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Abstract. The sonic boom at a large distance from its source consists ofa leading shock, a trailing
shock and a one parameter family of nonlinear wavefronts in between these shocks. A new ray
theoretical method using a shock ray theory and a weakly nonlinear ray theory has been used to
obtain the shock fronts and wavefronts respectively, for a maneuvering airfoil in a homogeneous
medium. This method introduces a one parameter family of Cauchy problems to calculate the shock
and wave fronts emerging from the surface of the airfoil. These problems are solved numerically to
obtain the leading shock front and the nonlinear wavefrontsemerging from the front portion of the
airfoil.
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INTRODUCTION

Sonic boom had been anticipated in the early 50’s of the 20th century even in early stages
of supersonic flights of aircraft. Developments in the fundamental theory of sonic boom
and the implementation to practical models took almost two decades but this field of
research is still active (Plotkin, 2002). When the propagation of the sonic boom is traced
using linear ray theory, the rays tends to converge and formsa folded caustic, where
the amplitude becomes infinite. Experimental (Wanneret al., 1972) and theoretical
(Marchianoet al., 2003) studies shows that the nonlinear and diffraction effects at the
caustic reduces the focus intensity and keeps the amplitudefinite.

We use a shock ray theory and a weakly nonlinear ray theory (see Prasad, 2001,
Baskar and Prasad, 2005b) to formulate a new method involving a one parameter family
of Cauchy problems for a system of conservation laws to calculate the leading and
trailing shock fronts, and the nonlinear wavefront emerging from the surface of the
airfoil. Unlike some of the earlier methods based on Whitham(1974), the nonlinear
effects are incorporated from very beginning. We show that the governing systems are
hyperbolic for the front part of the airfoil and are ellipticfor the trailing part. We compute
the leading shock front and the nonlinear wavefront emerging from the front portion of
the airfoil, which are governed by the hyperbolic part of thesystem.



FORMULATION OF THE PROBLEM

Consider a two dimensional unsteady flow produced by a thin maneuvering airfoil
moving with a supersonic velocity along a curved path. We areinterested in calculating
the sonic boom produced by the airfoil, the point of observation being far away say at a
distanceL, from the airfoil. We use coordinatesx,y and timet nondimensionalized by
L and the sound velocitya0 in the ambient medium. In a local rectangular coordinate
system(x′,y′) with origin O′ at the nose of the airfoil andO′x′ axis tangential to the
path of the nose, which moves along(X0(t),Y0(t)), let the upper and lower surfaces
of the airfoil be given by (x′ = ζ ,y′ = bu(ζ )) and(x′ = ζ ,y′ = bl(ζ )),−d < ζ < 0
respectively. Hered is the nondimensional cumber length. We assume thatb′u(−d) > 0,
b′u(0) < 0, b′l(−d) < 0 andb′l(0) > 0, so that the nose and the tail of the airfoil are
not blunt. We further assume thatd = d̄/L = O(ε) and O

{

max−d<ζ<0 bu(ζ )/d
}

=

O
{

max−d<ζ<0(−bl(ζ ))/d
}

= O(ε) where ε is a small positive number. Then the
amplitudew of the perturbation in the sonic boom also satisfiesw = O(ε).

The sonic boom produced either by the upper or the lower surface consists of a leading

shock LS:Ω(0)
t , a trailing shock TS:Ω(−d)

t and since high frequency approximation
is satisfied by the flow between the two shocks, a one parameterfamily of nonlinear

wavefrontsΩ(ζ )
t (−d < ζ < 0,ζ 6= G) originating from the pointsPζ on the airfoil in

between the two shocks.
The evolution ofΩt in the ray coordinate system (ξ , t) is governed by a pair of

Kinematical conservation laws (KCL) (Prasad 2001)

(gsinθ)t +(mcosθ −T sinθ)ξ = 0, (gcosθ)t − (msinθ +T cosθ)ξ = 0 (1)

wheren = (cosθ ,sinθ) is the normal toΩt, T is the tangential component of the ray
velocity,gdξ is an element of length alongΩt andm is the Mach number ofΩt. When
Ωt is a wavefront (weakly nonlinear ray theory), we have in addition to (1)

(g(m−1)2e2(m−1))t = 0, m = 1+w(γ +1)/2. (2)

WhenΩt is a shock front, we denote the corresponding variable byM, N = (cosΘ,sinΘ)
andG, and we have (1) and two more equations (Shock ray theory) (Baskar and Prasad,
2005a)

(G(M−1)2e2(M−1))t +2M(M−1)2e2(M−1)GV = 0 (3)

(GV 2e2(M−1))t +GV 3(M +1)e2(M−1) = 0 (4)

whereM andV are defined as

M = 1+w(γ +1)/4, V = ((γ +1)/4){〈N,∇〉w}|s. (5)

Here the normal derivative〈N,∇〉w is first obtained in the region behind the shock if the
shock is moving into the undisturbed region and in the regionahead of the shock if it is
moving into the disturbed region and then the limit is taken as we approach the shock.
The mapping from(ξ , t)-plane to (x,y)-plane can be obtained by integrating the first part
of the shock ray equations

xt = M cosΘ,yt = M sinΘ. (6)



Let (X(t),Y(t)) be the parametric representation of the flight path. We introduce a ray
coordinate system (ξ = −η,η ≤ t) and (ξ = η,η ≤ t) for the fronts emerging from the

upper and the lower surface of the airfoil respectively. Thebase pointPζ of Ω(ζ )
t on the

upper surface of the airfoil corresponds to a point on the lineξ +t = 0 in the(ξ , t)-plane.
The Cauchy data for the nonlinear wavefronts (system (1)-(2)) on this line is given by
(Baskar and Prasad, 2005b)

m0(ξ ) := 1− (γ +1)(Ẋ2
0 + Ẏ 2

0 )b′u(ζ )/(2(Ẋ2
0 + Ẏ 2

0 −1)
1
2),

g0(ξ ) := (Ẋ2
0 + Ẏ 2

0 −1)
1
2 , θ0(ξ ) :=

π
2

+ψ −sin−1{1/(Ẋ2
0 + Ẏ 2

0 )
1
2}, (7)

whereψ = tan−1
{

Ẏ0/Ẋ0
}

. Sinceb′u(ζ ) < 0 andb′u(ζ ) > 0 for G < ζ < 1 and−d < ζ <
G respectively,m0 > 1 on Pζ for G < ζ < 1 andm0 < 1 on Pζ for −d < ζ < G. This

can be used to argue thatm > 1 onΩ(ζ ),G < ζ < 0 and m < 1 onΩ(ζ ),−d < ζ < G.
Since the eigenvalues of the system (1)-(2) areλ± = ±((m−1)/(2g2))1/2 andλ2 = 0,

the Cauchy problems forΩ(ζ )
t ,G < ζ < 0 are hyperbolic and forΩ(ζ )

t ,−d < ζ < G are
elliptic (we call it elliptic even thoughλ2 = 0 is real). The same is true for LS and TS.
The Cauchy data for the LS and TS ((1), (3)-(5)) are given by

M0(ξ ) := 1− (γ +1)(Ẋ2
0 + Ẏ 2

0 )b′u(ζ )/(4(Ẋ2
0 + Ẏ 2

0 −1)
1
2),

V0(ξ ) := (γ +1){Ωp(−d)
w0(ξ )−F (−d, t)}/4

ΩP(−d)
=

(Ẋ0Ẍ0+ Ẏ0Ÿ0)

2g(Ẋ2
0 + Ẏ 2

0 )(Ẋ2
0 + Ẏ 2

0 −1)1/2
+

Ẋ0Ÿ0− Ẏ0Ẍ0

gẌ2
0

F (ζ , t) =
(Ẋ2

0 + Ẏ 2
0 )b′′u(ζ )

(Ẋ2
0 + Ẏ 2

0 −1)1/2
{Ẋ0(t)}−

(Ẋ2
0 + Ẏ 2

0 −2)(Ẋ0Ẍ0+ ẎŸ0)

(Ẋ2
0 + Ẏ 2

0 −1)3/2
b′u(ζ )

X0 = X0cosψ +Y0sinψ

G0 andΘ0 are as in (7). The Cauchy data for the lower surface are definedsimilarly.

NUMERICAL SIMULATION

We consider the flight path to be of two types namely, 1. a straight path where the
airfoil accelerates in thex-direction and 2. a path concave downwards. The leading
nonlinear wavefronts emerging from the upper and the lower surface of the airfoil
over concave downward path are shown in FIG. 1a for various times. The nonlinear
wavefronts produced from the points on the front portion of the airfoil interacts with the
LS and disappears from the flow as shown in FIG. 1b and 2. The same happens for the
trailing part of the airfoil. These two sets, one interacting with LS and another interacting

with TS are separated by a linear wavefrontΩ(G)
t , which originates from a pointPa

where the functionbu(ζ ) (bl(ζ )) are maximum (minimum). FIG 1c shows the sonic
boom wavefront (concave downward path) att = 5 (caustic region) calculated from the
present method and the linear theory. The linear wavefront folds whereas the nonlinear
wavefront develops two kinks (called as shock-shock by Whitham, 1974), which are the



images of the shocks in the ray coordinate under the transformation (6). Such kinks
are also observed by Inoueet al. (1997) in their Euler solution for an accelerating
projectile (reproduced in FIG. 3) and also some general maneuvering projectile similar
to the concave downwards path. The kinks in FIG. 3 are denotedby IPE and IPS. The
governing systems for the present method in−d ≤ ζ < G is elliptic in nature and so
we expect a geometry for the TS and the nonlinear wave fronts to be free from kinks in
this region which are also observed by Inoueet al. (1997) (reproduced in FIG. 3). The
computation in the elliptic region will be pursued separately.
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FIGURE 1. Aerofoil maneuvering over a concave downward path (a) nonlinear wavefront from the
upper and the lower surface of the airfoil (b) nonlinear wavefronts interacts with LS and disappears from
the flow (c) comparison between the linear and the nonlinear wavefronts
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FIGURE 2: The airfoil accelerates over a
straight path. Nonlinear wavefronts interacts
with LS and disappears from the flow

FIGURE 3: Euler solution of an accelerat-
ing projectile over a straight path (reproduced
from Inoueet al., 1997) with the author’s per-
mission.
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