® E, 1 (k+2). O

5 A detailed example

Given o € &,(n, k), the algorithm of Section 3 writes v, as a linear combination of the standard
basis vectors, say, v, = Z cxX. Then A’ (v,) = Z g X X
XeBy(n) XeBy(n)

On the other hand, the algorithm of Section 4 writes A’ (v,) as a linear combination of the vg,
with N(3) € {k — 1,k, k + 1}. We can tally this expression for A’ (v, ) with the expression above
by substituting for v in the standard basis and expanding.

We now take ¢ = 2 and carry out this process forn = 0,1, 2.

We do not distinguish between a subspace and the (unique) matrix in Schubert normal form
whose column space is that subspace. The Schubert normal form for the zero subspace (in any
dimension) is denoted [ ].

(i)n =0: We have &(0) = {()}, and

(i) n = 1: We have &(1) = {(0), (1)} and

vy = []+[1] € Ei(0),
vay = @[] —[1] € E1(1).

(iii)) n = 2 : We denote the (unique) nontrivial character of [F5 by .

The number of subspaces in B(2) is 5 and the five elements of £,(2) are
{(0,0),(0,1),(1,0), (1,1), (x)}-
The element p(x) of the group algebra of H(2,F5) is given by
[ 10 } B { 11 }
01 0 1|
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Clearly X(x) = 0. We now write down the eigenbasis of .4, using Theorem Recall
our convention that we treat IF5 as the hyperplane in F2 consisting of all column vectors with last
component 0.

‘We have

Vo0 = v+ 0i(v)

REHIRER)

=t e 2] [l ] emo

Vo = 2¢ve) — bi(v))

= 2 (0+ g ]) -0 (0+]5])

- s [1]-[2]-[{][3 2o

vao = 2va) +6i(va)

vayy = wva) —bi(va))

o[ V]-e|1] ] ] e

Now we consider the action of A’ on our eigenbasis. The base cases for the induction are
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(i)n = 0: We have

Ag(vp) =[] =vp.
(i1) n = 1 : We have
Tve) = [1+27'1]
. pt2 1
= A Ot G O
Hvy) = el]—27"1]
® 20+1

= —_— U +—U .
200+1) O T 20p+1) W

(iii) n = 2 : We consider each vector v, @ € &(2), and apply the algorithm of Section 4 to write
A3(v,) as a linear combination of the vg, and then substitute the standard basis expressions for vg
and expand. In each case we find that the expression for .A5(v, ) agrees with the expression for v,
upto a multiplicative factor of 2~ 4™(X) for each subspace X € By(2).

(a) Using the expression for A} (v(o)) above and subcases (i)(b) and (i)(a) in the proof of Theorem

[1.2)we get

. 2+ 1)(p + 2 +2 1
A(vo0) (p+1)(p+2) ©

+ SE—
ot D2p+ 1) 'O T i )2p+ 1) (O T 4p 1) 10O
I e e e
N 210 2|1 2] a0 1]

(b) Using the expression for A} (v(o)) above and subcases (i1)(b) and (i1)(c) in the proof of Theo-
rem[I.2] we get

Ao ) 20(p+2) (p+2)(p+1)
POV e+ DEe+ D) Y T de e+ 1) Y
3p 220+ 1)

1,0) V(1,1)

e+ 0 T dpr e+
2l+e o | -3 0] -5]1]-1]0 1]

(c) Using the expression for A} (v(l)) above and subcases (1)(b) and (i)(c) in the proof of Theorem

[1.2)we get

2p(p +2) S 3¢
o+ 1)2p+1) VT 4(pr1)(2p+1
20+ 1)(p+4) 220+ 1)
Mo+ D +2) 0T a o+ Dipr2) Y

- ai- o]+ 5 9] 45 1)1 00 8]

21
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(d) Using the expression for Aj(v()) above and case (iii) of the proof of Theorem we get

As(v) = Sv

=5l -alh )

(e) Using the expression for A} (v(1)) above and subcases (ii)(b) and (ii)(a) in the proof of Theo-
rem[[.2] we get

. (20 +1) 220 +1)(p+1)
Alan) = Y0t Yo (e + 2 j o

4(p+ 1) (¢ + 2) ’ 4(p+1
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