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Abstract

The main focus of this thesis has been on the development of finite element methods for the
optimal control problem of laser surface hardening of steel governed by a dynamical system
consisting of a semi-linear parabolic equation and an ordinary differential equation. For the
purpose of applying numerical methods, we use a mathematical model where there is a phase
transformation from (ferrite 4+ pearlite) to austenite. The control function in the problem
consists of a term which helps in achieving the desired volume of austenite, a penalization
term, which restricts the increment of temperature beyond melting temperature of steel and
the cost due to the laser energy. The dynamical system consists of an ordinary differential
equation, which describes the evolution of austenite and a semi-linear parabolic equation
which shows the evolution of temperature during the formation of austenite.

The ordinary differential equation consists of a non-differentiable right hand side func-
tion, which restricts the development of mathematical and numerical methods. To avoid
this problem, the right hand side function has been regularized using a monotone regular-
ized Heaviside function with regularization parameter e. Then, the regularized problem has
been studied in literature for the existence, uniqueness and stability of the solution. It has
been shown that the solution of the regularized problem converges to the solution of original
problem with the order of convergence O(€) and then the existence of the solution for the
original problem has been established.

For the purpose of numerical approximation of the variables describing volume of
austenite, temperature and laser energy, finite element methods have been used and an-
alyzed. First of all, a continuous Galerkin method is applied for the discretization of space
and a discontinuous Galerkin method is applied for the discretization of time and control
variables. Optimal a priori error estimates of order O(h? + k), where h and k are space and
time discretization parameters, respectively, are developed.

Due to irregularity of solutions of the laser surface hardening of steel problem, a non-
uniformity in the triangulation of domain becomes relevant. Therefore, an hp-discontinuous
Galerkin method has been applied for discretization of space, and a discontinuous Galerkin

finite element method for time and control variables. A prior: error estimates obtained



are optimal in nature. Numerical results obtained justify the theoretical order of conver-
gences established. Also, adaptive finite element methods for the laser surface hardening of
steel problem using residual and dual weighted residual type estimators for space discretiza-
tion and a discontinuous Galerkin method for time and control discretizations have been

developed and used for numerical implementations.
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Chapter 1

Introduction

The main focus of this thesis is to study the optimal control problem of laser surface hard-
ening of steel, which is governed by a dynamical system consisting of a semilinear parabolic
equation and an ordinary differential equation with a non-differential right hand side func-
tion. To avoid the numerical and analytical difficulties posed by the non-differentiable right
hand side function, it is regularized using a monotone approximation of the Heaviside func-
tion and the regularized problem has been studied in literature. In this dissertation, first of
all we establish the convergence of the solution of the regularized problem to that of the orig-
inal problem and justify the existence of the solution of the original problem. We also study
discretization schemes using a continuous Galerkin (¢G) method for space variable and a dis-
continuous Galerkin (dG) method for time and control variables; using an hp-discontinuous
Galerkin finite element method (hp-DGFEM) for space variable and dG method for time
and control variables; Adaptive Finite Element Methods (AFEM) using residual and Dual
Weighted Residual (DWR) for space discretization and a dG method for time and control

variables.

1.1 Motivation

In most structural components in mechanical engineering, the surface is stressed. The pur-
pose of surface hardening is to increase the hardness of the boundary layer of a workpiece by
rapid heating and subsequent quenching. The desired hardening results in a change of the
micro structure. A few applications include cutting tools, wheels, driving axles, gears, etc.
One of the methods for the rapid heating of the workpiece is to use laser beam on the top of
the boundary layer. This is called laser surface hardening of steel. It is an optimal control

problem governed by a dynamical system of differential equations, consisting of a semi-linear



parabolic equation and an ordinary differential equation. The cost function in the problem
consists of a term which helps in achieving the desired volume of austenite, a penalization
term, which restricts the increment of temperature beyond melting temperature of steel and
the cost occurred due to the laser energy.

The hardening of steel can be achieved by different surface heat treatment procedures
like case hardening, induction hardening, laser hardening, etc. The reason for the possibility
to change the hardness of steel by thermal treatment originate from the occurring phase
transition (see Figure 1.1). At room temperature, steel in general is a mixture of ferrite,
pearlite, bainite and martensite. Upon heating, these phases are transformed to austenite.
The heated zone is rapidly quenched by self cooling, leading to further phase transitions and

the desired hardening effect. In case hardening [59], carbon is dissolved in the surface layer

— Self )
Ferrite Upon Cooling Ferrite
Heating Peai
Pearlite earlite
——P  Austenite —
Bainite i‘ Bainite
Martensite Martensite

Figure 1.1: Possible phase transitions in steel

of a low-carbon steel part at a temperature sufficient to render the steel austenite and then
quenched to form a martensite micro structure. The induction hardening [59] relies on the
transformer principle. A given current density induces eddy currents in the workpiece which
lead to an increase in the temperature of the boundary layers of the workpiece. The current
in then switched off and the workpiece is quenched by spray water cooling.

When the workpiece is very large or has a complicated geometry with curved edges,
laser hardening becomes attractive. In this process, the laser beam moves along the surface
of the workpiece, where the hardening is required, creating a heated zone around its trace
(see Figure 1.2). The laser radiation is absorbed by the workpiece, leading to the rapid
heating of its boundary layer. The heating process is accompanied by a phase transition
in which austenite is produced. Since the penetration depth of the laser beam is very
small, typically not more than 1mm, the heated zone is rapidly quenched by self cooling of
the workpiece accompanied by a growth of the surface hardness. To increase the scanning

width, sometimes the laser beam performs an additional oscillatory movement orthogonal



to the principal moving direction. Since the velocity of the moving laser beam is tried to

Laser Beam

Moving Direction

1

Heated Zone &—FAF P [ BT L 1Y [ 1] |

Workpiece

Figure 1.2: Laser hardening process

be kept as a constant, the most important control parameter is the laser energy. Whenever
the temperature in the heated zone exceeds the melting temperature of steel, the workpiece
quality is destroyed. Therefore, a precise adjustment of the laser beam is an important task,
especially when the laser approaches a workpiece boundary or when there are large variations
in the thickness of the workpiece.

The mathematical model for the laser surface hardening of steel has been studied in
[43], [44], [46], [52], [59], [82]. In this dissertation, we follow the model described by Leblond-
Devaux [52] for the case of two phase transition, that is, from (ferrite + pearlite) to austenite.
A study of different methods of discretization and their comparison for the optimal control
problem of the laser surface hardening of steel is conspicuous by its absence and hence is
studied in this dissertation.

We first state the existence, uniqueness and stability results for the regularized laser
surface hardening of steel problem given in the literature and then establish the convergence
of the solution of the regularized problem to that of the original laser surface hardening of
steel problem. Also, the existence of solution of the original problem is shown using the
convergence results. The regularized problem has been discretized using a ¢G method for
space and a dG method for time and control variables. A priori error estimates have been
developed to show the convergence of the approximate solutions to the exact solutions and

numerical results are presented to justify the theoretical results obtained.



Due to irregularity of solutions of the laser surface hardening of steel problem, a non-
uniformity in the triangulation of domain becomes relevant. Therefore, Chapter 4 has been
devoted to apply and analyze hp-DGFEM for the discretization of space, DGFEM for time
and control variables. Finally, AFEM using residual type and DWR type estimators for space
discretization and a dG method for time and control discretizations have been analyzed and

used for numerical implementations.

1.2 Preliminaries

We need some well known results and definitions, which we state in this section.

Let © denote an open bounded subset of R2.

Definition 1.2.1. (Functional Spaces [16]) For 1 < p < oo, let LP(Q)) denote the real

valued measurable functions ¢ on Q C R? for which / |p|Pdx < oco. The norm on LP(QY) is
Q
given by

1/p
16wy = ( / |¢|pdx) for1 < p < oo

In addition, let L>(S2) denote the real valued measurable functions which are essentially

bounded in €2 and with norm defined by

0] Loe () = €ss sup [¢(x)].
€N

For natural numbers m > 1 and 1 < p < oo, let W™P(Q) denote the Sobolev spaces, which
are defined by
Wmr(Q) ={¢ € LP(Q) : 0%¢ € LP(Q), |a] < m},

and for p = oo

Wm=(Q) = {o € L7(Q) : 9% € L™(Q), |a| <m},

2
where « is multi-valued index defined as o = (a1, az),; > 0, € N with |a] = Zai,
i=1

endowed with norm and semi-norm as

1/p
(P ——— ( ) ||8“¢||’2p<m) form =1

|oo| <m



and

1/p
|olwmr) = < Z l0%oll}, Q)> for m > 1, respectively.

|al=m
Forp =2, W™2(Q) = H™(Q) denotes the standard Hilbert Sobolev space of order m. H™(Q)

15 equipped with norm and semi-norm defined by

1/2

|| <m

and

1/2
Pl am(a) = ( Z "8a¢"%2(ﬂ)) for m > 1, respectively.

|a)l=m
Now, let I = (a,b) be an interval with —oo < a < b < oo, and let X be a Banach space with

norm || - ||x. For1 <p < oo, we denote LP(I; X) the space
LX)={¢: 1 — X'(b(t) is measurable in I and /H(b(t)Hg( < 00}
I

It is equipped with the following norm for 1 < p < oo
p
ol =  [lotoiar)

19llzrix) = esssup [[6(2)] x-
tel

and for p =00

When —oo0 < a < b < 00, the space
C(;X)={¢:1 — X|¢ is continuous in I}

is a Banach space equipped with the norm, ||¢|lc.x) = max llo(t)|| x-
€

Definition 1.2.2. (Lipschitz Continuous [16]) Let X andY be normed spaces with norms
as ||+ |lx and || - ||y, respectively. A function f: X — Y is called Lipschitz continuous, iff

there exists a smallest C > 0, called the Lipschitz constant, so that for all z,y € X, we have

1F (@) = FW)lly < Cllz = yllx-

10



Definition 1.2.3. (Strong Convergence [40]) A sequence {x,} € X in a normed space

X is said to be strongly convergent if there exists an x € X such that
lim ||z, —z||x = 0.
n—oo

Definition 1.2.4. (Lower Semi-Continuous [38]) Let X be a Banach Space and
J X — RU{—00,0} be an extended real valued function. Then, J is lower semi-

continuous at xq if

o S
hmmlg)f( J(x) > J(x0).

Definition 1.2.5. (Weak Convergence [40]) Let X be a normed space. Then {z,} € X
is said to be convergent to x € X weakly, iff f(x,) — f(x), for all f € X*, where X* is the
dual of X.

Definition 1.2.6. (Weak-* Convergence [40]) Let ¢,, be a sequence of bounded linear
functions on normed space X, then weak-* convergence of ¢, means that there exists a
function ¢ € X* such that

On(x) — P(x) Ve X.

Lemma 1.2.1. (Young’s Inequality) Let a and b be two positive numbers and 1 < p,q < oo

1 1
be such that, — + — = 1, then the following inequality holds true:
p g

afP b
ab < — + —.
p q

Definition 1.2.7. (Contraction [40]) Let X = (X,d) be a metric space. A mapping
T : X — X is called a contraction on X if there is a positive real number o < 1 such that
forallx,y € X

d(Tz, Ty) < ad(zx,y).

Theorem 1.2.1. (Theorem of Carathéodory [87]) Let the function f : J x K — R

satisfy the Carathéodory conditions, i.e., for all 1 =1,2,-- - n,

t — fi(t,z) is measurable on J for each x € K;

x — fi(t,z) s continuous on K for almost all t € J,

11



where J = {t € R: |t —to| < 1o} and K = {x € R" : |x — x| < r} and there exists an

integral function M : J — R (magjorant) such that
Ifit,x)| < M(t) ¥V (t,x) e Ix K Yi=1,2,--- n.

Then,

(a) there exists an open bounded neighbourhood U of ty and a continuous function

x() : U — R™ which solves the integral equation
t
x(t) = xo +/ f(s,x(s))ds, teU
to
(b) for almost all t € U, the derivative x'(t) exists and
Z'(t) = f(t,z(t)) t €U, x(ty) = o, (1.2.1)

holds.

(¢c) The components (1(-), -+, Cn(+), of z(t), have generalized derivatives on U, and z(-) is

a solution of (1.2.1) on U in the sense of generalized derivatives.

Theorem 1.2.2. (Banach Fixed Point Theorem [40]) Consider a nonempty metric
space (X, d). Suppose that X is complete and let T : X — X be a contraction on X. Then,
T has precisely one fized point.

Lemma 1.2.2. (Hoélder’s inequality [16]) Let 1 < p,q < oo be such that 1/p+1/q = 1.
Suppose that ¢ € LP(Q) and ¢ € LI(Y). Then

Qé¢wdxf;<ljmpmﬁup(AhM%M)ug

Lemma 1.2.3. (Generalized Holder’s inequality [16]) Let 1 < p, ¢, r < oo be such
that 1/p+1/q+ 1/r = 1. Suppose that ¢ € LP(Q2), ¢ € LI(2) and x € L"(2). Then

< (1o @) ” ([ 1oira) " ([ as) "

Aw%m

12



Lemma 1.2.4. (Cauchy-Schwarz inequality [16]) For Q C IR?, suppose that ¢, €
L*(Q). Then, ¢v» € L'(Q) and

(o) = (fe) (o)

Lemma 1.2.5. (Gronwall’s Inequality [27]) Let I denote an interval of the real line of
the form |a,00),[a,b] or [a,b) with a < b. Let 3 and u be real valued functions defined on I

that are continuous. If B is non-negative and u satisfies the integral inequality

u(t) < a +/ B(s)u(s)ds, tel,

then

ult) < aexp(/:ﬁ(s)ds), tel.

Definition 1.2.8. (Directional derivative) Let X and Y be two normed spaces, X, be
a non-empty open subset of X and g : Xg — Y be a given mapping. If for two elements

r € Xy and v € X the limit

§/(2)(v) = lim gz + ) —g()
7—0 Y
exists, then ¢'(z)(v) is called the directional derivative of g at x in direction v. Moreover, if
the limit
g'(x +y0)(v) - g'(x)(v)

" — 1
¢'(@)(v,0) = limy - ,

exists, then, g"(x)(v,v) is called the second order directional derivative of g in the direction

of v.

Definition 1.2.9. (Gateaux derivative) Let X and Y be two normed spaces, Xy be a
non-empty open subset of X. A directionally differentiable mapping g : Xo — Y is called
Gateauz differentiable at x € X, if the directional derivative ¢'(x) is a continuous linear

mapping from X to Y. ¢'(x) is then called Gateauxr derivative of g at x.

Definition 1.2.10. (Fréchet derivative) Let X and Y be two normed spaces, Xo be an

open non-empty subset of X and g : Xg — Y be a given mapping. Furthermore, let an

13



element x € Xy be given. If there is a continuous linear mapping ¢'(x) : X — Y with the

property

lg(z +v) —g(z) — ¢'(z)(v)[ly
J[o]lx —0 vl x

=0,

then ¢'(x) is called the Fréchet derivative of g at  and g is called Fréchet differentiable at

x.

Consider the control problem,

min j(u), (1.2.2)

u€Ugyq
J being the cost functional and U,, being the space of admissible controls.

Definition 1.2.11. (Local Optimal Solution) A control u € U,y is called the local op-
timal solution of the optimization problem (1.2.2) if there exists a neighborhood Uy C Uy

containing v such that

j(u) < j(p)  Vp € U

Theorem 1.2.3. (First Order Necessary Optimality Condition) Let the reduced cost
functional j be Gateaux differentiable on a convexr subset Uy C Uyy. If u € Uy is a local
optimal solution of the optimization problem (1.2.2), then there holds the first order necessary
optimality condition

J (W) (p—u)>0 Vpe€ Uy.

Definition 1.2.12. ( Uniformly (Strongly) Convex Functions [35])) Let S C R? be a
non-empty convex set. A function f:S — R is said to be uniformly convex, when, for all

pairs (z,x') € S x S and 0 < X < 1, there exists a constant C > 0, such that
1
FOz+ (1= Na') < Mf(2) + (1= N f() = O = N}z —2'|]*

Remark 1.2.1. The generic constant C' > 0 takes different values at different instances and

will be used throughout this dissertation.
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1.3 The Laser Surface Hardening of Steel Problem

We present a mathematical model for the laser surface hardening of steel problem based on
[52]. The laser surface hardening of steel problem is formulated in terms of a distributed
optimal control problem in which the state equations are composed of a semi-linear parabolic
equation and an ordinary differential equation describing the evolution of temperature and

austenite, respectively.
Mathematical Modeling

Let © C R? be a convex, bounded domain with Lipschitz continuous boundary 99, Q = Qx I
and X = 0Q x I, where I = (0,T). According to Leblond and Devaux [52], the evolution
of volume fraction of the austenite a(t) for given temperature evolution 6(t) is described by
the initial value problem:

1

Oa= fi(0,a) = @ [aeq(0) —aly  in @, (1.3.1)

a(0) = 0 inQ, (1.3.2)

where a.,(0(t)), denoted as a.,(f) for notational convenience, is the equilibrium volume
fraction of austenite and 7 is a time constant. The term [a.,(6) —a]+ = (aeq(0) —a)H(ae,(0) —

a), where H is the Heaviside function

1 s>1
0 s<0,

H(s) =

(aeq(8) — @) + |aey () — af
) :
Neglecting the mechanical effects and using the Fourier law of heat conduction, the

denotes the non-negative part of a.,(0)—a, that is, [a.,(0) —a]+ =

temperature evolution can be obtained by solving the non-linear energy balance equation

given by

pc,0ld —K A0 = —pLa,+ou  in Q, (1.3.3)
00) = 6, inQ, (1.3.4)

15



00

n 0 on, (1.3.5)

where the density p, the heat capacity c¢,, the thermal conductivity K and the latent heat
L are assumed to be positive constants. The term u(t)a(x,t) describes the volumetric heat
source due to laser radiation, w(t) being the time dependent control variable. Since the
main cooling effect is the self cooling of the workpiece, homogeneous Neumann conditions
are assumed on the boundary. Also, 6, denotes the initial temperature.

To maintain the quality of the workpiece surface, it is important to avoid the melting
of surface. In the case of laser hardening, it is a quite delicate problem to obtain parameters
that avoid melting but nevertheless lead to the right amount of hardening. Mathematically,
this corresponds to an optimal control problem in which we minimize the cost functional

defined by:

J(G,a,u):%/ﬂ\a(T)—ad\dejL / /«9 Om)2 da dt+@/ |u|*dt (1.3.6)

0
subject to state equations (1.3.1) — (1.3.5) in the set of admissible controls U,q, (1.3.7)

where Uyg = {u € U : 0 < u < Upge ae. in I}; U= L*(I), Upmqe > 0, denoting the maximal
intensity of the laser, (31,32 and (3 being positive constants, a,; being the given desired
fraction of austenite. The second term in (1.3.6) is a penalizing term that penalizes the
temperature below the melting temperature 6,,,.

For theoretical, as well as computational reasons, the term [a., —a]+ in (1.3.1) is regu-
larized using a monotone regularized Heaviside Function (see Figure 1.3) and the regularized

laser surface hardening problem is given by:

mbn J(0c, ac, ue) subject to (1.3.8)

ue€Ugq
1

atae = f6(9€7 ae) = m(&eq<ee) - ae)He<aeq<ee) — (IE) in Q, (139)

a(0) = 0 inQ, (1.3.10)

pcOlle — K A0, = —pLoa.+ oue in Q, (1.3.11)

0.(0) = 6y inQ, (1.3.12)

gie = 0 onJ (1.3.13)

16



where J(0,, ac,u.) = %/ lae(T) — agl*dr + = / / *dxds + —/ |uc|*ds and
Q

H. € CH1(R) is a monotone approximation of the Heaviside function satisfying H.(

for z < 0, defined by

1 s> €

He(s) = ¢ 10(£)5 —24(2)° +15(2)* 0<s<e
0 s <0
We now make the following assumptions [47]:
(A1) aeq(z) € (0,1) for all z € R and ||aegl|crm) < o

(A2) 0<r<7(x)<Tforall z € R and ||T]|cr(r) < ¢

(A3) 6y € HY(Q), 6y < 0,, a.e. in Q, where the constant 6,, > 0 denotes the melting

temperature of steel;
(Ad) a e L=(Q);
(A5) u e L2(I);

(A6) aq € L>®(Q) with 0 < ay <1 a.e. in Q.

15 T u 15
= = = Regularized|Heaviside Function Heavisidd Function
1f o — - 1r
]
]
]
1
1
0.5f 1 1 0.5
1
1
1
]
0 ! 0
-0.5 : : -0.5 : :
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5

Figure 1.3: Regularized Heaviside(H.) function and Heaviside(H) function
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1.4 Literature Review

A lot of work has been devoted to the description of the kinetics of metallurgical transforma-
tion of steel. The reason why one can change the hardness of steel by thermal treatment is
because, on heating, steel which is a mixture of ferrite, pearlite, beanite and marstentite gets
transformed to austenite. During cooling, austenite is transformed back into different phases
with the actual phase distribution depending on the cooling strategy. For an extensive sur-
vey on mathematical models for laser material treatments, we refer to [59]. In [2], [46], the
mathematical model for the laser hardening problem is discussed and results on existence
of solution, regularity and stability are derived. In [45], laser and induction hardening has
been used to explain the model and then a finite volume method has been used for the space
discretization in the numerical approximation. The mathematical modeling for austenite-
pearlite-martensite phase change in eutectoid carbon steel is presented in [43], [44] and [82].
The model is based on Scheil’s additivity rule (see [82]) and the Koistinen-Marburger for-
mula. Existence and uniqueness results are also established in [2], [43]-[48], [84]. In [52], first
of all a model is described for case of (ferrite + pearlite) to austenite transformation. Later
on it is generalized to the case of n phases and several possible transformations.

In [47], the optimal control problem is analyzed and the related error estimates for the
state system are derived using proper orthogonal decomposition (POD) Galerkin method.
For the purpose of numerical implementation, a penalized problem is also considered. In [84],
a nonlinear conjugate gradient method has been used to solve the optimal control problem
and a finite element method has been used for the purpose of space discretization.

During phase transition in the surface hardening of steel process, maintaining the qual-
ity of the workpiece is an important and difficult task to avoid melting of surface. In laser
surface hardening of steel problem laser energy serves as a control because velocity of the
laser beam is tried to be kept a constant to maintain quality of workpiece. This leads to
an optimal control problem with laser energy as a control function. The cost functional in
the problem is comprised of achievement of desired austenite, a penalization term, which re-
stricts the increment of the temperature beyond melting temperature and the cost occurred
due to the laser energy. In [46], the optimal control problem of laser surface hardening is
given with pointwise state constraints. Using proper orthogonal decomposition, the optimal

control problem is solved using gradient projection method in [47]. More details about the
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phase transition and simulation of surface heat treatment can be found in [45].

Control problems have been of great importance in many engineering applications. For
a systematic study of optimal control problems governed by PDEs, we refer to [58] and
[64]. Extensive research in the area of optimal control problems governed by PDEs are
being done since the last four decades and is still going on. For optimization problems
governed by linear elliptic and parabolic equations, we refer the reader to [24]-[26], [80] and
[1], [12], [41], [49], [60], [76], respectively. Some research papers which discuss optimal control
problems governed by non-linear elliptic and parabolic equations are [33], [34] and [2], [71],
[81], respectively. For a study of applied optimal shape design for fluids, we refer to [69].

Some numerical methods have also been developed in the past for the optimal control
problem of laser surface hardening of steel. In [47], the optimal control problem is analyzed
and the related error estimates for the state system are derived using proper orthogonal
decomposition (POD) Galerkin method. For the purpose of numerical implementation, a
penalized problem is also considered. In [84], a variant of non-linear conjugate method has
been applied to solve the optimal control problem numerically. For the purpose of discretiza-
tion in space, finite element method has been applied with piecewise linear approximations
and for the time discretization implicit Euler scheme has been used. In [78], Ricatti method
has been applied for the optimization of laser surface hardening of steel with checkpointing
technique. In [31], the focus is on the discretization of state, adjoint and control variables
using a ¢G method for space discretization and a dG method for time and control discretiza-
tion. A priori error estimate obtained for the control error in this paper are of optimal
order. To solve the optimization problem, primal-dual strategy has been applied and non-
linear conjugate method has been used to solve it numerically.

The original laser surface hardening of steel problem has a non differentiability in the
right hand side function, which is f, = %[aeq(ﬁ) — a]4, where 7, a., are smooth functions
of # and 6, a are the temperature and the austenite, respectively. To overcome this problem
of non differentiability, regularization of f with the help of monotonic regularized Heaviside
function has been done in [2], [45], [47], [48] and [84]. Then, existence, uniqueness and
stability results are shown for the regularized problem. In [47], existence and uniqueness
results are proved for a very specific laser surface hardening of steel problem, although
existence and uniqueness for an optimal control problem governed by non linear parabolic

problems are shown in [2]. Also, existence, regularity and stability results for the finite
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element approximation are shown, although the rate of convergence is not established. In
this thesis, it is shown that, the solution of the regularized problem converges to the solution
of original problem. Also the optimal control for the regularized problem converges strongly
to that of the original problem in L? sense.

Even though the articles mentioned above discuss the existence results and different
methods for the numerical approximation of the problem of laser surface hardening of steel,
a priori error estimates have not been developed in any of the papers [2], [45], [47], [48] and
[84]. It is important to estimate a priori error estimates for both semi-discrete and complete
discrete problem of laser surface hardening of steel for the purpose of deriving the rates of
convergence. For the optimal control problems governed by linear state equations, a prior:
error estimates of the finite element method were established long ago, see for example [24].
It is however, much more difficult to obtain such error estimates for control problems where
the state equations are nonlinear or where there are inequality state constraints. For a class
of nonlinear optimal control problems with equality constraints, a priori error estimates
were established in [33]. In [62] and [63], a priori error estimates have been developed,
respectively, for unconstrained and constrained optimal control problems governed by linear
parabolic equation. In this thesis, a priori error estimates for the laser surface hardening
of steel problem are developed using a ¢cG method for space variables and a dG method for
time and control variables.

Since laser surface hardening problem has a nature of irregularity near the heated
zone or boundary, application of non-uniform mesh becomes important. Using non-uniform
meshes can become quite expensive during the computations. Since near the boundary of the
domain in this problem, a more refined mesh is needed, using DGFEM can help in obtaining
a refined mesh near the boundary. Although DGFEMs for the numerical approximation
of elliptic and parabolic problems were introduced in the early 1970’s (see [20] and [86]),
DGFEMs for non-linear problems have been studied and used only since the last few years.
The motivation for the development of these methods is the flexibility of choosing local
approximation spaces. These methods help in obtaining nonuniformity in the construction
of meshes for the numerical approximation and are generalization of work by Nitsche [66]
for treating Dirichlet boundary condition by introduction of penalty term on boundary. In
1973, Babuska [5] introduced another penalty method to impose the Dirichlet boundary
condition weakly. Interior Penalty(IP) methods by Wheeler [86] and Arnold [3] arose from
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the observations that just as Dirichlet boundary conditions, interior element continuity can
be imposed weakly instead being built into the finite element space. We refer the reader
to review article [18] for various motivations in developing the dG methods over the last
30 years. For a review of work on DG methods for elliptic problems, we refer to [4], [70].
[28]-[30] discuss DG methods for quasilinear and strongly non-linear elliptic problems. In
[74] and [75], a non symmertric interior penalty DGFEM is analyzed for elliptic and non-
linear parabolic problems, respectively. For a detailed description of DGFEM for elliptic and
parabolic problems, we refer to [73]. In [50], an hp-version of DGFEM has been developed
for semilinear parabolic problems. In this dissertation, we develop a priori estimates when
the space variable is discretized using an hp-DGFEM and the time and control variables
using a DGFEM.

Adaptive finite element methods (AFEM) are one of the techniques to gain non-
uniformity over the heated zone. Under this method, mesh obtained are dependent on
the approximate solution and therefore it helps in refinement or coarsening of the mesh at
certain areas. In AFEM, the solution is first found on a coarser mesh and then a posteriori
error estimates are determined using the given data. Based on these estimates, the mesh
is refined or coarsened further. For the purpose of deriving a posteriori error estimates,
different methods such as, heuristic methods [83], local error estimation [83], residual [[6],
[21], [22] and [83]] and Dual Weighted Residual (DWR) methods [[8], [13], [14]] have been
used in literature. The use of adaptive technique based on a posteriori error estimation is
well accepted in context of finite element discretization of partial differential equations, see
Bank [9], Becker and Rannacher [8], [13], [14], Eriksson and Johnson [21], [22], Verfurth [83].
For a posteriori error estimates for elliptic equations using residual type estimator, see for
example, [6], [9] and [83]. Estimates using DWR method are developed in [8], [13], [14] and
the references cited in there. AFEM for linear parabolic problems are also studied in [21],
[22] using residual type estimators and in [8] using DWR type estimators, to mention a few.

In the last few years, the application of these techniques have also been investigated
for the optimization problems governed by partial differential equations. Energy type error
estimation for the error in the control, state and adjoint variables are developed in Liu, Ma,
Tang, Yan [53] and Liu and Yan [55], [56] in the context of optimal control problem governed
by elliptic equations subject to pointwise control constraints. These techniques are also been

applied to optimal control problems governed by linear parabolic differential equations, see

21



Liu, Ma, Tang, Yan [54], Liu, Yan [57]. In Picasso [68], an anisotropic error estimate is
derived for the error due to the space discretization of an optimal control problems governed
by the linear heat equation. These papers use residual type estimators.

For optimal control problems governed by elliptic equations, a posteriori error esti-
mators have been developed in [10], [11], [55], [56] and [72]. However, for optimal control
problems governed by the heat equation, there are only a few papers with a posteriori error
estimators, which are based on residual method [54], [57] and [68] and DWR methods [61],
[72]. DWR is useful in applications where the error bounds in global norms (energy and L?
norm) may not be important, but error bounds on some quantity of physical interest are
useful.

In Becker and Kapp [10], Becker, Kapp and Rannacher [11] and Becker and Rannacher
[13],[14], a general concept for a posteriori estimation of the discretization error with respect
to the cost functional in the context of optimal control problems is presented. The DWR

approach in these papers is to obtain an estimate of the type
J(0,a,u) = J (05, a5, us) = 1 + 0 + 171,

where 1/, and 7] are the errors due to the space, time and control discretizations and o
is the discretization parameter representing space, time and control discretizations and J is
the cost functional. In this thesis, both residual and DWR estimators are developed for the
laser surface hardening of steel problem and numerical results are presented for the methods

with theoretical justifications.

1.5 Organization of the Thesis

The organization of the thesis is as follows. Chapter 1 is introductory in nature. In Chap-
ter 2, weak formulation for the original problem (1.3.6)-(1.3.7) and regularized problem
(1.3.8)-(1.3.13) are given. Then the existence and uniqueness of solution of the laser surface
hardening of steel problem, for a fixed control is shown, using the results already established
for the regularized laser surface hardening of steel problem in literature. We have also shown
that the solutions of the regularized problem converges to that of the original problem as

the regularization parameter ¢ — (0. Numerical results justifying the theoretical order of
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convergence obtained, in terms of € are presented at the end of the Chapter 3.

In Chapter 3, first of all a semi-discrete and a fully discrete formulation using a cG
method for space discretization and a dG method for time and control discretizations for the
laser surface hardening problem (1.3.8)-(1.3.13) are presented. Based on these discretiza-
tions, a priori error estimates have been developed, which are of optimal order, at different
discretization levels. Finally, numerical results have been presented in order to justify the
theoretical results obtained.

Chapter 4 is devoted to an hp-DGFEM, which by nature helps in obtaining local flex-
ibility. At first a weak formulation, semi-discrete and fully discrete formulations are given
with an hp-DGFEM method applied for space, and a dG method applied for time and con-
trol discretizations. Then, a priori error estimates of optimal order have been developed.
Finally, numerical experiments are presented for the same.

In Chapter 5, two types of adaptive finite element methods namely residual method
and DWR method have been developed. AFEM, which ensures a higher density of nodes
in certain area of the computational domain, is an important tool to boost the accuracy
and efficiency of the finite element discretization. Residual and DWR type error estimators
depending on the error in space, time and control variables are developed and a refinement
or coarsening of the computational domain based on these estimators is done for an efficient
numerical implementation. Numerical results along with comparison of both the methods is
also presented.

Conclusion and critical summary of the main results obtained in this thesis are discussed

in Chapter 6. Also, some possible future extensions have been described.
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Chapter 2

Regularization Error Estimates for
the Optimal Control Problem of Laser

Surface Hardening of Steel

2.1 Introduction

Consider the optimal control problem of laser surface hardening of steel which is governed by
a dynamical system consisting of a semilinear parabolic equation and an ordinary differential

equation with a non differentiable right hand side function f,, defined as

min J(6,a,u) subject to (2.1.1)
u€Uyq
1 .
Oa = fi(0,a) = %[aeq(e) —aly  inQ, (2.1.2)
a0) = 0 inQ, (2.1.3)
pc,0l) —K A0 = —pLay+aou  in Q, (2.1.4)
0(0) = 6, inQ, (2.1.5)
06
n 0 on, (2.1.6)

with the notations as defined in Section 1.3. To avoid the numerical and analytic difficulties
posed by f., this function is regularized using a monotone Heaviside function and the reg-
ularized problem has been studied in literature, see [2], [43]-[48], [84].

The regularized laser surface hardening of steel problem is given by

min J (0, a, uc) subject to (2.1.7)

Ue eUad
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Oae = fe(Oc,a) = 0 )(aeq(ee) ac)He(aeg(0) —ac)  in @, (2.1.8)
a(0) = 0 inQ, (2.1.9)
pcpOfe — K AO. = —pLOa.+au. in Q, (2.1.10)
6.(0) = 6 inQ, (2.1.11)

2.
o 0 onZ. (2.1.12)

_ ﬁl 2 62 T 2 63 T 2
where J(0., ac,u.) = — [ |a(T) — aq|°de + —= 0 — 0,,)5 dxds + — |ue|*ds. In
2 Jo 2 Jo Ja 2 Jo
this chapter, we focus on establishing the convergence of solution of the regularized problem
(2.1.7)-(2.1.12) to that of the original problem (2.1.1)-(2.1.6). The estimates, in terms of the
regularization parameter e, justify the existence of solution of the original problem.

This chapter is divided into three sections. In Section 2.2, the existence, uniqueness and
stability results for solution of regularized laser surface hardening of steel problem, which
are already there in the literature are presented. Section 2.3 is devoted to estimate the rate
at which the solution of the regularized problem converges to that of the original problem
for a fixed control u. Also, the convergence of the optimal control of the regularized problem

to that of the original problem in the strong sense is proved.

2.2 Existence and Uniqueness Results for the Regular-
ized Laser Surface Hardening of Steel Problem

In this section we present the existence results for the system (2.1.7)-(2.1.12) available in

the literature [47]. For continuity of presentation, we prove the relevant results.

Lemma 2.2.1. [47, page no. 4] With (A1)-(A6) holding true, we have:
(a) if 0. € L(Q), then (2.1.8)-(2.1.9) has a unique solution satisfying

0<a.<1 ae in@Q (2.2.1)
and

aellwroo(r,L00)) < M (2.2.2)
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with a constant M independent of 0..
(b) if Oc1,0.0 € L?(Q),1 < p < 00, and a.1,a.o are the corresponding solutions to (2.1.8)

(2.1.9), then there exists a constant C' > 0, such that for allt € I,

t
[ ae,QHi’ép(Q) < C/O 101 — ‘9e,2HiI§p(Q)d5

(c) if 0. € L*(Q) and {0k }ren C L*(Q) with lim 10c1 — Ocllz2(@) = O, then

Qe — ae strongly in C(I, L2 ﬂH (1, L2 (2.2.3)

where ac, and a are the solutions to (2.1.8)-(2.1.9) with temperatures 0.5, and 6., respectively

Proof: Using assumptions (A1l)-(A2) and Theorem of Carathéodory, (2.1.8)-(2.1.9) has a

unique solution. For (2.2.1), consider
1 1
Oa, = =) (Geq(0c) — ac)He(aeq(0e) — ae) < £<1 —a)
That is, we have
1
. (2.2.4)

1
8tae + — e S -
T T

Solving (2.2.4) with integrating factor as e%, we obtain

a.(t) < 1.

Since da. = fe(0e,a.) > 0 and a.(0) = 0, we have a. > 0. Also, using (A1)-(A2),

llac| oo (r,000(0)) < M, ||Orac|| L) < ||T(6 (aeq(0) — a)| L) < %(ca+M), and hence (2.2.2)

holds true.

Now we prove (b). Let 6, = 0.1 — 0.2 and ac = a.1 — a.2. From (2.1.8), we have

8ta'5 = fE(eE,la ae,l) - f5(95,27 ae72)- (225)

Multiplying (2.2.5) by a?*71, 1 < p < oo, integrating over ) and using Lipschitz continuity

of f, we obtain
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e < ([ [ (00 + o )asis). (226)

t
or / / |0, ||ac|**~dxds, apply Young’s inequality, to obtain,
0o Ja

t t
! oGOl F <c(i/ /|95|2pdxds+( 1)/ /|ae|2pdxds>. (2.2.7)
2p Jy Ja 0o Ja

Applying Gronwall’s lemma, we have

las — @l Zg < C / 161 0.2l

which proves (b).
To prove (c), let {6} C L*(Q) with klim 10c.k — Ocl|l2(@) = 0. For p=11in (b), we obtain

t
laci — aca® < C/ 10c1 — Oc2||*ds. (2.2.8)
0
Using (2.2.8), we have
t
|| e x —al® < C/ 1|Oc.k — 0,|*ds. (2.2.9)
0
I [0utcs — Bl = 1B acs) — Fo(6erac) | we obtain
|0sacr — Oac||* < C(Hﬁgk —0)? + ||ack — aeHz). (2.2.10)

From (2.2.9) and (2.2.10), we obtain (2.2.3), which proves (c). O

Before proving existence of solution to the problem (2.1.8)-(2.1.12), for a fixed control
u € U,qg, The next theorem ensures the existence and uniqueness of solution of the system

(2.1.8)-(2.1.12) ([47], Theorem 2.1).

Theorem 2.2.1. Suppose that (A1)-(A6) are satisfied. Then, for a fized control u € U,g,
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(2.1.8)-(2.1.12) has a unique solution
(0, ac) € HYH(Q) x WH(1; L(Q)),

where HY' = L?(I; HY(Q)) N HY(I; L*()) is a Hilbert space endowed with a common inner
product.

~

Proof: Let K = {0, € L*(Q) : ||6.]| < M, 6.(0) = 6y}, where M is large enough. For a fixed

éE € K, let a. be solution to

~

Oae = fe(Oe,a0) in Q, (2.2.11)

a.(0) = 0 inQ. (2.2.12)

Since 6, € L'(Q), using Lemma 2.2.1(a), (2.2.11)-(2.2.12) has a unique solution satisfying
a. € WHe(I, L>(Q)). For this a, and fixed u € U,q, (2.1.10)-(2.1.12) has a unique solution
.. Now, we prove the a priori bound for .. Multiply (2.1.10) by 6. and integrate over 2 to

obtain
d
pgp N0 + KIIVO|* = —pL(iac, 0) + (au, 6c)

Integrating from 0 to ¢, using Cauchy-Schwarz and Young’s inequalities, we obtain

t t t
10,1 + / |!V9e!\2d8§0(|!90H2+ / (9racll® + [u?)ds + / Hﬁeszs)- (2.2.13)

Using Gronwall’s Lemma, we obtain

0.0 < c(ueo|12+ / <|rataeu2+|u|2>ds). (2.2.14)

Using (2.2.14) on the right hand side (2.2.13), we obtain

t
10.0) ety < C<|!90|!2+ / (Hﬁtaellz+lul2>d8)- (2.2.15)

Now, multiply (2.1.10) with 0,0, integrate over €2, use Cauchy-Schwarz and Young’s inequal-

28



ities and then integrate from 0 to ¢, to obtain

/Ot 10:0:]?ds + | VO.)||* < C(HV@OHQ + /Ot (|]8ta€H2 + \u\Q) ds). (2.2.16)
Using (2.2.2), u € Uyq, using (A3), (2.2.14), (2.2.15) and (2.2.16) we have the results
10| oo (1,11 0)) < C (2.2.17)
and
10| 7720 < C. (2.2.18)

Define an operator F' : K C L*(Q) — L*(Q) by F(f,) = 6.. F is well-defined. From
(2.2.18), we have 0, € H"(Q) with 6.(0) = 6, and hence F(K) C K, for M large enough.
Now, we want to show that F' is a contraction map. Let ém- € [A(, for i = 1,2,

i = F(éu) and 0, = ée,l — 9}72. Then 6. = 0.1 — 0.5 solves the system

~ ~

pcp0if. — K ANO. = —pL(f(Oc1,ae1) — f(Oc2,aec2)) in Q, (2.2.19)
gie = 0 on X, (2.2.20)
0.(0) = 0 in Q. (2.2.21)

Multiplying (2.2.19) with 6., integrating over €2, using Cauchy-Schwarz and Young’s inequal-

ities and integrating from 0 to ¢, we obtain

t t
|mW+Avawsscﬂ(wwwaa—ﬂ&wmwﬂwmﬁ@.@zm)

Using Proposition 2.2.1 and Lemma 2.2.1(b), we obtain

t t
|mW+AvawsscA(MW+ww)w

Finally, use Gronwall’s lemma and integrate once more from 0 to ¢ to obtain

t T
/H9€H2ds < tC(T)/ 16, |2ds.
0 0
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Hence for T < T, small enough, F is a contraction on L?*(0,T+; L?(Q2)). Since F is also
defined from K to itself, we can apply Banach fixed point theorem. This implies that F
has a unique fixed point 6., which is a local solution to (2.1.8)-(2.1.12). Using bootstrap
argument and Lemma (2.2.18), we can extend the local solution 6, to the whole interval I.

This completes the proof. O

Proposition 2.2.1. Due to (A1)-(A2) and the definition of reqularized Heaviside function,

there exists a constant cy > 0 independent of 0. and a. such that

Of. afe
max([|fe(0c, ac)llz=(@), [l 5 (0, ac) =@y, |5 (Oe ac) | 2@)) < ¢

for all (0.,a.) € L*(Q) x L=(Q).

Proof:

f(be; ac) = @(aeq(ee) — ac)H(acg(0c) — ac) <

Ca

N =

as from assumption (Al), ||ael] < ¢q, from assumption (A2), 7(6.) > 7, by definition of
regularized Heaviside function H < 1 and a. < 1 from Lemma 2.2.1. For the boundedness

of f,., we have

1 1 ,
|[fa(0e, ac)| = \@H(aeq(&) ac) + @(aeq(ee) — ac)H'(acq(0c) — ac)|
1 1 1
< =4 —eC-
r T €
< ol
T
The boundedness of fp, can be proved similarly. O

For u! € U, let (0F,af) be the solution of (2.1.8)-(2.1.12). The existence of a unique
solution to the state equation (2.1.8)-(2.1.12) ensures the existence of a control-to-state
mapping u. — (0, ac) = (0c(ue), ac(u.)) through (2.1.8)-(2.1.12). By means of this mapping,

we introduce the reduced cost functional j. : U,y — R as

Je(ue) = J(0c(ue), ac(ue), we). (2.2.23)
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Then the optimal control problem can be equivalently reformulated as

min j(u). (2.2.24)

ue€Uyq

Theorem 2.2.2. Let (A1)-(A6) hold true. Then there exists at least one optimal control u}
to (2.1.7)-(2.1.12).

Proof: Let [, = ing Je(ue) and {uc,} C Uyg be a minimizing sequence such that
ue€Uqqd

jE(ue,n) — le iIl R (2225)

Since U,q is bounded, the sequence {u.,} is bounded uniformly in L?(I). Therefore, one can

extract a subsequence {u.,}(say), such that
Uen — ul weakly in L*(I).

Since the admissible space U,q is closed and convex, we have u! € U,y. Corresponding
to each u,,, we have (0., a.,) € HY x WH(I,L>°(Q)) satisfying (2.1.8)-(2.1.12). Also,
Ocn € L°(1,V). Therefore, one can extract a subsequence {(6c,a.n)} (see Corollary 4 in

[77]), such that

Oen, — 0 weakly in HY

Ocn — 0F strongly in C(I, L*())
From Lemma 2.2.1, we obtain

Qe — a strongly in L>(I, L*())

Qe — af weak-* in W2°(I; L=(9)).

Also, fe(Ocn,ac,) converges strongly to fe(6., a.) using Proposition (2.2.1). Letting n — oo
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n

w) = (fe(Ocn ten)w) YweV,

acn(0) = 0,

PCp(Olcn V) + K(V0epn, 70) = —pL(Qsticn, v) + (Qiey,v) Vo €V,
)

( - 007

we obtain (0, a’) as unique solution of (2.1.8)-(2.1.12). This shows that (07, a’,u}) is the

admissible solution. Now we show that it is an optimal solution. Since j is lower semi-

continuous, we have

Je(ur) < liminf j(u, )

n—0o0

and using (2.2.25), we obtain

which implies that u} is the minimizer of the cost functional j.. Therefore, (67, a’, uf) is an

e€) e €

optimal solution. O

2.3 Existence and Uniqueness Results for the Laser
Surface Hardening of Steel Problem

In this section, first we describe the weak formulation corresponding to (2.1.1)-(2.1.6) and
(2.1.7)-(2.1.12). Let X = {v € LA L;V) : v, € L*({[;V*)}, where V = H'(Q) and
Y = HY(I; L*(Q2)). Together with H = L*(Q), the Hilbert space V and its dual V* build a
Gelfand triple

V—eH=H —V" (2.3.1)

In (2.3.1), V is densely embedded in H and H* is densely embedded in V*. Additionally,
the corresponding injections are continuous. The duality pairing between V' and its dual
V* is denoted by (-, )y«xy. Let i : V — H be the injection of V into H. Then, its dual

¥ H = H* — V* is an injection of H* into V*. Because of the definition of *, every
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element h € H = H* can be understood as linear continuous functional on V' by virtue of
the identity
(@*(h), v)vexy = (hi(v))y Vv €V,

where (-, -) g is the inner product of H. Since H* is densely embedded in V*, every functional
(v*, )y« can be uniformly approximated by inner product (h,i(-))y.

For w C Q, let (+,-), (resp. (+,+)) and || - || (resp. || - ||) denote the inner product and
norm in L*(w)(resp. L*(€2)). The inner product and norm in L?(J),J C I are denoted by
(s )2y and || - [[z2(p). Also, let (-, )5 and [ - [[5. denote the inner product and norm in

L2(1, L*(w)).

Weak Formulation

The weak formulation corresponding to (2.1.1)-(2.1.6) is given by

uxgé?d J (0, a,u) subject to (2.3.2)
(Ora,w) = (f+(0,a),w) Yw € H, ae. inl, (2.3.3)

a(0) = 0, (2.3.4)

pcy(0:0,0) + K(0,vv) = —pL(Qia,v)+ (qu,v) Yv eV, ae inl, (2.3.5)
0(0) = b, (2.3.6)

where f,(0,a) = (0) (@eq(0) —a)H(aeq(#) —a). Similarly, the weak formulation corresponding

0 (2.1.7)-(2.1.12) is given by
min J(6,, a, uc) subject to (2.3.7)

ue€Uqgq

(Orac,w) = (fe(bc,a.),w) Ywe H, ae. in I, (2.3.8)

a.(0) = 0, (2.3.9)
pCp(00c,v) + K(V8e, vv) =—pL(Qac,v) + (que,v) Yo € V, ae. in I, (2.3.10)
0.(0) = fo, (2.3.11)

where f.(0,a) = 7'(9) (aeq(0) — a)H(aeq(0) — a). It is already shown in Section 2.2 that
(2.3.7)-(2.3.11) has a solution u* € Uyg.
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The main focus of this section is to show that the optimal control of the regularized
problem (2.3.7)-(2.3.11) converges to that of the original problem (2.3.2)-(2.3.6). The whole
procedure of establishing the convergence is divided into a few steps. First of all, we will show
that for a fixed control u € U,q, the system (2.3.3)-(2.3.6) has a unique solution (6%, a*) and
that the solution of the regularized problem (2.3.8)-(2.3.11), for the same control variable
u, converges to that of the original problem (2.3.3)-(2.3.6) with order of convergence O(e).
Using this result it will be established that the optimal control of (2.3.7)-(2.3.11) converges
to that of (2.3.2)-(2.3.6).

Convergence Analysis

Theorem 2.3.1. Let the assumptions (A1)-(A6) hold true. Then, for a fized controlu € U,g,
there exists a unique solution (0,a) € X xY to (2.3.3)-(2.3.6) and for all e € (0,1), t € I,
we have

la(t) — ac(®)]] + [6() = 0.()|| < C(2, T)e, (2.3.12)
where C'(2,T) is a positive constant and (0., a.) is the solution to the problem (2.3.8)-(2.3.11)
for a fized control uw € Uyy. Moreover,

||9 — 0€||L2(]7H1(Q)) S C(Q, T)E (2313)

Proof: From Theorem 2.2.1, we have (6., a.) € H" x Wh*°(I, L>=(£)) and from
(2.2.17) we have, {6.} is uniformly bounded in L>°(1, V). Since V is compactly imbedded in
L*(€2), we obtain

0. — 0 strongly in C(I, L*(9)), (2.3.14)
9. — 0 weakly in H"!, (2.3.15)
a. — aweak® in Wh(I, L>®(Q)). (2.3.16)

For 6 € C(I, L*(Q)) and f, being Lipschitz continuous, (2.3.3)-(2.3.4) has a unique solution a

(say), by theorem of Carathéodary. Now subtracting (2.3.8) from (2.3.3), putting w = a—a,
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and using Cauchy-Schwarz and Young’s inequalities, we obtain

d
—la—ad® < [lf(8e,ac) = £+(0,)” + [la — ad|l*.

Now integrating from 0 to ¢, we obtain

mwﬂm@WSC(Auﬂ@ﬂa—ﬁ@@ww+AHwﬂwmﬁ. (23.17)

Note that using triangle inequality,

Hﬂ@ﬂa—ﬁ@@wscom@ﬂa—mawPHM@@—ﬁw@wﬁ.@aw>

For the first term on the right hand side of (2.3.18), use Proposition (2.2.1) to obtain

Hﬂ@ﬁa—maMWSCOa—w%w%—wﬁ. (2:3.19)

For the second term on the right hand side of (2.3.18), using the assumption (A2), we obtain

5
— l /;](fleq(e) - a)Q(H(aeq(G) — a) _ He(aeq(9> . a))de.

T

1fe(0,a) = f+(0,a)[* < =[[(aeg(0) — a)H(acq(0) — @) — (aeg(60) — a)He(aeq(6) — a)]%,

Let Oy ={z€Q:ay—a<0oray—a>eand Qy ={r€Q:0<ay,—a< e} Since
Q = UQy, we arrive at
1
1£c(0,a) — fr(0,a)]* < ;/ﬂ (aeq(0) — a)*(H(aeq(0) — a) — He(aey(0) — a))?dx

42 /Q (aeq(0) — a)*(H(acq(0) — a) — He(aeq(6) — a))*da.

T

From Figure 1.3 in Chapter 1, we obtain

N =

0.0~ Fu@al? < < [ @dr<c@e (2.3.20)
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Substituting (2.3.20) in (2.3.18), we obtain
156000 = 0.0l < C (1. 0P + . alP + ). (2:321)
Substituting (2.3.21) in (2.3.17), we find using Gronwall’s lemma that
¢
o= al? < c@n( [ 1o- o &)
Using (2.3.14), we arrive at
a. — a strongly in L>(I, L*()). (2.3.22)
From (2.3.21), using (2.3.14), (2.3.22), we obtain as € — 0
£(0.,a.) — fr(0,a) in LX(Q) x L*(Q). (2.3.23)

Now letting € — 0 in (2.3.8)-(2.3.11) and using (2.3.14)-(2.3.16), (2.3.22), (2.3.23), we obtain
the existence of solution of (2.3.3)-(2.3.6). For proving the uniqueness we proceed as follows.
If possible, let (61,a1) and (62,a2) be two different solutions of (2.3.3)-(2.3.6). Therefore,
from (2.3.5), we have

pcp(0u(01 — 02),v) + IC(V (01 — 62), Vv) = —pL(fi(61,a1) — f1(02,a2),v). (2.3.24)
Setting v = 0; — 65 in (2.3.24), use Young’s inequality to obtain
%H‘gl — Os|] + [|V (01 — o) [|* < C<Hf+(91,a1) — [ (02, a2)[* + |61 — 92’\2)- (2.3.25)
Similarly from (2.3.3), we arrive at
d 9 2 2
o= alt < c(I5Guo) ~ frbaalP + o -al).  (2320)

Adding (2.3.25) and (2.3.26), using Lipschitz continuity of the functions a.,, f, integrating

from 0 to 7" and finally using Gronwall’s lemma, we obtain

161 = 0] + [Ja1 — aol]* < 0,
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which proves uniqueness.
To prove (2.3.12), subtract (2.3.8) from (2.3.3), put w = a — a., use Cauchy-Schwarz
and Young’s inequalities to find that

d
Slla - a?

(Her(G, a) — f.(0c,a))|]* + |la — aeHQ). (2.3.27)

Now integrating from 0 to ¢, we obtain

la(t) —ac.(t)||* < (/ | f(8,a) — fo(6.,a.) Hst—i—/ la — aeHst) (2.3.28)

Similarly, for a fixed u € U, and u, = u, subtract (2.3.10) from (2.3.5), substitute v = 6 -6,
use (2.3.3), (2.3.8) and integrate from 0 to t to arrive at

H<9(t)—9€(t)|!2+/0 IV(0 —0)*ds < C(/O 1£4(0, a) = fe(Be, ac)l[*ds

t
+ / H9—9€H2ds). (2.3.29)
0

Adding (2.3.28) and (2.3.29), we find that

la(t) — ac(®)* + 10() = 0 ()]]* < C(/O Hf+(9,a)—fe(ﬁe,ae)|!2d3+/0 la — ac||*ds

t
- / HH—GEH?ds). (2.3.30)
0

Using (2.3.21), we now obtain

la(t) — ac@®)]* + [10(t) = 0 ()* < C(Q.T) (62 + /Ot(HH —Oc]” + lla— aeH2)d8)-
Using Gronwall’s lemma, we arrive at
la(t) — ac(t)]| + ||0(t) — 0.(t)|| < C(Q,T)e. (2.3.31)
Using (2.3.21) and (2.3.31) in the right hand side of (2.3.29), we obtain

”‘9—(96”[/2([7]{1(9)) S C(Q,T)E D
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We now show existence of solution of the optimal control problem (2.3.2)-(2.3.6). For u* €
Uaa, let (6%,a*) be the solution of (2.3.3)-(2.3.6). The existence of a unique solution to
the state equations (2.3.3)-(2.3.6) ensure the existence of a control-to-state mapping u —
(0,a) = (0(u),a(u)) through (2.3.3)-(2.3.6). By means of this mapping, we introduce the

reduced cost functional 5 : U,y — R as
Jjlu) = J(0(u),a(u),u). (2.3.32)
Then the optimal control problem can be equivalently reformulated as

min j(u). (2.3.33)

u€Uqq
Theorem 2.3.2. (2.3.2)-(2.3.6) has at least one solution (6*,a*,u*) € X x X X Up.

Proof: Let | = i%f j(u) and {u,} C Uug be a minimizing sequence such that
uclUagq
j(un) — L in R. (2.3.34)

Since U,g is bounded, the sequence {u,} is bounded uniformly in L?*(I). Therefore, one can

extract a subsequence {u, }(say), such that
U, — u* weakly in L*(I).

Since the admissible space U, is closed and convex, we have u* € U,4. Corresponding to each
U, we have (0,,a,) € H"' x WHe(I, L>(Q)) satisfying (2.3.3)-(2.3.6), also 6,, € L>(I, V).

Therefore, we can extract a subsequence {(0,,a,)}(say), such that

0, — 0" weakly in H"!
0, — 0% strongly in C(I, L*(Q2))

a, — a* weak® in Wh(I, L>®(Q))

a, — a* strongly in L>®(I, L*(Q)).
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Now letting n — oo in

(atanuw) = (f+(9n7an>7w) Vw € V7

an<0) = 07
pcp (00, v) + K(VE,,,Vv) = —pL(Gian,v) + (au,,v) Vv eV,
0,(0) = 0o,

we obtain (6*,a*) as the unique solution of (2.3.3)-(2.3.6). This shows that (6*,a*,u*) is
the admissible solution. Now we show that it is an optimal solution. Since j is lower

semi-continuous, it follows that

J(u*) < liminf j(u,)

n—0o0

and using (2.3.34), we obtain
j(u’) <1
which implies that u* is the minimizer of the cost functional j. Therefore, (0*, a*, u*) is an

optimal solution. This completes the rest of the proof. O

Convergence of the Control Function

Theorem 2.3.3. Let u’ be the optimal control of (2.3.7)-(2.3.11), for 0 < ¢ < 1. Then,

limu® = u* exists in L*(I) and u* is an optimal control of (2.3.2)-(2.3.6).

e—0

Proof: Since v} is an optimal control, we obtain
||U:||L2([) SC, O<€< 1,

that is, {u}}o<c<1 is uniformly bounded in L*(I). Thus, it is possible to extract a subse-

quence, say {u’}occ<1 in L2(I) such that
uf — u* weakly in L*([). (2.3.35)

Since U,q C LQ([ ) is a closed set, we have u* € U,y. Now corresponding to each u’ there
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exists solution (67, a’) to (2.3.8)-(2.3.11). Also from Theorem 2.2.1, we have

0* weakly in H"!,
0* strongly in C(I, L*()),
a* weak” in Wl’oo(], L>=(9)),

a* strongly in L™ (I, L*(2)).

Now passing limit as ¢ — 0 and using (2.3.36)-(2.3.39) in

(Orac, w)

ag(0)

pcy (007, v) + K(VO, V)
)

6%(0

= (fe(0!,a}),w) YweH, ae. inl,
= 0’
= —pL(da;,v) + (aug,v)

- 007

Yv eV, a.e. in [,

2.3.36

~~
I
w W
w W
o

~— ~—

2.3.39

we obtain that (u*, 6%, a*) is an admissible solution for the optimal control problem (2.3.2)-

(2.3.6). It now remains to show that (u*,6*,

a*) is an optimal solution.

If possible, let (u*, 0*,a*) be another optimal solution of (2.3.2)-(2.3.6). Consider the auxil-

iary problem

(8ta’67 )

ac(0)

pCp (040, v) + K(VO,, Vv)
)

(0

= (fe(eeaae)aw) Yw € H, a.e. in [,

= 0,

= —pL(Qiac,v) + (au*,v) Vv eV, ae. in I,

= 0.

2.3.40
2.3.41
2.3.42

(
(
(
(2.3.43

)
)
)
)

Then by Theorem 2.2.1, there exists a solution to (2.3.40)-(2.3.43), say (0,a.) € H%' x
Whee(I, L°°(€)). Similar to (2.3.36)-(2.3.39), we arrive at

Syl

weakly in H,

Sy

strongly in C(1, L*(Q)),

a weakly in W' (I, L>=(Q)),

a strongly in L>(I, L*(Q2)).
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Now letting € — 0 in (2.3.40)-(2.3.43), we obtain that (6, a) is a unique solution of (2.3.3)-
(2.3.6) with respect to the control @*. Since the solution to (2.3.3)-(2.3.6) for a fixed control
is unique, we find that § = 6* and a = a*.

Since wu} is the optimal control for (2.3.7)-(2.3.11), we have

jlut) < i), (2.3.48)
Now letting € — 0 in (2.3.48) and using (2.3.35), we obtain

ju) < i), (2.3.49)

Hence u* is the optimal control. Next we need to show that lir% |u; — |2y = 0. Since
u' — u* weakly in L?*(2), it is enough show that lir% il 22y = || L2y

Using Theorem 2.3.1 and (2.3.35), we find that

. B3y : e By B2 i 1os
b 2 2y = i (G) D@ — adl? - 2106 - 0,000 (2350)
ey Py Ba i1
= J() = 1" (T) = aal” = 0" = O] 70 (2.3.51)
B3«
Therefore, we have lir% ! z2(r) = ||| L2(r) and lin% |uf — u*|| = 0. This completes the rest
of the proof. O

2.4 Summary

In this chapter, we have established the convergence of the regularized version of the laser
surface hardening of steel problem to that of the original problem. In Theorem 2.3.1, it
has been proved that for a fixed control u € Uy, the solution of the regularized problem
converges to that of the solution of the original problem with rate of convergence O(e), €
being the regularization parameter. In Theorem 2.3.2, it has been shown that the original
problem has at least one solution. In Theorem 2.3.3, it has been shown that the optimal
control of the regularized problem also converges to that of the original problem in L?(I).

Numerical experiments justifying the results of this chapter are presented in Chapter 3.
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Chapter 3

A Prior: Error Estimates for the
Optimal Control Problem of Laser

Surface Hardening of Steel

3.1 Introduction

In this chapter, a priori error estimates have been developed for a finite element approxima-
tion of the optimal control problem of laser surface hardening of steel. The space discretiza-
tion is done using a cG finite element method, whereas the time and control discretizations
are based on a dG finite element method. A priori error estimates are developed for tem-
perature, formation of austenite and control.

In literature, even though cG finite element method in space and Euler implicit method
in time has been used for the discretization schemes in [2], [84], the rate of convergence
of the scheme using finite element method has not been developed. In [2], an abstract
control problem for a class of nonlinear parabolic equations is investigated. The surface
hardening of steel problem is described as one of the applications. Also, the compactness of
solution operator and the existence of the optimal control is established in [2]. Though the
convergence of a finite dimensional approximation using finite element methods in space is
studied, the order of convergence has not been established. In [84], focus has been given for
developing the numerical optimization algorithm using nonlinear conjugate gradient method.
A finite element method and an implicit Euler scheme for space and time discretization,
respectively, have been used.

The organization of this chapter is as follows. Section 3.1 is introductory in nature. In

Section 3.2, a weak formulation for the optimal control problem of laser surface hardening of
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steel is presented. Section 3.2 also describes a semi-discrete formulation with a priori error
estimates. In Section 3.3, a complete discretization scheme with a prior: error estimates has
been developed for the state, adjoint and control variables. The numerical results which
justify the theoretical results are presented in Section 3.4.

For the sake of notational simplicity (6, a.,u.) and f. will be replaced by (0, a,u) and
f respectively, throughout the chapter.

3.2 Weak Formulation and Semi-Discrete Scheme

In this section, we describe a space discretization for (2.3.7)-(2.3.11) using continuous Galerkin
(dG) finite element method with piecewise continuous linear approximations and develop a
priori error estimates for the spatially discretized system of (2.3.8)-(2.3.11) (subscript e
being removed) and the adjoint system. (2.3.7)-(2.3.11) has atleast one global solution,
which is characterized by the saddle point (0%, a*, 2, \*,u*) € X XY X X X Y X U,y of the

Lagrangian functional

L(O,a,z,\,u) = J(0,a,u)— ((@a, MNia— (f(@,a),)\)l,g) — (pcp(ﬁte, 2)r.0

K90, 9210+ pL{an, 2)10 — (o, z>m) |

where J(0,a,u) is defined by J(0,a,u) = %/ a(T) — ag?de + 2 / / dt n
Q

%’/0 lul?dt, X = {v € LX(L;V) : v, € LX(I;V*)}, V = HY(Q), Y = HY(I;L*()) and
Ui ={u € L*(I): 0 < u < Upgye a-e. in T}, Also, let H = L*(9).

The saddle point (6%, a*, 2*, \*,u*) € X XY x X XY X U,y is determined by Karush-Kuhn-
Tucker(KKT) system given by:

State Equations:

L.(0% a2 N u")(v)=0 YveV, (3.2.1)
L0 a", 2", N, u")(w) =0 Yw e H. (3.2.2)

Adjoint Equations:
Lo(0% a*, 2" X u*)(p) = 0 VoeV, (3.2.3)
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L0 a2 X u")(¢) = 0 Vi €H. (3.2.4)

First Order Optimality Condition:

L,(0%,a", 2" X u")(p—u") > 0 Vp€ Uy, (3.2.5)

where L,(0*, a*, z*, X*,u*)(v), LA(0%, a*, 2%, X, u*) (w), Lo(0%, a*, z*, X, u*) (@),
Lo (0, a*, 2%, X, u*) () and L, (0%, a*, 2%, \*,u*)(p) are the directional derivatives of
L(0%,a*, 2%, X*, u*), with respect to z*, \*, 6%, a* and u*, in the directions of v, w, ¢, 1) and p,
respectively.

The state system (2.3.8)-(2.3.11) is obtained from (3.2.1)-(3.2.2). For the continuity of

reading, we state the optimal control problem again:

min J(6,a,u) subject to (3.2.6)
(Ora,w) = (f(0,a),w) Ywe H, ae. in I, (3.2.7)

al0) = 0, (3.2.8)

pcp(0i0,0) + K(70,vv) = —pL(Owa,v) + (qu,v) Yo eV, ae inl, (3.2.9)
0(0) = 6. (3.2.10)

The existence of a unique solution to the state system (3.2.7)-(3.2.10) (see Chapter 2) ensures
the existence of a control-to-state mapping u +— (0, a) = (6(u), a(u)) through (3.2.7)-(3.2.10).

By means of this mapping, we introduce the reduced cost functional j : U,y — R as
Jju) = J(0(u),a(u),u). (3.2.11)
Then the optimal control problem can be equivalently reformulated as
in j(u). 3.2.12
nin j(u) ( )

The adjoint system of (3.2.6)-(3.2.10) obtained from (3.2.3)-(3.2.4) is defined by:
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Find (2", \*) € X x Y such that

— (¥, 0\")
AN(T)

—pey(6,82") + K(V6, v7")

Z(T)

V(1,¢) € H x V. Moreover from (3.2.5), z*

= —(, fu(0%,a%)(pLz* — X\¥)), (3.2.13)
= Bi(a"(T) — aa), (3.2.14)
= —(0, fo(0",a")(pLz" — X))

+ B2(9, 10" — O]+ ), (3.2.15)
= 0, (3.2.16)

satisfies the following variational inequality

<ﬁ3u* + / az'dx, p— u*) >0 Vpé€eUy. (3.2.17)
0 L2(1)

The existence and uniqueness of the solution of system (3.2.13)-(3.2.16) can be shown using
similar arguments used in Chapter 2 (see Theorem 2.2.1) for the state system (3.2.7)-(3.2.10).
Also, we have (2%, \*) € HM x Wheo (I, L>=(Q)) (see [47, Theorem 2.7]).

Semi-Discrete Scheme

Let 7, be an admissible regular triangulation of  into quadrilaterals K, that is,

° U K =Q;

KETh
e For Ky # Ky, K1) Ks is either empty, common vertex or a common edge;
e Angles of the triangulation are bounded below by positive constant.

Remark 3.2.1. In this thesis, we triangulate the domain ) into rectangles throughout.

Let the discretization parameter h be defined as h = [Iya%( hi, where hg is the diameter of
€lp

the quadrilateral K. Let the finite element space Vj, C V be defined as
Vi={veC%Q): v(t)|k € Qi(K) VK € T,,}.

Here 1 (K) denotes the set of all polynomials of degree < 1 in each variable x and y. Then

45



the semi-discrete version corresponding to the continuous problem (3.2.6)-(3.2.10) reads as:

min J(0y, ap, up) subject to 3.2.18
up€Uud
(Oran,w) = (f(Op,an),w) Yw eV, ae. in I, 3.2.19
3.2.2

pCp (00, v) + K(\70h, \yv) =—pL(0ran, v) + (qup,v) Yv € V,, ace. in I, (3.2.21

(3.2.18)
(3.2.19)
an(0) = 0, (3.2.20)
(3.2.21)
(3.2.22)

0n(0) = Onyo, 3.2.22

where 6y, is a suitable approximation of 6y to be chosen later. (3.2.18)-(3.2.22) has at least
one global solution, see [2], which is characterized by the saddle point

(05 (L), az(t), 25 (t), A (£), us(t)) € Vi x Vi x Vi, x V), x U,g of the Lagrangian functional defined
by

L(On, an, zn, Ansun) = J(On, an, up) — ((ataha)\h)l,fz - (f(ehaah)7)\h)l,9) - </)Cp(8t‘9h,2’h)1,g
+ K(70h, V2n) 1,0 + pL(Owan, 2n) 1.0 — (us, Zh)[,ﬂ)

The saddle point (65 (), aj(t), z(t), N (t), u*(t)) € Vi x Vi X Vi, X V}, X Uyq is determined by
the KKT system given by:

State equations:

L.(60r,ar, 25, \psup)(0) =0 Yo eV, (3.2.23)

Lr(0;, a3, 21, A5, up)(w) =0 Yw € V. (3.2.24)
Adjoint equations:

Lo(0r,ap,zp, Apyup)(@) =0 Vo €V, (3.2.25)

Lo(07,a;, 21, N up) (W) =0 Vi € V. (3.2.26)

First order optimality condition:

L,0r, a7, 20, A up)(p—up) >0 Vp € Uyg. (3.2.27)
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The state system (3.2.19)-(3.2.22) is obtained from (3.2.23)-(3.2.24). The adjoint system of
(3.2.18)-(3.2.22) obtained from (3.2.25)-(3.2.26) is defined by:
Find (2} (), A\;(t)) € Vi, x V3, t € I such that

—(W.0N,) = =¥, fa(Oh, a)(pLzy, — ML), (3.2.28)

MN(T) = Bi(ay(T) — aq), (3.2.29)
—pep(9, O0z) + K(V o, vz,) = —(0, fo(0r, a3)(pLz, — Ay))

+ B2(0, [0) — Ol +), (3.2.30)

z(T) = 0, (3.2.31)

V(¢, ¢) € Vi, x Vj,. Moreover from (3.2.27), z; satisfies the following variational inequality
(ﬁgu;‘l + / azpdr, p— UZ) >0 Vpe Uiy (3.2.32)
Q 12(1)

Now we consider the reduced cost functional j, : U,y — R:

jh(uh) = J(@h(uh), ah(uh), uh). (3233)

Then the semi-discrete optimal control problem can be equivalently formulated as

min jp(up). (3.2.34)

up€Uqq

The first order necessary optimality condition for (3.2.34) reads as
n(up)(p —uj) >0 Vp € Uy, (3.2.35)

where j; (up)(p — up) = (53% + / azp(up)dz, p — “h>
Q L2(I)

Below, we discuss the a priori error estimates for the state equations. Define the elliptic

projection Ry : V — V}, by
K(v(v—=Rpw),vo) +v(v—Rpv,0) = 0 Vo€V, (3.2.36)

where 7 is a positive constant.
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Lemma 3.2.1 ([85], page no. 737). For the interpolation operator defined by (3.2.36) and

v € H*(Q), we have the following error estimates:
lv=Ruvll < CR?|v]lm2e).
We also define the L?-projection P, : H*(Q) — V}, [79], such that
(Pov—v,w)=0 YweV,.
Note that P, satisfies the following error estimates:
v — Pl < CR*||v||g2) Vv e H(Q). (3.2.37)

Theorem 3.2.1. Let (0(t),a(t)) and (0n(t),an(t)) be the solutions of (3.2.7)-(3.2.10) and
(3.2.19)-(3.2.22), respectively. Then, under the extra regularity assumptions that (0,a) €
L=(1, H*(2)) x L=(I, H*(Q2)) 0,0 € L*(I,H*(Q)) and 0y € H*(Q); for a fivzed u € Uy,

there exists a positive constant C' independent of h such that

16(8) = On(D)]] + lla(t) — an(?)]]

S ChQ(H@OH]p(Q) —|— HGHLOO(I,HQ(Q)) + HG’HLOO(I,HQ(Q)) + Hate”LOO(I,HQ(Q))) Vt € T

Proof. Let ¢/ = 0 — R0 and 0 = Ry0 — 6. Subtract (3.2.21) from (3.2.9), use (3.2.7),
(3.2.19) and (3.2.36) to obtain

pcp(atn97 ’U) + K<vn67 VU) = _pL(f(97 a’) - f(ehu ah)v U) - pcp(at<67 U) + 7(C97 U)7

where v € V3. Choose v = 1. Then integrate from 0 to ¢, apply Cauchy-Schwarz inequality

and Young’s inequality to obtain

O < C(!\n9(0)|!2+ / (uf(e,a)—f<9h,ah>|r2+|rat<9u?

R+ !\<9|!2)ds)- (3.2.38)

By choosing 6}, ¢ as the L? approximation of the function 6y € H?*(2) and using Lemma
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3.2.1, we obtain
In°(O)[* < [IRubo — ol* + 100 — Onoll* < CH 1601320y (3.2.39)

Using the fact that f is Lipschitz in both the arguments (see Proposition 2.2.1) and (3.2.39)
in (3.2.38), we find that
t
I @1 < C(h4||90||?{2(9> +/ (ICPIZ + N1 + Nl2:¢° 1) ds
0

+ [ e+ ||na||2>ds), (3.2.40)

where (* = a — Pya, n® = Pya — ap. Now subtracting (3.2.19) from (3.2.7) for fixed ¢t € I,
integrating from 0 to ¢, using Cauchy-Schwarz inequality, Young’s inequality and the fact

that (0;,¢%,n*) = 0, we obtain

In" (@I < C(/O (Ie”l* + |!<“|!2)d8+/0 (ln°11* + !\n“l!2)d8>- (3.2.41)

Adding (3.2.40) and (3.2.41), we arrive at

T t
IO + In"®)1* < C(h‘*llﬁolﬁp(gﬁ/o (HC9H2+HC“”H2+H@tC9H2ds+/0(H'r79|!2

s ).
Using Gronwall’s lemma, Lemma 3.2.1 and (3.2.37), we obtain

1?2 + @) < 0h4<||eo||%mm 1017 (1,20 + Nl T (1,20 + ||8t9|lioou,mm»)-

Using triangle inequality to split 8 — 6, and a — a;, we obtain the required result. This

completes the proof. O

Remark 3.2.2. Although, the finite element space used in this chapter to discretize the
variables 6 and a is Vi, where approzimation is done using continuous functions, the variable
a can also be approximated using piecewise constants. Here Vy is used for both 6 and a for

computational ease.

Below, we discuss the adjoint error estimates.
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Theorem 3.2.2. Let (2*(t), \*(t)) and (z;(t), A;(t)) be the solutions of (3.2.13)-(3.2.16) and
(3.2.28)-(3.2.31) corresponding to the state solutions (0*,a*) and (0}, a}), respectively. Then,
under the extra reqularity assumptions made in Theorem 3.2.1 and (z*, \*) € L>=(I, H*(Q)) x
L>(I,H*(Q)), 0;2* € L>(I, H*(2)), aq € H*(Q); there exists a positive constant C inde-
pendent of h such that

127(8) = 2z (Ol + A (@) = A @)

< ChQ(HHOHHQ(Q) 07 ([ oo 1,m200) + 07| Lo 1,m1200)) + 11007 (| oo (1,112(00)

+ HadHHz(Q) + HZ*”LOO(LHQ(Q)) + H)\*HLoo(LHQ(Q)) —+ ”atZ*HLoo([,H%Q))) VYt € j

Proof. Write \* — i = (A\* — PLAY) + (P — X)) = M+ and 2 — 2; = (2% — Rp2*) +
(Rpz* — z) = ¢* + n*. Subtract (3.2.30) from (3.2.15) to obtain

—pcp(9, 0 (" — 23)) + K(V ¢, V(2" — 7))
(o, fo(07, ") (pLz" = X)) = (¢, fo(Or, ap)(pLz, = N,)) = Ba( 9,107 = O] — [0 — Oml),

where ¢ € V. Using Proposition 2.2.1 and (3.2.36), we obtain

—pcy(0,0m7) + K(¢,vn°) — cppL(o,n7)
< c(<¢, )+ (60t (6,10 — By — 105 — Ouls) + (6, 0C7) + (6, m).

Substitute ¢ = n?, integrate from ¢ to 7', apply Cauchy-Schwarz inequality and Young’s

inequality, to obtain

T
I (®)11* < C(W —0u” + / (I 1 1 + N1 =+ N + H&C’ZH2)d8>- (3.2.42)
t

Subtract (3.2.28) from (3.2.13) and choose xy = 7*. Then integrate from ¢ to T and apply
Cauchy-Schwarz inequality with Young’s inequality, to obtain

T
@)1 < C(IIPhad — aq|)* + || Poa™(T) — ap(T)|* + / (1% + 1
t

e+ ||@||2>ds).
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Using (3.2.37), we obtain

T
I @I < C<h4HadH?{z(m+HPha*(T)—aZ(T)|!2+/ (™[I + ™1
t

e + ||@||2>ds). (3.2.43)

Adding (3.2.42) and (3.2.43), we find that

T
IO + IO < c(h“nadn%mw||e—eh||2+||Pha*<T>—a;;<T>||2+ / (||<Z||2

T
I+ 1a¢ 1 ds+ [ (i R )as). (240

Using Gronwall’s lemma and Theorem 3.2.1, we obtain

IO + PO < O(h“(neonim T N1 Y 1 I,

T
el ) + [ ACT+ IO + 1o 2)ds). 3.2.45)
A use of Lemma 3.2.1, (3.2.37) in (3.2.45) yields the required result. O

3.3 Completely Discrete Scheme

In this section, first of all, a temporal discretization is done using a dG finite element method
with piecewise constant approximation and a prior: error estimates are proved in Theorem
3.3.1 and 3.3.2. The control is then discretized using piecewise constants in each discrete
interval I,,n =1,2,--- N. In order to discretize (3.2.18)-(3.2.22) in time, we consider the
following partition of I:

O=to<ti < .. <ty=T.

Set Iy = [to, t1], In = (tn_1,tnl, kn =tn —tp_1,forn=2,..., N and k = max k,. We define

the space

q
Xpo=A{o:1—Vi; ¢lr, = it/ € i}, ¢ €N (33.1)
j=0
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For a function v in X}, , we use the following notations [79]:

_ +_ ot
v, = 0(ty), v, = t_lérnriov(t) and [v], = v, — vy.

Then a ¢G finite element approximation with piecewise polynomials of degree 1 and a dis-
continuous Galerkin (dG) finite element approximation with piecewise polynomials of degree

¢(denoted as ¢G(1)dG(q)) of (3.2.6)-(3.2.10) reads as:

min J(@hk, Apk, Uhk) subject to (3.3.2)
upk€Uad
N N—-1
> (s, wro + Y ([ankns wi) + (g wd) = (f (Onk, ane), w)ra,  (3.3.3)
n=1 n=1
ahk(O) = 0, (334)
N N—-1
pep Y _(D0hi V)0 + K(V0u70) 10 + ¢ > ([Onklns v,7) + pp(0r 0. 0F)
n=1 n=1

= —pL(f(Onrs ank),v)r0 + (Qupk, v)1r0 + pey(fo, v ), (3.3.5)
B (0) = o (3.3.6)

for all (w,v) € XJ, x X},.. (3.3.2)-(3.3.6) has atleast one global solution, which is charac-
terized by the saddle point (6., @y, 2k A Ung) € X X X x X x X x Uyq of the

Lagrangian functional

N N-1
L(Onks ahs 2ok Mk, Unk) = J (Onk, Gk, Unk) — (Z(atahk, Ak )10 + Z([ahk]m Akn)
n=1 n=1

N
+ (a0 Miko) — (f(ehk,ahk),)\hk)l,ﬂ) - (chp(atehkazhk)lmﬂ
n=1

N-1

+ K(V i, V 2nk) 1.0 + pCp Z([ehk]na Z/;Lk,n) + pcp(e;:k,m Zitk,o)

n=1

+ pL(f (Onks ank, 2ni)) 1.0 — (QUnk, 2ni) 1.0 — pcp(6o, z,fm)).

The saddle point (07, ahy, 2 Ajks Unk) € Xy X Xy X Xp X Xj X Uaga is determined by
the KKT system given by:

State equations:
L(0k> Uhir 2 Mier Upge) (V) =0 Vv € X5, (3.3.7)
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LA(Ohges Ghies Zhies M Unie) (W) =0 Vw € Xj,. (3.3.8)

Adjoint equations:

Lo(Ors Ohies 2 Mg Uni) (0) =0 Vo € X (3.3.9)
La(Orks Whis 2 M W) (V) =0 Vo € Xy (3.3.10)

First order optimality condition:

L0k Ohir 2> A Unie) (P — Upg) 20 Vp € Vs (3.3.11)

The adjoint system of (3.3.2)-(3.3.6) obtained from (3.3.9)-(3.3.10) is defined by:
Find (2}, Aip) € XJL x X}, such that

N N-1

- Z(Q/% DA i) 1,0 — Z(wm [Aneln) == (W, faOhis i) (PLzj — M) ) r,0(3.3.12)
n=1 n=1

N(T) = Bulag(T) — aa), (3.3.13)

N N-1

—PCp Z(¢v Nz 0 + K(V6, Ve — pop Z(¢m [2hie)n)

n=1 n=1
= —(&, folOhr, ane) (PLzhy, — MNoi))ra + Ba(d, [Ohy — Oml+ )10, (3.3.14)
2(T) =0, (3.3.15)

Moreover from (3.3.11), z; satisfies the following variational inequality
(ﬁgu;k + / azpdr, p— u;k) >0 Vpe€ U (3.3.16)
Q L2(I)
We introduce the following space-time discrete reduced cost functional j; : Ug — R:
Ik (Unk) = J(Onr(unk), ane(Unk), Unk)- (3.3.17)

Then the space-time discrete optimal control problem can be equivalently reformulated as

Upk€EUgd
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The first order necessary optimality condition for (3.3.18) reads as

Thte(Whie) (P — hy,) = 0 Vp € Usa. (3.3.19)

We consider the case of piecewise constant approximation in time for both the state and
adjoint formulation. For the case where ¢ = 0 in the definition of X7, (3.3.3)-(3.3.6) can be

rewritten as: forn =1,2,---, N, find (0},a},) € Vi, x V, such that

n _ n—1 1
(M, w) = — ( f(Oh, apy)ds, w), (3.3.20)
ky, ko \ J1,
ahk(O) = O, (3.3.21)
QZk — 02’;1 n 1 nooa®
PCp T7 v+ IC(VHhIw VU) = _pL k’_ f(ehkn a’hk>d87 v
n n JI,
1

+ (— / Qupds, U)7 (3.3.22)

kn In
00:(0) = Ono, (3.3.23)

V(w,v) € Vi, X Vj.
Before estimating the a priori error estimates for space-time discretization, we define the

interpolant 7, : C(I, V) — X2, [79] as:
mo(t) =v(t,) iftel,, Yn=12--- N, (3.3.24)
where C(I,V,) is the space of all continuous functions defined from I to V. Note that,
v — mpv|| 10 < Ck| O] (3.3.25)

Theorem 3.3.1. Let (0},,a},) Yn = 1,2,--- N and (6(t),a(t)) be the solutions of the
problems (3.3.20)-(3.3.23) and (3.2.7)-(3.2.10), respectively. Then, under the extra reqularity
assumptions made in Theorem 3.2.1 and (Ouf, Opa) € L>(I, L*(Q)) x L>(I,L*(2)), du €
L3(I), for a fized u € Uyy; there exists a positive constant C independent of h and k such
that, for all t € I,

10(t,) — Ol + lla(tn) — apll < C(R* + k) (||9||L°°(LH2(Q)) + \lal| oo (1,52(02)) + [10:0|| oo (1,202

+ ”90”]{2(9) + H@ttGHLoo(LLz(Q)) —+ ”atta|’Loo([7L2(Q)) —+ ”atUHLQ([))
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Proof. Write 0(t,) — 0%, = (0(t,) — Rub(tn)) + (Ru0(t,) — 0.) = ¢%" + n®™ and denote

n _ gn—1 _
w by 802#; Also, write a(tn) —ay, = (a(tn) _Pha(tn)) + (Pha(tn) _aZk) = (&" 4o
" n n—1

and denote W by daf,. Subtracting (3.3.22) from (3.2.9), we obtain, at t = t,;

n

pen(O0(L) — B 0) + K(T(0(t) — B), Tv)
_ —pL(fw(tn),a(tn))—i f(ezk,amds,v)

kn J1,

1
+ (a(:p,tn)u(tn) — k_/ auds,v),
n JI,

where v € V},. Using (3.3.24), we find that

pep(00(tn) — 00y, v) + K(V(0(ta) — Ohp), vv) < —pL (f(Q(tn), a(tn)) = f (0> ahr), v)
+ maxki|a\ (/ (mru(ty,) —u)ds,v).

Qx1In Ky, I

Using (3.2.36) and Cauchy-Schwarz inequality, we find that

pep(On*"v) + K(vn™", o)
< pL||f(6. aly) — FO(E), a(t))|| [[v]] + pcpl|06(tn) — 0,0(8,)||||v]]

o § 1
+ pepllOC [l + AN o]l + max —la [|miw — ull 2 [[0]] (3.3.26)
Substituting v = n®™ in (3.3.26), we obtain

pep(On”" 0"") + (70", ™) < pLIf (O, ahi) — FOCa), alt)) ]l 10"+ yII¢™" HIn™"]
+ pcpl|00(tn) — B:0(t) "™ | + pepllOC™" 1"

1 n
+ i ol — ullzqo [ (33.27)
Now,

1 n n— 1 n n n— n—
i (=) = o (Gt = et )

1

— ﬁ ((ne,n o 77«9,1171’ n@,n) o (,009,11717 n@,nfl o 77«9,11))

Adding and subtracting %" in the first argument of the second term of the expression above,
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we obtain

1 n n— S n n 1 n n— n n—
(P71 = P 12) = @) = St = =)

< (""", (3.3.28)
Using (3.3.28) in (3.3.27), we find that

G,nHQ

I e

&
< C(anf(@Zk, app) — F(O(t,), alt )| 0" + k|| 00(t,) — 8:0(t,) || In""]
+ KO %™ + Kl ISP N I + max ||| meu — ul| 2y ||779’"||)-

Using Young’s inequality and Proposition 2.2.1, we obtain

S~ P <

I < C(Hng’"H2 S ™17+ 1611 + 106(tn) — 00(t)II?

+ 10¢%™1* + ||u — WkUH%wn))
< C(WﬂﬂP+HW“W+J%), (3:3.20)

where R}, = [[¢%"]1> + [[¢*™||* + 1|00 (tn) — 28(tn)[|> + 19¢%" 1> + lu — mpu|22;,)- Subtracting
(3.3.20) from (3.2.7), we obtain, at t = t,;

(@™ w) = (f(0(ta), altn)) — f(Ohi: ank), w) — (Da(tn) — Opa(tn), w) — (O™, w),

where w € Vj,. Putting w = n®", proceeding as in (3.3.27)-(3.3.28) and using Proposition
2.2.1, we find that

™| = [[g®" > < C(Ilng’"HQ I A+ 17+ (1)1
+ ||0al(t,) — 8ta(tn)||2). (3.3.30)

Let R2 = [|¢%™)% + ||¢O||* + ||0a(t,) — da(t,)||?. From (3.3.29) and (3.3.30), we obtain

™" 1+l 1 = ™ =H = = < C(Hne’"ll2 + ™" |* + Ry + Ri)
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Summing up from 1 to n and using the fact that a(0) = 0 and a,(0) = 0, we arrive at

I 2 U O S (I 2+ B+ B,

m=1

From Lemma 3.2.1 and (3.2.37), we have [|(%|| < Ch?||0|| g2 and [|¢*7]| < Ch?||al|m2@),
repectively. Also,

o tj . tj .
13c™) = (k! / dChdt]| < k! / 10,C°91dt < CR2 100 1.2y, (3.3.31)
ti_1 ti—1
Note that,
_ t; t;
16(t;) — a6t = [k / (t— t,0)ubdt] < k! / (t—t,1) 00 dt
ti—1 ti—1
(s —to0)? Y
< Ck; 2|, 1000]] < Ck|[040]| oo (1,12(02)) - (3.3.32)
-1

A use of Lemma 3.2.1 with (3.3.25), (3.3.31) and (3.3.32) implies that

R < C(H+k?) (H@H%oo(f,m(mﬁHaH%oou,Hz(m)JrHﬁt@Hiwu,Hz(mﬁHﬁtt@H%w(Lm(m)Jr!\@UIlia(fn))7

where £ = max k,. Similarly, we find that
1<n<N

B2 < O(h' + 1) (naniwa,m(m) T ||atta||iwa,m>))

and |[n?°|] < Ch?||0o|| mr2(q2)- Hence, we obtain

I+ Il

< 0(<h2 K (Heum,m(m) t lallzow ey + 1946] gtz + [ollaeen

+ 11068l e (1,2 (2)) + 0| oo 1,22(2)) + ||8tu||L2(I)) + ("™l + IIH“’mII))-

m=1

Using Gronwall’s lemma, we arrive at
)

In®" | + [In™"| < C(h2+k)(||9||Loo(LH2(ﬂ>)+||a||L°°(LH2(ﬂ>)+||5’t9||L°°(LH2(ﬂ>)

+ 0ol 522y + 11000]| Lo (1,2(02)) + |Oreal| oo (1,02(0)) + ||atu||L2(I))-
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This completes the rest of the proof. O

Similar to the error estimates for (6, a), the following theorem yields error estimates for
the adjoint variables (z, A). The time discrete formulation for (3.3.12)-(3.3.15) for ¢ = 0 in
XP, is defined as:

Find (25 A1) € Vi, x Viyn =N —2,N — 3, - 1 such that

—(. ) = = fal ain ) (pLag = A ), (3.3.33)
Me(T) = Bilan(T) — ag), (3.3.34)
—pcp(0, 02 )+ K(V o, V2 ) = =6, fol0 ap ) oLzt = Apt)) (3.3.35)
+ B2(0, [Oh " — Oml4),
zu(T) = 0, (3.3.36)
for all (¢, ¢) € Vi, x V, and d¢" ™! = ¢" k¢n :

Theorem 3.3.2. Let (25 " A1) Vno=1,2,-- - N,N + 1 and (2*,\*) be the solutions
of the adjoint problems (3.3.33)-(3.3.36) and (3.2.13)-(3.2.16) corresponding to the solutions
07 an ) Yn=1,2,--- N, N+1 and (6*,a*) of (3.3.20)-(3.3.23) and (3.2.7)-(3.2.10),
respectively, with a fived control u* € Uuy. Then, under the extra reqularity assumptions
in Theorem 3.3.1 and 3.2.2 with (Oyz,Ou\) € L>®(I, L*()) x L>(I, L*(Q)); there exists a
positive constant C' independent of h and k, such that, for allt € I,

n—1,% * n—1,% *
lzpe =2 )|+ ([ A" = A ()|
< C(R*+k) <||9*||Loo(1,H2(Q)) + @™ oo (r,m200)) + 11007 || 201,52 (02)) + |00 || Lo (1,220
+ [|Ona™|| oo 1,200 F |27 [Loo (1,12 002)) + | N £oo (1, 520)) + 110627 || 221,12 (02))

+ Hattz*”LOO(I,LQ(Q)) + Hatt)\*HLoo(l,m(Q)) + HHOHHQ(Q) + H%HH?(Q) + ”atu*”LQ(I))-
Proof: Write 2*(t,—1) — 2,1, L — (2*(tn-1) = Rnz*(tn-1)) + (Rpz*(tn_1) — 2% 1, #) = ety

n="~1. Also, write \*(t,_1) — )\Z,;I’* = (N (tn_1) — PN (th1)) + (PN (L) — )\Z;L*) =
A=t A=l Qubtracting (3.3.35) from (3.2.15), we obtain, at t = t,,_1;
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—pCp(0, 02" (tn-1) — Ozpy ")+ K(V, V(2" (ta1) — 215, )
= _(¢7 f@(e*(tnfl)v a*<tn71))(p[’z* (tnfl) - )\*<tn71>>)
— (¢, folOp ™" ahy ") (pLap ™ = A )

+ ﬁ2(¢> [9*(tn—1) - em]-i- - [9219_17* - QM]—I—)a
where ¢ € V},. Using Proposition 2.2.1 and Cauchy-Schwarz inequality , we find that

—pey(d, 0"+ K(ve, ™
= C(”pL<z*(tn1) — 2 ) = (W () = A O 8l + 119 19

102" (ta=1) = 0" (L) | II + IS 191+ 1167 (tar) — G ||¢||>'

Putting ¢ = n*"~ ! and using Young’s inequality, we obtain

e I e e IO Ll
102 () — 02 (b )12 + 107 (fan) — 9;;,;17*”),

< c(nnm*n% ||n*"—1||2+Ri_1), (3.3.37)

where

Ry = 1P A 1P 4 11027 (tamt) = Bz (b I+ 101 41167 (Em1) — O "1
Subtracting (3.3.12) from (3.2.13), we obtain at t = t,,_4

—0GIMTY) = (0 FulB (b)) (0L — N) — SOl ) (oL = A )
+ (06 ON (b 1) = BN (b 1) + (6, I,
where x € V;,. Putting xy = 7"~ ! and using Proposition 2.2.1, we find that
_é”nA,n71H2 S C(”Cz,n1H2 4 ”nz,n71”2 T HCA,n71H2 + HnA,n71”2
FION (i) = 9N (). (3338)
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Let R | = || 112+ [|C2™ Y12+ ||ON (tne1) — ON* (ta—1)||2. Adding (3.3.37) and (3.3.38),

n—1 —

we obtain

—5(||nw-1||2 ; ||n*"-1||2) < c(nnm*nz R R+ Ri_l).

Summing up from n to NV + 1 and using the fact that z*(7') = 0 and z;(7T") = 0, we arrive at

N
S e (e o/ S (U (R U A S )

m=n—1

From Lemma 3.2.1 and (3.2.37), we have [|(*7]| < Ch?||z*||g2(o and [[(M]] < CR2|A* || m2(a),

j=1,2,--- N, respectively. Also, using same arguments as in (3.3.31), we have
lo¢| < Ch*(|0:2"|| oo (1,12 () (3.3.39)
and applying the same steps as in (3.3.32), we obtain
102" (tu-1) — Op2" (tn-1)|| < Ckl|Ou2" || o1, 12(2))- (3.3.40)
A use of Lemma 3.2.1 with (3.3.25), (3.3.39) and (3.3.40) implies that

Ry, < Ch'+k) (HZ*H%OO(I,H%Q)) + ||)‘*||%°°(I,H2(Q)) + ||8t2*||%°°(I,H2(Q)) + ||att2*||%°°(I,L2(Q)))

+ 10" (ta-1) = Ol

Simﬂarly, we ﬁnd that Rifl S C(h4+k2) (H)\*”%W(LHQ(Q))_'_”'Z* H%OO(I,HQ(Q))_'_”att)\* H%OQ(I,LQ(Q))) .

Hence, we obtain
e+ e
< c(<h2 e (||ad||m<m 1 ey + IV sy + 102 o

* * * n—1,% * N, *
+ (|00 2™ oo (1,02(02)) + || A ||L<>°(LL2(Q))) +[10%(tn1) = O 7l + @™ (T) — apg||

£ (- ||n*m||>).

m=n—1

Using Gronwall’s lemma and Theorem 3.3.1, we arrive at the required result. This completes
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the rest of the proof. O
In order to completely discretize the problem (3.2.6)-(3.2.10) we choose discontinuous piece-

wise constant approximation of the control variable. Let U, be the finite dimensional sub-

space of U defined by
Uy ={vg € L*(I) : vy|;, = constant} ¥Yn=1,2,--- N.

Let Ugaa = Ug N Uuq and o = o(h, k,d) be the discretization parameter. The completely

discretized problem reads as:

ml}n J(0,, 05, u,) subject to (3.3.41)
Us€Ud, ad
N N-1
Z(atam w)fmﬂ + Z([aﬂ]m w:) + (a;—,m wa_) = (f(em aa)v w)LQv (3342)
n=1 n=1
a,(0) = 0, (3.3.43)
N N-1
PCp Z(ateov U)Inﬂ + K(veoa VU)I,Q + PGy Z([GU]M U;_) + P%(‘g;m U(T)
n=1 n=1
= —PL(f(ea, (IU), U)I,Q + (auaa U)I,Qa +pcp(007 v(;r)a
0,(0) = 0 (3.3.44)

for all (w,v) € X, x X, .

Lemma 3.3.1. For a fized control u, € Ugqq, the solution (0,,a,) € X, x X}, of (3.3.42)-

(3.3.44), satisfies the following a priori bounds :

N N
D N0, + 1200515, < C D lldaslla,, < C,
n=1

n=1

106 [1* + 1 7 05 11%,r < C, lao|* < C,
where Ay, : Vi, — Vj, is the discrete Laplacian defined by

(Apv,w) = (Vou, yw) Yv, w € V.

The proof of this lemma is on the similar lines as the proof of [62, Theorem 4.6] and

hence is omitted. U
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The solution of (3.3.41)-(3.3.44) is characterized by the saddle point (0%, a%, 25 A5 uk) €

Xiox X x X x XJl X Uy aq of the Lagrangian functional given by

N-1

N
£<907a07207)\07u0) = J(907a07u0> - (Z ata(ﬂ _'_ n’ on ( jO’A:O)
n=1

n=1
N

- <f<90,aa>,Ao>,,g) - (pcpZ@ea,zU)fn,Q (P00 V210

n=1
N-1

=+ PCp Z([eo]ny Z;r,n) + P%(‘g;o’ ZIO) + pL<f<907 ao)7 ZJ)I,Q

n=1

(@2 psltr 23

The saddle point (0%, aj, 25, A5, ul) € X x X[ x X x X}, X Uy aq is determined by the
KKT system given by:
State equations:

L.(0;,a%, 2, our)(v) =0 Yve X[, (3.3.45)

o) o) Yoo O'

LA, at, 25 Noul)(w) =0 Y € X7, (3.3.46)

o) o) Yo o) 0'

Adjoint equations:

Lo(0%, a2, 25 \out)(¢) =0 Vo € X1, (3.3.47)

o) o) Yo o) 0'

Lo(07 a2 Ao us) () =0 Vap € X1 (3.3.48)

o) o) Yo o) 0’

First order optimality condition:

L,05,as, 22, N ut)(p—uy) >0 Vp € Ugaq. (3.3.49)

o) o) Yo o) U

The state system (3.3.41)-(3.3.44) is obtained from (3.3.45)-(3.3.46). The adjoint system of
(3.3.41)-(3.3.44) obtained from (3.3.47)-(3.3.48) is defined by:
Find (2, \5) € X}, x X}, such that

o) ’o

Z 'QZ) at)‘* Z wna on + (¢ fa( o o)(pLZ _Xk)) =0

Aonv = Bilay(T) — aa), (3.3.50)

(e
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N N-1

—pey ¥ (6,001, + K(V6. V2 ra — pep O (ns [22]n) + (&, fo(03, al) (pLzs — X2))ra

n=1 n=1

= BQ(QS) [9:; - em]—i—)l,ﬂa (3351)
Zen = 0, (3.3.52)
for all (¢, ¢) € X}, x X}, Moreover from (3.3.49), z% satisfies the variational inequality,

<53u:§ + / azidr,p — u:;) >0 Vp€Uju- (3.3.53)
0 12(1)

(3.3.42)-(3.3.44) forms a system of non-linear equations with Lipschitz continuous right hand
side and therefore, admits a unique local solution. It ensures the existence of a control-to-
state mapping u, — (05, a,) = (0,(u,), as(u,)) through (3.3.42)-(3.3.44). By means of this

mapping, we introduce the reduced cost functional j, : Uge.q — R as

Jo(ts) = J(0,(Uy), s (Us), Uy). (3.3.54)

Then the optimal control problem can be equivalently reformulated as

min  j, (uy). (3.3.55)

U €U, qd

Theorem 3.3.3. Let u. be the optimal control of (3.3.41)-(3.3.44). Then, lir% u, = u" exists
in L*(I) and u* is an optimal control of (3.2.6)-(3.2.10).

Proof: Since v, is an optimal control, we obtain
lugllzzy < €

that is, {u}},~¢ is uniformly bounded in L?*(I). Thus, it is possible to extract a subsequence

say {u’}o~o in L?(I) such that
u: — u* weakly in L*(). (3.3.56)

Since U,q C L*(I) is a closed and convex set, we have u* € U,q. Now corresponding to each
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u} there exists solution (6%, a

o) 0'

o) t

9*
9*

weakly in H'!,
strongly in C'(I, L*(12)),
weak* in Wh(I, L>®(0Q)),

strongly in L (1, L*(2)).

0 (3.3.42)-(3.3.44). Thus from Lemma 3.3.1, we have

3.3.57

~~ o~ o~
w o w
w W
oroon
o o

~— N~ ~— =

3.3.60

Now passing limit as o — 0, using (3.3.57)-(3.3.60) and Proposition 2.2.1 in (3.3.42)-(3.3.44),

we obtain that (u*, 6%, a*) is an admissible solution for the optimal control problem (3.2.6)-

(3.2.10). It now remains to show that (u*, 6",
a*) be another optimal solution of (3.2.6)-(3.2.10).

If possible, let (a*,6,

auxiliary problem

n=1

n=1

for all (w,v) € X}, x X}!,. Then, there exists

i(atam mn+<[aa]n1,w:1>) =

N N
Z (PCp 8t00av an + K(Veaa V'U)Q I, t+ ([ea]n—lyvil)) = Z

] =

1

Nt
I
S 3

a, (0

)

n=1

+(amu*, v),

0,(0) = 0o,

HY x Whee([, L>(Q)). Similar to (3.3.57)-(3.3.60), we arrive at

S| ey

weakly in A,
strongly in C'(I, L*(2)),
weakly in W (I, L®(Q)),

strongly in L>®(I, L*(Q)).

a*) is an optimal solution.

(f (0o, ), w),

Counsider the

(3.3.61)

(3.3.62)

( — pL(f(0,,a,),v)ar,

(3.3.63)
(3.3.64)

a solution to (3.3.61)-(3.3.64), say (0,,a,) €

Now letting o — 0 in (3.3.61)-(3.3.64), we obtain that (,a) is a unique solution of (3.2.7)-

(3.2.10) with respect to the control *. Since the solution to (2.3.3)-(2.3.6) for a fixed control

is unique, we find that § = 6* an

da=a".
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Since wu} is the optimal control for (3.3.41)-(3.3.44), we have
Jug) < j(meu’). (3.3.69)

Now letting
sigma — 0 in (3.3.69) and using (3.3.56), we obtain

Jju®) < j(u"). (3.3.70)

Note from (3.3.70) that if u* is another optimal control, then j(u*) will be greater than or
equal to j(u*) and hence, u* is the optimal control.

Next we need to show that lirré |up — ullr2ny = 0. Since uf — u* weakly in L*(Q), it

is enough to show that lim0 llusll 2y = ||w*||L2ry- Using Lemma 3.3.1 and (3.3.56), we find
that
: ﬁ’?’ * : * * * /61 * /62 *
i 2 ey = i (0605, 0505) — D as () — o> 2105~ 0.
N e B2 110
= I a )~ D (1) - al - 2 - 6,
B,
= g,
that is , lin% luy|lz2(ry = [|w*]|L2(r) and hence, lirré |uz — u*|| = 0. This completes the rest of
the proof. m

3.4 Numerical Experiment

For the purpose of numerical experiment, we use ¢G(1)dG(0) space-time discretization for
the state and adjoint variables and dG(0) for the control variable. We have used non-linear
conjugate method [84] to evaluate the optimal control for the completely discrete problem
(3.3.41)-(3.3.44). The implementations in Chapters 3, 4 and 5 have been performed using
the software package deal.II [7].

Non-Linear Conjugate Gradient Method
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step 1: Initialize [ = 0,m = 0,7 = —j/ (uy,), d =7, 0pew = 177 and 6y = Opew-
While(k < gz and peq > €260)

step 2: Initialize n = 0,64 = d'd, oy = —ap and Npre, = j (U + apd)?d.
Do

(i) n=Jjo(us)"d.
_n
yr——
(iil) uy = u, + ad.

(il)) oy =«

(iil) Mprev =n and n=n+ 1.
while(n < Ny, and a?dg > €2)
step 3: Toq =7 and s =1l .
step 4: r = —j! (u,) and dp1q = Opew-
-5

5’”6’11)
step 5: Opew = 717 and B =
50ld

step 6: m=m +1
if (6<0)
(a) d=rand m =0
else
(b) d=r+ fd.
step 7: =1+ 1.
While ends.

Physical Data [84]: The computational domain is chosen as = (0,5) x (—1,0) and T
is chosen as 5.25. In (3.2.7)-(3.2.10), we consider the physical data as pc, = 4.91—%= k =

ecm3K?
0.64—L— and
cmKs

pL = 627.9@7%3. The regularized monotone function H, is chosen as
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1 s> ¢€
He(s) = ¢ 10(£)5 —24(2)> +15(2)* 0<s<e
0 s <0

The initial temperature 6, and the melting temperature 6,, are chosen as 20 and 1800,

respectively. The pointwise data for a.,(#) and 7(6) are given by

0 | 730 | 830 | 840 | 930
ag(0) | 0 091 1 | 1
7@ | 1] 02 ]018|0.05

We use a cubic spline interpolation to obtain approximations for the functions a.,(6) and
7(0) . The shape function «(z,y,t) is given by «a(x,y,t) = %exp(—%#)exp(kly),
where D = 0.47cm,

k1 = 60/cm, A = 0.3cm and v = lem/s. In the nonlinear conjugate gradient method,
tolerance is chosen as 10~7. Also, we choose 3; = 5000, 3, = 1000 and B = 1073. The
main aim of this experiment is to achieve a constant hardening depth of 1mm , see Figure
3.1, with expected order of convergence O(h* + k) for the approximation of (6,a) and w.

To apply non-linear conjugate method for the optimal control problem, we take wg (initial

control) as 1404.

"solution_a_d-9.gnuplot"
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Figure 3.1: Goal a4 to be achieved for the volume fraction of austenite
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When the finite element method is applied, the mesh used for space discretization is
much more refined near the area, where hardness is desired. With the initial control as wuy,
we find that ||a2(T) — a4|| = 0.239547, where a2 corresponds to the austenite value for initial
control ug, which is being reduced to ||a2P"™®(T) — a,|| = 0.073632 after applying non-linear
conjugate method. A comparison of Figure 3.1 and Figure 3.2(a) shows that the goal of
uniform hardening depth is nearly achieved. Also, the state constraint that ||0|| gy < 1800
is satisfied, since ||0,||L=(@) < 1200, see Figure 3.2(b). Figure 3.3 shows the evolution of
control variable (laser energy) in time. At first the laser energy has increased and then
during the long term it can be kept a constant. Towards the end of the process it has to
be reduced to cope the accumulation of the heat at the end of the plate. The numerical
results confirm with those obtained in [84], though error estimates have not been developed
[84]. Figure 3.4 represents ||[E1l|| = ||0 — Oux|| and ||E2|| = || — ank|| as a function of the
discretization step k in the log-log scale when 7" = 5.25. It is shown that the slope is
approximately 2 confirming the theoretical order of convergence. Figure 3.5, shows ||E1]|
and ||E2]| as a function of discretization step h in the log-log scale when T' = 5.25. The
slope is approximately 2, which justifies the theoretical order of convergence.  Figure 8
represents the graph of ||e(u)|| = ||u — u,|| as a function of the discretization parameter k
in the log-log scale. It is shown that the slope is near 2, which confirms the convergence
obtained in Theorem 3.3.3. The finite element a priori estimates developed in Theorem 3.3.1

yields the order of convergence
[0 = Ocoll + |ac — acoll = O(h2 + k),

where (0., ac) is the solution to (3.2.7)-(3.2.10) obtained after a finite element discretiza-
tion, h and k being the space and time discretization parameters respectively. Therefore,

using Theorem 2.2.2, we have
10 = 0ol + [la — aco| = O(R® + k +¢). (3.4.1)

Figure 3.7 and 3.8 represents the ||Fi||, ||E2| and |le(u)||, respectively, as a function of
regularization parameter ¢ in the log-log scale. For the purpose of implementation, the
values of epsilon were taken as {0.5,0.10,0.15,0.20,0.25}. The numerical results obtained
confirms the theoretical results obtained in Theorem 3.3.1, Theorem 3.3.3 and (3.4.1).
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Figure 3.2: (a) The volume fraction of the austenite at time ¢t = 7' (b) The tem-

perature at time ¢
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3.5 Summary

This chapter discusses the convergence of a ¢G(1)dG(0)-dG(0) space-time-control discretiza-
tion method for the laser surface hardening of steel problem. It has been shown that the

* *

approximate solution (0%, a%, ut) € X, x X7, x Ugqa converges to the solution of the regu-
larized problem at the rate of (h? + k), where h and k are the space and time discretization
parameters. Also, numerical experiments attached in the last section shows that the solution
of the regularized problem converges to that of the original problem atleast with the order

of convergence O(h* + k + ¢).
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Chapter 4

A Prior: Error Estimates: A

Discontinuous (Galerkin Space-Time

Method

4.1 Introduction

In this chapter, we discuss an hp-Discontinuous Galerkin Finite Element Method
(hp-DGFEM) for the optimal control problem of laser surface hardening of steel. The
space discretization is based on hp-DGFEM, time and control discretizations are based on a
DGFEM. A priori error estimates have been developed for state, adjoint and control errors.
Numerical experiment presented justifies the theoretical order of convergence obtained.

In recent years, there has been a renewed interest in DGFEM for the numerical solution
of a wide range of partial differential equations. This is due to their flexibility in local
mesh adaptivity and in handling nonuniform degrees of approximation for solutions whose
smoothness exhibit variation over the computational domain. Besides, they are elementwise
conservative and are easy to implement than the continuous finite element method.

The use of DGFEM for elliptic and parabolic problems started with the work of Dou-
glas, Dupont [20] and Wheeler [86] in the 70’s. These methods are generalization of work by
Nitsche [66] for treating Dirichlet boundary condition by introduction of a penalty term on
boundary. In 1973, Babuska [5] introduced another penalty method to impose the Dirichlet
boundary condition weakly. Interior Penalty(IP) methods by Arnold [3] and Wheeler [86]
arose from the observations that just as Dirichlet boundary conditions, interior element con-
tinuity can be imposed weakly instead being built into the finite element space. This makes

it possible and easier to use the space of discontinuous piecewise polynomials of higher de-
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gree. The IP methods are presently called as Symmetric Interior Penalty Galerkin (SIPG)
methods. The variational form of SIPG method is symmetric and adjoint consistent, but the
stabilizing penalty parameter in these methods depends on the bounds of the coefficients of
the problem and various constants in the inverse inequalities which are not known explic-
itly. To overcome this, Oden, Babuska and Baumann [67] proposed DGFEM for advection
diffusion problems which is based on a non-symmetric formulation. This method is known
to be stable when the degree of approximation is greater or equal to 2, see [67], [75]. In
Houston et al. [36], discontinuous hp finite element methods are studied for diffusion reac-
tion problems. For a review of work on DG methods for elliptic problems,; we refer to [4],
[70]. [28]-[30] discuss DG methods for quasilinear and strongly non-linear elliptic problems.
In [74] and [75], a non symmertric interior penalty DGFEM is analyzed for elliptic and non-
linear parabolic problems, respectively. For a detailed description of DGFEM for elliptic
and parabolic problems, we refer to [73].

Since the laser surface hardening of steel problem is an optimal control problem, adjoint
consistency becomes important. Therefore, in this chapter, a symmetric version of hp-
DGFEM has been introduced and analyzed for the optimal control problem of laser surface
hardening of steel. A similar hp-version of interior penalty discontinuous Galerkin method
for semilinear parabolic equation with mixed Dirichlet and Neumann boundary conditions
has been analyzed in [50]. Error estimates are derived under hypothesis on regularity of the
solution. DGFEM and corresponding error estimates for continuous and discrete time, for
non-linear parabolic equations, have been developed in [74].

The outline of this chapter is as follows. This section is introductory in nature. Section
4.2 includes necessary preliminaries and a weak formulation of the regularized laser surface
hardening of steel problem. In Section 4.3, an hp-DGFEM weak formulation for the laser
surface hardening of steel problem with its adjoint system is presented. Also, error estimates
are developed for the state and adjoint variables. In Section 4.4, a space-time discretization
using DGFEM in time and hp-DGFEM in space has been done. Also, a completely discrete
formulation is derived using DGFEM for control variable. Error estimates are developed for
space-time and completely discrete schemes. In Section 4.5, results of numerical experiment

are presented.
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4.2 Preliminaries

1. (Finite Elements) Let 7, = { K, K C Q} be a shape regular finite element subdivision
of € in the sense that there exists v > 0 such that if hg is the diameter of K, then K
contains a ball of radius yhg in its interior [17]. Each element K is a rectangle/triangle
defined as follows. Let K be a shape regular master rectangle/triangle in R?, and let
{Fx} be a family of invertible maps such that each Fx maps from K to K, see Figure

4.1. Let h = max hg.
KETh

'\ y A

—

> >
X

~>
\

Figure 4.1: An example of construction of finite elements

Let &, £,r and &y be the set of all the edges, interior edges and boundary edges of the

elements, respectively, defined as follows:

E = {e:e=0KNOK ore=0KNd, K, K €T}
Emi = {e€e&:e=0KNOK' K, K €T},
Ey = {e€&:e=0KNIK €T},

Note that the definition of the triangulation 7}, admits atmost one hanging node along

each side of K.

2. (Discontinuous Spaces) On the subdivision 7;, we define the required broken Sobolev
spaces for s = 1,2 as H*(Q2,7;,) = {w € L*(Q) :wlx € HY(K),K € ’]71}

The associated broken norm and semi-norm are defined by:

1/2
Jw] Hs(K) , respectively.

(z|w

KeT,

/2
HS(K ) and |U}

. (Z i

KeT,
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Also, let U = {w € H*(Q),T;,) : w, Jw.n are continuous along each e € &}

~

. (Discrete Spaces) Let @, (K) be the set of polynomials of degree less than or equal
to px in each coordinate on the reference element K. Now consider a finite element

subspace of H(Q,T;,),
SP = {w € L*(Q) : w|xoFk € Q. (K),K € 771},

where p = {px : K € T} and F = {Fx : K € T,}, Fx being the affine map from K
to K.

. (Jump and Average of a Function) For ey € &, the jump and average of w €

HY(Q,Ty) are defined by:

(0} =3 (@l + @l )+ o] = @l — (i)l

The jump and average on ex € &y are defined as
{w} = (w[k)lex, [w] = (w|k)|ex, respectively.

. (Broken Energy Norm) We define the broken energy norm for w € H'(Q,7;,) as

1/2
Il = ( S el +m<w,w>) |

KeTy,

where J7(w,v) = Z |—7| /[w] [v]de, v > 0 being the penalty parameter to be chosen
€ e

eegint
later.

Assumptions on the mesh and degree of approximation

Assumption (P):

e The finite element subdivision 7}, satisfies the bounded local variation condition in the

sense that if |0K NOK'| > 0, for any K and K’ € 7, then there exists a constant &

independent of hg, hgs such that




In particular, this implies that for any element K, the number of neighboring elements
K' € T, with |0K N 0K'| > 0 is bounded by N, uniformly, for some positive integer
N,.

e The discontinuous finite element space S? satisfies the following bounded local variation:
If 0K NOK'| > 0, for any K and K’ € 7, then there exists a constant o > 0
independent of px and pg+ such that

Pk
PK’

<o

Here, | - | denotes the one dimensional Euclidean measure.

We now present some examples (see [17]) which satisfy the assumption (P).

(i) Regular subdivision is a subdivision of {2 into shape regular elements K € 7}, such
that for any two elements K and K’, the common portion 0K N 0K’ is either empty or a
vertex of K or an entire edge e of K, that is, e = 0K N K’ and there is no other element
K, € T, such that |[e N 0K;| > 0.

(ii) 1-irregular subdivision is a shape regular subdivision { K} ez, of € is such that for
any side of an element K, there can be at most one hanging node.

From the assumptions (P) and shape regularity, it is easy to see that if e C 0K then there

exist constants ci(k), ca(k), c3(0) and c4(g) which are independent of h and p such that

a(k)hi <lex| < ca(k)hr,  c3(0)pr < pey < ca(0)pk, (4.2.1)

where p,, is the degree of the polynomial used for the approximation of the unknown vari-

ables over the edge ek.

Approximation Properties of Finite Element Spaces

Lemma 4.2.1. [50]: Letw|x € H¥(K),s' > 0. Then there exists a sequence 215 € Q. (K),
pr = 1,2+, such that for 0 <1<,

hs—l
Jw — 225 gy < C%Hw”m’(m VK €T,
Pk
1

h 2
lw = 2252y < C—Erlwllgo g Ve € Em,
Py ?

S—
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and
3
h hy ®
|V (w =25 lr2(e) < C— = ||lw|
Pk ?

S—

HSI(K) \V/e c g’inta

where 1 < s < min(px + 1,5), px > 1, and C is a constant independent of w, hg, and pg,

but dependent on s'.

Remark 4.2.1. Given w € H*(Q,7},), define the interpolant Iyw = w € SP by
Lk = 0|x = 2% (w|k) VK €T (4.2.2)

Trace Inequalities

Lemma 4.2.2. [70, Appendiz A.2] Let w € H'™Y(K), K € T;,. Then, there exists a constant
C > 0 such that

1 A
1wl ey < C(gllwlﬁmm [l g a0y || 79 w||L2(K))>

where 7 =10, 1.

Lemma 4.2.3. [75, Lemma 2.1] Let v, € Q,,(K). Then, there exists a constant C > 0
such that

1900, < Crchi IV ollie, 1= 0,1. (4.2.3)

Inverse Inequalities
Below, we state without proof a lemma on inverse inequalities. For a proof, we refer to [51,

page no. 6], [15, Theorem 6.1].

Lemma 4.2.4. Let vy, € Q,, (K). Then, for r > 2, there exists a constant C > 0 such that

1-2/r4 (2/r—1
lalleraey < Cpie "R |lonllx, (4.2.4)
|vh|Hl(K) S Cp%(h;(1|vh|Hl71(K), l Z 1 (425)
1-2/r r—
ol zrery < Coe e Y2 o ee (4.2.6)

where e, C OK is an edge.
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Now consider the regularized laser surface hardening of steel problem:

min J(0,a,u) subject to (4.2.7)
u€Uyq

oa = f(6,a) inQ, (4.2.8)

a(0) = 0 in (4.2.9)

pc,0d —K A0 = —pLOa+au  in Q, (4.2.10)

0(0) = 6, inQ, (4.2.11)

g—z = 0 on. (4.2.12)

The weak formulation corresponding to (4.2.8)-(4.2.12), for a fixed u € U,q, reads as:
Find (A,a) € X x Y such that

(Ba,w) = (f(0,a),w) Yw e H, (4.2.13)

a(0) = 0, (4.2.14)

ey (840, 0) + K(V0,7v) = —pL(Ba,v) + (au,v) Yo eV, (4.2.15)
0(0) = 6, (4.2.16)

where X ={ve L*(;V):v € L*(I;V*)},V =HYQ),Y = HY(I; L*(Q)), H = L*(Q) and
Uwa={ue L*I): 0<u< Upge ae. in T}
Therefore, the weak formulation for the optimal control problem can be stated as

min J(0,a,u) subject to the constraints (4.2.13)-(4.2.16). (4.2.17)

u€Ugyq

The adjoint system of (4.2.17) is defined by (for explanations see Chapter 3):
Find (2*,\*) € X x Y such that

— (X, ON") = —(x, ful07,a%)g(2", X7)), (4.2.18)

N(T) = Bi(a*(T) — ag), (4.2.19)

—pp(9,0:27) + K(V,727) + (&, fo(07,a")g(2", A7) =52(0, [0 — 0] +), (4.2.20)
(T =0, (4.2.21)

for all (x,¢) € H x V and g(z,\) = pLz — X\. Moreover, z* satifies the following variational
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inequality

(ﬁgu* + / az'dr, p— u*) >0 Vpe Uy
Q L2(I)

One can easily check that g is a Lipschitz continuous function.

4.3 hp-Discontinuous Galerkin Weak Formulation

Space Discretization

The hp-DGFEM formulation corresponding to (4.2.13)-(4.2.16) can be stated as:
Find (0,(t), an(t)) € SP x SP, a.e. in I such that

Z (8tah,w)K = Z Gh, CLh U} K Yw € Sp, (431)
KeT;, KeTy,
an(0) =0, (4.3.2)
PCp Z (010h, v) K + B(Oy,v) =—pL Z Oan, V) + Z aup,v)g Yo € SP, (4.3.3)
KeT, KeT, KeTy,
01,(0) = 6y, (4.3.4)

where B(0,v) = K Z (Vo,vv)k—K Z /{VH n}v]de—K Z /{Vv n}l)de+T7(0,v)

KeTh eCEint e€int
and J7(6,v) = — [ |0]|v]de, v > 0 is the penalty parameter to be chosen later.
|
e
eegint €

Remark 4.3.1. Note that the bilinear form B(-,-) is symmetric. Therefore, (4.3.1)-(4.3.4)
corresponds to the SIPG formulation for the reqularized laser surface hardening of steel prob-

lem.
M

Let {¢1, ¢, -+, ¢} be the basis functions for SP. Substituting a;, = Zai(t)gbi and 0;, =

i=1
M

Zﬁi(t)gbi for v=¢;,w=¢;,j=1,2,---, M in (4.3.1)-(4.3.4), we obtain

i=1

A da = F(,a), (4.3.5)
a(0) = 0, (4.3.6)
pc,A 0,0+B I = —pLF(0,a) + up(t)a, (4.3.7)
0(0) = 6y, (4.3.8)



where a= (ai(t)) . 0= (Ql(t)) , A= ( (i, 05) K ) ,
1<i<M 1<i<M KeT, 1<ij<M
M

5 = (<a<t>,¢j>K)1§j<M. (13.9)

(4.3.5)-(4.3.8) is a system of ordinary differential equations in independent variable ¢, with
Lipschitz continuous right hand side (6,a) and hence admits a unique solution in the neigh-
bourhood of ¢t = 0.

The hp-DGFEM scheme corresponding to the optimal control problem is

min J(0p, ap,up) subject to the constraints (4.3.1)-(4.3.4). (4.3.10)

u€Uqq

The adjoint system of (4.3.10) determined from the KKT system (as developed in Chapter
3) is defined by:
Find (z;:(t), A\;(t)) € SP x SP, a.e. in I such that

- Z (Xuat)‘lt)K = = Z (Xv fa(ezva;kL)g(thv)‘Z))Kv (4'3'11)

KeTy, KeTy,
NAT) = Bi(a(T) — ag), (4.3.12)
pey S (G0 A B = — Y (<z>, Fo(05 a9 M)k
KeTy, KeT,
+ Ba(9, 165, — em]+)z<), (4.3.13)
Z(T) = 0, (4.3.14)

for all (x, @) € SP x SP. Moreover, z* satisfies the following variational inequality
(ﬁgu;‘l + / azpdr, p— UZ) >0  Vpe& Ug.
Q LA(I)

Continuous Time A Priori Error Estimates

For estimating the a prior: error estimates for the hp-DGFEM formulation of the laser

surface hardening of steel problem, we would like to define the broken projector
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II: H*(Q,T,) — SP satisfying;

B(Mlv —v,w) + v(llv —v,w) =0 Yw € S?, (4.3.15)

where v > 0 is a constant. We now proceed to show that II is well-defined.

Lemma 4.3.1. There exists a constant C' > 0, independent of h such that
B, (v,w)] < CllJoll] llwll] Yv,w e H(Q, Tn),

where B,(v,w) = B(v,w) + v(v,w) Yv,w € H*(Q,T}).
Proof: For v,w € H*(Q,7T},), we have

Byv.w)| < /C<|Z(UWH1 141 S (venh ) +1 Y (vwn, o). |)

KGTh eegmt GEglmg

+ |\7'y(v,w)| +v Z |(’U,1U)K| = Il +IQ +13+I4+I5
KeTy,

We need to obtain bounds for Iy, I5, I3, I and I5. Clearly, we have

Lo< K lollmallolmg < Kol

KeT,

Now from Lemma 4.2.3 for [ = 1 and using (4.2.1), we have
|7 vnlZ, < Cp lex|™ || v vl Hence,

Lo< kY [({gvn).fu |</C(Z||\f ||2) (Zn {vvn}||2)l/2

eegznt eegznt KET

< Cllfolll Hwllf-

Similarly I3 < C|||v||||||w]||. Using definition of ||| - |||, we can easily obtain that
I < CK||||||J|w||| and I5 < CK|||v||||||w]||- Using bounds for I, I, I3, I, and I5, we obtain
the required result. O

Lemma 4.3.2. For a sufficiently large penalty parameter «y, there exists C' > 0 such that

B, (w,w) > C|||wl|||* Yw € S*.
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Proof: For w € SP, we have

B,(w,w) = K Y Ivwli—2K Y ({vwn} w)e+ ) . L{wPde+ (v +K) Y [k

KeTy, e€Eint e€Eint ¥ € ‘ | KeT,

=K Z | 7 w5 + Z /( ? —2K{yw.n} [w ])de+(u+l€) Z l|wl|%. (4.3.16)

KeTy, e€Eint KeTgk

Using Cauchy-Schwarz inequality and Young’s inequality, we have

—2K > /|{Vw n}| fwllde > —2 ) (/c/ea|e| |W|2de+1c/e%[w]2de),

e€EEint e€int
where 0 > 0 is positive constant which will be suitably chosen. Using Lemma 4.2.3, (4.2.1)
and the fact that the summation over e € &;,,; may count an element at the most 8 times, if

we allow one hanging node at each interface, we have

—2K > /|{an}H J|de > <16ICZ/5Cpe|Vw|2d:c+2IC > /| 2de)

eCEint KeTy, ec&in

Choose § = 55(Cp?)~! to obtain

2k Y [Uvon) [wlae = -(5

e€€int €

Z/\Vw\de+64lC D /C|p| 2d)
e

KeTy, e€in

Using the above expression in (4.3.16), we obtain

B, (w, S vl Y / 1= 64’““ wPde + (v +K) 3 %

KeTh e€€int KeT,

Now choose v = 2K6~! to obtain the required result. O
Using Lemma 4.3.1 and 4.3.2, TTv is well defined for v € H*(Q,7;). Now, we establish

an estimate for ||v — ITv||, the proof of which are in the similar lines as in [50].

Lemma 4.3.3. Let Iv be the projection of v € H*(Q,T,) onto SP defined by (4.3.15), then

the following error estimate holds true:

) h2 h25 2

KeT;, K
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where s = min(pg + 1,5'), s > 2, px > 2.

Proof: Choose v — Ilv = (v —0) + (0 — Ilv) = ( + ), where v € S? is the interpolant of v
defined in Remark 4.2.2. From Lemma 4.3.2 and (4.3.15), we have

ImlP < CBu(n,n)SC(IBy(n+C,n)|+IBV(C,n)I>=C|BV(CJ7)I-

From Lemma 4.3.1, we have

Hall* < CHICHT [l

Therefore, we obtain

llll? < CICIE = € 3 I6lEno+ 3 [ icrae)

KeT,, e€int
= o X el + 3 Zel). (43.17)
KeTh eeé'mt
From Lemma 4.2.1, we have
2 ra 2 _ DK
1<l ) < Cp%, Mol ey ICIE < O ol gy 8 2 2 (4.3.18)
K K

Substituting (4.3.18) in (4.3.17), choosing v = 2K§ ! as in Lemma 4.3.2 and using the local
bounded variation property (4.2.1), we obtain

h2s 2
Il < €3 (ZElolEee ) (1.3.19)

KETh K

we e, 3 o= Wl <€ 3 (Il + €lnge )

KeTy, KeT;,
Using Z ||77||?{1(K) < |lInll|?, Lemma 4.2.1 and (4.3.19), we obtain
KETh

h2$ 2
S Jo- Tl < €3 ( e ) (43.20)

KeTy, KeT;,
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From the definition of broken norm, we have

o =Tofl> = > llo = ol Fge) + Z [v — TIo]|fZ. (4.3.21)

KeTy, eegznt

Using (4.3.18), (4.3.19) and (4.2.1) in (4.3.21), we obtain

h2s 2
o=l < € 3 (SEgloleg ) (43.22)

KETh K

Now we proceed to estimate ||jv — ITv||.

—1I
|lv—Iv|| =  sup w
9eL?(Q),970 gl
Let w € H%(Q) be the solution of
—KAw+vw = g in(, (4.3.23)
0
8—7: = 0 ondQ, (4.3.24)
satisfying,
lwllm2@) < Cligll (4.3.25)

and where v as defined in (4.3.15). Then a discontinuous weak formulation of (4.3.23)-

(4.3.24) is given by: find w € U such that
B,(w,¢) = (9.¢) Vo€ H(QT). (4.3.26)
Also, B, (v —Iv,w) = 0, where w is the interpolant of w defined in Remark 4.2.2.
Now, (v—1Iv,g9) = B,(v—Iv,w)= B,(v—Iv,w—w). (4.3.27)

Therefore, from Lemma 4.3.1 and definition of ||| - |||, we obtain (v — ITv,g) < C|||v —
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||| |||w — w]||. From (4.3.22), we obtain

h28 2
(v—Tv,g) < C{Z(QS,?’HU Hs(K> (Z”w w”Hl

KeTy, K KeTy,

1/2
+ J(w— b, w — u?))} : (4.3.28)
Using Lemma 4.2.1 for ' = 2, we obtain

S = bl + T w0 =0) < €3 K, (4320

KeT, Ker, P

Using (4.3.29) in (4.3.28), we obtain

P22 h2. 1/2
(v—Tv,g) < C{Z ( 53 ||V HHS )) X < Z pKHw”m(K)] ’

KeTy, K KeT,
Z h2s 2 h%( 1/2

< C’{ < . w2 ) X <max —)} |wl| 2)- (4.3.30)
KeTy, %( - He(K) KeTh px

Using (4.3.30) in (4.3.25), we obtain
Z h28 2 h%{ 1/2
o-t0g) = O 5 (EEalolfrey ) x () Lol
= i( 30PNHS (K) KeT, Pi

Hence, we have the required result

|lv —Tv|]|= sup —=<C IIPea%ip—g Z 23 3||v||Hs K) .

gEL2(0:g5£0) gl KeT, \PK

This completes the proof. O

Let 0 — 0, = n° + (% and a — a, = n® + (%, where 0’ = 110 — 0),, (¥ = 0 — 119, n* =
a — ap, (*“ = a—a and a is the interpolant of a as defined in Remark 4.2.2. Using the

triangle inequality, we have

10 —0ull < ("l + NIl Mla — anll < [ln° [+ lI¢°]l-

In the next theorem, we develop an a priori error estimate for ||0(t) — 6,(t)|| and
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lla(t) — an(t)||, for a fixed u € Uyq and t € I.

Theorem 4.3.1. Let (0(t),a(t)) and (0n(t),an(t)) be the solutions of (4.2.8)-(4.2.12) and
(4.3.1)-(4.3.4), respectively, for a fivzed w € Uyq. Then,

16(t) = 0n(0)[1* + [la(t) — an(t)|”
h2 h2$ 2
) 2

KeTy, K

Hs &) T ”9”L2 L (K) T Hate”]ﬁ I,H'(K))
FllalZags e ey + 10122 1o iy + 101 s ey + N2y o (K»), tel,

where C' > 0 is independent of px, hx and (0,a), also s = min(px + 1,5") and s', px > 2.

Proof: A solution (0,a) € X xY of (4.2.13)-(4.2.16), under the regularity assumption that
0(t) € U,t € I, satisfies the equation

pcpZ(ﬁtﬁv)K+B (0,v) —pLZ K+ZauvK+uZ (0,v)K(4.3.31)

KeTy, KeTy, KeTy, KeTy,

Subtracting (4.3.3) from (4.3.31) and using B, (¢%,v) =0 Vv € SP (see (4.3.15)), we obtain

PCp Z (8tn67 U)K + Bu(neav) = _pL Z (f(@, a’) - f(efh ah)av)K — PCp Z ((&:CG, U)K

KETh KETh KETh

Choose v = 1%, use Lemma 4.3.2 and integrate from 0 to ¢ to obtain

1 t
SO+ [ s < (PO + S [ 1600 - 5.l

KeT,
+Z/|8tCTIK|d3+Z/| ")k |ds
KeT, KeT,
s / I s
KeTy,

t
= Clln9<0>!\2+11+12+13+/ 10’2 ds, say.  (4.3.32)
0

Now we estimate [;, Is and I3 in the right hand side of (4.3.32). Using Cauchy-Schwarz
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inequality, Young’s inequality and Proposition 2.2.1, we obtain

t
L=y / (0.0 = £ lds < © [ <H?79|!2+HC€|!2+HnaH2+|!C“|!2)d8(4-3-33)
0

KeTy,

Using Cauchy-Schwarz inequality and Young’s inequality, we have

KeTy,

Iy < Z/\C y K\d8<0/ (HCOH2+|M9H2)d8. (4.3.35)

KeT,

Using (4.3.33)-(4.3.35) in (4.3.32), we obtain

1 t
S+ [ Ieieas < <|ln O+ [ (11 167 + o) as
I 12+ ) s )

1
Thatis, SO < <||n(0)||2 # [ (I + el + 1 s

b [ (11 + 17 )as ). (4.3.36)

Now subtracting (4.3.1) from (4.2.13), we obtain

Y Ola—an)w)x = > (f(0,a) = f(Oh,an),w)x Yw e S,

KeTy, KeT;,

Using a — ap = n® + (* and substituting w = n®, we obtain

S @k = 3 <<f<97a>—f<eh,ah>,n“>;{—@ga,na)K).

KeTy, KeT,

Now integrating from 0 to ¢, using Cauchy-Schwarz inequality, Young’s inequality and Propo-

sition 2.2.1, we obtain

t
In"@I* < C/O (WH2 IS A+ Nl + e + !\3tC“!\2)d8- (4.3.37)
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Adding (4.3.36) and (4.3.37), we obtain

PO+ IO < 0(|rn9<o>u2+ / (H<9|P+|r<au2+Hatceuuuatcar\?)ds

t
v/ (|!n9|!2+H?7aH2>d8>-

Use Gronwall’s Lemma to obtain

T
WO + IO < C(||n9(0)||2+ / (||g9||2+||ga||2+||atg9||2+||at<“||2)ds).

From Lemma 4.2.1 and Lemma 4.3.3, we have

h2 h25 2
PO+ IO < 0 ) 5 25 (1) + 101y

KETh pK KET pK

+ 100172 1 1y + Nl v 10y + ||ata”iQU’HS/(K”)'

Using triangle inequality we obtain the required estimate. This completes the proof. O

Next we develop error estimates for the system (4.2.18)-(4.2.21), which is the adjoint
system corresponding to (4.2.13)-(4.2.16). Denote z — 2, = n* + ¢* and A — A\, = n* + ¢,
where n* =1z — 2, * =2z —1lz, * = = A=\, =X - A and ) is the interpolant of \ as

defined in Remark 4.2.2. We denote (z;, A}) as (zp, Ap) for notational convenience.

Theorem 4.3.2. Let (2(t), A(t)) and (zn(t), \n(t)) be the solutions for (4.2.18)-(4.2.21) and
(4.3.11)-(4.3.14), respectively. Then, there exists a positive constant C' such that

12(8) = za (O + A1) — M)

h2 h28 2
< C(max —K) Z T3<||ad||H2(K +||90||Hs (k) T HQHL?(IHS (K))

KeTh pK KETh K
+ 100117 (s (K) T Ha’Hi?(I,Hs'(K )y T 10eall2 s (k) T HZHi?(I,HS'(K))

+ ”atz”LQ(I (k) T ”)‘HL2(1 () T Hat)‘”wu (k) T HGHLOO(I H¥ (K))

2
+ ” H > (I,H¢' (K)) + Ha”Loo([Hs (K)) + H)‘”LOO(IHS (K))) tel,

where C' is independent of px, hr, (0,a) and (z, ), also s = min(pgx + 1,5") and s', px > 2.
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Proof: A solution (z,\) € X x Y of (4.2.18)-(4.2.21), under the regularity assumption that
z(t) €U, t € I, satisfies the equation

—pcy > (6.02)k + B(¢,2) = — Y _ (fo(0,a)g(2. ) )k + Bo Y ([0 — O]+ )k (4.3.38)

KETh KETh KETh

Subtracting (4.3.13) from (4.3.38) and using B, (¢*,¢) =0 V¢ € SP, we obtain

—PCp Z <¢7 aﬂ?z)K + Bu(¢7 772) = - Z <¢7 f@(eu CL)g(Z, )\) - f9<9h7 ah)g<zh7 )‘h))K
KeTy, KeT,
+ 62 Z (¢7 [9 - em]Jr - [911 - 9m]+)K
KeT,
+pey Y (6,00 K + v(d, 7+ C).
KeTy,

Choose ¢ = n?, use Lemma 4.3.2, n*(T") = 0 and integrate from ¢ to T' to obtain

o+ [hiPas < c|(= 5 [ a0 - fotn gt s

KETh t
T T
S / (7,10~ By — [0 — 6] )ds + 3 / (7 0, e
KeT, 7t KeT, 7t
T T
S RURSES 3 HnZH?ds)
KeT, /1t KeT, /'t
T
< C<[1+[2+[3+[4+/ H?]ZH2dS), say. (4339)
t

Using Cauchy-Schwarz inequality, Young’s inequality, Proposition 2.2.1 and Lipschitz conti-

nuity of g, we obtain

L = Z/ |(fo(0,a)g(z, A) = fo(On, an)g(zn, An), n7) x|ds

KeT, ¢

VAN

T
¢ [ (1P + 161+ 1P + 1R s, (1.3.00)
t

Using Cauchy-Schwarz inequality and Young’s inequality, we have

T T
bs Y [lwacusscy | (||at¢||%<+||n2||%()ds (4.3.41)

KeT, Ut KeT, /t
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I; < Z/ + = [0h — O]+ )k |ds

KeT,
< oY / (I!9 Ol + 1 ) s (43.42)
KeT,
L Y / (7, C)xlds <C 3 / (1t + Wl s (a3
KeTy, KeT,

Using (4.3.40)-(4.3.43) in (4.3.39), we obtain

1 T
e+ [ieas < ¢ 3 ([ (160 101+ 10C T + 10 - ol )as
t

KeT,

T
+ [ (WH% ; Wn%() ds).
t

T
That i, e < ¢ ([ (16T + 16 + 10T+ 16 - 6uli ) s
t

KeT,

T
b [ (W 1) as). (43.41)
t

Now subtracting (4.3.11) from (4.2.18), we obtain

=) A= )k = = D (6 fa(0:a)g(2, ) = falOhr an)g(zn, An)) ke

KeT, KeT,

Using A — A\, = n* + ¢ and substituting x = n*, we obtain

- Z aﬂ? = Z <_ (nA’fa(eaa)g(za )‘) _fa(eh’ah)g(zh’)‘h))K+ (n)\aatgk)K)'

KETh KETh

Now integrating from ¢ to 7', using \(T") = (1 (a(T)—ay), Cauchy-Schwarz inequality, Young’s

inequality and Proposition 2.2.1, we obtain

Yool < ¢ (Ha (D) + la(T) = an(T)Il + llaa — aalli

KeTy, KeT;,

T
|/ (IInZH% CI + I + I + ||at@||%()ds)<4.3.45>
t

Adding (4.3.44) and (4.3.45), we obtain

3 <||nz(t)||§<+||77( ||K) < 02( (D)% + la(T) = an(D)% + laa — el

KETh KeTh
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T T
- (||e—eh||%<+||¢||%(+||@||%(+||at¢||%(+||at@||%()ds+ / (||n2||%(+||nk||%<)ds).
t t

Use Gronwall’s Lemma to obtain

3 (an(t)lliJanA(t)H%) <oy (Ha<T>—a<T>H%<+r\a<T>—ah<T>|r%<+Had—adui

KeTy, KeT,

T
b [ (00 B 1B + I + 0T + 1A ) s ).

From Lemma 4.2.1, Lemma 4.3.3 and Theorem 4.3.1, we have

3 (un«wui n un*(wui)

KeTy,

hZ h2372
< ¢ a8 ) 5 2 (B + Il + 10y

KETh pK KETh K
2 2 2 2
OOz 11 acyy + Nl a0 ey + 10N Loy + 122 e iy

2 2 2 2
1022 e acyy I 2o oy NOAN L2 e iy + 1O e 1104

2
+ HaHL‘X’(LHs’(K)))'

Using the triangle inequality, we obtain the required estimate. This completes the proof. [J

4.4 hp-DGFEM-DG Space-Time-Control Discretization

In this section, first of all, a temporal discretization is done using a DGFEM with piecewise
constant approximation and a priori error estimates are proved in Theorem 4.4.1 and 4.4.2.
The control is then discretized using piecewise constants in each discrete interval I,,,n =
1,2, -+, N and show the convergence of u} to u* in L?*(I) in Theorem 4.4.3. In order to

discretize (4.3.1)-(4.3.4) in time, we consider the following partition of I:
O=to<ti < .. <ty=T.

Set Iy = [to,t1], I, = (tn_1,tn], kn =ty — ty_q1, forn = 1,2,..., N and k = 1r<na<>§vk;n. We

define the space
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q
Xio={¢:1— 5" ¢, =) vt/ €5}, qeN. (4.4.1)
j=0

For ¢ = 0, the space time hp-DGFEM scheme corresponding to (4.3.1)-(4.3.4) reads as;
Find (0}, a},) € S? x SP,n=1,2,--- N such that

> @ wie = > (fO i), w), (4.4.2)

KETh KeTh
PCp Z (005, v) i + B0y, v) = —pL Z (O ahn)s V) i
KETh KeTh
+ Z( /Ozuhk(t)ds,v) : (4.4.4)
KeT, K
s (0) = 0, (4.4.5)
¢n _ ¢n71 M

Y(w,v) € SP x SP, where J¢" = V¢ € SP. Expanding a}, = Za’;gbi and 60}, =

i=1

kn
M

Z 07 ¢;, where {¢;}Y, is the basis for SP, we obtain the system
i=1

Aa = k,F@a")+Aart (4.4.6)

a’ = 0, (4.4.7)

(pcyA + k,B) 0" = —k,pLF(0™,a") + kup(t,)a™ + A 0° 1, (4.4.8)
0(0) = 6, (4.4.9)

where A, a, F, B, 0 and & are defined in (4.3.9). (4.4.6)-(4.4.9) forms a system of non-linear
equations with Lipschitz continuous right hand side and hence admits a unique local solution
in the neighbourhood of t = 0.

The time discrete hp-DGFEM scheme for the optimal control problem is

min  J (0, apk, upk) subject to the constraints (4.4.2)-(4.4.5). (4.4.10)

Uhk€Uad

The adjoint system of (4.4.10) determined by the KKT system is defined by:
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find (2", Apy) € SP x SP such that

_ Z (X?é)\Z];l* K _ Z X, fa en 1*’ Zkl*)g(zzkl* )\2;1,*»[(’ (4411)
KeT, KeTy,
() = Bilap(T) — aa), (4.4.12)
—pey 3 (.05 I + B,z ) = = ( & ol a9 N
KeTy, KeT,
T B, 7 — em]+)K), (1413)
(1) = 0, (4.4.14)
(bn (bn 1

for all (x,¢) € S x S?, where d¢"~! = —

Discrete Time A Priori Error Estimates

Before estimating the a priori error estimates for space-time discretization, we define the

interpolant 7, : C(I, SP) — X}, mlr, € Po(l,, SP), (see [79]) as
mo(t) =v(t,) Vtel,,n=12--- N, (4.4.15)

where Py(1,,, S?) is the space of all functions in S” which are constants with respect to the

variable t in each interval I,,. Note that
||U_7Tkv||fn,K S Cl{?nHaﬂ)H]mK. (4416)

Theorem 4.4.1. Let (6(t),a(t)) and (0}, a}), n=1,2,--- N be the solutions of (4.2.8)-
(4.2.12) and (4.4.2)-(4.4.5), respectively. Then,

10(tn) — Ohell” + lla(tn) — apyll”

<oy M\ K2 ()2
< 02 2 (\m ) i) (1
h

+ ”aHLOO([n;HS’(K)) + HataHioo([n;Hs/(K)) + ”atteH%OO(I;LQ(K)) + ”attaH%OO(ln,LQ(K))
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where C' > 0 is independent of px, hyx and (0,a), also s = min(px + 1,¢") and s', px > 2.

Proof: Subtracting (4.4.4) from (4.3.31) at ¢t = ¢,,, we obtain

PCp Z (20(tn) — 00, v)k + By(0(t) — by, v)

KeT,

= oL Y (10600, att)) = O i, o)

KEeT, K
1
+ Z (a(az,tn)u(tn)—k—n/I auds,v)K
KeTy, "
+v ) (0(t) = O3 )k
KeT,

where v € SP. Using (4.4.15), we find that

P D (08(ta) = 06, 0) + Bu(6(ta) — b3, v)

KETh

Y pL(f<e<tn>,a<tn>> ~ FGai)o) + Y ool [ (mat) - 0ds.o

KETh

—i—VZ —01),0) k-

KeT,

Write 0(t,) — O = (0(tn) — TIO(t,)) + (T0(tn) — Op) = ¢ + 0", altn) — ajy = (a(tn) —
a(t,)) + (a(t,) —ayy) = ¢*™ +n®" and using B, ((,v) = 0, we obtain

pey > (O’ v)k + B,(n""v)

KeT,
el
~pL 3 ((0(t),a(t) = £ a0l + 27— S0 ([ = w)ds,
KeTy, n KeT, Vin
= pep Y (Di0(tn) = 00(tn), v)i — pey D (OC7 ™ v)ic+v Y (" + ¢ v) k. (4.4.17)
KeT, KeT, KeTy,

Now,

1 sn n— 1 n n n— n—
i (17 = 1) = g (o) = et )

1 n n— n n— n— n
= %((ng’ — " ") = (gt = ))

Adding and subtracting n”" in the right hand side of the second term of the above expres-
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sion, we obtain

1 n n— a n n 1 n n— n n—
i (112 = 1) = @) = St = P — g

< (P, (4.4.18)

Substituting v = n®" and using (4.4.18) in (4.4.17) , we obtain

(i U &
< O X 1000 ) = SO il + 31 (= s, 1)
KeTy, KeT, In
+ D 1(00(t) = 00(ta), " ")scl + D 1O 0™l + Y (P 0]
KeT, KeT, KeT,
Y
B C<[I+[2H3”4+f5+IW’"H2>7 say (4.4.19)

From Cauchy-Schwarz inequality, Young’s inequality and Proposition 2.2.1, we have

Lo < pL Y 1F(8(t), a(ta)) = f (O ai) | clln® |1

KeTy,

cy (H&"Hi I + [ + Hne’”Hi)- (4.4.20)

KeTy,

IA

For I, use Cauchy-Schwarz inequality, Young’s inequality and (4.4.16) to obtain

< S m—ullga I e < c(nmu—unimw 3 ||779’"||§<),

KETh KETh

< c(kinatunimwx IInG’"H%)- (4.4.21)

KETh

Now consider I3. Using Cauchy-Schwarz inequality and Young’s inequality, we obtain

<oy (née(m 00t % + IInG’"H%)- (4.4.22)

KETh

For the first term on the right hand side of (4.4.22), we have
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tn tn
136(t,) — btk = Ik / (F— by 1)0u8 di] e < I / (t— to)l|0ubl i dt
th—1 tn—1

— t— tn— 2|t
< Cknl% 1060l oo (1,2 () < Ckinl| 00| oo (1,,,L2(k)) -
tn—1
Therefore, we have
o< €% (RO i + 10T ) (1423
KeTy,

Also for I, using Cauchy-Schwarz inequality and Young’s inequality, we have

o< o3 (106l + 1) (4420
KeT,
— tn tn
Also, [[o¢™" Ik = |Ik," / ¢’ dt|| ke < K, / 10:CO | e dt < | OCE™| Lo (1sr2(x0))-
tn—1 th—1

From Cauchy-Schwarz inequality and Young’s inequality, we have

E= S It < 0 X (Wb 1ong). aam)

KeTy, KeT;,

Using (4.4.20)-(4.4.25) in (4.4.19), we have

[ e <IICG’"II§<+IIC“’"II%+ki||8n9||ioo(zn,m(m>

KETh
+ Hatce”%OO(In,LQ(K)) + "% + I 1%

+ ki”@“”%%m)- (4.4.26)

Subtracting (4.2.8) from (4.4.2), we obtain

YOt w)e = Y (F0t), altn)) = (O am),w) — Y (Dalts) — dalty), w)i

KeT,, KeT,, KeTy,

- Z (gca’nv w)K7

KeTy,

where w € SP. Substituting w = n®", proceeding as in (4.4.17)-(4.4.18) and using Proposi-

tion 2.2.1, we obtain
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e = e
<oy (Hne’"H% I I+ I + [Fatts) — Bralt) % + Hatcav"r\%)
KeT,
< C Z (HCMH%( +[I¢¥ % + ki”attaH%oo(Imp(K)) + ”atCaH%OO(In,LQ(K)) + [ln”" 1%
KeT,
+ Hn“vnuﬁ(). (4.4.27)

Adding (4.4.26) and (4.4.27), we obtain

™™ 1% + "1 =l = [l

< C Z (HCG’HH%K +[I¢¥I% + ki”atte”%w(ln,LQ(K)) + kiHatta”%w(ln,LQ(K))
KETh

+ ||8t§9||%oo(1n,L2(K)) + ||8t§a||%°°(ln,L2(K)) + I % + lIn™"(I%

; kinatunim).

Summing from 1 to n and using the fact that 6(0) = 6y and a(0) = 0, we obtain

3 (unavnui T Hn"’"H%) sc( LSS (Hce’mH% e,

KeT, KeT;, m=1 KeT,

+ ||atC6||%°°(Im,L2(K)) + ||8t§a||%oo(1m,L2(K))

+ kiznatteH%OO(Im,L?(K)) + ki||atta||ioo(1m,L2(K)) + kan@,:UH%z(lm))

LYY (Hne’mu%ﬁ Hn“’mH%))

m=1K€eTy,

Now using Gronwall’s Lemma, Lemma 4.2.1 and Lemma 4.3.3, we obtain

3 (unavnui ; Hne’”Hi)

KeTy,
- h’%( h?72 2 2 2
h

MO 1115 a0y N e 11 103y N0 1, e 1y + 10BN e 1, 2280

+ 10uallFoo 1, 20y + HatuH%?(In))'
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Using triangle inequality, we obtain the required result. This completes the proof. O

Next we show the discrete time error for the adjoint equation (4.2.18)-(4.2.21).

Theorem 4.4.2. let (2(t), \(t)) and (2}, A\}x), n=1,2,--- N be the solutions for (4.2.18)-
(4.2.21) and (4.4.11)-(4.4.14), respectively. Then,

l2(tar) = 2 1P+ (1A Ea—1) = N3P
. BB
< CZ Z ((glea%i p_K) pQS’—3 + kn) (”90’ H (K) + Had| H"(K) + ”euLoo(In H (K))
n=1 KETh K

+ ”ateHioo(ijs’(K)) + Ha”ioo(ijs’(K)) + HataHioo(ijs’(K)) + ”att‘g”%OO(In,H(K))
+ ||atta||%°°(ln,L2(K)) + ||Z||ioo([n7Hs/(K)) + ||atz||ioo([n’Hs’(K)) + ||>\||i°°(ln,HS/(K))

+ ||at>\||ioo(1mgs/(;<)) + ||attz||%°°(ln,L2(K)) + Hatt)‘H%OO(In,L?(K)) + ||atu||%2(1n))>
vt eI,

where C' > 0 is independent of pg,hk, (0,a) and (z,\), also s = min(pg + 1,') and

s pr > 2.
Proof: Subtracting (4.4.13) from (4.3.38) at t = t,,_; and splitting z(¢,_1) — 2, ' = n>"" 1+

¢*"~1 we obtain

— pey Y (6,007 i+ By(¢,n™" )

KETh

= = > (@ fo(0(tum), altu-1))g(=(tam), A(tamr)) = So(Ori s @i a2 A )i

KETh

+ 3o Z (0, [0(tn-1) = O]+ — [‘921;1 — Ol )k + Py Z (¢, 0 2(tn-1) — 52’(%4))}(

KeTy, KeT;,

Foe Y (<¢, B e + vy 2(tr) — z::wK),

KeT,

Substitute ¢ = "1 and Lemma 4.3.2 to obtain

— Ol P
(Z (", fo(O(tn1), a(tn—1))g(2(tn1), A(ta1)) = fo(Ohi s any Da(zhy ' Mg )|
KeT,
+ B Y N0 [0(tmr) = Omls — [0 = Ol )il + D 107", Byz(tnr) — 02(tnr)) |
KeTy, KeT,

100



+ Z |(nz,n—1’5§z,n—1)K| + |( Z (nz,n—l’cz,n—l)K + Z an,n—ln%{) |)’

KeT, KeT, KeT,

= ]1+Ig+]3+[4+]5+||T]Z’n_1||2, say.

(4.4.28)

From Cauchy-Schwarz inequality, Young’s inequality, Proposition 2.2.1 and Lipschitz conti-

nuity of ¢(-, ), we obtain

o< 1 fa(B(ta) alta-1)g(=(tn-1), Ata-1)) = fo(Ohi ' ap g Gt A D™~

KETh

< 0 3 (I IO+ I+ ).

KETh

For I, and I3, use Cauchy Schwarz and Young’s inequality to obtain

(4.4.29)

LS 3 8(t-1) = Ol = 1057 = O]l ™~ 1

KETh
<oy (ne(tn_o ot IIHZ’"“II%)-
KETh
L <cy (Héz(tn_n Ol ) + IIHZ’"“II%)-
KETh

For the first term on the right hand side of (4.4.31), we have

S 10:(tt) = Buslta )l
KeT,

t

- Yk

n tn
(tn — )0z dt||r < k‘nI/ (t, — 1)
tn—1

KeT, bn—1
ty — )2
< ck;l% , > 10l e, 2200y
n—1 KeTy,
< Ck, Z 10et 2| Lo (1,,, L2 (1)) -
KeT,

Therefore, we have

Iy < C Z (ki”attzH%OO(In,LQ(K))_'_ ann1”§<>
KeTy,

(4.4.30)

(4.4.31)

D 10wzl di

KeT,

(4.4.32)

Also for I and I, using Cauchy-Schwarz inequality and Young’s inequality, we have
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<oy (I!ééz’”IH?<+H?72’"1H?<)- (4.4.33)

KeT,

Eo= S e <o X (I orIen ) @ass

KeTy, KeT,

Also,

tn
S e = YUt [ acdre < k!
tn—1

KeTy, KeT;,

tn
Ol RIS
1

KeT, in

Using (4.4.29)-(4.4.34) in (4.4.28), we have

Ol P < O (IICZ”HII% M R A+ 10(ta1) — O 1 + Bl Ozl e 1, 220

KETh

+ 10 e 1220y + ™"l + IIHA’"*II%)- (4.4.35)

Subtracting (4.4.11) from (4.2.18), using A(¢,_1) — Afx' = p™" 1 + ¢! and substituting

x = "1 proceeding as in (4.4.29)-(4.4.34), we obtain

O P < 0 Yy (ch’n_lH%(—i_Hg)\mH%{+k721H8tt)‘”%°°(In,L2(K))

KETh

IO B sy + I+ I ). (4430
Adding (4.4.35) and (4.4.36), we obtain

el A i

< 0y, (IICZ”HII%+ I M e+ 10Ctn—1) — O 1 + Bl Oue 2l e 1, 220

KETh
+ ki”att)‘”%oo(In,LQ(K)) + ”atCZH%OO(In,LQ(K)) + HatcA”%oo(In,LQ(K))

Y + HWIH%).

Summing from n to N + 1, using the fact that \(T") = fBa(a(T) — aq), 2(T) = 0 and
Mi(T) = Bolapk(T) — ag), znk(T) = 0, we obtain
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3 (Hn*“H% T H?f’"lH%)

KeTy,

N
< G(Haffk ) + laaltn) — aaltn) %+ 3 (k 3 (ucz’mui
m=n KeT,,

+ 1™ 1% + HathH%OO(IWL?(K)) + ||atCA||%°°(Im,L2(K))

R0 — O+ K200 e 10y + k3n||am||iwam,g<m)))

N
P Yy (IIHWII%+ ||n*m||%<)).

m=n K€T),

Now using Gronwall’s Lemma, Lemma 4.2.1, Lemma 4.3.3, Theorem 4.4.1 and triangle in-

equality to split 2(¢, 1) — 2j5 " and A(t,_1) — A\}% ', we obtain the required the result. [
Complete Discretization

Now, we will discretize the control by using a DGFEM. In order to completely discretize
the problem (4.2.17) we choose a discontinuous Galerkin piecewise constant approximation

of the control variable. Let Uy be the finite dimensional subspace of U defined by
Uy ={vg € L*(I) : vy|;, = constant} ¥Yn=1,2,--- N.

Let Ugaa = Ug N Uuq and o = o(h, k,d) be the discretization parameter. The completely
discretized problem reads as: find (6,,a,) € X}, x X}, such that

(f(bs,a,),w)q.r,(4.4.37)

WE

N
Z ( ataaa an + (< Uy >n17w:1)) =

n=1 n=1
a,(0) = 0 (4.4.38)
N N
Z <pcp 0, v)a.1, —i—/ B(0,,v)dt + pcy(< b, >n1,vf{1)) = < — pL(f(0,,a,),v)a.1,
n=1 In n=1
+(au0,v)971n) (4.4.39)
6,(0) = 6. (4.4.40)

for all (w,v) € X}, x X], . Next we show a stability estimate for 6, and a,.
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Lemma 4.4.1. For a fized control u, € Ugqq, the solution (0,,a,) € X, x X}, of (4.4.37)-
(4.4.40), satisfies the following a priori bounds:

N N
>y (nateani,fn ; ||Ahea||%(,fn) <C Y Y oo, <C (4441)

KETh n=1 KETh

where Ay : SP x SP is the discrete Laplacian defined by

=) (A, w)x = B(u,w), Yv,we S (4.4.42)

Proof: Using (4.4.42) in (4.4.39), we have

N
> (pc,,wtea, Vi1, — (Db, V)1, + pCp(< 0o >n_1,v:_1>K)

n=1 KETh

- Z Z < - pL(f(em aa)v U)K,In + (aum 'U)K,In)- (4443)

Put v = —Ap0, in (4.4.43) to obtain

N
Z Z (pcp<at907 —Apbo) k.1, — (Anbo, —Anbo) k1, + pep(< 05 >n-1, —Ah9on 1)K )

n=1 KeT;,

- Z Z < - pL(f(907 ao) Ah‘g )K I, (Oéug, —AhGU)KJn) (4.4.44)

Again using (4.4.42) in first and third terms on the left hand side of (4.4.44), we obtain

N
Z(pcp / (0801t + 3 (Al %1, + peyB(< by Snr B 1>)

KETh

= Z Z ( — pL(f(0,,a0), —Anb,) K 1, + (0, —AhQU)K,In>. (4.4.45)
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Now we find estimates for the terms in (4.4.45) one by one. Consider

/InB(ﬁtGU,GU)dt = ICZ/ (0; 7 b5, V0, Kdt—ICZ/ ({7(0,0,).0}, [0,]).dt

KeT, e€int

_ K Z/ (b}, 00+ 3 7 |/<[atea],[e
eegznt In 665 nt In
S KL- IC(12 +13> - > L, say. (4.4.46)
KeT, eCEint e€€int

For I, we have

[1:/(8tv9mveo)l(dt:/ thHve | 5cdt = (Hve(m”;(_vain_lua%.ﬂ)
In I

Using by parts intergration for I5, we have

I = / (@{0,m}, [6,)edt = ({T6m),[6.]).

In

- [ {vbent @6t

In In

— Is. (4.4.48)
I,

= ({vl,n}, [0s]).

For I, we have

(4.4.49)

L= [ @l = [ S0 = S0

Using (4.4.47)-(4.4.49) in (4.4.46), we obtain

n

LTSS /c(u T Ol — 17 05 1|1K) =Y K6 ).

KeTh e€Eint In
+ Z B 1165 (4.4.50)
eegznt

Using the definition of B(-,-) in the third term on the left hand side of the (4.4.45), we

obtain

B(< 0 >n1,05,0) = > K(<V0 >0, V00, )k — Y (lC({v <0p >n1 ), 0, 1])e

KeTy, e€int

{0510}, [< 0y >n])e — %(k Oy >n1], [9;nl])e). (4.4.51)
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Using

(< Ty >nrs V0E )i (Hve 1 < V6 St I = | 9 o 1HK) (4.4.52)

l\DlH

n (4.4.51), we have

B< 00 2at ) = 3 5 (19 8wl +1 < 90 20t I = 19 s

KeT,

- Z (’C{V<0 >p-1 .0}, [Un e + K{VO;, on—1-1f [< 05 >n_1])e

e€€int
—l([< 05 >n_1], [Q;L,n_l])e). (4.4.53)

€]

Using (4.4.50), (4.4.53) in (4.4.45), Cauchy-Schwarz and Young’s inequalities, we have

3 (||vea,N||%(—||veo||%() CY Y 1Ak

KETh n=1 KETh
<oy ( 3 (nf O, a) % 1. + ot % 1. + 1200 % 1.
n=1 KeT,,
Y (||vemn||2+||ve a2+ o2+ [
eegznt

+||e:,n_1||§)).

Choosing Young’s constant appropriately, using Remark 1.2 and 0, € L*(I, H'(Q,7},)), we

obtain

N
Z Z 1A0s 1% 1, is bounded. (4.4.54)

n=1 KeT,

Put v = (t — t,_1)0:0, in (4.4.39), use ((t — t,_1)0:0,)} ; = 0 and (4.4.42) to obtain

N
pcp Z Z (ateou (t — tn*l)at KIn Z/ AhGU, — tn*1>8t90)K7[n
n=1 KeT,
- Z Z < f0s,a0), (t —tn-1)0i05) Kk 1,,

n=1 KeT,

+(OJUJ, (t — tnl)ﬁtGU)KJn) . (4455)
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Use Cauchy-Schwarz inequality and Young’s inequality to obtain

N N
>0 /I (t = tn-)[0s I 5dt < CY Y (Ilf(9a,aa)||§<,fn+ leioll 1, + 1 2000 1% 1,

n=1 KeT, " n=1 KeT,

- tn_1>||atea||%<dt)
In

Choosing Young’s constant appropriately, using (4.4.54) and Proposition 2.2.1, we obtain
N
> / (t — tn_1)]|00,||%dt is bounded.
n=1 KeT, In
From inverse estimate, we have
N N
S [ 1olia <> Yk [ - toolas
n=1 Ke1;, 7 In n=1 K€T,, In
Therefore,
N
> % (10l + Iutulis, ) <€
n=1 KETh
Similarly putting w = (¢t — t,,_1)0,a, in (4.4.37) and using inverse estimate, we obtain
N
o> ol <C. O

n=1 KeT;,

The discrete time DGFEM scheme for the optimal control problem is

min  J(0,,a,,u,) subject to the constraints (4.4.37)-(4.4.40), (4.4.56)

U €U, ad

where (0,(t), ax(t), us(t)) = (02,a2,u?), fort € I,.

o) o) o

Theorem 4.4.3. Let u} be the optimal control of (4.4.56). Then, lir%u; = u" exists in
L*(I) and u* is an optimal control of (4.2.17).

The proof of this theorem is not given as it can be obtained in similar lines of proof of the

Theorem 3.3.3 in Chapter 3. O
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4.5 Numerical Experiment

In this section, we observe the performance of hp-DGFEM for the laser surface hardening
of steel problem. For numerical experiments we consider the problem given by (4.2.7)-
(4.2.12) with the given data as prescribed in the numerical experiment section of Chapter
3. We investigate the convergence of hp-DGFEM on a sequence of uniform meshes for each
of degree of approximation p = 1 and 2. Similarly, convergence has been established by
enriching the polynomial degree p for a fixed mesh.

For the purpose of computation penalty parameter is taken as ¢ = 10. In Figure
4.2, we plot the L?-norm of the error against the mesh function h for polynomial degree
p = 1,2. Here, we observe that || — 0,|| and |la — a,|| converges to zero at the rate of
O(h?) as the mesh is refined. These experiments illustrates the theoretical results obtained
in Theorem 4.3.1. In Figure 4.3, we present the convergence of the error in L?-norm as the

degree of polynomials increases on the fixed mesh. Figure 4.4(a) shows the convergence

3
10° ¢
[ | -©— Error in a for piecewise linear approximations
[ | = Error in temperature for piecewise linear approximations
[ | == Error in a for piecewise quadratic approximations L
[ | =+ Error in temperature for piecewise quadratic approximations

10° £ ]

Slope = 0.7234 F

Slo;}e =1.984

10” //
Slope = 1.189

10 F I 7

log ||error(theta)||, log||error(a)||

Slope = 2.606

10°
10
log {Ihl|

Figure 4.2: Convergence of hp-DGFEM with h-refinement: Temperature and
Austenite

of k-refinement with piecewise constant approximation for temperature ‘6" and austenite 'a’.
We plot that in L:-norm the error against the time mesh function k. In Figure 4.4(b), we
show the the error of control function v in L?-norm against the time mesh function k. Figure
4.5(a) and 4.5(b) shows the temperature and austenite graph at the final time 7" after using
hp-DGFEM for the discretization in space.
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Figure 4.3: Convergence of hp-DGFEM with p-refinement. (a) Temperature (b)
Austenite
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4.6 Summary

A use of hp-DGFEM for space discretization, dG(0) for time and control discretizations has
been done for the laser surface hardening of steel problem. In Theorems 4.4.1 and 4.4.2, it

has been proved that the approximate solution converges to the solution of the regularized

N
h2 h25—2
problem at the rate O < Z Z <(max —K> ;ﬁ,_g + ki)) . It has been observed through

n=1 KeT;, KeTn P Pk
the numerical experiments that the rate of convergence is optimal.
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Chapter 5

Adaptive Finite Element Methods

5.1 Introduction

Adaptive Finite Element Methods (AFEM) are amongst one of the important means to boost
the accuracy and efficiency of the finite element discretization. It ensures higher density of
nodes in certain areas of computational domain, where the solution is more difficult to
approximate. Estimates obtained are called a posteriori error estimates as they depend on
the approximate solution and data given, and the refinement of meshes is done based on the
estimate of the discretization error. A posteriori error estimation for finite element methods
for two point elliptic boundary value problems began with the pioneering work of Babuska
and Rheinboldt [6]. The use of adaptive technique based on a posteriori error estimation is
well accepted in the context of finite element discretization of partial differential equations,
see Bank [9], Becker and Rannacher [8], [13], [14], Eriksson and Johnson [21], [22], Verfurth
[83]. For a posteriori error estimates for elliptic equations using residual type estimator, see
[6], [9] and [83]. Estimates using Dual Weighted Residual (DWR) method are developed in
[8], [13], [14] and the references cited in there. AFEM for linear parabolic problems are also
studied in [21], [22] using residual type estimators and in [8] using DWR type estimators, to
mention a few.

Energy type error estimation for the error in the control, state and adjoint variables
using residual method are developed in Liu and Yan [53], [55] and [56] in the context of dis-
tributed optimal control problems governed by elliptic equation subject to pointwise control
constraints. These techniques are also been applied to optimal control problem governed by
linear parabolic differential equations, see Liu, Ma, Tang, Yan [54] and Liu, Yan [57].

DWR method ( [[8], [10], [11], [13], [14], [61] and [72]]) is a refined approach than the

residual based adaptive strategy in the sense it helps in providing optimal meshes. Residual
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based estimator are estimated in L? or energy based norms involving local residuals of the
computed solution, whereas DWR method is useful in estimating the error bounds not only
in energy, L? norm but also on some quantity of physical interest, like, point value error,
point value derivative error, mean normal flux etc. (see [13], [14] and [72]).

In this chapter we will discuss two types of AFEM namely, a residual based AFEM
and a DWR type AFEM for the optimal control problem of laser surface hardening of steel.
A posteriori error estimates are developed to keep the temperature under control near the
heated zone. In the earlier chapters on the same problem, for the implementation purpose
non-uniform meshes have been used to apply Galerkin approximation. Even though non-
uniform meshes are helpful in giving the results near to desired observation, they can be
quite expensive. Triangulations used in Chapter 3 and 4 are more refined near the heated
zone and coarse far from the operational area but the mesh used for the approximation,
chosen a priori, is independent of the approximate solution of the problem. In this chapter,
error estimates have been developed using the discrete solution of the problem to help the
refinement of the triangulation near the heating zone.

First of all, residual type estimators, which are based on error in L?norms are devel-
oped. Then, a DWR method which is based on duality argument has been applied to develop
an a posteriori error estimate of the form:

1707, a*,u*) — (07, a% ut)| < nn + ne + N,

o) o)

where 7, is the space discretization error, 7, is the time discretization error and 7, is the
error due to the discretization of control variable. Here h > 0, kK > 0 and d > 0 respectively,
are space, time and control discretization parameters.

The outline for this chapter is as follows. Section 5.1 is introductory in nature. In Sec-
tion 5.2, a detailed description of residual method to compute a posteriori error estimates
for the laser surface hardening of steel problem is given. In Section 5.3, a posteriori error
estimates using DWR method are developed. Section 5.4 is devoted to numerical implemen-

tation, where results obtained using the both the methods are presented and compared.
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5.2 Preliminaries

As in Chapters 3 and 4, for the sake of notational simplicity (6, a.,u.) and f. in the regu-

larized form will be replaced by (6, a,u) and f respectively, throughout the chapter.

e For the sake of continuity of reading, we state the weak formulation of the regularized

version of laser surface hardening of steel problem given by:

min J(6, a,u) subject to
u€Ugyq

(Opa, w)

a(0)

pey (010, v) + K(76, 70)

)

0(0

ot
b
—

(5.2.1)
(f(0,a),w) Ywe€ H, ae. in I, ( )
0, (5.2.3)

Vv eV, ae. in I,(5.2.4)
(5.2.5)

5.2.5

where J(G,a,u):%/\a(T)—ad\Qd:c—i- / /9 O] da:ds—l-@/ |u|*ds with
0 0

other notations as defined in Chapter 2. The existence of a unique solution to the

state equations (5.2.2)-(5.2.5) (see Chapter 2) ensures the existence of a control-to-

state mapping u — (0,a) = (6(u),

a(u)) through (5.2.2)-(5.2.5). By means of this

mapping, we introduce the reduced cost functional j : U,y — R as

Then the optimal control problem can be equivalently reformulated as

Also j(-) satisfies,

jw)p—u) > 0

where u* € U,y is the optimal control of (5.2.7) and

J'(w)(p — u)

= J(O(u),a(u),u) (5.2.6)
urglljildj(u) (5.2.7)
Vp € Uaa, (5.2.8)

<ﬁgu+ /Qozzdx, p— u) . (5.2.9)
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e Average interpolation Operator [37]: Let 7, : V' — V}, be the average interpola-

tion operator satisfying the following error estimates: for v € H'(Q)

v — Tl <C Y B olam, ve HY(K), 1=0,1, 1 <m < 2(5.2.10)
KNK'#0

e Space-time interpolation operator [37]: Let ¢; € X}, be the interpolant of ¢ such
that
¢rlaxr, = T n=1,2,--- N, (5.2.11)

where 7, is the average interpolation operator satisfying (5.2.10) and =, : L*(I,) —
Py(I,) is the L?-projection operator, where Py(I,,) is the space of constant polynomials

in I,, defined in the variable ¢t. Also, we have
|60 — Tl 1.0 < Chnll019]l1,0- (5.2.12)
e Trace Inequality [37]: For v € H'(Q),1 < g < o0,

1 1—-1
V] 20y < C<h§<||v||K + hy q|v|H1(K)). (5.2.13)

e Patch-wise interpolation [8], [12]: Let I, : X{, — X],, be the piecewise bi-
quadratic spatial interpolant which is constructed with the help of the patch structure
of the underlying mesh (see Figure 5.1) by conforming four adjacent cells to a macro-
cell on which the biquadratic interpolation defined. Also, let I, : X2, — X}, be the

piecewise linear interpolation of the piecewise constant functions in time variable.

e Hanging nodes continuity [8]: To facilitate the refinement and coarsening proce-
dure, use of hanging nodes becomes important. In order to use the conformal finite
element method, global continuity is preserved by eliminating the unknowns at the
hanging nodes by interpolating between neighbouring regular nodes. The interpola-
tion is based on the transition of the cells with width h to h/2, as shown in Figure

5.1.
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(2)

(b)

Figure 5.1: (a) Patched mesh (b) Macrocell from four adjacent cells.

5.3 Residual Method

Now we state the completely discrete problem (3.3.41)-(3.3.44) for the continuity of reading.

The discretized problem reads as:

min  J(0,,a,,u,) subject to (5.3.1)
UUEUd,ad
N N-1
Z(aﬁamw)fnﬂ + Z([QU]nvw:) + (a;mwar) = (f(eraU)vwh,Qu (532>
n=1 n=1
a,(0) = 0, (5.3.3)
N N-1
PCp Z(atem Ve + K(Vbs, Vv)re+ pe Z([ea]m v, ) + pcp(QIOv Vo)
n=1 n=1
= PLU (O, 00), D)1+ (@t 0} 10+ eyl ), (5.34)
0,(0) = 0o, (5.3.5)

for all (w,v) € X}, x X}, where X} is the complete discrete space, defined by
q .
Xi={¢:1—= Vi ¢l1,=> it 0 €V}, €N (5.3.6)
=0

The existence of a unique solution to the state equation (5.3.2)-(5.3.5) (discussed in Chapter
3), ensures the existence of a control-to-state mapping u, — (0,,0,) = (0,(us), ay(us))
through (5.3.2)-(5.3.5). By means of this mapping, we introduce the reduced cost functional
Jo : Ugaa — Roas

Jo(ts) = J(0,(ty), s (Us), uy). (5.3.7)
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Then the optimal control problem can be equivalently reformulated as

uarél(glad Jo (Ug). (5.3.8)
Also j,(-) satisfies,
Jo(uz)p—uy) = 0 Vp € Ujaa, (5.3.9)

where u’ € U,q is the optimal control of (5.3.8) and

Jo(us)(p —us) = <ﬁ3uo + / azedr, p— ug> : (5.3.10)
Q

L2(I)

The corresponding adjoint system is given by: Find (2%, %) € X}, x X[, such that

o) ’o

S .00~ S W D) = (0 (B a) (L — Ao ren (53.11)
" " X(T) = Bulas(T) — aq), (5.3.12)

ey 36,0 + KT, — e S D) = (6 So8 ) (0L Ao))ro
+ 506105 — Ol )rcn (53.13)
2(T) = 0, (5.3.14)

for all (¢,v) € X], x X,
Now we define the following auxiliary problem, which will help us in estimating the
errors. Let (0“7, a" ) € X x Y be the solution of the state system with control u chosen as

w} in the right hand side of (5.2.4), that is, (6", a%) € X x Y is the solution of

= (f(0*,a"),w) VYwéeH, ae. inl,

(Opa™ ,w
a*(0) = 0,
pep(018" ) + K(8" v

6" (0

)
)
) = —pL(0a*,v) + (au),v) Yv €V, a.e. in [(5.3.17
) = 0o,

where X = {v € L*(I; V) : v, € L*(I;V*)}, V = HY(Q), Y = HY(I; L*(Q)), H = L*(Q2). Let
(z%, A" ) € X x Y denote the solution of the corresponding adjoint system defined by:
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—(,0A") = =@, fa(0", a")(pL2" = A™))  (5.3.19)

X (T) = Bi(a*(T) — aq), (5.3.20)
—pcp(9,02"7) + K(V, vz"7) = —(9, fo(0",a")(pLz"" — A"))

+ B2, [0 = Ol 4) (5.3.21)

Z(T) = 0, (5.3.22)

for all (¢, x) € V x H and a.e. in [I.

We now proceed to develop the a posterior: error estimates based on residual type
estimators. In Lemmas 5.3.1, 5.3.2 and 5.3.3, we develop local estimators for control, adjoint
and state errors, respectively. In Theorem 5.3.1 we present the a posteriori error estimator

for control, state and adjoint variables.

Lemma 5.3.1. Let (6*,a*,u*) € X XY X Uy and (6%, a%,ul) € X} x X, X Ugaa be the

o) o) (o2

solutions of (5.2.1)-(5.2.5) and (5.3.1)-(5.3.5), respectively. Then we have

N
lwt = lagy < COZ D e+ maxlalillz; - 217 0),
nilKETh "

where 17, x = ||u(’;||%2( )+ max ||oz||§<||z;||?nK, and (2%, \") is the solution of the adjoint

In

problem (5.3.19)-(5.3.22).
Proof: From the first order optimality condition (5.2.8), we have
7 (W) (u" —ul) <O0. (5.3.23)
We have
Ol —uglliogy < J'(u) (W —ug) — 5/ (ug) (" — u). (5.3.24)

Using (5.3.23) in (5.3.24), we obtain

Cllu* —wglliogy < —J'(up)(uw” — ). (5.3.29)

(e
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Adding and subtracting the term j’ (u?)(u* — w}) in the right hand side of (5.3.25), using
the definitions of j/ (u})(u* — u¥) and j'(u})(u* — u}), we obtain

N

Cllu* — uZH%g(D < Z ((ﬁgu; + / azydw, uy, —u*) 2, + (/ a(zy — 2"))dz,u* — U:-)L2(In))
ot Q Q
= Ji+Jy say. (5.3.26)
Consider
N N
Jio= ) (Bsuj + / azidr, wy — u )2,y = Y ( Batig, uy — u*)rar,)
n=1 & n=1

+ (/ azidr,ul — u*)Lz(In)).
Q

Using Cauchy-Schwarz inequality, we obtain

N
L <CY (||u:§||Lz(In)||u* —uill ey + Y max o | x| 5 |1, cl|u” — u;||L2(In)). (5.3.27)

n=1 KETh

Now consider

N
Jy = Z(/ozz — 2% dx, u” _U)LQ(I,L))
Q

n=1

N
Y (maxuauK s — 2" Hzn,KHU*—UZHLm))-

n=1 KGTh

IA

Using estimates (5.3.27), (5.3.28) in (5.3.26) and Young’s inequality, we obtain
N

I —ublfegy < CY ) (H%Hm ry + max lalli (12517, & +max|lalli (125 = 2|17, .«
n= 1K€Th

Tl - uzué(m).

Choosing the constants in the Young’s inequality appropriately, we have the final result

N

[ =3l < O Y s +maxialkllzs — =17 o).
n= lKGTh
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where

Mnxe = gl +max lafi 12317, - O
n

Lemma 5.3.2. Let (0*,a*), (0%,a%) and (0" ,a") be respectively the solutions of (5.2.2)-

o) o

(5.2.5), (5.3.2)-(5.3.5) and (5.3.15)-(5.3.18) with (z*,\*), (2%, L) and (2" ,a") as the cor-

o)’ o

responding adjoint solutions. Then,

10 N
2 = 5] 4+ A% = AP < O(ZZZn?,n,ﬁne%—eznz),

j=2 n=1 KeT;,

where

Mng = Dilr-(z, 07,

ro(x,t) =0z + ot — O]+ + KAZL + pc, [Z‘Tk];nl — fo(0%,a%)(pLz: — N\:)(5.3.29
Mnk = k(10 = Omlell7, k + 1AZ2T, k& + lpLzs — Noll7, &),

Ui,n,K = h?(HIC[VZ;]'M’%Q(In,L?(@K))v 7752>,n,K = ”z;”illﬁ

Nong = kallziln-alll, 5

Mok = KoLz = Nol3 k0 Manr = Il s o = 125117, &

U%O,n,K = kn”[)‘:;]n—ﬂﬁ(

Proof: Consider the auxiliary problem defined by:
For given g € L*(I, L*(Q)), find ¢ such that

pep0id — KAG + pLfy(07,a" )¢ = g inQ,
g—f;ag = 0 in [,

»(0) = 0 inQ,

0
where a—¢\ag denotes the outward normal derivative to 02. Then the solution to
n

(5.3.35)-(5.3.37) satisfies [23]:

IN

19 Lo (1;22(2)) Cllgliras 9ll2am@) < Cllgllre;

NPl 22y < Cllgllne. 0@l < Cllgllre-
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Substitute g = zX — z% in (5.3.35) and consider

T
I — |2y = / (25 — 2, pe,dud — KAG + pLfy(6%, a")) dt
0

T
= [ (- re@is )0 + K9 - ).99)
N
T O R0) L (A N CEXT)
n=1
Adding and subtracting the terms (52[0%—0,,] 4, @), (fo(0%, a%)(pLzi—\5), @), (fo(0%, a" )\, §),

pcp([z"]in1 ,¢) on the right hand side of (5.3.40) and using (5.3.11)-(5.3.14), we obtain

I ==l = X[ [ (- l020) - (34 - 0] )+ K95, 99
a0 )L = X2, 9) + (6 — Ol = 0% = ). 0)
= (R ) e (B2 6 )+ (0,020, — S0 )N, )

T (L(fa(6",a*) — fo(8%a)) ;,¢>)dt]

First adding (5.3.13) to the right hand side of the above equation after replacing ¢ by the

[]

interpolant ¢; and then, adding and subtracting (pc,

L ¢1), we have

N

ot = 2 g = Z[ / (—pcp<atz:;,¢—¢[>—we;:—em1+,¢—¢f>+/c<<vz;>,v<¢—¢1>>

G187 = Bl — 18" — Ol @) + (ol a2) (0L — X2), 6 — 61)
(P2 ) 4 (o0 0N, — o8 0N 0) + (L fo(6% )
e

= Jol05,a5)) 25, ¢) + pe(

N ¢:_1>) dt]

Integrating by parts the 3" term on the right hand side, we obtain

*

25 = “”H?gz

= S5 [ (- o0k~ 1 016 o0

n=1 KeT,

— K(AZ,, 0 — or)k + K([V 23] 0,0 — 1) 20) + P20 — O] — [0" — O]+, ) i
+ (fol0;, a5)(pL2; — X)), 0 — ¢r)k + (pL(fo(0"7,a") — fo(0;,a})) 25, &)k



7¢_¢I)K

+ (all, 0300 — o8, 0 )X, ) — (pe, 2

25 |n—
+ oo (61— 66— 07 )i )t
= J1 + JQ + Jg + J4 + J5 + J@, say, (5341)

where J; = ZZ/( (ro(x,t), ¢ — gZ)I)K)dt,

[23)n-1

kn

Jo= > > / (/C([vz:]-n,¢—¢>I>L2(am)dt,
J3 = ﬁQ;K;’/ < [0 — —[Hua—em]+,¢)K)dt

> / (0065202105 = Jot=, a2, e .

(PLfo(6"a") — fo(05.a%) o,<z>>K)dt,

ret) = 0l + ol — Omls + KAZ + pe, 2"t — (02, a%) (oLl — AL)

Gr)p 1 — 1+ ¢ — ¢:—1)K)dt-

Use Cauchy-Schwarz’s inequality, (5.2.10), (5.2.11) and (5.2.12) to obtain

Ji = Z Z / < (ry(x,t), ¢ — T + Tpop — Wh,nwngb);() dt (5.3.42)

n=1 KeT,

CZ > <h§<|l7‘z(f€, Ol Dl 2 (2nim2ay) + Kn (1105 = Oml 11 + (1 A2 11k

n=1 KeT,

T oLt — A;nfn,mnatsbnm)

IA

Using Cauchy-Schwarz’s inequality, (5.2.10) and (5.3.43), we obtain

Jr = ZZ/( n,¢— ¢>I)L2(8K))dt

n=1 KeT,

(Z > ¥ kI 25 nll 2. 2 @m0 |0l L2 2,12 Q)))

n=1T¢cT,

IA
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Consider,

N N
io= X [ onl -0 = oo <SS [ 105 -0l
n=1 KeT;, * In =1 Ket, / In

Using Remark (2.2.1), Cauchy-Schwarz’s inequality, and (5.3.38), we obtain

N
L=y / ((faw:,a:m _ few“v,a“vw,ebm)dt < CIN: = X[l e

n=1 KETh

Repeating similar calculations as for the term J,, we obtain
N

Js = Z Z (pL<f9<9ugvaug) - f9<9;7a::))z;7¢>f(dt

n=1 KeT;, / In

N
< O(Z 3 ||z:;||fn,f<)||¢||1,ﬂ
n=1 KETh
We have,
S (]
DI (pcp< 2 (@1 = b+ 6 ¢:_1>K) di
n=1 Ke1;, Y In n

IA
Q
VR

WE

k;”n[z:Jn_lnw(natqmnf,n T ||at¢||f,ﬂ))

Using (5.3.38)-(5.3.39) with g = 2" — 2z}, we have
6llzac oy < Clle® — 22lra and [0dllin < Ol — 2la  (5.3.43)

Using estimates for J; to Js in (5.3.41), (5.3.43) and Young’s inequality with the Young’s

constant chosen appropriately, we obtain

N
* Uo K1 * Uo
Mo a0 —0"iq+ S 1A =Xl

6
=2 n=1 KETh

o — |2 < 0(

Ky« Uo
+ 2l - 1B ), (5.3.44)
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where nfn o, 2 <1 <6 are defined by

N
o= Z > (h‘?H'f’z v )5,k + k(05 = Onl N7,k + 142117, &

n=1 KeT;,

HlL(: — A:,)mn,m),

o= Zzh [hves 77HL2(I,LL2(8K))

n=1 KeT;,
N

mio= > e = ZZk 12l
n=1 KETh n= 1K€Th

To estimate ||[\% — X%||, we proceed as follows.

Consider the auxiliary problem: for G € L*(I, L*(Q2)), find ¢y € H'(I, L*(2)) such that

O — fal60",a" ) =G in Q, (5.3.45)
$(0) =0 in Q. (5.3.46)

(5.3.45)-(5.3.46) has a unique solution and we have [23]:

] Lo ri2) < CllGl1a; (5.3.47)
10|l < C|Glra- (5.3.48)

Let G = X5 — A" in (5.3.45) to obtain

T
Ihe = X2y = / (N = X, 0 — a8, a" ) dt
0

Adding (5.3.11) to the right hand side of the above equation after replacing ¢ by 7,1, we
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obtain

1A = Ao = Z > {/ (m 2,8), ¢ = m) k= (fa(0"7, 0"7) = fa(65, a5)) g, )k

n=1 KeT,

(pL(fa( o) o) fa(euo uo))Z:;aw)K - (poa(euoaauo)(Z; - Zua)v,lvz))K

. 5
# Bt g o= v )] = sy 5309
" i=1
where 7y (z,t) = —O\; + fu(0;,a5)(pLz, — \)) — [)\:2"1 and
Jl = ZZ/ T)\th an)](dt
n=1 KeT,
S 95 O KU N R AR RO
n=1 KeT,
N
o= =SS [ L0303 — a6z )
n=1 KeT, Y In
N
Jy = —ZZ/ (PLfa(0", a" ) (2} — 2"7), ) dt
n=1 KeT;, /In
N
Js = (M) gy — b — ) — ) dt
n=1 KeT;,

Using Remark (2.2.1), Cauchy Schwarz inequality, (5.2.12) and (5.3.47), we obtain

N
Yy / rale,8), 6 — )i di < C(Z S kulloLz; - Ar,|rfn,z<uw|ﬁ,g)

n= 1K€Th n=1 KeT,

N
S / (Fal0%,0%) = a2 a2))N, )t < €30 S I il g
n=1 KeT, n=1 KeT,

Similarly,

N
J<CY > lzlnxlle.

n=1 KeT,
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and

Ji < C”z;_Zug”I,Q”wH%Q(I,HQ(Q))'

N
5= (XX BIh-delvlie).

n=1 KeT;,

Using estimates for J; to J5 in (5.3.49) and Young’s inequality with the Young’s contant
chosen appropriately, we obtain
10 u
* Us * Us 1 * Us
=3l < 0% i+ fracu2ls; = -+ SN - X<l ) (5350

1=7

where 1; , k,7 = 7,8,9, 10, are defined by

Z 1N,
€Ty,

] = HMZ

||Z*||?nK7

Z NAZ ot
€Ty,

3
ﬂ‘
N
§'

S
Il
[ M =

Adding (5.3.44) and (5.3.50), we obtain
10

1N = Al +llzs — 2" llie < C(Zniw +pllzs = 2" ll7a + s = A7 g

1=2

e — e“ffuig).

We has choose Young’s constant such that Cu < 1 and Cuy < 1, we obtain

10
Iz = 2B+ 1A = X3 < C(Zﬁin,KHIQZ—@“”II?,g)- (5.3.51)
=2

This completes the proof. O

Lemma 5.3.3. Let (0*,a%), (0%,a%) and (0", a") be respectively the solutions of (5.2.2)-

(o) 0'
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(5.2.5), (5.3.2)-(5.3.5) and (5.3.15)-(5.3.18). Then,

N
R e R ) (Zmnﬁnm)
n=1 €Ty,

7j=11

where

My =hiclre(@ O, k.

9*
7’.9(.1’, t) = pcpate* au + po( el 0) ICAG* + PCp [ ]{Z] )
77%2771,[( = k2||po( o) o‘) ’CAQ*HI K
n%B,n,K = h%H’C[V@Z?]-nHLz (In,L2(0K))» 7)14,n,K = k‘nH[QZ]nH%@

Mo = kull £, ax) |5 + kulllaz]y -

Proof: Consider the problem: find v € H*(§2) such that

—pc,0v — KAv — pLFv = ¢; in Q,
ov

0 o
o(T) = 0 inQ,

where
(0, av) = £(05,a5)
I = 0 — Quo

(0, az) 05 = 0"

whenever 0% # 0%

Moreover, we have [23]:

IN

V]| oo (1,22 () Cllgillre, [vllzame) < Cllgillre

lolamze) < Clallne, 10vlne < Cllaillie.
Put ¢g; = 0% — 0"~ in (5.3.57) and consider
T
10 -0 B = [ (03— 0 —peyd — Ko+ pLE )
0

.S / (<pc,,at<e;—e%>,v>+/<:<v<e;—9“v>,vv>

~ (LU a) = f85.00),0) + eyl 20 ).
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5.3.56

(5.3.57)
(5.3.58)
(5.3.59)

(5.3.60)
(5.3.61)



Adding (5.3.4) to the right hand side of the above equation after replacing v by the inter-

polant v;, we obtain

-0 = Y / (08, s+ pL5107,) - K0~ e

n=1 KeT,
0%\,
T . <w>n>K)dt

0%],,
Letting ro(x,t) = pc,0ib; — aul, + pLf(0;,a,) — KA, + pcp[k]

and adding, subtracting

n

(pcy [oi v — vy) to the right hand side of the above equation, we obtain
165 — 9“””%,9 Z Z / ( ro(z,t),v — vr)x + K(V05.1,0) 20k
n=1 KeT,
e (ekn oy
pep( i 2 (v v —vr — vy | di
3
Z J3, say (5.3.62)
i=1
where
N
J1 = Z /rgxtv—v[Kdt Jy = ZZ/ (V0,.1,v) 205K dt,
n=1 n=1 KeT,
- (A
J3 = Z Z /I pcp( I;Tnnv(vl)n el —'Un)[(dt
n=1 KETh n

Use Cauchy-Schwarz inequality, (5.2.10), (5.2.11) and (5.3.60)-(5.3.61) to obtain,

J1 = Z Z / ro(z,t), v — U + Tpv — Tppv) kL,

n=1 KeT,

(ZZ (hiumxtuwm IPLF(65 a2) — KAG 2. )!\92—9““!\1,9)

n=1 KeT;,

IA

Repeating the same steps used in the calculation of the term .J;, we obtain

129



N
C(Z <hf<HIC G0 llearn reiom )He* —9“0|rm)

n=1 KETh

Also,
N
1
(ZZ k11620 16 — 0“v||m)
=1 KeT,

Using the estimates for J; to Js in (5.3.62) and Young’s inequality with Young’s constant

chosen appropriately, we obtain

D W+ psl|6; — 6" II?,Q), (5.3.63)
KeTy,

14 N
=11 n=1

167 — 6|2, < c(

where 7;,4 = 11, -+, 14 are defined by (5.3.52)-(5.3.55). Choosing Young’s constant in (5.3.63)

such that Cus < 1, we have

14 N
10:— 0% 2g < c(zzznin,K), (5:3.64)

i=11 n=1 K7,

Now we proceed to estimate ||a" — aZ||.

Consider the problem: given g € L?*(f2), find w such that

0w = Fw+gy inQ, (5.3.65)
w(T) = 0, (5.3.66)
where o gue g
f(05, a5) — f(0*, a™) whenever a" # a’,
F, = ar — ate
fal05,a}) a' = a,.
Moreover, we have [23]:
[wllzerz@) < Cllg2llre, (5.3.67)
(5.3.68)

[Owlle < Cllgzllro-
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Substitute g = af — a" in (5.3.65), use Cauchy-Schwarz’s inequality, Young’s inequality
with Young’s constant chosen appropriately, (5.2.12) and (5.3.67)-(5.3.68) to obtain

T
lak —av |2, = / (@& — a', —Ow — Fruw)dt
0

= 2 [ (@t e i - () )

n=1 KeT,
- ZZ/ (ata _f o) 0) [/{(77] ,w—an)K
n=1 KeT,
+ ([‘ZA’ (Tpw)p — W + Tw — wy, )
N
<Yy (k2||f < )l + k@) ||§<)+M4||a“"—a3||?g,
n=1 KeT,
N
< O(X X Buwtmlle 3l ).
n=1 KT,

Choose Young’s constant such that Cuy < 1 to obtain
N
la* =zl < CY Y M (53.69)
n=1 KETh
Adding (5.3.64) and (5.3.69), we obtain the required result. This completes the proof. O

Theorem 5.3.1. Let (6%, a*,u*), (0%, a%,u}) and (6", a" ) be the solutions to (5.2.1)-(5.2.5),

(5.4.31)-(5.4.35) and (5.3.15)-(5.3.18) with (z, A), (2o, As) and (2", X") as the corresponding

adjoint solutions. Then, we have

lu* = gl ey + 10" = Ol o + 12" = 25lTa + Ha*— agll7 o+ 1A = A llre

< CZ Z (max|]aHKZﬁ]nK+77anK)

n=1 KeT,
where 1, ks and Mgk are as defined in Lemma 5.3.1, 5.3.2 and 5.3.5.

Proof: From triangle inequality, we have
10" = 0:l70 < 200" = 0" 7o+ 200" = 017 o

Subtracting (5.3.17) from (5.2.4) for (0, a,u) = (6%, a*,u*) ((6*,a*,u*) satisfies (2.1.6)), we
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obtain

*

pep(O (07 — 67), v) + K(V (0" — 6*7), vv) = —pL(f(0",a") — f(6",a"),v) + (a(u” — ug),v)
Putting v = 6 — 0%, integrating from 0 to ¢, using Remark (2.2.1), we obtain
16°) = 6 01 < (16" = 0 o+ 0" = 0B+ 0" =3y ). (5370
Using part (b) of Lemma 2.2.1, we have
la* —a™|iq < Cl6"—6"|]q (5.3.71)
Using (5.3.71) in (5.3.70) and Gronwall’s Lemma, we obtain
10" =070 < Cliv" = wllzeq)

Use same arguments used to prove part (b) in Lemma 2.2.1, that is, subtract (3.2.13) from

(5.3.44), integrating from ¢ to 7" and using Gronwall’s lemma to obtain
1A = X7 a0 < Cllz" = 2" |7 0. (5.3.72)

Similarly subtracting (3.2.15) from (5.3.21), integrating from t to 7, using (5.3.72) and

Gronwall’s Lemma, we have
Iz =z [7a < Cl0"— 0" |70

Using all the above estimates, that is, (5.3.70)-(5.3.73), Lemma 5.3.1, 5.3.2 and 5.3.3, we
obtain the required result. This completes the proof. O

Remark 5.3.1. The a posteriori error estimates obtained in Theorem 5.3.1 can be divided

into errors due to space, time and control discretiztion, that s,

lu* — oy + 16" = 6210 + 12 = 220+ lla —azlBa + 1A = Alia

S nh+nk+nd7
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where My, M and ng are the errors occurred due to space, time and control discretizations

and are given by

N N
TR (D DD 3D DTS ) DE Y}

i=3,6,7,10,12,14 n=1 K€T;, n=1 KeTj,

N
N = C Z Z Z nin,Ka

i=2,4,5,8,9,11,13 n=1 K €T},

N
Nda = CZ Z n%,nj('

n=1 KETh

5.4 Dual Weighted Residual Method

In Section 5.2, a residual type estimator has been developed for the purpose of deriving a
posteriori error estimators. To apply residual method, (5.2.1)-(5.2.5) has been discretized
first in space, then in time and control for the ease of computation. In this section, DWR
type estimators have been developed and discretization of the system has been done first in
time, then in space and control.

We recall the following from Chapter 3 for the continuity of reading:

The system (5.2.1) - (5.2.5) has atleast one global solution, which is characterized by the
saddle point (6%, a*, 2", \*,u*) € X XY x X XY x U, of the Lagrangian functional defined
by

L(O,a,z,\,u) = J(0,a,u)— ((@a, MNia— (f(@,a),)\)l,g) — (pcp(ﬁte, 2)r.0

K0, v 2)ra + pL(ae )1 — (au, zm)

The adjoint system of (5.2.1)-(5.2.5) obtained from KKT conditions is defined by:
Find (2*,\*) € X x Y such that

—(,0) = =¥, fa(07, a”)(pL2" = X)), (5.4.1)

XN(T) = Bi(a(T) - aq), (5.4.2)

—pep(9,0i27) + K(V 9, v2") = (0, fo(07,a")(pLz" = X)) + Ba(9, [07 — O] 1)(5-4.3)
2(T) = 0, (5.4.4)
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for all (¢, ¢) € H x V. Moreover, z* satisfies the following variational inequality

<53u* + / az'dx, p— u*) >0 Vpé€Uy. (5.4.5)
Q L2(I)

Discretizations

In this section, a temporal discretization is done using a discontinuous Galerkin finite ele-
ment method with piecewise constant approximation and then a space discretization is done
using continuous Galerkin finite element method using piecewise linear polynomials, that is
a space-time discretization is done using dG(0)cG(1). The control is being discretized using

piecewise constants in each discrete interval I,,,n=1,2,---, N.
Time Discretization

In order to discretize (5.2.1)-(5.2.5) in time, we consider the following partition of I:
O=th<ti<..<ty=T.
Set Iy = [to, t1], In = (tn_1,tn), kn =t, —tn_q, forn=2,..., N and k = max k,. We define

the spaces

XP = {¢:1— HQ); ¢lr, = Zw] ;€ H(Q)}, €N, (5.4.6)

Y = {¢:1—L*Q); ¢|;, = Z% b € L*(Q)}, q€N. (5.4.7)

For a function v in X}, we use the following notations:

vy =v(t,), vl = t—gﬂov(t) and [v], = v} — v,.

Then the dG(q) discretization of (5.2.1)-(5.2.5) reads as:

min J (0, ag, ug) subject to (5.4.8)
ur€ULq
N N-1
> (Oar, w0 + ([ar]n, wy) + (aggwg ) = (f(Ors ar),w)re,  (5.4.9)
n=1 n=1
ar(0) = 0, (5.4.10)
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N N-1

pep > (D0 0) 10 + K(V0k 70)ra+pep D (Bkln, ) + pey(6) 4, 07)

n=1 n=1

= —pL(f(Ok,ar),v)r.a + (aup,v)ra + pcy(fo,vg),  (5.4.11)

0,(0) = Ono (5.4.12)

for all (v,w) € X x X}
The solution of (5.4.8)-(5.4.12) is characterized by the saddle point

(07, ap, zp, Mpyu) € X x VI x X x YT x Uy of the Lagrangian functional given by

N N—-1
£<9k7ak72k7)\k7uk> = J<9k7ak7uk> - (Z(atak7)\k>ln,g + Z([a’k]n7)\l—;n>
n=1 n=1
N
(o Alg) = (FCrsan) i) = (32 60(00h, )
n=1
N—-1
+ K706, V) re + 00 > (0kln 2150) + pcp(0 0. 2150)
n=1

+ pL(f(Or, ar), zx)1.0 — (qug, 2x) 1.0 — pcy(o, Z;j,o))-

The adjoint system of (5.4.8)-(5.4.12) obtained from KKT conditions is defined by:
Find (25, ;) € X{ x Y}! such that

N N-1
=D @ 0N e = D (Wn M) = = ful0isai) (0L = D)1 (5.4.13)
n=1 n=1
NAT) = Bu(al(T) — ag), (5.4.14)
N N-1
—pcp Y (6,020 1,0+ K(V, V2a — pep Y (6n, [2ln) = —(&, o0, ap) (pL2f — M) 1o
n=1 n=1
+  Ba(o, [0 — Onl1 )10, (5.4.15)
#(T) = 0, (5.4.16)

for all (¢, ¢) € X{ x Y,l. Moreover, z; satisfies the following variational inequality

(ﬁgu,’; + / azpdx, p— uZ) >0 Vpe€ Uy (5.4.17)
Q 12(1)

Space Discretization
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We describe a space discretization for (5.4.8)-(5.4.12) using a continuous Galerkin finite
element method with piecewise linear approximations. Let 7, be an admissible regular
triangulation of ) into quadrilaterals K as defined in Chapter 1. Let the discretization pa-
rameter h be defined as h = Ir?eaTXh hk, where hg is the diameter of the quadrilateral K. Let

the finite element space Vj, C V be defined as V}, = {v € C°(Q) : v(t)|x € Q1(K) VK € T}

and

q
Xpo={¢:1—= Vi ¢l1,=> it 0 €V}, €N (5.4.18)
=0

Here Q1 (K) denotes the set of all polynomials of degree < 1 in each variable x and y. Then
the dG(q)cG(1) discretization of (5.4.8)-(5.4.12) reads as:

min J(Oxn, agn, urn) subject to (5.4.19)
uph€Uad
N N-1
D @, o + Y (awnl wd) + (@fy 0 wd) = (f (Orn, axn), w)1,0,(5.4.20)
n=1 n=1
akh(O) = 0, (5.4.21)
N N-1
PCp Z(atekha Ve + K(V0kn, V)10 + pcy Z([ekh]na U ) + Py (03,0, 5)
n=1 n=1
= —pL(f(Okn, axn),v)1.a + (Qugn, v)r.o + pey(fo, vg), (5.4.22)
Okn(0) = Onp, (5.4.23)

for all (v,w) € X, x X},
The solution of the (5.4.19)-(5.4.23) is characterized by the saddle point

(O ks Zhns News W) € X x XL < X1, x XL, x U,q of the Lagrangian functional given by

N N-1
L(Okh, akhs zkhs Aehs Wkh) = J (Okns Qs Wn) — (Z(atakh, Men)roe + Y ([arnln, M)
n=1 n=1
N
+ (.00 Meno) — (f (Ors ann), )\kh)I,Q) - (Z pCp(0ebkn, 2kn) 1,0
n=1
N-1
+ K(V0kh, V 2kn) 1.0 + pCp Z([ekh]na Z/:hm) + pcp(el:h,m leh,o)
n=1

+ pL(f (Orns akns 2kn)) 1.0 — (QUkn, 221) 1.0 — pep(Bo, Z:h,o))(5-4-24)
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The adjoint system of (5.4.19)-(5.4.23) obtained using KKT conditions is defined by:
Find (25, Af,) € X{, x X}, such that

N N-1
- Z(w, DN )10 — (ns [Ninln) = =¥, a0 arn) (PL2gy, — Ai)) 1.0, (5.4.25)
n=1 n=1
Aen(T) = Bulag(T) — aq), (5.4.26)
N
—pep Y (6, 0.0+ K(V6, V2in) e

"~ N-1
ey 3 (bns Fadn) = = (0 folOins aln) (PLi, — Nin)) 10 (5.4.27)

n=1
+ B2, [O5h — Oml+) 1.0, (5.4.28)
zen(T) =0, (5.4.29)

for all (¢, ¢) € X}, x X}, . Moreover, z;, satisfies the following variational inequality

(ﬁgu’,;h + / azgdr, p— u’,;h> >0 Vpe& Udg. (5.4.30)
Q L2(1)

Complete discretization

In order to completely discretize the problem (5.2.1)-(5.2.5) we choose discontinuous Galerkin

piecewise constant approximation of the control variable. Let U; be the finite dimensional

subspace of U defined by
Ug = {vg € L*(I) : v4|;, = constant} Vn =1,2,--- N.

Let Uges = Ug N Uyq and 0 = o(h, k,d) be the discretization parameter. The completely

discretized problem reads as:

min  J(0,,a,,u,) subject to (5.4.31)
Uand,ad
N N-1
Z(aﬁam w)hﬂ + Z([QU]W w:zr) + (aj,o’ w(J)r) = (f(em aU)v w)l,ﬂa (5'4'32)
n=1 n=1

a,(0) = 0, (5.4.33)



N

N-1

PCp Z(atem 'U)In,Q + ’C(Vem VU)LQ + PCp Z([ea]n’ n) + pcp(eo 0> 'U(;r)

n=1

n=1

- _pL(f(QU’(I’U)?,U)LQ + (aucav)l,ﬂa

+ Pcp(eoavﬁL)a
9(7(0) - 90,

(5.4.34)
(5.4.35)

for all (v, w) € X}, x X},

The solution of the (5.4.31)-(5.4.35) is characterized by the saddle point (0%, a}, 22, A5, uk) €

o) o) Yo o) U

X x X x X, x X X Uy aq of the Lagrangian functional given by

N

‘C(eaaaaazca)\OauU) = J(QU,(IU,UO—) - (Z(ataaﬂ InQ+ Z aU ns on ( :O’)\:O)

n=1
N

- <f<eg,aa>,Ao>,,g) - (pcpZ@ea,zU)fn,Q (700 V210

n=1
N-1

+ 06 > ([Ooln: 245, + pen(020, 250) + PL(f (05, 00), 20) 10 — (Ao, 20) 1.0

n=1

- pCp<¢90, 220))

The adjoint system of (5.4.31)-(5.4.35) obtained from KKT conditions is defined by:
Find (2%, \%) € X}, x X}, such that

o) (o2

N N-1
=) @00 = Y (W N]a) = =, fal6,a5) (pLz; = A1 (5.4.36)
n=1 n=1
Aoy = Bilay(T) — aq), (5.4.37)
N N-1
=0y D (6, 0:20) 1,0+ K(V6. V20 00 = pey ) (s [2310) = = (0, fol0;, a5 ) (pLzs = X)) i
n=1 n=1
+ B2(9, [0 — Om] 1) 1.0, (5.4.38)
Zen = 0, (5.4.39)

for all (¢, ¢) € X{, x XJ,. Moreover, z% satisfies the variational inequality,

(ﬁgu(’; + / az dr,p — u(*,) >0 Vp€Uiaa- (5.4.40)
Q 12(1)

In the next section, a posteriori error estimates have been calculated using DWR method.
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A Posterior:t Error Estimates for Laser Surface Hardening of Steel

To arrive at an estimate for |J(6%,a*, u*) — J(0%, a%, u%)|, we follow the approach in [61].

o) o) o

We will split the discretization error occurred by different discretization such as follows:

J(O,ay,uy) — J(Oa",u")
_ (J(es;, 0 il) = TGl u;;h>) ; (J(e,:h, i uly) — J(61, ku,a)

+ (J(Gz,a}i,u;;) — J(H*,a*,u*)), (5.4.41)

where (0%, a*,u*), (05, a;,uy), (0, arp, uk,) and (6%, ak, u’) are solutions of (5.2.1)-(5.2.5),

o) o o

(5.4.8)-(5.4.12), (5.4.19)-(5.4.23) and (5.4.31)-(5.4.35), respectively. In Lemma 5.4.1, we first
estimate the terms on the right hand side of (5.4.41) and then Theorem 5.4.1 we present the

a posteriori error in terms of local estimators.

Remark 5.4.1. Since the solution of the problem (5.2.1)-(5.2.5) will also be the stationary
point for the Lagrangian L, under the regularity assumption that (0,a) € HY (I, H*(Q)) x
HYI,H*(Q)) and (z,\) € H(I, H*(Q)) x HY(I, H*(Q))), we have

L0, a,z,\u)= /3(9, a, z, A\, ).

Remark 5.4.2. The Lagrangian functional L is two times differentiable.

q q q q
X XY x X XY % Ung, (05, a5, 25, Aiyut) € XX YT X XIX Y X Unay (051, alps 2500 Nops L) €
X x X x X< X, X Uyg and (0%, a%, 25, X ul) € X< X, x X< X, X Ugaa on

o) o) Yo o) (e

different level of discretization, that 1s,

V(0,a,z,\,u) € X XY X X XY X Uy,
L0, a*, 2", N u*)(0,a,z,\,u) =0, (5.4.42)
V(Gk,ak, 2k Ak,uk) € Xg X qu X X]Z X qu X Uada

L0, ag, 23 Ny up) Ok @y 21, Ay ur) = 0, (5.4.43)
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V(Okh, Qkny Zkhs Akhs Ukn) € X;Zh X X;Zh X X;Zh X X;Zh X Uqa,
L0, @y Ziens Nen> Wen) Okns @y Zkhs Ay Uier) = 0, (5.4.44)
V(0y, oy 20y Aoy Uo) € X X X x X X X X Uy a,

L0 as, 22 N ui) (0, — 0% a5 — al, 2o — 25, Ao — Aoy up —ul) > 0. (5.4.45)

o o)

Then, the following error representation holds true:

J(O0r, ap,uy) — J(O,a",u") (5.4.46)
< |L(O;, ap, 20, A, up) (0F — Op, a* — ag, 2° — 25, A — A, ™ — ug)| + | Ril,
I (Ons Gns Win)  — I (O ag, ug) (5.4.47)
< LGk Akns Zins N> i) (O = Ok ak — an, 25 — 2y Ay — Ay g, — )| + [ Ral,
J(05, a5, uz) —  J(Opn, Qs Win) (5.4.48)

< |£/(9;7 a’:v sz )‘:7 u:)( Zh - 907 a’lth — Qg, ZZh — Zo, )‘Zh - )‘UvuZh - Uo)l + |Rd|7

where the remainders Ry, Ry, and Ry are quadratic in (e, e}, e, ep,ev), (€0, €8s €iny €any €1)

)\eu

and (€2, e2, ez, e, et) respectively, are defined by,

1
11 % 0 x a _* z * A * u 0 a z N _u
Ry = §£ (0r + sey, ay, + sey, 2 + sep, A, + sey, uy, + sep)((ey, ek, ex, ex, ex),
0 a 2z N _u 5 449
(ekvekvekvekvek))v ( s )
R _ 1£//<9* + 7] * 4 a * + z * 4 A * + u )(( 7] a z A u )
h = 5 kh T S€kpy App T SCrpy Zkp T SCpy Agp T SCrp, Ukp T SC€Lp )\ Crps €khs Ckhs Ckhs Ckh)s
0 a z A u 5 4 50
(€xhs Chs Ch> ks CRn)) (5.4.50)
R . ]'L// 9* 0 * a _x z )\* A * u 0 a 2z N _u
d - 5 ( (o +860'7a0' +860'7ZO' +860'7 0'+860"u0' +860’)((60'760"60"60"60')’
7] a z A 5 4 51
(e5:€5s €55 €5, €5)), (5.4.51)
and (e = 0* — 07, €§ = a* —a}, € = 2* — 25, ep = N = A}, ¥ = u* —u}), (¢, =
* * a * * z _ * * A * * u * * 0 __
O — Okns €ln = A — Qs €i = 25 — Zins € = Mo — Nns € = U — Upy) and (e, =

a * * z

* * _ _ ok kA * )k U gk g%
o — U5y €5 = apy, —ay,e; = 25, — 25, € W Ans € = Upy, — UL).

o= o’
Proof: Using Taylor series expansion, we have

L0 a", 2" N u*) — L(0;,ar, zp, A\, ug)

o 1(n* * * * * 0 a 2z N _u
= LU0, ay, 2, AL, ug) (e e, ek, exy ex) + R,
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* * * * * * * * *
/:( ko ks Rk k7uk> - /:( kho Qkhs Rkhs khvukh)
_ 1(p* * * * * 0 a z A u
= L0k, s Zins Mon> Wen) (€ks €5ns €1y €y €kn) + s
* * * * * * * *
L7, ag, 25, A ) = L(On G 2o Aen> Uin)

o) o) Yoy o) O'

o * * * 0 a z A u
= [ (07, a5, 25, Ags Ug ) (—€kn> —Chn» —C€hns —Chns —Ckn) — L,

where Ry, R, and Ry are defined by (5.4.49)-(5.4.51). Using (5.4.42)-(5.4.45) in above

expressions, after replacing
0" =0y = (0" —6k) + (0 — 0p), 0" — aj, = (a” — ax) + (ar — ay),
25— zk) + (2 — 2), A = A= (A = M) 4+ (A — Ap),

u —ug) + (up — up), 0F — O, = (O — Orn) + (Orn — Or),

X -z =
ut—up =
ap — ap, = (ap — agn) + (arn — agp), 26 — 2in = (25 — 2kn) + (Zen — 200),
QZh - 0: = el:h - 90) + (90 - 9:;), QZh - a; = (QZh - aa) + (ac - a:;)a

Zon = Z0) + (20 = 25)s Mo, — Ao = (Mo, — Ao) + (Ao — A7),

* *

o

(
(
(
(
e = Men = (A% = Xen) + Ak = Apn)y ug — uy, = (ug — win) + (urn — ugy),
(
(
Upp, — Uy =
respectively, we obtain

* * * * * * * * * *
L0, a", 2", X", u L(0, ay, 25, A, up)

) -
= L0}, ai, 25, Ap, up)(0F — O, a* — ag, 2% — 21, \* — A\, u* — uy) + Ry,
‘C(elz’azazzaAk’ ) ‘C(QZhaaZh>ZZh7>‘Zh7uZh)
= L' (O Qs 2o Moo W) (O — Ok @, — ks 25 — 2kns A, = Akn, U — ugn) + i,
/3(927 a’av ZO, )‘* ) (‘QZM a’lthv ZZ/‘L’ )‘Z/w uZh)

!/ * * * * * * *
< ;C ( (1 Z )\ )(00- - Qkh, GJO - a/k,h, ZO' - Zk‘h’ )\O— - )\k‘h’ U/o— - ukh) - Rd

o) o) Yo o) O'

Since, all the solution pairs are optimal solution of the optimization problem at different

levels of discretization, we obtain

‘C(e*?a*? 2*7 )\*77,1/*) - £<9;:‘7a2‘7 z;:" )\;';7“;;) = J<9*7a*7u*> - J<9;:‘7a2‘7u;;)7

* * * * * * * * * * _ * * * * * *
L0, ag, 25 Afy ug) — LOgns Qs 2on Mons W) = I (O ag, ug) — J(Orp, gy Upr)
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L%y Qs Zions Mo Uen) — L(O5, ag, 25, Ao ug) = J(Opp, app, ugy,) — J (05, ag, uy).

o) Vo) Yo o) o o) o o

Therefore, we have the required result. This completes the proof. O

Define the residuals for different level of discretizations as :

P’0,a,u)() = L.(0,a,2,\u)(-), p*(0,a,2,N)(-) = Ly(0,a,z \u)),
p"0,a0)(-) = La(0,a,z,\u)(-), p*0,a,2,N()=Lab,a,z\u)),
p(z,u)() = Ly(0,a,z, A\ u)(-),

where
P0,a,u)() = pe, Yy (048, )0+ K(V0,7()ra + poy 2([9]7“ ()n)
+ pcp(e(—)i—v ()(—)F) + pL(f<97 a)v ')LQ - (au, ')I,Q - pCp<¢90, ()(—)F)v
pa(e’ a, u)() = Z(aﬁav ')In,Q + Z([a]nv ():) + (a(J)rv ()(J)r) - (f(ev a)v ')I,Qa
pz(e’ a, z, A)() = —pPC 2(7 8252)1”,9 + K(V()v Vz)m — PCp Z_(<>"’ [Z]n)
+ ('7 fe(e, a)(pLz - A))I,Q - ﬁQ('v [0 - em]-i-)ﬂﬂa
pA(ea a, z, )‘)() = - Z(? 8t>\)ln7ﬂ - Z(()nv [)‘]n) + (()7 fa(ev a)(pLz - )‘))I,Qa
and

Pz u)() = <ﬁgu+/gazdx, -)W).

Theorem 5.4.1. Let (0*,a*,u*), (05, ap,uy), (05, app, ury) and (0%, a%,ul) be the solutions

of (5.2.1)-(5.2.5), (5.4.8)-(5.4.12), (5.4.19)-(5.4.23) and (5.4.31)-(5.4.35), respectively, with
adjoint solutions as (z*, \*), (25, A\L), (25n, MNen) and (25, \5). Then, the following error esti-

[ o

mates holds true:

N 9 17
JO%, ak uy) — J(0F, 0", u*) < C(Z ( > < p;ij;fK) + Zpywy) + Ry + Ry, + Ry.
=1

n=1 NKcT;, © i= i=10
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where

Wi
Pia
Pl
Pia
Pis
Pl

n
P17

HKA@h—p%@ZM—NJ(&ﬂhﬂux+h§§m@%MMﬁK+Uﬂﬂggkﬁmhhm
1 = Inzinlli + hElzE = Inzin oo,

peok T |05 )nallic,  wh i = 12 — Tnzinllneie + K21 ( — Tnzi )il
KAz, + pepOiziy, — fo(Orny apn) (PL2gy, — Non) + B[Oy — Oml 41,5

i S0l Wi = 101~ Dbl x + k0~ Ll on
peok T |ziplnall, Wi = 105 — Tnbnllnic + K205 — Inbi) 5ol

1f (Oxn, agn) — 8ta’2h||ln7K7 W?,K = [|\; — ‘[h)\ZhHIruK?

K2 (laplulln: @i = 16 = IX\aller + 52 1O = TnAp)i ol

10:Nen, — fa(Orny arn) (PLzy — Nep)l 1.k w?,K = |lay, — Inagp |l 1.,

K2 ([N lnill), - wi i = (lag — Tnajyllr,x + B2 [1(af — Tnagy)i o l1x),
1CA6; — peydib — pLF (B ai)r, + |91 maxalljufllr,. w§ = 12" = Tizflr. 0.
peok® [0laall, wio = ll2* = Lzglle + k202 = Lz ol

ICAZE + peydezi — falbr, ap) (pLzk — Np) + BolOf — Ol 1,0

10% — I |1, 0

peok® [zlnoall, @iy = 110" = L0l 0 + K2[1(0" — 167)5 I,

16, 1) — Duailln. @iy = [N = Ldillne

Fo3laglall, @iy = 1A = BXillo + k2O = LA,

10N = falO.ap) (pLz = M)llren @i = lla* = Tapllr,.0

E2 Ml @i = (" = Tuag |0 + k2| (a” = Tuap)f ).

H@%+1g4mmmw Wl = Ny, — T ooy,

where interpolation operators I, and I, are defined in the preliminaries in the beginning of

the chapter.

Proof: Using (5.4.46)-(5.4.48) one can rewrite estimate for J(0%, a, ut) — J(0*, a*, u*) as

o) o)

J<9* a, u:) - J(9*7a*7u*) < p9< Z,CLZ,UZ)(Z'* - Zk) + pa( l:7alt)<)\* o )\k)

o) o)
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: kvakvzkv )‘*><9* - 916) + /JA(GZaaZa zlzv )‘Z)(a* - ak)

“(Orn @) (A = Aen) + 07 (O Qns Zons Ain) (O, — Orn)

p*(0

+ (25, uy) (W, — o) + 7 (G s win) (21 = 2kn)
P
PO, akha 2y ANkn) (@), — k) + Ry + By + Ry,

= ZIZ-JFZJ]» + Ry + Ry, + Ra. (5.4.52)

i=1 j=1

where Ry, R; and R, are defined in Lemma 5.4.1 by (5.4.49)-(5.4.51).

For ¢ € X}, , consider

T = 10" G @i i) (21— )|
N N
= | = pep YOl 5~ V)ree = K(T0 V(5 = ¥)ra = pep Y (Biadars 2 = U31)
n=1 n=1

- pL<f<9;;h7 a;;h)7 ZZ - 1/})[,9 + (au;';ha ZZ - Q/J)I,Q"

Applying integration by parts for the second term, we obtain

N
Jo=1>) (—pcp / / 0,05, (28 — )dxdt + K /1 / AG;, (25 — 1) dadt

n=1 KeT,

— —/ Onbin )dsdt—pcp/ 05 ]n1(zp — ) dxdt
I, Jok

//po 0y, i) (2 d:cdt—i—/ / auy,(z da:dt)|
I, In

S ([ [ i, = pesdt, = oL 0 i) o~ s

n=1 KeT,

* * IC * *
- Pcp/ O )n—1(z), — @Z)):qdﬂit -5 anekh(zk — )dsdt
K

I, JOK
" /(u / a(zz—wdas)dt)

S5 (] 1R85, — st oL i)l

n=1 KeT,

+ 5/ 1050knlloxc |1z — Cllorcdt + pep | [O5nln-1llx (25 = )i Il
In

IA

l * *
161 maclal [ il - )
n XK I,

Substituting 1 = Ij,z},, we obtain
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N
J1 Z Z (/ ([IICAGL, — pcpebry, — PLf (O, arp )l + R 5”8179%”8!(
+ | K] max [a Jug,|)([l2 — Tzl + i ll2E — Inzinlo)dt

=1 * * * 1 * *
+ pcpk 2 ||[Oenln-1ll k(125 — Tnzin | o, + K2 || (27 — [hzkh)Z—l”K))

N
= Z Z (P?,KW?,K + PZKW;L,K)

n=1 KETh
where
n * * * * _Tl IC * 1 *
Pk = I1KCAO, — pcy0itiy, — pLf (On, app)ll 1.6 + g §||8n9kh||ln,al< + |K|2 }113[% | ||lugpll 1,
Wi = 2% = ziplln.x + h2 w2k = Izl r,oxc,
n =1 * n * 1 * *
Pok = Pk ||[Onln—1ll 5, Wo g = 125 = Inzknlln, & + k2| (2 — Ihzkh)r—t—1||fn7K
Now consider,
N
2 = 0" (O Gops 2 N (O, — v) = (Pcp Z(G}Z — 0, Oz )1, — K(V (0, — v), V210
n=1
N
+ pcp Z((GZ — V)ns [Zinln) 1, — (O — 05 fo(Orn, ain) (PL2ky, — Ain) )10
n=1

(65~ 0. 650~ Ol )
Integrating by parts the second term on the right hand side, applying Cauchy-Schwarz
inequality, Young’s inequality and replacing v by Iz}, we have

Z Z (/ (IICAZ, + pepOriziy, — fo(Orns ain) (pLzgy — Ajp) + B2l0ky, — Om]+ |l

n=1 KeT;,

1 )C . " *
02 S 100ziallorc) 165 = Dubiallc + b0 — Tubilorc )t

=1 * * * 1 * *
+ pepk = | [zl (16 — TnOnl 1 + B2 ([ (0 — Ihekh)rt—1||K))

N
= > > (Ph Wi+ oW k)

n=1 KETh
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where
s = KAz, + pcyliziy, — fo(Orn, apn) (0Lzgy, — Arw) + B2(0k, — Ol 11,5
N A
O [/ (Y PR X gy A P

n -1 * n * * 1 * *
Prx = pcpk™ | [Zen]n—1ll, Wy g = (0% — [hekh):leIn,K + k2|05 — [0 5.

J3 = pa<‘92haa2h)()‘lt_¢)
N

_ ( Y @t X~ D — S s (0 — S 1) + (£ i), N — ¢)m)

n=1 n=1
Applying Cauchy-Schwarz inequality, Young’s inequality and replacing ¢ by I; A}, we obtain

N
* * * * * —l * * *
VIR (Hf(ekh,akh)—atakhnfn,mm—mkhnfn,ﬁk | [aznln 1 (1N = ToAialln i

n=1 KETh

1 %
RO = I nan) S S (08 st + Al )

n= lKeTh

where

pg,K = ||f (O ain) — Oragylr, k. WQ,K = | A = A llr, ks

1 1

pix = K Z a1l @ik = M = InAinllnk 4+ B2 TG = T X a1 k-

Consider
N
B= PO w) = (SN - m+z e (0 — w)i)

n=1

— (fa(Opn, apr) (pL2gy, — Mo, @ — w)l,ﬂ)-

Applying Cauchy-Schwarz inequality, Young’s inequality and replacing w by Iaj,, we obtain
N
* * * * * * * —l *
Ji < Z Z (Hat)‘kh = Ja(On> i) (0 Lz, — M) Mok — Inagp |1 + B2 [ Agaln-1ll x
n=1 KETh

N
1
(lay, = Inagyllr i + K2 [[(af — Tnagy)a- 1||K) Z Z (P7 kW7 Kk + PEKWE k)
n=1 KeT,
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where

Pk = 10:Aen, — fa(Okns akn) (PL2gy, — Nep) |1 k6 w7n,K = |lay, — Inagp |l 1.,

1 1
Pire = k2Nl wi i = llak = Tnagy |l + k2 |(ai — Tnagy), |k

We proceed in a similar manner for the time discretization error estimator as for space-
time discretization. We use Cauchy-Schwarz inequality, Young’s inequality to complete the

estimation for the time discretization. Replace i by Ijz; and consider

N
I' = | (0, ap up) (2 — ) =) (phwl + plowiy)
n=1
where
n * * * % 1 * n * *
ps = KAGL = pcydiby — pLf (0 i)l 0 + Q2 max|af|jugllr,, wg = (2" = lkzill1.0;
n =1 * n * 1 * *
pio = Pk |0 )nall,  wio = 12" = Iezlln,.o + k212" — Tezp)a_i 1.
Also,
N
[2 = pz< Zv @Za ZZ? )\Z)<9* - IRGZ) = Z(p?lw?l + p?2w1112)7
n=1
where
pi1 = |IKAz; + pepOizy — folO, ai)(pLz; — Ay) — BalOy, — O]+ |10 Wiy = (107 — Lkl 1,0

7 =1 * n * * 1 * *
pla = pepk® [[[2iln-1ll, and wiy = (|67 — Lub|, + k2 [[(67 — Tub;)nl,

and
N
I = p"(07, ap) (X = Thy) = > (plawiy + plywty)
n=1
where
Pis = f(0 ap) — Owaglln.0  wiz = A" = LeALlln, 0

n 1 * n * * 1 * *
pia = k2 lllag]all, @iy = [N = Xl + B2 [(A" = LA )1l

N
I = P (M) (a* = Tnap) = > (plswis + plswls),
n=1
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where

Pls = N0AL = falO, ap) (oL = M), Wi = lla” = Laglln, 0
1 1
pls = K2\l wis = lla” = Ieagllr,.o + k2| (a” = Trag)y |-

The control error is given by

N
o= p(uy)(up, — Truy) Z Z P71,
n=1 K€T)

where
o = e+ [zl and wly = iy~ s 2,
Q

Using J; to Jy and I' to I° in (5.4.52), we finally obtain the a posteriori error estimate,
which is given by

N

J<9;7a’a7 ) J<9*7a*7u>k) S C(Z( Z (szszK) Zp ) +Rk+Rh+Rd
i=1 =10

This completes the proof. O

Remark 5.4.3. In DWR method, the space, time and control error estimators are given by

N 16
o= > prwl + R,

n=1 i=10

N 9
o= DD, D rikwli+ R,

n=1 KeT; i=1

N
Na = ZP??W%*Rd-

n=1

Remark 5.4.4. For the computational purpose all the solutions at different discretization

levels are replaced by the solutions at complete discretization level.

Remark 5.4.5. Remainder terms Ry, Ry, and Ry defined in (5.4.49)-(5.4.51) are of order
O(k?*), O(h%) and O(k?), respectively, and therefore, are bounded.

In the next section, the AFEM algorithm using residual and DWR methods are pre-

sented and compared.
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5.5 Numerical Experiments

In order to use the error estimate obtained in Theorem 5.3.1 and Theorem 5.4.1 for the
adaptive refinement, we use the following algorithm.

Adaptive Finite Element Algorithm

1. Find approximate solution (6%, a’, u) for the problem (5.4.31) -(5.4.35) (resp. (5.3.1)-
(5.3.5)).

2. Using the given data and approximate solution find error estimate 7y, given in The-
orem 5.3.1 (resp. Theorem 5.4.1), for the purpose of flagging those elements in the

triangulation which are to be adapted.
3. Adapt the flagged in the state dependent triangulation using fixed fraction strategy

shTOL _ _ KTOL
ToN, = ™=T3N,

(6 =7),

1
4
where N, is the total number of unknowns in the space direction and T'OL is the

tolerance, which is taken as 107° in the numerical experiments.

4. If the error n;, less than the given tolerance, then stop else go to step 1 and repeat

these steps with new refined grids.

Remark 5.5.1. For the numerical experiments, piecewise continuous linear polynomial and
piecewise constants have been used for the space and time discretization, repectively. There-

fore, we have
A0 =0, Az =0, 0,0:=0, Ga, =0, 0z, =0 and X\, = 0.

For numerical experiments we consider the laser surface hardening of steel problem given
by (5.2.1)-(5.2.5) with the given data as prescribed in the numerical experiment section of
Chapter 3. To start with the adaptivity procedure first the problem is solved on the initial
triangulation given by Figure 5.2. Table 5.1 shows the error occurred due to space mesh
refinement, where 7, is defined in Remark 5.3.1 and 5.4.3 using residual and DWR method,
respectively.

Figure 5.3 and 5.4 shows the development of meshes over adaptive loop. Error estimator
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"solution-1.gnuplot"

280 1 1 1 1 -1

Figure 5.2: Initial approximate triangulation

N, | nn/J (DWR estimator) | n/J (Residual estimator)
81 0.000102 0.00022
143 0.000085 0.00019
463 0.000013 0.00007

Table 5.1: Error in space for fixed time partition 100
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(c) Step = 3
Figure 5.3: Adaptive refinement using DWR type estimators

used for refinement strategy used in Figure 5.3 is DWR method and for that in Figure 5.4 is
Residual method. It depicts that the triangulation gets more and more refined near the zone
of heating, which is the boundary area. Comparison between Figure 5.3 and 5.4 shows that
DWR type estimators provide better refinement strategy than residual type error estimator.
Even though the refinement using both the methods can be seen near the boundary, Figure
5.4 shows extra refinement of the triangulation far from the boundary area. Figure 5.5
shows that increment in the mesh size causes the decrease in the error occurred due to the
adaptive refinement. From Figure 5.5 also one can draw the conclusion that error due to
the use of DWR type error estimator decreases at a faster rate than due to the residual
type error estimator. Figure 5.6(a) depicts the austenite value at the final step on the final
adaptive mesh using DWR type error estimates and Figure 5.6(b) the austenite value on
final adaptive mesh using residual type estimator. Similarly Figure 5.7 shows temperature

0 on the final mesh. Figure 5.8 shows the control at the final time 7" = 5.25.
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Figure 5.4: Adaptive refinement using residual type estimators
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Figure 5.5: Error graphs
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Figure 5.6: The volume fraction of the austenite at

=—
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time ¢t = T using (a) DWR

“solution-199.gnuplot"

Figure 5.7: The temperature at time ¢t =7 using (a) DWR estimator (b) residual

estimator
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Figure 5.8: (a) Control after using DWR AFEM (b) Control after using residual
AFEM

5.6 Summary

Since, laser surface hardening of steel problem has a nature of irregularity near the boundary
due to use of laser energy, mesh obtained using AFEM is more refined near the boundary and
coarse elsewhere. Adaptive finite element methods has helped in obtaining the mesh which
depends on approximate solution and data. It has been shown that the mesh obtained using
residual and DWR type a posteriori error estimates has helped in getting a approximate
solution to the laser surface hardening of steel problem. Also, it has been observed through
numerical experiments that the mesh obtained using DWR method is better than the one

obtained using residual type error estimates.
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Chapter 6

Conclusions and Future Directions

In this concluding chapter, we give highlights of the main results obtained in each chapter

of the thesis. Further, we discuss the future possible extensions in the same direction.

6.1 Summary and Critical Assessments of the Results

In this thesis, numerical methods have been developed for the laser surface hardening of
steel problem. Laser surface hardening of steel problem has been modeled as an optimal
control problem governed by a semi-linear parabolic equation and an ordinary differential
equation. Since, originally the laser surface hardening problem posseses non-differentiable
load function, it has been regularized using a monotone regularized Heaviside function.

We have derived estimates for error due to regularization and have discussed different
methods of discretization, a continuous Galerkin finite element method for space discretiza-
tion and a discontinuous Galerkin finite element method for time and control discretization;
an hp-discontinuous Galerkin finite element method for space discretization and a discon-
tinuous Galerkin finite element method for time and control discretization; adaptive finite
element method using residual and dual weighted residual type a posteriori error estimators;
for the regularized laser surface hardening of steel problem. For adaptive finite element
method, a continuous Galerkin finite element method for space discretization and a discon-
tinuous Galerkin finite element method for time and control discretizations has been used.

All the numerical methods developed and analyzed in the literature are for the regu-
larized problem. So, it became interesting to know whether the solution of the regularized
problem converges to the solution of original problem. In Chapter 2, it has been established

that the solution of the state system of the regularized problem converges to that of original
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problem for a fixed control u € U,y with order of convergence O(¢), that is,
10 = 6]l + lla — acll < C(8; a)e.

Also, existence and uniqueness of solution of the state system has been established for a
fixed control u € U,q. Further, it has been shown that the optimal control of the regularized
problem converges strongly in L?(I) to the optimal control of original problem.

In Chapter 3, discretization using a continuous Galerkin finite element method for
space and a discontinuous Galerkin method for time and control has been developed. First,
it has been shown that the solution of the semi-discrete state system converges to the weak

solution, for a fixed control u € Uy, with order of convergence O(h?), that is,
10 — Ocnll + |lac — acnll < C(,,ac)h>.

It has then been shown that the solution of the space-time discrete state system converges

with order of convergence O(h? + k), that is,

16.62) = 2l + () = il < €O (424 ).

The error estimates obtained at different level of discretizations are optimal in nature. Fur-
ther, it has been shown that the optimal control obtained at fully discrete level converges

with the order of convergence O(k), that is,
”ue,a - ue”LQ(I) < C<967 Qe Ze, )\67 ue)k

It has been assumed that the partition used for the control variable is same as that of the
time variable. Combining the results from Chapter 2 and 3, it has been proved that state
solutions of the regularized problem converges to that of the original problem with the order

of convergence O(h? + k + ¢), that is,
166 = 23l + laft) = a2yl < CO.a,) (A2 4k 4. c).

Also, the convergence of optimal control of the completely discrete system to that of the

original problem has been shown in L?norm. In the last section of Chapter 3, numerical
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results has been attached for the justification of the theoretical results obtained in Chapter
2 and Chapter 3.

For the numerical implementation in Chapter 3, the mesh used was non-uniform in
nature. Since laser surface hardening of steel problem has a irregularity near the boundary
it became important to use a highly refined mesh near the boundary and a coarse mesh
else where. Also, using non-uniform triangulation is expensive with same degree of piece-
wise polynomial approximations in each element of the triangulation. hp-DGFEM helps
in choosing piecewise polynomial approximation with different degrees in each element and
also permits non-uniform grids with hanging nodes. This method is easier to implement
than the conformal finite element method used in Chapter 3, as an assembly of piecewise
discontinuous polynomials in different elements is easier than compared to the global assem-
bly of continuous polynomials. It has been established through Theorem 4.4.1, 4.4.2 and
numerical experiments that solution of the completely discrete problem converges with the

d 3 hic\ hie”* k> hat i
order O Z Z IIPEaT};p_K — + Kk, | |, that is,

2s
n=1 KeT;, Pk

16 — HE,UH%OO(I,L?(Q)) + [lac — ae,a”%oo(z,m(g)) + ||ue — UEJH%?(I)

- AN
< OB, e, 26, Aoy ie) Y max — | Ko 4 2 ),

KeT;
n=1 KeT, h PK /) Pk

where hy is the diameter of K € 7, and pg, is the degree of piecewise polynomial used in
each element K € 7, k,, being the length of the interval I,,. Numerical results presented at
the end of Chapter 4 justifies the theoretical results obtained.

Even though hp-DGFEM developed in Chapter 4 is easier to implement than the con-
tinuous Galerkin method developed in Chapter 3 both the methods fail in obtaining the right
amount of non-uniformity of triangulation over the computational domain. Since triangula-
tion of the domain does not directly depend on the solution of the problem, non-uniformity of
triangulation used may solve the issue of expensiveness to only some extent. To resolve this
problem, adaptive finite element methods can been used. Adaptive finite element methods
developed in Chapter 5 has provided a efficient way to choose a triangulation which depends
on the approximate solutions obtained. To use adaptive finite element method, a posteriori
error estimates have been developed, which depends on the approximate solution obtained

on the initial mesh and data given. A posteriori error estimators provides a way to choose a
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triangulation which is refined near area where the solution is not regular and coarse where it
is not. Therefore, AFEM developed in Chapter 5 ensures higher density of nodes in certain
areas of the computational domain.

To find the a posteriori error estimates, residual and dual weighted residual type error
estimators are developed. Though an extensive study of residual and DWR methods are
available for elliptic/parabolic problems, there is not much literature in which a use of these
methods for the nonlinear problem of the laser surface hardening of steel has been studied.
Residual type error estimators provides a bound in terms of global norms, for example, en-
ergy norm and L? norm, whereas DWR type error estimates provides a bound on the cost
functional under consideration. Since laser surface hardening of steel problem is an optimal
control problem, numerical results illustrates that the DWR method does provide better

results for the laser surface hardening of steel problem.

Some points of comparison of three approaches used in the thesis for the laser

surface hardening of steel problem

e In CG method, the degree of piecewise polynomials used is same in all the elements of

the triangulation while in hp-DGFEM this condition is relaxed.

e A discretization using hp-DGFEM is memory intensive compared to discretization

using ¢cG FEM.

e The assembly of local matrices to corresponding global matrices is much easier in

DGFEM compared to cG FEM.
e Optimal order estimates are obtained for both the cases.

e AFEM has the advantage over classical cG FEM and DGFEM that the triangulation
used need not be chosen a priori; it can be adapted based on the a posteriori error

estimates, which depend on the approximate solution and data.

e AFEM using ¢G method demands global continuity, which involve interpolation ex-

penses.

e It has been observed that AFEM using DWR estimates gives more accurate results

than the other three methods used in this thesis.
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Table 6.1: Comparitive study between three approaches used in the thesis

c¢G Method dG Method Adaptive Method
Degrees of polynomial: | Same Different Same
Memory: Less Expensive | Memory intensive | Expensive
Assembly: Global Local Global
Solution dependence of | A priori A priori Dependent
mesh used :
Result: Optimal Optimal Better than the rest

6.2 Future Extensions

In Chapter 5, a posteriori error estimates have been developed and used for adaptive finite
element method with a continuous Galerkin discretization in space and a discontinuous
Galerkin method for discretization in time and control variable. An extension can be done to
develop error estimators for the discontinuous Galerkin method used for space discretization.
Also, being an optimal control problem governed by a nonlinear system, the numerical
method used becomes expensive and hence domain decomposition methods with parallel
implementation for the laser surface hardening of steel problem can be a interesting extension.

In this thesis, the domain of computation under consideration is an open bounded
subset of R?. Since, the domain is a thin sheet of steel, height of the sheet was ignored for
the purpose of analysis. This work can be extended easily for the three dimensional problem
with appropriate changes in the analysis done for the two dimensional problem. Similar
results for the convergence for finite element method and adaptive finite element can also be
done.

Another possible extension of the work presented in this thesis is as follows. Throughout
in this thesis, we have considered change only in phase transition for austenite due to the
heating. To estimate or develop similar kind of results for surface hardening of problem
describing changes in martensite and austenite can be a possible extension of this work. In
this case, the model under consideration, for Q C R? with smooth boundary 9 reads as:

T
min 70 (= 20 el + 2 [0 = 0ul. P+ Er) el + 2 [ i),

UEUad 0
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subject to

Oa = Fi(f,a) in QxI,
om = Fy(f,a,m) in QxI,

a(0) =0, m(0) =0 in €,

pc0 — KAO = —pLiFi(0,a) + pLoFs(0,a,m) +ou in Qx 1,
0
ICa——l—cﬁ = 0 on 0QxI,
on

9(0) - 90 in Q,

where, in the cost functional J(-), §;, i = 1,2, 3,4 are given weights, my and a4 are desired

volume fractions for martensite and austenite. Also,

1

Fi(0,a) = %(aeq(@ — a)H(aeq(0) — a),
F(0.a,m) — %(a.meq(ﬁ) — m)H(a.meg(6) — mYH(M, — 6),

where a and m are the volume fractions of occurring phases, 71, 7o, aeq(0), me,(0) are positive,
Lipschitz continuous functions and M, is a threshold temperature. The coefficients appearing
in heat conduction equation are all positive constants.

Another possible extension can be to replace positive constants c,, K, L1, L and o with

Lipschitz functions in 6. In this case, the heat conduction equation is replaced by

pcy(0)0,0 — div(KV0) = —pLi(0)F1(0,a) + pL2(8)F2(0,a,m) + a(f)u in QxI.

A study of mathematical analysis, taking into account the effect of regularization, and various

numerical methods for this problem will be an interesting and challenging future problem.
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