
Topic (i): ALGEBRA

Groups, Simple groups and solvable groups, nilpotent groups, simplicity of alternating groups,
composition series, Jordan-Holder Theorem. Semidirect products. Free groups, free abelian
groups.

Rings, Examples (including polynomial rings, formal power series rings, matrix rings and group
rings), ideals, prime and maximal ideals, rings of fractions, Chinese Remainder Theorem for
pairwise comaximal ideals. Euclidean Domains, Principal Ideal Domains and Unique
Factorizations Domains. Poly-nomial rings over UFD's.

Fields, Characteristic and prime subfields, Field extensions, Finite, algebraic and finitely
generated field extensions, Classical ruler and compass constructions, Splitting fields and normal
extensions, algebraic closures. Finite fields, Cyclotomic fields, Separable and inseparable
extensions.

Galois groups, Fundamental Theorem of Galois Theory, Composite extensions, Examples
(including cyclotomic extensions and extensions of finite fields).

Norm, trace and discriminant.

Solvability by radicals, Galois' Theorem on solvability.

Cyclic extensions, Abelian extensions, Transcendental extensions.

Modules, submodules, quotient modules and module homomorphisms.

Generation of modules, direct sums and free modules. Tensor products of modules. Exact
sequences, projective modules.

Tensor algebras, symmetric and exterior algebras.

Finitely generated modules over principal ideal domains, invariant factors, elementary divisors,
rational canonical forms. Applications to finitely generated abelian groups and linear trans-
formations.

Noetherian rings and modules, Hilbert basis theorem, Primary decomposition of ideals in
noetherian rings.

Integral extensions, Going-up and Going-down theorems, Extension and contraction of prime
ideals, Noether's Normalization Lemma, Hilbert's Nullstellensatz.

Localization of rings and modules. Primary decompositions of modules.

Topic (ii): ANALYSIS

Semi-algebra, Algebra, Monotone class, Sigma-algebra, Monotone class theorem. Measure
spaces.

Extension of measures from algebras to the generated sigma-algebras: Measurable sets;
Lebesgue Measure and its properties.

Measurable functions and their properties; Integration and Convergence theorems.

Introduction to Lp-spaces, Riesz-Fischer theorem; Riesz Representation theorem for L2 spaces.

Absolute continuity of measures, Radon-Nikodym theorem. Duals of Lp-spaces.

Product measure spaces, Fubini's theorem.

Fundamental Theorem of Calculus for Lebesgue Integrals.

Normed spaces. Continuity of linear maps. Hahn-Banach Extension and Separation Theorems.
Banach spaces. Dual spaces and transposes.



Uniform Boundedness Principle and its applications. Closed Graph Theorem, Open Mapping
Theorem and their applications. Spectrum of a bounded operator. Examples of compact operators
on normed spaces.

Inner product spaces, Hilbert spaces. Orthonormal basis. Projection theorem and Riesz
Representation Theorem for Hilbert spaces.

Topic (iii): GEOMETRY and TOPOLOGY

Functions on Euclidean spaces, continuity, differentiability; partial and directional derivatives,
Chain Rule, Inverse Function Theorem, Implicit Function Theorem.

Riemann Integral of real-valued functions on Euclidean spaces, measure zero sets, Fubini's
Theorem.

Partition of unity, change of variables.

Integration on chains, tensors, differential forms, Poincare Lemma, singular chains, integration on
chains, Stokes' Theorem for integrals of differential forms on chains. (general version).
Fundamental theorem of calculus.

Differentiable manifolds (as subspaces of Euclidean spaces), differentiable functions on
manifolds, tangent spaces, vector fields, differential forms on manifolds, orientations, integration
on manifolds, Stokes' Theorem on manifolds.

Paths and homotopy, homotopy equivalence, contractibility, deformation retracts.

Basic constructions: cones, mapping cones, mapping cylinders, suspension.

Cell complexes, subcomplexes, CW pairs.

Fundamental groups. Examples (including the fundamental group of the circle) and applications
(including Fundamental Theorem of Algebra, Brouwer Fixed Point Theorem and Borsuk-Ulam
Theorem, both in dimension two). Van Kampen's Theorem, Covering spaces, lifting properties,
deck transformations. Universal coverings (existence theorem optional).

Simplicial complexes, barycentric subdivision, stars and links, simplicial approximation. Simplicial
Homology. Singular Homology. Mayer-Vietoris Sequences. Long exact sequence of pairs and
triples.

Homotopy invariance and excision (without proof).

Topic (iv): DIFFERENTIAL EQUATIONS

Methods for solving first order as well as second order equations, Power Series methods with
properties of Bessel functions and Legendre polynomials.

Existence and Uniqueness of Initial Value Problems: Picard's and Peano's Theorems, Gronwall's
inequality, continuation of solutions and maximal interval of existence, continuous dependence.

Higher order linear differential equations and linear systems: fundamental solutions, Wronskian,
variation of constants, matrix exponential solution, behaviour of solutions.

Two Dimensional Autonomous Systems and Phase Space Analysis: critical points, proper and
improper nodes, spiral points and saddle points.

Asymptotic Behavior: stability (linearized stability and Lyapunov methods).

Boundary Value Problems for Second Order Equations: Green's function, Sturm comparision
theorems and oscillations, eigenvalue problems

Cauchy Problems for First Order Hyperbolic Equations: method of characteristics, Monge cone.

Classification of Second Order Partial Differential Equations: normal forms and characteristics.



Initial and Boundary Value Problems: Lagrange-Green's identity and uniqueness by energy
methods.

Stability theory, energy conservation and dispersion equation: mean value property, weak and
strong maximum principle, Green's function, Poisson's formula, Dirichlet's principle, existence of
solution using Perron's method (without proof).

Heat equation: initial value problem, fundamental solution, weak and strong maximum principle
and uniqueness results.

Wave equation: uniqueness, D'Alembert's method, method of spherical means and Duhamel's
principle.

Methods of separation of variables for heat, and wave equations.

Topic (v): PROBABILITY

Probability measure, probability space, construction of Lebesgue measure, extension theorems,
limit of events, Borel-Cantelli lemma.

Random variables, Random vectors, distributions, multidimensional distributions, independence.

Expectation, change of variable theorem, convergence theorems.

Sequence of random variables, modes of convergence. Moment generating function and
characteristics functions, inversion and uniqueness theorems, continuity theorems, Weak and
strong laws of large number, central limit theorem.

Radon-Nikodym theorem, definition and properties of conditional expectation, conditional
distributions.

Stochastic processes: Description and definition. Markov chains with finite and countably infinite
state spaces. Classification of states, irreducibility, ergodicity. Basic limit theorems.

Markov processes with discrete and continu-ous state spaces. Poisson process, pure birth
process, birth and death process. Brownian motion.

Applications to queueing models and reliability theory.

Basic theory and applications of renewal processes, stationary processes. Branching processes.
Markov Renewal and semi-Markov processes, regenerative processes.

Topic (vi): STATISTICS

Distribution of functions of random variables, Order Statistics. Estimation - loss function, risk,
minimum risk unbiased estimators, maximum likelihood estimation, method of moments, Bayes
estimation.

Sufficient Statistics, completeness, Basu's Theorem, exponential families, invariance and maximal
invariant statistics.

Testing of Hypotheses - parametric and non-parametric problems, examples with data analytic
applications.

Confidence Intervals.

Simple and multiple linear regression models, estimation, tests and confidence regions. Check for
normality assumption. Likelihood ratio test, confidence intervals and hypotheses tests; tests for
distributional assumptions. Collinearity, outliers; analysis of residuals, Selecting the best fit,
regression equation, transformation of response variables. Ridge's regression.


