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Abstract. We first review a general formulation of ray theory
and write down the conservation forms of the equations of a weakly
nonlinear ray theory (WNLRT) and a shock ray theory (SRT) for
a weak shock in a polytropic gas. Then we present a formulation
of the problem of sonic boom by a maneuvering aerofoil as a one
parameter family of Cauchy problems. The system of equations
in conservation form is hyperbolic for a range of values of the pa-
rameter and has elliptic nature else where, showing that unlike the
leading shock, the trailing shock is always smooth.

1. Introduction

A wavefront (or a shock front) Ωt in m-dimensional space (x1, x2, · · · , xm) can be
recognized as a propagating surface across which rapid (or abrupt) changes in the
state of the medium takes place. Accordingly, high frequency approximation (which
is automatically satisfied when Ωt is shock front) for the solution of a system of
equations leads to an eikonal equation governing the evolution of Ωt and a transport
equation (or an infinite system of equations for a shock front) for the amplitude
w along a ray (or a shock ray for a shock front), [7].1 For a nonlinear wavefront
(or a shock front) the eikonal equation contains the amplitude w and hence the
eikonal equation is coupled to the transport equation. This makes the problem of
determination of the successive positions of Ωt difficult. We first examine whether
any fields of vectors χ(x, t,n) in IRm where n is the unit normal to Ωt, can be
treated as a ray velocity.

Let Ωt : φ(x, t) = 0 be a moving surface in IRm where a field of vectors χ(x, t,n)
is prescribed with n = ∇φ/|∇φ|. Then the evolution of Ωt can be traced with the

1We shall frequently refer to various sections of the book, [7], by PP followed by a hypen and
the section number. Almost all results in this section are available in, [9] and [5]. The material in
the section 2 are taken from the paper, [2].
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help of χ as a ray velocity if, using summation convention,

nβnγ

(

nβ
∂

∂nα
− nα

∂

∂nβ

)

χγ = 0, α = 1, 2, ...,m(1.1)

[8]. When (1.1) is satisfied, φ(x, t) satisfying the eikonal equation

Q := φt + 〈χ,∇〉φ = 0(1.2)

is consistent with the ray equations

dxα

dt
= χα,

dnα

dt
= −nβnγ

(

nβ
∂

∂xα
− nα

∂

∂xβ

)

χγ(1.3)

The consistency condition (1.1) is satisfied for a curved wavefront or a shock front
in a medium governed by a hyperbolic system of conservation laws, [8].

In terms of the normal velocity C = −φt/|∇φ| = 〈n,χ〉, the equation (1.2)
becomes

φt + C|∇φ| = 0(1.4)

which is used in the level set method (LSM). Since χ can not be obtained from C,
the equation (1.2) is more general than (1.4).

We restrict now to a 2-dimensional curve Ωt in (x, y)-plane. Let tangential
component of χ be T ie., T = −n2χ1 + n1χ2. We define a ray coordinate system
(ξ, t) such that ξ = constant is a ray and t = constant is Ωt. Let gdξ represent
an element of length along Ωt. Then with (n1, n2) = (cos θ, sin θ), we get a pair of
kinematical conservation laws (KCL), [6]; PP-3.3.2)

(g sin θ)t + (C cos θ − T sin θ)ξ = 0(1.5)

(g cos θ)t − (C sin θ + T cos θ)ξ = 0(1.6)

It can be shown that: given χ as a known C1 function of x, t and n, the ray
equations (1.3) for a moving front Ωt in two space dimensions are equivalent to
the KCL (1.5) and (1.6), [8]. KCL being in conservation form, it also admits
solutions with shock type of discontinuities in (ξ, t)-plane. These discontinuities,
when mapped onto (x, y)-plane with the help of xt = χ1, yt = χ2, they give rise to
kinks across which the directions of the tangent to a ray and that to the front Ωt

change discontinuosly, (PP-3.3.3). The KCL are physically realistic, they represent
conservation of distance in (x, y)-plane. The concept of kink was first introduced by
Whitham in 1957, [10], intuitively as he did not have KCL. He called it Shock-Shock.

KCL, being only two equations in four quantities g, θ, C and T , is an under
determined system. This is expected as KCL is a purely mathematical result and
the dynamics of a particular moving curve has not been taken into account in their
derivation. We describe here two sets of closure equations. Both of these belong to
the case of an isotropic wave propagation, where T = 0 i.e., the rays are normal to
the front. When a small amplitude curved wave front (across which the physical
variables are continuous) or a shock front propagates into a medium at rest and in
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equilibrium with density ρ̄ = ρ̄0, fluid velocity q̄ = 0 and gas pressure p̄ = p̄0, the
perturbation on the wavefront or behind the shock front is given by

ρ̄ = ρ̄0 + ρ̄0w, q̄ = a0(n1w, n2w), p̄ = p̄0 + ρ̄0a
2
0w(1.7)

where w is the non-dimensional amplitude of the perturbation and a0 is the dimen-
sional sound velocity in the ambient medium (PP-6.1, note that w here is w/a0 of
PP-6.1). The Mach number m of a weakly nonlinear wavefront and M of a shock
front are given by

m = 1 +
γ + 1

2
w,M = 1 +

γ + 1

4
w|s(1.8)

where w|s the value of w on a suitable side (behind a shock for a shock propagating
in to the constant state (ρ0, q = 0, p0)). The nondimensional value of C in (1.4) is
m or M as the case may be.

The evolution equations of Ωt when it is a weakly nonlinear wavefront, are

(g sin θ)t + (m cos θ)ξ = 0, (g cos θ)t − (m sin θ)ξ = 0(1.9)

{g(m− 1)2e2(m− 1)}t = 0(1.10)

These are the equations of weakly nonlinear ray theory (WNLRT). The map-
ping from (ξ, t)-plane to (x, y)-plane is given by the first part of (1.3) i.e., xt =
m cos θ, yt = m sin θ.

When we choose Ωt to be a shock front, the closure equations for KCL form
an infinite system of equations (PP-Chapters 7 and 9). This infinite system is
exact unlike the equation (1.10) derived under the high frequency approximation.
However, not only the derivation of the infinite system is too complex and it is
too difficult to solve numerically, its solution is non-unique for many interesting
problems . By taking the shock to be weak and by truncating the system at a
suitable stage, we can construct an approximate shock ray theory, which forms an
efficient system of equations for calculation of successive positions of a curved shock
in two space dimensions (PP-10.2). Denoting the unit normal to the shock front
Ωt to be N = (cosΘ, sin Θ), a system of conservation form of the equations for a
weak shock Ωt are two KCL and two additional closure equations, [1]:

(G sin Θ)t + (M cosΘ)ξ = 0, (G cosΘ)t − (M sin Θ)ξ = 0(1.11)

(G(M − 1)2e2(M−1))t + 2M(M − 1)2e2(M−1)GV = 0(1.12)

(GV 2e2(M−1))t +GV 3(M + 1)e2(M−1) = 0(1.13)

where G is the metric associated with the variable ξ and

V =
γ + 1

4
{〈N ,∇〉w}|s(1.14)

where the normal derivative 〈N ,∇〉w is first obtained in the region behind the
shock if the shock is moving into the undisturbed region and in the region ahead of
the shock if it is moving into the disturbed region and then the limit is taken as we
approach the shock. The mapping from (ξ, t)-plane can be obtained by integrating
the first part of the shock ray equations xt = M cosΘ, yt = M sin Θ. (1.11)-(1.13)
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form the equations of our SRT, which is ideally suited in dealing with many practical
problems involving propagation of a curved shock since (i) it has been shown that it
gives results which agree well with known exact solutions and experimental results,
[4], (ii) it gives sharp geometry of the shock and many finer details of geometrical
features of the shock (PP-Chapter 10) , (iii) results obtained by it agree well with
those obtained by numerical solutions of full Euler’s equations, [1], (iv) it takes
considerably less computational time (say less than 10%) compared to the Euler’s
numerical solution and (v) for a problem like sonic boom, it is difficult to get
information in a long narrow region away from the aircraft by Euler’s numerical
solution, SRT and WNLRT are most suited.

2. Formulation of the problem of sonic boom by a maneuver-

ing aerofoil as a one parameter family of Cauchy problems

Consider a two dimensional unsteady flow produced by a thin maneuvering aero-
foil moving with a supersonic velocity along a curved path. We are interested in
calculating the sonic boom produced by the aerofoil, the point of observation being
far away say at a distance L, from the aerofoil. We use coordinates x, y and time
t nondimensionalized by L and the sound velocity a0 in the ambient medium. In a
local rectangular coordinate system (x′, y′) with origin O′ at the nose of the aero-
foil and O′x′ axis tangential to the path of the nose, which moves along a curve
(X0(t), Y0(t)), let the upper and lower surfaces of the aerofoil be given by

(x′ = ζ, y′ = bu(ζ)) and (x′ = ζ, y′ = bl(ζ)),−d < ζ < 0(2.1)

respectively. Here d is the nondimensional camber length. We assume that b′u(−d) >
0, b′u(0) < 0, b′l(−d) < 0 and b′l(0) > 0, so that the nose and the tail of the aerofoil
are not blunt. We further assume that

d =
d̄

L
= O(ε), O

{

max−d<ζ<0bu(ζ)

d

}

= O

{

max−d<ζ<0(−bl(ζ))

d

}

= O(ε)

where ε is a small positive number. Then the amplitude w of the perturbation in
the sonic boom also satisfies w = O(ε).

In Fig. 1, we show the geometry of the aerofoil and the sonic boom produced
by it at a time t. The sonic boom produced either by the upper or lower surface

consists of a leading shock LS: Ω
(0)
t and a trailing shock TS: Ω

(−d)
t and since high

frequency approximation is satisfied by the flow between the two shocks, a one

parameter family of nonlinear wavefronts Ω
(ζ)
t (−d < ζ < 0, ζ 6= G) originating from

the points Pζ on the aerofoil in between the two shocks. The nonlinear wavefronts
produced from the points on the front portion of the aerofoil start interacting with

the LS Ω
(0)
t and those from the points near the trailing edge do so with the TS

Ω
(−d)
t , and after the interaction they keep on disappearing continuously from the

flow. These two sets, one interacting with LS and another interacting with TS are
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Figure 1: Sonic boom produced by

the upper and lower surfaces: y′ =

bu(x′) and y′ = bl(x
′) respectively.
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Figure 2: It An enlarged version of

the upper part of the Figure 1 near
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Figure 3: A formulation of the ray coordinate system (ξ, t) for Ωt(ζ). AB represents the

path of a fixed point Pζ on the aerofoil. A is the position of Pζ at time η and B that at

time t.

separated by a linear wavefront Ω
(G)
t , which originates from a point Pa where the

function bu(ζ) (bl(ζ)) are maximum (minimum). Fig. 2 shows an enlarged version
of the upper part of the Fig. 1 near the aerofoil. This is simply an enlarged version
of Fig. 1 as high frequency approximation is not valid near the aerofoil.

Let us introduce a ray coordinate system (ξ, t) for Ω
(ζ)
t . The front Ω

(ζ)
t at a given

time t can be obtained as the locus of the tip of the rays (at time t) in (x, y)-plane
starting from all positions Pζ |η of Pζ at times η < t as shown in Fig. 3. Therefore,
a value of η identifies a ray and we choose

ξ = −η, η ≤ t(2.2)
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for Ω
(ζ)
t from the upper surface (for lower surface we need to choose ζ = η, η ≤ t).

When ξ = −η = t, the points A,B and C in the Fig.3 coincide. Hence the base

point Pζ of Ω
(ζ)
t , which lies on the upper surface of the aerofoil, corresponds to a

point, which lies on the line ξ + t = 0 in the (ξ, t)-plane.

The nonlinear wavefront Ω
(ζ)
t , (−d < ζ < 1, ζ 6= G) satisfies the system (1.9)-

(1.10). The Cauchy data on ξ+ t = 0 to solve this system, can be determined from
the inviscid flow condition on the surface of the aerofoil. Retaining only the leading
order terms, this is [2].

m(ξ,−ξ) = m0(ξ) := 1 −
(γ + 1)(Ẋ2

0 + Ẏ 2
0 )b′u(ζ)

2(Ẋ2
0 + Ẏ 2

0 − 1)
1
2

(2.3)

g(ξ,−ξ) = g0(ξ) := (Ẋ2
0 + Ẏ 2

0 − 1)
1
2(2.4)

θ(ξ,−ξ) = θ0(ξ) :=
π

2
+ ψ − sin−1{1/(Ẋ2

0 + Ẏ 2
0 )

1
2 }(2.5)

where ψ = tan−1
{

Ẏ0/Ẋ0

}

. Since b′u(ζ) < 0 and b′u(ζ) > 0 for G < ζ < 1 and

−d < ζ < G respectively, m0 > 1 on Pζ for G < ζ < 1 and m0 < 1 on Pζ for
−d < ζ < G. This can be used to argue that

m > 1 on Ω(ζ), G < ζ < 0 and m < 1 on Ω(ζ),−d < ζ < G(2.6)

Since the eigenvalues of the system (1.9)-(1.10) are

λ1 =
√

(m− 1)/(2g2), λ2 = 0, λ3 =
√

(m− 1)/(2g2)(2.7)

we get a Cauchy problem for a hyperbolic system for Ω
(ζ)
t , G < ζ < 0 and an elliptic

system for Ω
(ζ)
t ,−d < ζ < G (we call it elliptic even though λ2 = 0 is real).

The derivation of the Cauchy data on ξ + t = 0 for the system (1.11)-(1.13)

governing the evolution of the shock fronts Ω
(−d)
t and Ω

(0)
t is far more complex. We

quote from, [2], the leading order terms in this Cauchy data

M(ξ,−ξ) = M0(ξ) := 1 −
(γ + 1)(Ẋ2

0 + Ẏ 2
0 )b′u(ξ)

4(Ẋ2
0 + Ẏ 2

0 − 1)
1
2

(2.8)

G(ξ,−ξ) = G0(ξ) := (Ẋ2
0 + Ẏ 2

0 − 1)
1
2(2.9)

Θ(ξ,−ξ) = Θ0(ξ) :=
π

2
+ ψ − sin−1{1/(Ẋ2

0 + Ẏ 2
0 )

1
2 }(2.10)

V (ξ,−ξ) = V0(ξ) :=
γ + 1

4
{Ωp(−d)

w0(ξ) −F(−d, t)}(2.11)

where

ΩP(−d)
=

(Ẋ0Ẍ0 + Ẏ0Ÿ0)

2g(Ẋ2
0 + Ẏ 2

0 )(Ẋ2
0 + Ẏ 2

0 − 1)1/2
+
Ẋ0Ÿ0 − Ẏ0Ẍ0

gẌ2
0

F(ζ, t) =
(Ẋ2

0 + Ẏ 2
0 )b′′u(ζ)

(Ẋ2
0 + Ẏ 2

0 − 1)1/2
{Ẋ0(t)} −

(Ẋ2
0 + Ẏ 2

0 − 2)(Ẋ0Ẍ0 + Ẏ Ÿ0)

(Ẋ2
0 + Ẏ 2

0 − 1)3/2
b′u(ζ)

X0 = X0 cosψ + Y0 sinψ



KCL, RAY THEORIES AND APPLICATION TO SONIC BOOM 7

x

y

0.6 0.8 1 1.2 1.4
1.6

1.7

1.8

1.9

2

2.1

.
.

Nonlinear wavefront

Linear wavefront

τ = 2.0
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The initial Mach number is 1.8 and the ac-
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Figure 5: The nonlinear wavefront from

the leading edge of an aerofoil moving with

a constant Mach number 5 along a path con-

cave downwards with b′u(0) = −0.01.

Again M > 1 on Ω
(0)
t and M < 1 on Ω

(−d)
t so that the two eigenvalues Λ1 =

√

(M − 1)/2G2,Λ2 = −
√

(M − 1)/2G2 of (1.11)-(1.13) are real for Ω
(0)
t and purely

imaginary for Ω
(−d)
t . The other two eigenvalues are Λ11 = 0,Λ12 = 0. Thus, for

the LS we get a Cauchy problem for a system which is hyperbolic and for the TS
we get it for a system which has elliptic nature.

We have numerically solved the system (1.9)-(1.10) with Cauchy data (2.3)-
(2.5) for ζ = 0. This nonlinear wavefront from the leading edge is immediately

annihilated by the shock Ω
(0)
t . We have solved the system (1.11)-(1.13) with data

(2.8)-(2.11) and we find that the geometric shape of nonlinear wavefront is not

only topologically same as that of Ω
(0)
t but is very close to it. Hence the nonlinear

wavefront from the leading edge gives valuable information about Ω
(0)
t . We present

some results in Fig 4 and Fig 5.
We note that for an accelerating aerofoil along a straight line, the linear wavefront

from the nose develops fold in the caustic region but the nonlinear wavefront does
not fold and has a pair of kinks. For a supersonic aerofoil moving on a highly curved
path (curved downwards), the nonlinear wavefront from the upper surface is smooth
but that from the lower surface has a pair of kinks. The most interesting result
seen from our new formulation of the sonic boom problem is the elliptic nature of

the equations governing Ω
(−d)
t . This implies that whatever may be the flight path

and acceleration of the aerofoil, the trailing shock Ω
(−d)
t must be smooth. All these

features, which we obtain from our theory are seen in the Euler’s numerical solution
of Inoue, Sakai and Nishida (1997). Just two of their results have been reproduced
in Fig. 6 with their permission.
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Figure 6: Numerical solutions of Euler equations for the flow over a diamond-shaped

projectile moving from right to left with Mach number sarting from 1.2 to 4. The Figures

are reproduced from Inoue, Sakai and Nishida (1997) with the permission of the authors.

The aerofoil in Fig 6 is moving from right to left and accelerates from a Mach
number 1.2 to 4.0. The figure depicts the boom produced by the lower surface of
a diamond shaped aerofoil. We note that the leading shock (LS) from the front
edge tends to focus and develops two kinks (marked by IPE and IPS). Though a
property like smoothness of the trailing shock is hard to see in and predict from a
numerical result, we note that Fig 6 shows the trailing shock to be smooth.
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