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S =@,,~, 5 standard graded Noetherian ring, S; = P, Sy it’s
irrelevant ideal and M a finitely generated graded S-module. Then
for all ¢ > 0,

(1) Hg+ (M), is a finitely generated Sp-module for all n € Z,
(2) Hg, (M), =0 for all n>> 0.

Question Does H¢(M),, exhibit similar (or predictable) results for
an arbitrary homogeneous ideals I in S7

Example 1 (Brodmann and Sharp')

Take S = A[X,Y] where A is any commutative Noetherian ring and
I = (X). Then the A = Sy module H(lx)(S)n is free but not finitely
generated for all n € Z.

» Negative answer even in the case when S is a polynomial ring.

IM. P. Brodmann and R. Y. Sharp, Local cohomology: an algebraic
introduction with geometric applications.
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e Hartshorne (1969) gave example of a singular ring R such that
po(m, H?(R)) is infinite, Singh (2000) and Katzman (2002) gave
examples of a singular rings R such that Assp Hi(R) is infinite.

e Betancourt (2012) and Puthenpurakal (2014) showed that Hi(R%)
has similar good properties, where R is a regular ring containing a
field K with char K = 0, G C Aut(R) finite and I is an ideal in RY.

» In view of this, we studied some other properties of H¢(S),, when
A = BY where B regular ring containing a field KX with char K = 0,
G C Aut(B) finite.
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finite with |G| is invertible in A.

» The skew-group ring of A (with respect to @) is

A*G:{Zaga|ag € Afor all o},
oeG

with multiplication defined as
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» An A x G module M is an A-module on which G acts such that
for all o € G,
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Basic Definitions and Results

Let A be a ring (not necessarily commutative) and G C Aut(A) is
finite with |G| is invertible in A.

» The skew-group ring of A (with respect to @) is

A*G:{Zaga|ag € Afor all o},
oeG

with multiplication defined as
(as0)(arT) = agolas)oT.

» An A x G module M is an A-module on which G acts such that
for all o € G,

o(am) = o(a)o(m) for all a € A and m € M.
Definition Let M be an A * G-module. Then
MY ={me M |o(m)=m forall o €G}.

e Set A® to be the ring of invariants of G.
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e Let R = B[X},...,X,,] be standard graded.

e Y is homogeneous closed subset of Spec(R) if Y =V (f1,..., fs),
where f;’s are homogeneous polynomials in R.

e Y is homogeneous locally closed subset of Spec(R) if Y =YY" —Y”,
where Y’ C Y are homogeneous closed subsets of Spec(R).

Definition A graded Lyubeznik functor is 7 =71 0730 ---0 Tr,
where each 7j; is either H {,] (—) for some homogeneous locally closed
subset Y; of Spec(R) or the kernel, image or cokernel of any arrow
appearing in

. oL . oy . » .
o Hy (<) S Hy (<) 2 HY () RN HF (=) >,

where V; =Y/ — Y/ and Y C Y}” are homogeneous closed subsets of

Spec(R).
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Standard assumption
Let A be a regular domain containing a field K with char K = 0.
G is a finite subgroup of Aut(A).
B = A% the ring of invariants of G.

S =A[X1,...,X,] and R = B[Xy,...,X,] standard graded
with deg A =0, deg B = 0 and deg X; = 1 for all 7.

Extend the action of G on A to S by fixing X;’s. Note S¢ = R.
Set M =T(R) = @,,c;, My, where

T(=) = Hyj (H (- iy (4) )

for some homogeneous ideals I1,..., 1. in R and 41,...,%. > 0.

Set N =T'(S) = @,,cz, Nn where
T'(=) = His(Hpg(--- Hy g(=) ).

Observation: N,, is an A * G-module and NS = M, for all n.
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Bass numbers

Theorem 2 (with standard assumption)

Let P be a prime ideal in B such that Bp is Gorenstein. Fiz j > 0.
Then EXACTLY one of the following holds:

(i) pi(P,M,) =00, VnelZ.
(ii) p;(P,My) < oo, ¥ne€lZ.
In this case EXACTLY one of the following holds:
a) uj(P,M,)=0, Vné€Z.
) pi(P, M) #0, VneZ.
(¢) pwj(P,Mp)#0, ¥Yn>0 and p;(P,M,)=0, Vn<O0.
) wi(P,Mp)#0, Yn<-m and p;(P,M,)=0, Vn>-m.
) mi( )
( )

d
(e) pwj(P,My)#0, Vn<-m, pu;j(P,My,)=0, Vn>0 and
i (P, My) =0 for all n with —m < n < 0.
(a) g n () 9 n
-m 0 0



The m-th Weyl algebra over K is the ring
An(K)=K(X1,...,Xn,01,...,0m)/q,
where a is the two-sided ideal generated by the elements
Xi X;—X;-Xy, 00-X;—X;-0,—045, 0;-0;—09;-0;

with d; ; is the Kronecker delta.
Consider A,,(K) as graded with deg K = 0,deg X; = 1,degd; = —1.
Let E = ®pezE, be a graded A, (K)-module. Then E is

e holonomic if E is finitely generated and dim ' = m.

e Bulerian (Ma and Zhang) if e = ne for each e € E,

e generalized Eulerian (Puthenpurakal) if for each e € E,,,
Ja € Zso (depending on e) s.t. (€, —n)*-e=0
where &, := >, X;0; is the Euler operator on A,,(K).



Puthenpurakal proved the followings:

Let £ = @,czE, be a graded holonomic generalized Eulerian
Ay (K)-module.

Theorem (Vanishing)

E,=0 forall|n|>0 = E=0.

Theorem (Rigidity)

e E.#0 for somer < —m <= E,#0 foralln<-m.

e B, #0 for some s >0 < E, #0 foralln > 0.

o Fy #0 for somet with —m <t <0 <= E, #0 forallnecZ.
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Puthenpurakal proved the followings:

Let £ = @,czE, be a graded holonomic generalized Eulerian
Ay (K)-module.

Theorem (Vanishing)

E,=0 forall|n|>0 = E=0.

Theorem (Rigidity)

e E.#0 for somer < —m <= E,#0 foralln<-m.

e B, #0 for some s >0 < E, #0 foralln > 0.

o FE #0 for somet with —-m <t <0 < E, #0 foralln €Z.

T 0 -m 0
o 0 @ >N = —0—0 @ >n
—m

0 S 0

° e >N —> *—0—> 1
-mt 0 0

o0 @ >N = —e o — 1N



Proof of Theorem 2

o Take M,, # 0. Since u;(P, M,) = u;(PRp,(M,)p) so we only prove
for m considering (B, m) is Gorenstein local.

10 /23



Theorem (Tony, 2014)

o A normal domain, G C Aut(A) finite and |G| invertible in A.

e ny,...,n, are all the maximal ideals of A lying above m, a
mazimal ideal of AC.

e M an A x G-module.
Then H} o (M) = @;_, H, (M) = @;_, Ea(A/n)>™ for all j > 0.
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Lemma (with standard assumption)
Let height P = g. Then

(H%(NS))P = HI%BP(BP)SJ'(") for some s;(n) > 0.
Here s;(n) is some cardinal (possibly infinite).

Lemma (with standard assumption)
Let P be a prime ideal in B such that Bp is Gorenstein. Then

105 (P, M) = po(P,Hp(M,))  for all j > 0.
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= pj(m, M,) = s;j(r) < co Vr and satisfies one of

(@), (b), (¢), (d), (¢).
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% Theorem 2 is NOT true in general.

Example 3

e Take a Noetherian local ring (4, m) with pg(m, H;(A)) = cc.

o R=A[Xy,...,X,] be standard graded with m > 1.
o Set M = Hip(R) = Hy(A) ®4 R = @, ey M.

So in this case po(m, M,) =0 for n < 0 (as M, = 0) and
wo(m, M,) =00 VYn >0.



Growth of Bass numbers

o Growth of the function n +— p;(P, M,) as n — —oc and when
n — 0o.

Theorem 4 (with standard assumption)
e P prime ideal in B such that Bp is Gorenstein.
e Fizj>0.
e Suppose (P, M,) < 0o, Vn €Z.



Growth of Bass numbers

e Growth of the function n — u;(P, M,) as n — —oo and when
n — 0o.

Theorem 4 (with standard assumption)

e P prime ideal in B such that Bp is Gorenstein.

o [z j>0.

e Suppose (P, M,) < 0o, Vn €Z.
Then there exist polynomials f1,7(2), g% (Z) € Q|Z] of degree
<m — 1 such that

]]\f(n) = w;(P,M,) for alln <0 AND

pi(P, My) for all n > 0.

.
gy (n)



Theorem 5 (with standard assumption)

o P prime ideal in B such that Bp is Gorenstein.
e Fix j>0.
o Suppose [1;(P, M.) =0 for some c.

Then

fﬂP(Z):O or degfﬂP(Z):m—l,
0 or deggf\f(Z):mfl.



Theorem 6 (with standard assumption)

o Assume m = 1.

o Fizj>0.

o Let B be Cohen-Macaulay but not necessarily Gorenstein and P
be a prime ideal in B.

Then u;(P,M,) < oo Vn € Z.



Theorem 6 (with standard assumption)

o Assume m = 1.

o Fizj>0.

o Let B be Cohen-Macaulay but not necessarily Gorenstein and P
be a prime ideal in B.

Then u;(P,M,) < oo Vn € Z.

» The above result gives us a sufficient condition under which for any
fixed j and prime ideal P in B,

wi(P,My,) <oo VnelZ.



Theorem 7 (with standard assumption)

o Assumem = 1.
e P prime ideal in B such that Bp is not Gorenstein.
o FixneZ.
Then EXACTLY one of the following holds:
(i) pj(P, Mp) =0, Vj.

(ii) there exists ¢ such that

wi(P,M,)=0 forj<c and
i (P, M,) >0, Vj>c



Theorem 7 (with standard assumption)

o Assumem = 1.
e P prime ideal in B such that Bp is not Gorenstein.
o FixneZ.
Then EXACTLY one of the following holds:
() p;(P, M) =0, Vj.

(ii) there exists ¢ such that
wi(P,M,)=0 forj<c and
1y (PM,) >0, Vj>e.
» Let M, # 0 and injdimpg M,, < oo for some n. Then

wi (P, M,,) # 0 for some j = Bp is Gorenstein.



Dimension of Supports and injective dimension

Theorem 8 (with standard assumption)
If B is Gorenstein, then the following hold:

(i) injdim M, < dim M, for all ¢ € Z.

(i

i) injdim M,, = injdim M_,,, for all n < —m.
iii) injdim M,, = injdim My for all n > 0.
3]

) If

(iv) If m > 2 and —m < r,s <0, then
(a) injdim M, = injdim M;.

(b) injdim M, < min{injdim M_,,, injdim Mpy}.



 Theorem 8 is NOT true if B is not Gorenstein.

Example 9
e A=CI[Y,...,Y,]] and G C GI,(C) acting linearly with A
NOT Gorenstein.
e m and m® be maximal ideals of A and A® = B respectively.
o Set S =A[Xy,...,X;n] and R = B[Xy,..., X,,].
o Set M = H"¢(R) = H'«(B) ®5 R.

As A% is NOT Gorenstein we have injdim H"(B) = co. It follows
that injdimg My = oo.



Associate primes

Theorem 10 (with standard assumption)

Assume that either A is local or a smooth affine algebra over a field K

of characteristic zero. Then |J, c; Assp M, is a finite set.



Associate primes

Theorem 10 (with standard assumption)

Assume that either A is local or a smooth affine algebra over a field K
of characteristic zero. Then |J, c; Assp M, is a finite set.

Moreover, if B is Gorenstein then
(1) Assp M,, = Assg M_,,, Vn < —m.
(2) Assp M,, = Assg My, VYn > 0.



Infinite generation

Theorem 11 (with standard assumption II)

e J homogeneous ideal in R such that J N B # 0.
e B Gorenstein.
o Hi(R). #0.
Then HY(R). is NOT finitely generated as a B-module.

» This is one sufficient condition for infinite generation of a
component of graded local cohomology module over R.



% Theorem 11 is NOT true in general.

Example 12
e (A,m) be a local domain with dimension d > 0 such that H¢ (A)
is finitely generated and non-zero for some i < d.
e R=A[Xy,...,X,,] be standard graded with m > 1.
o Set M = Hi o(R) = H (A) @ R.

Then My = H: (A) is non-zero and finitely generated as an A-module.



Latest work

Later on, Puthenpurakal studied graded local cohomology modules in
the following case:

e A is a regular ring containing a field K with char K = 0.
e (G a finite group with a group homomorphism ¢ : G — GL,,(A).

e R=A[Xy,...,Xn] is standard graded with deg A = 0 and
deg X; =1 for all 4.

e (G acts linearly on R fixing A.
e Set S = RC.

Note: S is usually not standard graded.
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