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The pattern of JEE 2008 closely resembles that of JEE 2007. A 2007,
this year too there were two papers, each covering all the thee subjects, viz.
Mathematics, Physics and Chemistry. All the questions are 6 the multiple
choice type and nowhere the candidate has to show his work. Téonly departure
is that while last year each subject in each paper had 22 quegins, this year
it has 23 questions in Paper 1 and 22 in Paper 2. Also, unlike &t year, the
rst paper contains a few questions where more than one of theiven answers
is correct while the second paper contains a few questions afatching the pairs
where, the same entry in each column may have several matchés the other
column. These features seem to have been revived from JEE 2680 In e ect
they increase the actual number of questions the candidate &s to think about
because one single question amounts to several subquestiorsome of which
may be totally unrelated to each other. One saving feature isthat there is no
negative marking for these questions (even though there isegative marking for
all other questions). Moreover, for matching questions in 8ction IV of Paper
2, some partial credit is allowed for every statement from Céumn | which is
correctly matched. Apparently, this is in an answer to the criticism that in the
past there was some unfairness in such questions because rwome failure wiped
out the good performance on the remaining subquestions, ewethough the two
may be quite unrelated.

Together, each subject in Paper 1 has 82 marks while that in Pper 2 has
81 marks. So, as in 2007, a candidate who apportions his timegeally gets just
about 45 seconds for each mark.

By the time the present commentary was prepared, the IITs hae o cially
displayed on their websites the questions and the model ansas (but without
any justi cations). The numbering of the questions in each paper follows that on
the websites except where the comments of some question refe those of some
other, in which case the latter is shifted to an earlier placeif necessary. As in the
case of the educative commentaries on the JEE papers of thedafew years, the
references given here refer to the author'€ducative JEE Mathematics unless
otherwise stated.
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SECTION |

Straight Objective Type

This section contains 6 multiple choice questions. Each qustion has 4 choices
out of which ONLY ONE is correct. There are 3 marks for a correct answer,
0 marks if the question is not answered and -1 mark in all othercases.

Q.1 Consider the two curvesC; : y?> =4x and C, : x>+ y? 6x+1=0. Then,

(A) C; and C, touch each other only at one point

(B) C; and C, touch each other exactly at two points

(C) C; and C; intersect (but do not touch) exactly at two points
(D) C; and C, neither intersect nor touch each other.

Answer and Comments: (B). The curve C; is a standard parabola
while C; is a circle centred at the point (3;0) on the x-axis. As a result,
both the curves are symmetric about thex-axis. Also the rst curve meets
the x-axis only at the origin which does not lie on the second curve So,
the curves C; and C, do not meet anywhere on their axis of symmetry.
It follows that they must meet at an even number of points, with half of
them lying above the x-axis and the other half being their re ections into
the x-axis. Moreover, if they touch each other at some point then hey
will also touch each other at its re ection.

Unfortunately, this reasoning, based solely on the symmety of the
two curves eliminates only one possibility, viz. (A). To dedde which of
the remaining alternatives is the right answer, it is better to actually nd
the points of intersection and then see if the curves have thesame slope
at these common points. For the given two curves, this is veryeasy to
do. If we solve their equations simultaneously, we gek =1 and y = 2.
So the points of intersection are (12) and (1; 2) (which agrees with our
observation that they are re ections of each other in the x-axis.) Because



of symmetry, it su ces to check if the two curves touch each other either
one of these two points. We choose it to be the point (12). At this
point the tangent to the curve y? = 4x has slope 1 as can be checked by
implicit di erentiation (which gives 2 yy®= 4 and hencey®= 2=y). The
slope of the tangent to the curve at the point (1;2) can also be obtained
by implicit di erentiation. But since C, is known to be a circle centred
at (3;0), we can also get the slope of the tangent at (12) from the slope
of the radius through (1;2). Either way the slope is 1. So the two curves
have a common tangent at the point (1;2) and hence touch each other
at this point. As noted earlier, it follows they also touch each other at
(1; 2). So (B) holds.

In this problem it was very easy to explicitty nd the points o f
intersection of the two curves. The problem would have been rore inter-
esting (and challenging) if this were not so. Suppose, for enple, that
we keep the rst curve C; as it is but let C, be the curvey? = f(x)
where f (x) is some (di erentiable ) function of x. (In the given problem
f(x)=6x x?> 1) Again we assume thatf (0) 6 0 so that the origin
is not a common point of the two curves. Once again, by symmeyy, if
(Xo0;Yo) is a point of intersection of C; and C,, then so is Ko; Vo). At
any such point we must havef (xo) = 4 Xo, or equivalently, if we de ne
g(x) = f(x) 4x then X is a root of the equation

g(x)=0 (1)

So the two curves will intersect if and only if Equation (1) has a positive
root. In the present problem, f (x) =6x x? 1 and so (1) reduced to
a quadratic x> 2x + 1 = 0 which is very easy to solve. But if f (x) is a
more complicated function, then we may not be able to solve (Lexplicitly.
Even then the existence of a positive solution of (1) can be mved by some
other methods, based on calculus. We illustrate this in one ase. Take
f(x)= x3+7x 1. Then (1) becomes

x3+3x 1=0 2)

This is a cubic equation and there is no obvious real root. Butsince
g(0) = 1< 0 while g(2) =3 > 0, by the Intermediate Value Property,
g(x) has at least one root in the interval (0;1). Hence the two curvesC;
and C, intersect at at least two points. We note however, that g4(x) =
3x2+3 > 0 for all x and sog(x) is strictly increasing on the entire real
line. So, it cannot have more than one root. Thus in this case e two
curves intersect precisely at the two points ko; 2" Xp) where X is the
unique real root of (1).

Thus we can settle the question of intersection of the two cuves C;
and C, without actually nding the points of intersection. Let us n ow see
if the two curves touch each other at the point, sayPg = ( Xo; Yo), of their
intersection. For this to happen the slopes of the tangents ¢ the curves



Q.2

at Po must be equal. By implicit di erentiation of the equations y? =

and y? = f (x), these slopes are, respectlvely— and fO(—XO) For these to

Yo
be equal, we must havef {xo) = 4, or gqxo) = O where g(x) = f (x) 4x
as de ned above. Put di erently, xo must be a root of the equation

g(x)=0 ®3)

Since xq is already a root of g(x), to say that it is also a root of gdx)
is equivalent to saying that it is a multiple root of g(x). In casef (x)
and henceg(x) are polynomials then this is equivalent to saying that
(x xo)? is a factor of g(x). We already saw that in our given problem,
g(x) = x2 2x +1 and this does have ¢ 1)? as a factor. (In fact, it
equals &k 1)2.) As another example, supposd (x) = x3+ x 1. In this
case,g(x) = x3 3x 1. Once again this is a cubic whose roots cannot be
found by inspection. However, in this case we note thatg(x) = 3x?> 3
has two roots, viz. 1 and 1. As neither of these is a root ofg(x),
we conclude that g(x) has no multiple roots. Therefore the two curves
y2=4x andy? = x3+ x 1 cannot touch each other at any point. They
do intersect, however precisely at two points because fronhie observations
gl 1)=1>0;9g0)= 1< 0andg(2) =1 > 0 and the Intermediate
Value Property we see thatg(x) has precisely one positive real root (the
other two roots being negative, one lying in (1 ; 1) and the other in

( 10).

The same reasoning can be applied to a still more general siation.
SupposeC; : y2 = f1(x) and C, : y? = f»(x) are two curves, wheref 1(x)
and f,(x) are di erentiable functions of x. We assumef ;(x) and f,(x)
have no common zero, so that the two curves do not meet on the-axis.
We now let g(x) = f1(x) frg(x). Then the points of intersection of C,
and C, are of the form (Xo; f1(Xo)) where xg is a root of g(x) for which
f1(Xo) (and hence alsof 2(Xg)) is positive. Further, the curves C; and C,
touch each other at such a point if and only if xo is a multiple root of

a(x).

The given problem is a trivial special case of this wherd 1(x) = 4 x
andf,(x) =6x x? 1. Non-trivial special cases can be constructed by
choosingf1(x) and f(x) suitably. Of course in that case the credit (and
hence the proportionate time) allocated to the question woud be far too
inadequate. If the paper-setters were not constrained to mke all questions
of the same degree of di culty and had the freedom to allot marks pro-
portionate to the degree of di culty, the more challenging q uestion could
have been asked. Yet another casualty of the non-academic ustraints
faced by the paper-setters.

p o 5 =
If0 <x< 1, then 1+x2 fxcos(cot 1x)+sin(cot *x)g2 17 is

equal to



Q.3

B = B x ©QxI+xZ (D I+
1+ x2

Answer and Comments: (C). A very straightforward problem about
the inverse trigonometric functions. Let =cot 1x. Then x =cot and

1 . o
hence tan = < Also, =4< < = 2sinceitisgiventhatO<x < 1. For

. . 1 X
this range of values of , we have sin = p——— and cos = p——.
. 14+ x2 1+,x2

. . p—— 2 1
2 pX
So the given expression becomesl1 + x ot P 52
p—— _ _
which simplies to 1+ x2(1+ x?> 1)¥2 which equalsxp 1+ x2 since
x> 0.

The derivation is too straightforward to tempt anybody to ta ke short
cuts, which are sometimes possible in multiple choice queisins where
the wrong alternatives can be eliminated by working out the goblem in
special cases. In the given range of, viz. from 0 to 1, the only value of
x for which cot x is a familiar angle isx = pl—§ (with the corresponding

equaling =3). But the computation of the given expression for this
particular value takes almost the same work as for the genefavalue. A
clever student can still try to salvage the situation by obseving that the
given expression as well as all the four possible alternates are continuous
functions of x on the interval [0;1]. As a result, if the given expression
agrees with one of the alternatives on the open interval (01), then by
continuity they will also have to agree at the end points 0 and1. So,
even if x is given to lie only in the open interval (0; 1), we can givex the
values 0 and 1. For these values ok, the expression in the staterrﬁagt
of the problem is indeed easy to evaluate and comes out to be thd = 2
respectively. Forx = 0, the choices (A), (B)_and (C) all reduce to 0, while
for x = 1, both (C) and (D) reduce to = 2. As a result, neither x = 0
nor x =1 will alone betray the right alternative. It is only if a can didate
has worked out both these values then he can identify (C) as the right
answer. The paper-setters deserve to be commended for ensg that the
alternatives given do not sneakily give away the the right cloice.

The edges of a parallelopiped are of unit length and are pallel to non-
coplanar unit vectors &;B;¢ such thata H=H ¢=2 ¢=1=2. Then the
volume of the parallelopiped is P
1 1 3 1
A) p= (B = (C) — (D) =
(A) P (B) 3 © - O P3

Answer and Comments: (A). The desired volume is the scalar triple
product a (B ¢). The question is how to express this in terms of the

data, where we are given the dot products of every two of the vetors &;H
and €. There is one identity which does this job most directly, viz.



a ® @)= 1)
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The data says that all the diagonal entries equal 1 while all ¢hers equal
1 1=2 1=2
1=2 each. So, the R.H.S. reduces to the determinant 1=2 1 1=2
1=2 1=2 1
A direct evaluation gives the value of the determinant as 2 and hence
that of the box product as pl—i
The identity (1) is not among the standard identities about t he
scalar triple product. Those who do not know it can proceed bydirectly
expressing & (b €))2 using some of the more well-known identities about
the dot and the cross products. For example, it is quite wellknown (and
easy to prove) that
(0 ¥)? = e o P 2)

for any two vectors ¢ and v. Taking t=aandv= 0 & we get

@ ® =% ¢ ja ® o7 @)
We now use (2) again to rewritejb €2 as
ib %= il%g> (b ©? (4)
We also use the well-known identity for the vector triple product to get
a & o=ra b (a He (5)
and further,
ja B % = (aob (abe) (a ob (a b

(a &%b B> 2@ &)@ HB o
+(a B2(e ¢? 6)

If we substitute (4) and (6) into (3), the terms correspond exactly to
those in the expansion of the determinant on the R.H.S. of (1)and so we
get a proof of (1). In the present problem, however, (1) is ony a means
and not the goal. So, we may as well substitute the numerical alues of
the various dot products into (4) and (6) and get the answer from (3).

! !
There is also a purely geometric way of doing the problem. LeOA; OB
and OC be the three vectorsai B and ¢ respectively. Then the volume of



the parallelopiped is 6 times the volume of the tetrahedronOABC . From
the data of the problem, this tetrahedron is regular with ead edgfgz_of

unit length. So the area of the base triangleOBC is %sin 60 = —3

To determine the altitude, note that the perpendicular from the vertex
A to the base must fall, by regularity, on the centroid, say G of the base
triangle OBC. (See the gure in Comment No. 18 of Chapter 8, where
the notations are slightly di erent and each side of the tetrahedron isa
rather than of unit length.) The distance OG is 2=3 of the length of the
mngi_an through O. As the median of an equilateral triangle with unit side

3 1 . .
is - we haveOG = p—§ From the right-angled triangle OGA, we have

2 ) 2
= = —. So the altitude AG has length p=
3 3 3
p p p=
. o1 3 2
units. Therefore the volume of the tetrahedron is 3 7 1

p2

2

cubic units. Hence the volume of the parallelopiped is7 i.e. p= cubic

AG? = OA? O0G?=1

NI

i

w
Sits

units.

For those who know the identity (1), the problem is too straight-
forward. For others it is an interesting problem but demands a rather
heavy price in terms of time. While there is basically nothing wrong in
rewarding a candidate who knows more, the multiple choice fonat makes
the disparity unfair, because a candidate who knows (1) but annot prove
it can't be distinguished from someone who can prove it. It isalso ques-
tionable whether it is a good idea to ask a problem whose answean be
obtained by merely plugging in the given values into some famula. In the
present case, for example, instead of giving the dot produstof the vectors
directly, it could have been given that every two of them are nclined at an
angle of 60. In fact, as the problem is from geometry, there was no need
to mention vectors in its statement. Vectors are a conveniehbut not an
indispensable tool and it should have been left to the candidte to para-
phrase the problem so that this tool could be applicable. Al®, instead
of asking for the volume of the parallelopiped, the questioncould have
asked for its height. In that case, the answer will not come diectly from
a single formula. Some more work will have to be done, viz. diding the
volume by the area of one of the surfaces. In fact, this modi @ation would
reward those who take the geometric approach because in thigpproach,
the height is found before nding the volume, as we saw above.

Q.4 Let a and b be non-zero real numbers. Then the equation
(ax? + by? + ¢)(x? 5xy +6Yy?) = 0 represents



Q.5

(A) four straight lines, when ¢=0 and a;b are of the same sign
(B) two straight lines and a circle, when a = b, and c is of sign
opposite to that of a
(C) two straight lines and a hyperbola, whena and b are of
the same sign andc is of sign opposite to that ofa
(D) a circle and an ellipse, whena and b are of
the same sign andc is of sign opposite to that ofa

Answer and Comments: (B). Here the key idea is very simple, viz. a
product of expressions vanishes if and only if at least one ahe factors
vanishes. So the given equation represents the union of thaicves obtained
by equating each factor to 0. The second factor of the given gtession
further factorises into two linear factors and hence represnts the pair of
straight line x 2y =and x 3y = 0. So the correct answer has to be
(A), (B) or (C) depending on the signs of the constantsa;b; ¢ If all three
have the same sign, the rst factor will represent the empty t. In all the
three options, a; b have the same sign and: has the opposite sign. So the
rst factor will represent a circle if a= band an ellipse otherwise. So, out
of the given options, (B) holds.

This is a good conceptual problem, which requires very litte compu-
tation.

(x 1"
logcog"(x 1)
and let p be the left hand derivative of jx  1j at x = 1. If Iiml agx) = p,

x! 1

then

Let g(x) = ; 0<x< 2, m;n are integerssm 60, n> 0

1
n

1 (B) n=1;m
2 (D) n> 2;m

Answer and Comments: (C). This problem is a hotchpotch of two
completely unrelated problems. Instead of specifyingp directly, it is given
as the left hand derivative of the function jx  1j at the point x = 1. The
graph of this function is obtained by shifting the graph of the function jxj
by one unit to the right. The latter graph is well-known and has 0 as a
point where the function is continuous but not di erentiabl e, with the left
and right hand derivatives being 1 and 1 respectively. The same holds
for the function jx 1 at the point x =0. So we getp= 1.

The main problem begins now. We are given that
. x 1"
im ————
x!l 1+ logcog" (x 1)
With the substitution h = x 1 (which again amounts to shifting the
origin to the right by one unit), this means

n

= 1 1)

@)

im ——— =
ht o+ mlogcosh
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As we are given thatn is a positive integer, it follows that the numerator
h" tends to 0 ash tends to 0. If the denominator m log cosh tends to 0
more rapidly than the numerator then the ratio will tend to 1 . But if it
tends to O less rapidly thanh" then the ratio will tend to 0. When the two
tend to O at comparable rates then the ratio will tend to a nit e non-zero
limit. So the problem is of the same spirit as the JEE 2002 prokem given
in Comment No. 13 of Chapter 16, where we have to nd which powe of
X is comparable to (cox 1)(cosx €*)asx! 0. And, as commented
there, such problems can be done using either the I'HOpitas rule, or the
Taylor expansion (or Taylor series) of the given function ner O.

. . : inh
Before doing so, let us recast the problem slightly. Smces% I 1las

h! 0, we might as well replace the numeratorh” of the L.H.S. of (2) by
sin™ h. This may seem to complicate the problem. But the advantage $
that the denominator can be expressed in terms of sirt(=2) if we use the
trigonometric identity cos h = 1 Zsinz(%). Doing so and calling sinth=2)
asu we can rewrite (2) as

2nu"
Iim ——— = 3
u!l or mlog(l 2u?) 3)
Let us now expand log(1l 2u?) near u = 0. This can be done either by
repeated di erentiation of the function or by putting x = 2u? in the
expansion of log(1 +x) near x = 0, which is fairly standard. Either way,
the rst few terms are
4u*  8ub
log(1 2u®)= 2u® — ——+
ot ah)= a? o =
So, nearu =0, log(1 2u?) is comparable to 2u?. Hence the exponent
n in the numerator must also equal 2 if the ratio is to tend to a nite non-

4)

zero limit. For this value of n, the ratio becomes which,

mlog(l 2u?)’
2

L . 4du
in view of (4), behaves the same way as the ratlow asu! 0. So

. . 2 . .
we now get an equation form, viz. T = 1 which determinesm as 2.

Instead of Taylor expansion, we could have used I'HOpitak rule to
evaluate the limit in (3) which is of the indeterminate form o Di eren-
2"nu" (1 2u?)

which is still of the
4mu

tiation reduces the limit to IilmO
u! 0O+

0 .
o form. But we cancelu from both the numerator and the denominator

n n 2
to get the limit as |im —am If this limit is to equal 1 then the

u! 0

exponent of u in the numerator must vanish, which givesn = 2. The
subsequent determination ofm is similar to the one above.
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The essential idea in this problem is to determine the rate atwhich
a function tends to 0. The introduction of m and p is totally unrelated to
the basic idea and only serves to complicate the problem. Ewewithout
them there is plenty of thinking in the problem, viz. replacing h by sinh
and cosh by 1 2sir?(h=2). In fact, without m and p, it would have been
a better problem. It is also not clear what purpose is served b giving
only the right hand limit as x tends to 1. It could as well have been
the two sided limit. And, nally, there was no need to pose the problem
in terms of x 1 and letting x ! 1, instead of posing it in terms of x
and letting x ! 0. So here is an example of a basically good problem
marred by unnecessary appendages. Perhaps they have beendad as
otherwise the problem would have looked too similar to the JEE 2002
problem mentioned above.

The total number of local maxima and local minima of the function f (x)
2+ x)3 3<x 1

de ned by f (x) = %23 1<x< 2 Is

(A0 (B1 (C)2 D)3

Answer and Comments: (C). Whenever a function is specied by a
formula, it is often a good idea to draw at least a qualitative graph of
the function. Such a graph not only helps you understand the poblem
more easily, it often allows you to answer some simple quesths about
the function merely by inspection. This is a sound piece of adice when
the function is a combination of some standard functions whse graphs
are very familiar. The trouble with other functions is that i n order to

draw a reasonably good graph, you often have to put in a lot of wrk. In

particular, you have to identify the intervals over which th e function is
increasing or decreasing, the intervals over which it is cocave upward or
downward and so on. If the question requires only some of thigvork, then

it is better to answer it directly without drawing the graph.

That is exactly what happens in the present problem. We rst
observe that the function f (x) is continuous at x = 1 because both
the right and left handed limits at x = 1 equal 1 which is also the
value of f ( 1). Continuity at other points is no problem. We are only
asked to nd the local maxima and the local minima of the function.
For a continuous function, these are, respectively, the paits at which
the function changes its behaviour from increasing to decrasing and from
decreasing to increasing. So, we shall be through if we ideify the intervals
over which the given function f (x) is increasing and those where it is
decreasing. And, instead of doing this mechanically by usig derivatives,
there is a simpler way in the present problem. We simply note hat as x
increases, so does 2 x. The cube is a strictly increasing function and so
the expression (2 +x)? is increasing over the entire real line, and hence
in particular on the interval ( 3; 1]. As for the behaviour of f (x) on
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the interval [ 1;2), we note that for these values, it simply is the cube
root of x2. Once again, the cube root is throughout increasing. So the
increasing/decreasing behaviour off (x) on [ 1;2) is the same as that of
x2 on that interval. This is a very familiar function which decr eases upto 0
and increases thereafter. Putting all these pieces of infanation together,
we now see thatf (x) is increasing on ( 3; 1], decreasing on [ 1;0] and
then again increasing on [02). So, it has a local maximum atx = 1 and
a local minimum at x = 0. (Note that the end-points 1 and 2 are not
in the domain of the function. If they were, then the function f (x) would
have a global minimum at 3 sincef( 3)= 1< 0= f(0). Similarly
the global maximum would be at the end point 2. As the questionstands,
there is neither a global maximum nor a global minimum over the domain
of the function.)

This is a simple problem once the candidate correctly analyss what
is asked and what is needed. So, it is a good test of the canditids ability
to focus on the essential part.

SECTION Il

Multiple Correct Answers Type

This section contains 4 multiple correct answer(s) type qustions. Each

question has 4 choices (A), (B), (C) and (D) out of which ONE OR MORE
is/are correct. There are 4 marks for a completely correct aswer (i.e. all the
correct and only the correct options are marked), and zero mek in all other
cases.

Q.7 A straight line through the vertex P of a triangle P QR intersects the side

QR at the point S and the circumcircle of the triangle P QR at the point
T. If S is not the centre of the circumcircle, then

2 2
N pstst Passr ®rstsT” Poser
1 1 4 1 1 4
C) ==+ =—< — (D) + — >
PS ST OR PS ST OR

Answer and Comments: (D). This is a problem from pure
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geometry. But usually in pure ge-
ometry problems you are asked to
prove some equality. (Problems
asking concurrency, collinearity or
concyclicity can also be reduced to

P
proving some equalities.) Inequali- Q S R
ties are rare in pure geometry. So
in that sense this is an unusual M
problem. T

This unusual feature of the problem suggests that the solutn will be

based more on some inequalities rather than on geometry. If recast the
rst two given answers by dividing the L.H.S. by 2, the L.H.S. becomes

" 1 1 . :
the A.M. of the quantities PsS and ST So the A.M.-G.M. inequality
gives

1,12 @
PSS’ sT FPsst
We now use a fact from pure geometry which gives
PS:ST= QS:SR 2

(A proof of this can be given using the similarity of the triangles PSQ
and RST.) If we substitute (2) into (1) we get
. 3)
PS ST QS:SR
It is now tempting to think that (B) is a correct choice. But th is need not
be so. In (B), strict inequality is to hold, whereas in (1) and hence in (3)
equality is possible whenPS = ST, i.e. when S is the mid-point of the
chord PT. There is nothing in the data of the problem which says that
this cannot happen. So (B) need not necessarily hold. All we &n say for
sure is that (A) cannot hold.

Let us now move on to the other two statements, viz. (C) and (D)
which are similar to each other, except for the reversal of tle inequality
sign. We haveQS+ SR = QR. So, once again, the A.M.-G.M. inequality
gives

p
QR _ QS+ SR Passr (4)
2 2
Taking reciprocals of the rst and the last terms and multipl ying by 2,
2 4
P 5
QS:SR QR ©)
If we combine (3) and (5) we get
1 1 4

ps*sT Porms ©
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Q.8

Once again, it is tempting to conclude that (D) holds. But we shall have
to rule out the possibility of equality. Note that the inequa lity (6) was

derived from the inequalities (2) and (4) and so equality wil hold in (6)

if and only if it holds in both (2) and (4). We already saw that i t holds
in (2) if S is the midpoint of PT. By a similar reasoning, equality holds
in (4) if and only if S is the midpoint of QR. So, if both the equalities
are to hold then both the chordsP T and QR will be bisected at the point
S. But by (3) this would also mean PS = QS. Thus the point S will be
equidistant from all the four points P;Q;R and T and hence will be the
centre of the circumcircle. But the statement of the problem speci cally
excludes this possibility. So we conclude that strict ineqality must hold

either in (3) or in (5) (or both). In any case it holds in (6) and so (D) is
always true.

The only geometric fact needed in the solution is (2). The inguality
needed is also a very standard one, viz. the A.M.-G.M. inequigty. But
the solution requires a careful analysis of when equality hids. Those who
hastily conclude (B) will be penalised. So this is a very welldesigned
problem. Sneaky short cuts by working out some special simpl cases are
also precluded. For example, it is tempting to take the triangle P QR to be
an equilateral triangle inscribed in a unit circle and S to be the midpoint
of the side QR. In that case PT will be a diameter and the lengths
of the various segments can be calculated easily using trigmmetry (or
coordinates). But in this case S will not be the mid-point of PT and so
(B) will be a correct answer. It is only if a candidate choosedo work with
a special case in whiclt is the midpoint of P T that he will see that (B) is
not a correct choice. But it is very unlikely that anybody wil | choose such
a weird simple case. (It is not clear, however, if even the pagr-setters had
all this in mind when they designed the question, because inite answers
published on the o cial websites of the IITs, both (B) and (D) are given
as correct alternatives. Apparently, the paper-setters tremselves missed
the subtlety of the hypothesis that S is not the circumcentre of the triangle
P QR. They probably mistook it to mean that neither the chord PT nor
the chord QR is bisected atS. But, as we saw above, the only correct
inference that can be drawn from the hypothesis is that at leat one of the
two chords is not bisected atS. Usually, the JEE answers are o cially
displayed after keen scrutiny by experts. It is shocking incgked that such
a mistake went unnoticed by the experts.)

Let P = (x1;y1) and Q = (Xz;Y2) with y; < 0 andy, < O be the end-
points of the latus rectum of the ellipsex? +4y? = 4, Then the equations
of the parabola with latus rectum PQ are

(A) x2+ZE§y:3+ gé (B) x? 2p§y:3+z

(C) x?+2 3y=3 3 (D) x? 2 3y=3

3
3

Answer and Comments:  (B,C). The solution depends crucially on the
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concept of a latus rectum. For a parabola, it is fairly well-known. However,
for an ellipse and a hyperbola it is not so commonly used. Forlathe three
conics, it is a chord through a focus which is perpendicular ¢ the axis.
Let us rst cast the equation of the ellipse in a standard form, viz.

x2 2 _
Z*‘y—l 1)

So with usual notations, a = 2 and b = 1 for this ellipse. Henc% its

eccentricity e, given by the formula ¥ = a?(1 €®) comes out as—-.

Therefore the E’Ei of the ellipse are
located at (  3;0). Hence the
length of each latus rectum is £§.
There are two latus recti, one above
and the other below the x-axis. The " /

problem deals with th% latter. Its N\~ RO~ 7 X
. _ % 1 P
end—pans areP = ( 3 3)and R SN

y

~ ~
’ ~ - N

Q =( 3 3). Its midpoint R is ‘ il ,
©: 3.
The problem now deals with a parabola whose latus rectum is tk
segmentP Q. There are two such parabolas, one vertically upwards and
the other vertically downwards, as shown by dotted lines in he gure.
'Eheir vertices will lie on the y-axis at a distance%PQ, i.e. at a distance

from the midpoint R of PQ. So the two positions for the vertices are

2 [ [ ] i
0; % + 73 and O; % 73 . The equation of the rst parabola is
p_
p_ 1 3
2= 2 S — 2
X 3(y 5 3 ) 2
while that of the other parabola is
p_
p_ 1 3
2 - —+ =
xc=2 3(y+ > + > ) 3)

which reduce to (C) and (B) respectively.

This is a straightforward, computational problem once you understand
the meanings of the terms involved.

X n X 1 n

n2 + kn + k2 and Tn = n2 + kn + k2’
k=1 k=0
forn=1;2;3;:::: Then

Q.9 Let S, =

A) S, < p— B) S, > p— C) T, < p— D) T, > p—
(A) Sn 39—3 (B) Sn 39—3 (C) T 39—3 (D) Th 39—3
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Answer and Comments: (A, D). It is tempting to start by evaluating

both the sums in a closed form. But, as it happens with most surs,
getting a closed form expression for such sums is usually dicult, if not
impossible. Nor is it necessary. We aranot interested in the exact value
of either sum per se We merely want to compare them with a xed real

number viz., §p_§ and this may be possible if there is a common genesis
for the sums and this peculiar real number.

Once this idea strikes, we look for something where sums of th
type arise naturally. The general term of both the sums is thesame, viz.

. 1 1 .
——————. If we recast this as— ——————, then we recognise that
nZ + nk + k2 n1+ﬁ+(ﬁ)2
1

1+ x+ x2
over the interval [0; 1] partitioned into n egual parts. So,an!1 , both
1

o dx .
S, and T,, tend to a common limit, viz. — . If we write the
o 1+ x+ x2

denominator as  + 1=2)% + ( P 3=2)? we see that an antiderivative for

. .2 = .
the integrand is 193 tan ! 2(—X§1§—2) . Hence the integral comes out to be

this is the k-th term of a Riemann sum of the function f (x) =

2 p_— 1 2
_(tan ( 3) tan Y(p=))= p=(= =)= —p—.

Thus we see that the magic numbergp—§ is simply the integral

of the function f (x) = 2 over the interval [0; 1]. The problem

+ X+
asks us to compare it V\ili-th i(he Riemann sumsS,, and T,. For arbitrary
Riemann sums this is usually not easy since although they arelose to the
integral, they can be either bigger or smaller than the integal. But in the
present case, the integrand is a strictly decreasing functin of x. So, when
the interval [0; 1] is partitioned into n equal parts, the maximum and the
minimum of the function f (x) over the k-th subinterval [ ¥-2; K] occur at
the left and the right end points respectively. As a result, T, is the upper
Riemann sum andS, is the lower Riemann sum off (x) for this partition.
Therefore we have
Z 1
Ty > f(x) dx>Sp, Q)
0

As the middle term has already been evaluated asép—é, our question is

answered completely. The problem is simple once the key ide&iz. that of
a de nite integral strikes. But there is nothing to suggest in the statement
of the problem that integrals are involved. So this is a very god problem
provided the candidate knows the concept of upper and lower Rmann
sums. These sums are not explicitly mentioned in the JEE sylbus, where
integration is studied as the inverse process of di erentigion. Even then,
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(1) can be derived by an alternate argument as follow. We sptithe interval
[0; 1] into n equal parts. Then the integral in (1) also gets split into n parts.
Speci cally,

Z 1 xo z k=n

f(x)dx = f (x) dx (2)
0 k=1 (k D=n

We now observe that as the functionf (x) is strictly decreasing over the
interval [ ¥-2: K], we have

n 'n
k 1
n

(D=1 00> 1 (5 ©

for all x 2 (%-1;X). Keeping in mind that the length of this subinterval

is o integration of each of the three terms of this inequality gives

1E(k“l))>2k:n f(x)dx>ﬂ @)
n (k 1)=n n

If we calculate f (1) and f (¥), we get

1 Z o

ek Dr(k D2 x e O i ©

for k =1;2;:::;n. Summing over for these values, we get
X 1 >X1Zk:n f(x)dx>X1 _r (6)
o nZ+nk 1)+(k 1)? ey (k D= - n2 + kn + k2

Z 1
By (2), the middle sum is f (x) dx, while the leftmost and the right-
0
most sums are preciselyT, and S, respectively. So, we get an alternate
derivation of (1).
Summing up, once a candidate realises that the problem inveks the

integral of the function
1+x+X

he knows upper and lower Riemann sums or not. But once again,dcause
of the multiple choice format, the sneakers have a eld day. Al they need
to do is to evaluate the sumsS, and T, for just one value ofn. Forn =1,
there is just one term in each summation and so we get very dirgly that

5, it Is @ manageable problem whether

1 . =
Ti=1and S; = 3 From any crude approximate values of and 3 (e.g.
=3:2 and P 3 =1:7) we see easily thatgp—é is approximately % and so

we getT; > §p_§ > S;. In other words, it follows that the inequality

T, > ps > S, @
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Q.10

is true for n = 1. Of course, this does not mean that (7) is true forall n.

But it does eliminate both (B) and (C) as the right answers and suggests
that (A) and (D) might be the right answers. A rigorous proof of this

is a far cry. But what does it matter to cheaters, especially when there
is no negative credit. The time they save by not bothering abait such a
proof will fetch them a lot of credit elsewhere. Yet another sd testimony

how the multiple choice format (with no need to prove that the choice is
correct) punishes scruples.

However, even as the things stand, the paper-setters couldave
done something to disallow such a blatantly sneaky answer. Bplace the

number §p—§ by some slightly smaller number, sayA, e.g. A = 5 And
the four options could have been as follows :
(A9 T,>A foralln=1;2;3:::
(B9 T, >A for some but not for all n
(CY S, <A foralln=1;2;3;:::
(DY S, <A for some but not for all n.

In this modi ed set-up, the honest candidate will do essentally
the same WQI’|§. But the added feature will be that sinceA is less than
the integral f (x) dx, all the upper Riemann sums will continue to be

0
bigger than A. But as for the lower Riemann sums, they will eventually
exceedA. So the correct alternatives are (&) and (D9. Had we taken A

to be slightly bigger than §p_§ the situation would have reversed and the

correct alternatives would have been (B) and (C%. The point is that the
wrong alternatives cannot be eliminated merely by calculaing S, and T,
for some lower values of. If we want to stress the importance of the role
. . . 1
of the number gp—§ in this problem, then A could be given asgp—g 100
The perceptive candidate will take the hint that there is really nothing

sSo great aboutl—oo and that the only role it has is to make the number

slightly less than §p§ He will then realise that this number §p_§ must

have a special role in the problem and when his integral comesut to be
precisely this number, he would know that he is on the right track.

So, with a little more imagination and work, the paper-setters can
save the problem from cheaters.

Letf (x) be a non-constant twice di erentiable functionde nedon( 1 ;1)
such that f (x) = f (1 x) and f (%) =0. Then,

(A) f9x) vanishes at least twice on [01]
B) fA3)=0
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Z 1=2 1
© f x+ = sinxdx=0
1=2 2
Z 1= _ Z, )
(D) f (e tdt= f(1 t)e"!dt.
0 1=2

Answer and Comments: (A,B,C,D). The function f (x) is not given
explicitly. Apart from twice di erentiability and the deri vative at one
point all that is given about the function is a functional equation satis ed
by it, viz.

fx)=f(1 x) 1)

for all x 2 R. This condition is far from su cient to determine the
function f (x) uniquely. However, by its very nature, condition (1) is
similar to the de nition of an even function, say g(x), viz.

g(x) = g9( x) (2)

for all x. Note that in (2), the points x and X are symmetric about the
origin. In (1), the points x and 1 x are symmetrically located w.r.t. the
point % Keeping this in mind, (1) can be rewritten as

1 1
1‘(§+x)-f(5 X) (3)
for all x 2 R. (For a formal proof, replace x in (1) by x + % which is

permissible since (1) is given to hold forall values ofx.) It follows that if
we de ne a new function g(x) by

1
9(x) = f(x+ 3) 4)
for x 2 R, then this new function satis es (2) and hence is an even
function. Once this key idea strikes, the question can be angered using

some very standard properties of even functions. Let us notest that by
the chain rule

¢ = 1%+ ) ©

for all x 2 R. In particular, f%(3) = g%0). As g(x) is an even function
and is given to be di erentiable everywhere, we have

9% x)= 9%x) (6)

forall x 2 R. In view of (5) this translates as

£ x+%): fo(x+%) )
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for all x 2 R. In particular, putting x = 0 we get that f(3) = f%3)
which meansf 0( ) = 0. Thus (B) holds. As for (A) we are given that
f%%)=0. So, puttlng x = 1 in (7) we get that f (3) = 0. Thus we have
shown that f {x) has at Ieast three distinct zeros in the interval [Q 1], viz.
;% and 2. So by Rolle's theorem, its derivative, viz. f °{x) has at least
two zeros in (0;1). (More speci cally f °{x) has at least one zero in % 2)
and at least one zero in % 3)) Hence (A) also holds.

The remaining two alternatives deal with the integrals of ewen
%md of odd) functions. In view of (4), the integral in (C) is simply

g(x)sinx dx. Sinceg(x) is an even function while sinx is an odd
1=2
function, the integrand g(x) sinx is an odd function of x. As the interval
of integration is symmetric about the origin, we get that the integral must
vanish. So (C) is also true. As for (D), denote the integrals m the left
and on the right by 1; and I,. By (4), we have

Z 1o .
I, = f(t)es"t dt
0
Z 1=2 1 .
= g(t E)es'n todt (8)
Z°,
- g(u)esin (u+1 =2) du (9)
1=2
z 0
= g(u)e®>= Y du (10)
1=2

where the transition from (8) to (9) was obtained through the substitution
u=t % In a similar manner we transform the integral 1, as

I, = f(1 t)es"t dt

})esin t dt
1=2 2

g(v)esin (v+1 =2) dv

g(v)e>V dv (11)

g(v)e® Y dv (12)
1=2
where the transition from (11) to (12) is valid because the inegrand is an
even function of v. The integrals in (10) and (12) are identical (sinceu
and v are only dummy variables of integration). Thus we see thatl; = 1,
which means (D) is also true.
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The problem is a good testing of the properties of even and odéunc-
tions. But before these properties can be applied, one has teecognise the
symmetry of the given function about the point 3. So, in this problem you
rst need some alertness, and then a lot of computational dril. You also
need Rolle's theorem. And, as if all this was not enough, somé&igono-
metric functions are also thrown in. So, although it is a goodproblem,
the credit given is way too inadequate as compared to the workequired.

SECTION Il
Reasoning Type

This section contains four reasoning type questions. Eachugstion has four
choices out of whichONLY ONE is correct. The marking scheme is as in
Section I.

Q.11 Consider the system of equationsax+ by = 0; cx+ dy = 0 where a; b; c; d2
f0; 1g.

STATEMENT - 1. The probability that the system of equations h as a
unique solution is 3=8.

and

STATEMENT - 2: The probability that the system of equations h as a
solution is 1.

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments:  (B) The necessary and su cient condition for

a unique solution is that the determinant z should be non-zero, or

in other words,
ad bcé60 N}

In the present case each of the variables; b; c;dcan take two possible
values independently of each other. So, in all there are 16 @sibilities.
Because the only possible values of these variables are 0 add (1) can
hold only in two cases, viz. (i)ad = 1;bc= 0 or (i) ad = 0;bc= 1.

For (i) to hold, we must have a = d = 1 and at least one of b and ¢
is 0. So (i) holds in 3 out of the 16 possible cases. A similar gument
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Q.12

shows that (ii) holds in 3 cases. As (i) and (ii) are mutually exclusive, we
see that (1) holds in 6 out of the 16 cases. So the probability fo(1) is
6=16 = 3=8. Thus the rst statement is true. As for the second statemert,
being a homogeneous system, the equations always have a tiaV solution,
viz. x = y = 0. So Statement-2 is also true. But since existence of a
solution says nothing about its uniqueness, Statement-2 isiot a correct
explanation of Statement-1.

Consider the system of equations
X 2y+3z = 1
X+y 2z = Kk
X 3y+tdz =1

STATEMENT - 1 : The system of equations has no solution fork 6 3.

and
1 3 1

STATEMENT - 2: The determinant 1 2 k 60, for k63.
1 4 1

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments:  (A). The problem deals with a non-homogeneous
system of three linear equations in three unknowns. The homgeneous sys-
tem always has at least one solution (viz. the trivial solution). But the
condition for existence of solutions for a non-homogeneousystem is a
complicated one involving the concept of the rank of a matrix which is
beyond the JEE syllabus. Nevertheless, we begin by writing lte system

in a matrix form as

32 3 2 3
1 2 3 X 1
4 1 1 254 y5=4 Kk 5 (1)
1 3 4 z 1

We let A be the coe cient matrix appearing on the L.H.S. If A is non-
singular, then the system has a unique solution regardlessfdahe column
vector on the R.H.S. In the present problem, however, the detrminant
of A is 0 by a direct calculation (or by observing that its third column
is obtained by subtracting the second column from the rst) and soA is
singular. In this case a necessary condition for the existere of a solution
is that all the three matrices obtained by replacing one colunn of A at
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a time by the column vector on the right of (1) should also be sngular.
In other words, if a solution is to exist then all the three determinants

1 2 3 1 1 3 1 2 1
k 1 2, 1 k 2 and 1 1 k must vanish.
1 3 4 1 1 4 1 3 1

Note that the second of these three determinants is the samesathe de-
terminant given in Statement-2 except for an interchange ofthe second
and the third column. So, if the system is to have a solution tken, in
particular, we must have

1 3 1
1 2 k =0 )
1 4 1

By a direct expansion this determinant comes out to be k + 3. So, for
k 6 3 it is non-zero. Hence Statement-2 is true and, in view of wiat
we have said, it also implies that Statement-1 is true. It is, therefore, a
correct explanation of Statement-1.

Note that the vanishing of the three determinants above is oty a
necessary condition for the system to have a solution. In thepresent
problem it also turns out to be su cient, because in that case k = 3 and
the system has an in nite number of solutions of the formx = t 5;y =
t 2;z=t wheret is any real number. But examples can be given where
the condition is not su cient. A trivial example is to take a s ystem in
which the rst two equations are the same and the third one is nconsistent
with them. (For example, take the rst two equations as x+y+ z =1
and the third as x + y+ z = 2.) Here the coe cient matrix A as well as
the three matrices obtained from it by column replacement ae all singular
(because the rst two rows of each one of them are equal). Stilthere is
no solution for the system.

Those who are not familiar with the necessary condition give above for
the existence of a solution can work directly in terms of the gven system
of equations. Suppose the system has a solution, i.e. thereist Xo; Yo; Zo
such that

Xo 2Yo+3zy = 1 (3
Xo+ VYo 220 = 4)
Xo 3yotdzy = 1 (5)

If we multiply the rst equation by 2 throughout and add the se cond one
to it we get

Xo 3yo+4zp=k 2 (6)

Note that the left hand sides of (5) and (6) are identical. So,they can
hold together if and only if k 2 =1, i.e. k = 3. It follows that for



24

k 6 3, the system has no solution. Hence Statement-1 is correct By
a direct computation of the determinant given in Statement-2, we see
that Statement-2 is also correct. But in this method, it is di cult to
say that Statement-2 is a correct explanation of Statementi, because we
have proved Statement-1 without even referring to any deteminants. This
point has to be kept in mind while answering questions of thistype. Such
guestions are not answered completely by proving that both S&atement-1
and Statement-2 are true. One still has to decide if Statemet2 is a correct
explanation of Statement-1. This amounts to asking whetherStatement-
1 can be deducedfrom Statement-2. It often happens in mathematics
that the same statement can be proved in many di erent ways. This is
especially true in pure geometry. Now, some of these proofs ay use a
certain idea or fact while the others are completely indepedent of it.
When we are asked to see if one statement can be deduced fromather,
we have to see if there issomeproof of the former which uses the latter.

Suppose for example, that Statement-1 says that the three ditudes
of a triangle are concurrent while Statement-2 says that theperpendicular
bisectors of the three sides of a triangle are concurrent. N@, there are
many proofs of the concurrency of the altitudes of any triande using a
variety of methods. (See Comment No. 3 of Chapter 8 for a proofising
coordinates and Comment No. 1 of Chapter 11 for a proof using €va's
theorem and a little trigonometry.) A proof using vectors (or complex
numbers) is probably the shortest. There are also proofs fnm pure geom-
etry, e.g. a proof based on properties of cyclic quadrilateals. But these
proofs are of little relevance when we are asked to see if th@ocurrency of
the altitudes of a triangle can be deducedfrom that of the perpendicular
bisectors of the sides of a (possibly di erent) triangle. And this indeed
can be done. SupposéBC is a triangle with altitudes AD;BE;CF .
Through the vertices A;B;C draw lines parallel to the respective oppo-
site sides so as to form a new triangleA®B °C® as shown in the gure. It
is easily seen thatAD, BE
and CF are the perpendicu-
lar bisectors of the sides of E
the triangle ABYCP There-
fore they are concurrent. So
concurrency of altitudes can B D c
be deduced from that of the
perpendicular bisectors of the
sides. A

c A B'

(It may be objected that we are deducing the concurrency of tke
altitudes of the triangle ABC from the concurrency of the perpendicular
bisectors of the sides of adierent triangle, viz. A°B%CC But this is
perfectly all right. Both Statement-1 and Statement-2 are satements
about the class ofall triangles. The expression “a triangle' used in them
really means any typical member of that class. The argument hove shows
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that if Statement-2 holds for everytriangle then so does Statement-1, and
that is all that is intended. )

Q.13 Consider the planes

Pi: x y+z=1
P: x+y z= 1
P3: x 3y+3z=2

Let Lq1;L>; L3 be the lines of intersection of the planed?, and P3, P3 and
P; and P; and P, respectively.

STATEMENT - 1 : At least two of the lines Lj;Ly;L3 are non-parallel
and
STATEMENT - 2 : The three planes do not have a common point.

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments: (D). Statement-2 amounts to saying that the
system of the equations of the three planes has no solution. fiis can be
veri ed using the determinant criterion given in the soluti on of Q.13. But
it is much easier to do it directly. Adding the rst two equati ons we get
x=0and y =z 1. But with these, the third equation does not hold.
So the system is not consistent.

As for Statement-1, let us rst nd vectors, say ui;u; and us
parallel to the lines L1;L, and L3 respectively. From the coe cients of
the variables x;y; z in the equations of the planesP1; P, and P3, we see
that the vectors vy =i j+k,vo=1i+) kandvz=1i 3 +3k are
respectively perpendicular to them. As the lineL; lies in both P, and P3,
it is perpendicular to both v, and v and hence parallel tov, v3. So
we may take

Uy =Vy V3= 4] 4k (l)

and similarly,
Uo=V3y V1 = 2] +2k (2)
anduz=v; Vv, = 2j+2k 3)

Thus we see that all the three lines are parallel to the vectojj + k. There-
fore they are all parallel to each other, except when two of tlem coincide.
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Q.14

But if that happens then the points on this common line will li e on all the
three planes and we have already ruled this out. So, Statemerl is false.

Let f and g be two real valued functions de ned on the interval ( 1;1)
such that g°{x) is continuous, g(0) 6 0, g%0) = 0, g°?0) 6 0 anf f (x) =
g(x) sinx.

STATEMENT - 1: lim [g(x)cotx g(0)cosecx] = f °%0).
X!

and
STATEMENT - 2: f90) = g(0).

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement=2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments:  (A). Sincef (x) = g(x) sin x, a straightforward
application of the Leibnitz rule gives

fqx)
and f9x)

g%x) sinx + g(x) cosx (1)
g’ 1x) sinx + 2g%x)cosx  g(x)sinx )

from which we immediately get

f %0)
and f %0)

9(0) (3)
2g%0)=0 4)

From (3) we see that Statement-2 is true. Now, for Statementi, the limit
on the L.H.S. can be evaluated using I'Hbpital's rule as

. g(x)cosx g(0)

)!l!mo[g(x)cotx g(O)cosecx] = I)HnO Snx
= im g%x)cosx  g(x)sinx
X! 0 COSX
= g¥0)=0 )

From (4) and (5) we see that Statement-1 is also true. But (3) was
hardly used in its derivation. In this derivation, it is dic ult to say that
Statement-2 is a correct explanation of Statement-1. HencdB) would
seem to be the correct answer. is (B).

But as commented after the solution to Q.12, in questions of his type,
what really matters is whether there is some way to deducethe truth
of Statement-1 from that of Statement-2. In the present case such a
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deduction is not obvious. But a hint is obtained if we rewrite Statement-1
as

f°%0) = lim Tg(x)cotx  g(0) cosecx] (6)

All we have done is to interchange the L.H.S. and the R.H.S. ofhe equa-
tion in Statement-1. If A and B are any two expressions then the equalities
A = B and B = A are mathematically equivalent. But their connotations
can be di erent. SupposeA is a relatively complicated expression andB
is a relatively simple expression. ThenA = B means that the expression
A can, after some manipulations, be reduced td, or, in some sense, that
B is the value of A. On the other hand, when you write A = B it means
that you are recastingA asB. Such a recasting may be useful as a part of
some proof. For example, consider the most basic trigonomst identity

sin? +cos® =1 7

The natural interpretation of this is that the L.H.S. reduce s to the R.H.S.
after some work such as an application of the Pythagoras theem. And
this identity is used innumerably many times in simplifying trigonometric
expressions. Nobody will write (7) as

1=sin? +cos? (8)
The number 1 is a very common number and equ@s so many di ererunre-
1

lated things such as sif +cos? ; 3x2 dx or lim taﬂ,
hoq MN+1) 7 xI' 0 X
that there is hardly any reason in general to equate it with ary one such
expression. But in special circumstances, recasting the maber 1 using (7)
may be the key idea in the proof of some trigonometric identif. (As an ac-
tual example, see the uncanny solution to the problem in Comrent No. 14
of Chapter 7 where the term 1 is recast as (sihA+cos? A)(sin? B +cos? B)
and hence as sifiA sin? B +sin? A co€ B +cos? A sin? B +cos? A co€B.)

Returning to our problem, the key idea lies in recasting Staement-1 as
(6). The problem now is not so much to evaluate the limit on the R.H.S.
bu rather to show that f °{0) can be recast as that limit. This can be done
as follows. By very de nition,

£920) = lim fAx) f%0) 9)
x! 0 X
Near x = 0, sin x behaves likex and so we may rewrite (9) as
. f9x) f90)
0 —
R0 = lim, sinx (10)

(For a formal proof multiply the fraction on the R.H.S. of (9) by the
. X .
fraction Sinx which tends to 1 asx ! 0.)
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We now use (1) and (3) to rewrite this as

g%x)sinx + g(x)cosx  g(0)

0 _ .
f °%%0) = lim Snx (11)
and hence further as
f%0) = Iimogo(x)+ lim [g(x)cotx  g(0) cosecx] (12)
x! x!

The rstlimitis g%0) since g°is given to be continuous (in fact, di eren-
tiable) at 0. But g%0) is given to be 0. So we nally have

f°%0) = lim [g(x)cotx  g(0) cosecx] (13)

which is precisely Statement-1. In this derivation we have cucially used
(3), i.e. Statement-2. So now we can say that Statement-2 is aorrect
explanation of Statement-1.

As said before, a normal interpretation of Statement-1 woutl be
to compute the limit on its L.H.S. and show that it equals f°0). In
the present problem, however, what is really needed is to belde to recast
f °00) as this limit. This is a very unusual demand. The only hint provided
is to rewrite the coe cient g(0) asf %0). But this hint is too faint. It would
have been far better if Statement-1 had been stated in the fan (6). Also,
it is not clear why g(0) and g°{0) are given to be non-zero. This fact
is never needed in the proof of either Statement-1 or Statenm@-2. Such
redundant pieces of data only serve to confuse a candidate.

SECTION IV
Linked Comprehension Type

This section contains 3 paragraphs. Based upon each paragsh, 3 multiple
choice questions have to be answered. Each question has 4 @wes out of which
ONLY ONE s correct. There are 4 marks for a correct answer, 0 marks ifrte
question is not answered and -1 mark in all other cases.

Paragraph for Question No. 15 to 17

A circle of radius 1 is inscribed in an equilateral triangleP QR. The points of
contact of the circles with the sidesP Q; QR;RP are D;E;F respectively. The
333
272
Further it is given that the origin and the centre of C are on the same side of
the line PQ.

line P Q is given by the equationp 3x y+6=0and the point D is
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Q.15 The equation of the circleC is

@ (x 3 3P+(y 1P=1 @) (x 3 3P+(y+h2=1
©(x "I+(y+D2=1  O)(x 3+(y 17=1

Answer and Comments: (D). The problem amounts to locating the
centre, say M, of the circle C. This can be done in a purely algebraic
manner. Let M = (h; k). We need a system of two equations in the two
unknowns h and k. From the data of the problem, the distanceMD and
also the perpendicular dista?)ce ofM from the line P Q are both equal to

1. As we are givenD as and the equation of the linePQ as

2 2

p§x y+6=0, we get
P_-
h 3 3 o= 1)
2 b_ 2
and 3h+k6 = 1 (2)

Solving this system will be rather complicated, especiallybecause of the
two cases into which (2) falls because of the sign. In each case, by elim-
inating one of the two variable, we get a quadratic in the othe variable.
But the two roots of the quadratic will be the same, because ineach case
(2) represents a straight line parallel to PQ which must touch the circle
(1). So even though super cially the system above has four dations, it
will actually have only two solutions. So there will be two possible loca-
tions for the centre M, one on each side of the lind®> Q and then we shall
have to choose the one which lies on the same side BfQ as the origin
does. Itis a little clumsy to make this choice purely algebrécally.

A better approach is to note that the lines MD and PQ are per-
pendicular to each oH1_er. Hence the product of th&iﬁ slopess 1. As the
equation of PQ is 3x+y 6=0,its slopeis 3 and so the slope of

MD is p% So we get

p_!

=~
NI w
wl

1
= P3 h = 3)
Instead of solving (1) and (2) together, we might as well sole (2) and (3)
together, which is much easier since both the equations arerlear. Again
we shall have to make two cases because of the signin (2). This will
give two possible locations forM and the choice will have to be made as
before, using the fact that M lies on the same side as the origin.

Thus we see that even in algebraic approaches, one can be sujoe
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Q.16

to the other. In the present

problem, even the second
approach can be improved
slightly by looking at a well-

drawn diagram. Drawing a di-

agram is a good idea in any c
problem in general. But in 2
the present case it is especially )
rewarding since the same dia-
gram would be useful in three R/ 20
problems.

Note that we are not %v_en the points P; Q; R. But we are giﬁe_n the
equation of the linePQ as 3x+y 6=0,whence its slopeis 3. As

. . 1
MD is perpendicular to P Q we get the slope oMD as p—§ as calculated

above. So,MD makes an angle of 30 with the positive x-axis. As MD
iﬁ given to be of unit length, its horizontal and. vertigal pro jections are

- and % respectively. SinceD is given as T; 5 we get that the
|
3 P 33 1
2 2
sggg is to hold for both the occurrences of . SoM s either (2p 3;2) or
(" 3;1). (We would have gotten the same answer had we solved (2) an@)
simultaneously. But now we got it visually.) To decide which possibility
holds, wg use the fact thatM and the origin O lie on the same side of
eline 3x+y 6 =0. This means that the value of the expression
3x+y 6whenx;y are replaced by the coordinates oM is of the same
sign as the value obtained by replacing them by 00. The latter value is
6 which is negative. Out of the two sz_sibiIities forM, the second one
satis es this condition. So we getM = (- 3;1). Hence the equation of the
circle is as given in (D).

two possible locations forM are where the same

The points E;|F are given by |
P - p_ -
3.3 P 3.1 P
(A) 7,§| , (3,0) | (B) 712 ,( 30) |
o 33 31 o 3.3 31
2'2 7 22 272 7 2'2

Answer and Comments:  (A). As in the last question we can determine
the points E; F purely algebraically by writing down suitable systems of
equations for their coordinates. But now that we have drawn the diagram
already, let us make full use of it. (Note that in the diagram above, the
vertex R is shown to coincide with the origin. But we have not proved
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this yet and so it is not yet a good idea to rely on it. Such unwaranted
inferences from diagrams can be misleading because unleggetdiagram
is drawn to scale, which is often not worth the time. The best ting is
to keep in mind that a diagram is an aid to understanding rather than a
substitute for a proof.)

Nevertheless, even without bothering to determine the coadinates
of the three vertices P;Q;R. We already have enough information to
determine those ofE andI F. As trlle triangle P QR is equilateral anql M

is its centre, the vectorsME and MF are obtained from the vector MD
through rotations of 120 each, the flormer counterclockwise and the latter

clockwise. We already know thatMD is a unit vectorlwhich mgkes an

angle of 30 with the positive x-axis. So it follows that ME and MF are
also unit vectors m’ix,ki_ng angles of 150and 90 with the positive x-axis.

. . 1 .
Since cos 150 = 3 and sin150 = = we get the coordinates ofE by
adding these numbers to the coordinates oM , which we already know.
So |
p _ .
P 3 1
E = —1+ =
3 2’ 2
|
p _ .
33
= 202 )
and similarly,

IO§+co:s( 90 );1+sin( 90)
p_
(30 (5)

m
1

In the diagram above we have the pointsP; Q; R are located counterclock-
wise on the circumcircle of the triangleP QR. But there is nothing in the

data of the problem to imply this. So we could have as well intechanged
P and Q and still the data will hold. But in that case, the points E and
F will also be interchanged. This may confuse a candidate. Theaper-
setters should have thought of this possibility and avoidedthe confusion
by wording the question as "The points; F are given (not necessarily in
that order) by'.

Q.17 The equations of the sideQR RP are

2 2 1

(A)y=p—§X+1;y= pX 1 (B)y=p—§x;y=0
2 p2

©y= ox+ly= x 1 (D) y="3xy=0

Answer and Comments: (D). Once again, those who equateR with
O from the diagram will be rewarded because then the lineQR, PR
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are the same as the lineOE, OF respectively. As we already know the
points E and F, we write their equations by the two-point formula. But a
cleaner way is to use the point-slope formula after determiing the slopes
of QR and PR. As QR is perpendicular to ME whose slope is tan(150),

. 1 = o
ie. p—§ the slope of QR comes out asp 3. As for RP, we know it is

horizontal since MF is vertical. So, the equations are as in (D). (It is only
now that we know that the origin lies on both QR and RP and hence must
coincide with R.) As in the last question, if we interchange the pointsP
and Q, the equations in (D) are correct but in the wrong order.

This is a straightforward bunch of problems based on elememtry coordinate
geometry and a little trigonometry. (We have used vectors inthe solution to
Q.16. But they were used only super cially. The same work cold have been
done directly in terms of the angles which the linesRQ; RP make with the
positive x-axis.) The three questions are well related as each of the st two is
needed in the next.

Paragraph for Question No.s 18 to 20

Consider the function de ned implicitly by the equation y® 3y + x =0
on various intervals in the real line. If x 2 (1 ; 2)[ (2;1), the equa-
tion implicitly de ned a unique real-valued di erentiable function y = f (x).
If x 2 ( 2;2), the equation implicitly de nes a unique real valued di e rentiable
function y = g(x) satisfying g(0) = 0.

Q.18 If f ( 10p§):2p§thenf°‘( 1op§):
P P~ P~ P~
4 2 4 2 4 2 4 2
Nzz O 7z O O &

Answer and Comments: (B). Although not asked explicitly, it is a
good idea to draw a graph of the given relation. Rewrite it as

x=3y y° (1)
Drawing the graph of this curve is simpli ed if we rst interc hangex and
y to get

y=3x x3 )

The graphs of (1) and (2) are the re ections of each other in the line
y = X. The graph of (2) is a familiar one (cf. Comment No. 13 of Chaper
13) as the function on the R.H.S. is a cubic inx with a negative leading
coe cient. Taking derivatives we see that there is a local minimum at
x = 1and alocal maximum atx = 1 with a point of in ection at x =0.
We do not show this graph. But if we take its re ection in the li ney = x,
we get the graph in the gure below which is the graph of (1).
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y
O L,
@D
(-2,0) 0

X

@o (O =909 (2.0)

(2-1)
y=t (%

S (R

@2

Coming to t5|g question asked, since 10p 22 (1; 2),in a neigh-
bourhood of 10 2 the function y = f (x) is de ned implicitly by (1) and
d?y

el at this point. Di erentiating

our task is to nd f %or equivalently,
(1) w.rt. x we get

1=3y° 3y?%y° 3)
which gives
1
0_
One more di erentiation gives
0
Y= 2yy (5)

T 31 y?)?

To nd y®} 10p 2) we need the values ofy and y° at x = 10p 2. The
former will have to be found by solving the cubic

y® 3y 1oIO 2=0 (6)

In general, solving a cubic is not an easy task. Fortunately,wepa_re speHgd
of it because the statement of the quSS_tion already give[§(_ 10 2)=2 2

which amounts to saying thaty =2 2 whenx = 10 2. (It is easy to

verify that this value of y does satisfy (6). But that is not needed in the

solution.) Putting y = 2p§ in (4) gives y° = i Finally, (5) gives
p _ p _ 21

yo0= 4 2 4 2

3 21 49 B3

Q.19 The area of the region bounded by the curvey = f (x), the x-axis, and
the linesx = aandx = b,where 1 <a<b< 2is
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(A) Za: W)il) dx + bf(b) af (a)
(B) L de bf(b) af (a)
©) az?g((fT)il)dx bf (b) + af (a)
(D) —__~__dx bf(b)+ af (a)

a 3((F())2 1)

Answer and Comments:  (A). In principle, this is an extremely routine
problem of determ'?ing the area under the graph of a functiony = f (x)
b

and the answer is  f(x) dx. The catch is that here we do not know

the function f (x) ex?)IicitIy. As a result, we cannot evaluate the integral
explicitly either. Nor does the problem require it. Rather, the problem
asks you to express this integral in terms of some other integl. The
presence of the expressiobf (b) af (a) which occurs in all the alternatives
gives a hint. We rewrite this expression axf (x) Z This suggests that we
can try integration by parts. Doing so, we get (after denoting the given
area by A)
z b z b Z b
A= f(x)dx xf (x) dx xf 9x) dx
a a 2
b
bf(b) af (a) xf 9x) dx )
a
The problem now reduces to nding an expression forf {x). This was
already done in (4) above. So a straight substitution from (4 (with y;y°
replaced byf (x);f qx) respectively) gives (A) as the correct answer.
Z 1
Q.20 gqx) dx =
1

(A)29( 1) (B0 (C) 29(1) (D)29(1)

Answer and Comments: (D). The interval of integration hereis[ 1;1]
which is contained in ( 2;2). For 2 < x < 2, there are three values
of y which satisfy (la and one, of these isg(x). For x = 0, the three
possible values are = 3;0 and 3. Out of these, the middle value, viz. 0
is given as the value ofg(0). By continuity of g(x) on ( 2;2), for every
x 2 ( 2;2), we must also take the middle of the three values of satisfying
(1) as the (unique) value ofg(x). If we do so, theng(x) is a continuously
di erentiable function on (  2;2) and so, by the fundamental theorem of
calculus,
z 1
. g%x) dx = g(1) o( 1) (8)
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Note that the problem does not ask to evaluate the integral, ut only to
see which of the given alternatives equalg(1) g( 1). From the diagram
above it is obvious that g(x) is an odd function of x. A rigorous proof of
this is to note that as both the sides of (1) involve only odd pavers of the
variables x and y, whenever a point (x;y) satis es (1), so does ( X; V).
As a result, if for a givenx 2 ( 2;2), y1;Y2;Ys are the three roots of (1),
then vyi; Yy, Vs are the roots of

x=3y y3 9

Hence if we takey; <y, < y3 so that the middle root is y,, then we
get ys3 < Yy, < y; and therefore vy, is the middle value ofy which
satis es (9). So we conclude thatg( x) = g(x), or in other words that
g is an odd function of x on ( 2;2). In particular g( 1)= g¢(1) and so
the R.H.S. of (8) becomes 8(1).

The JEE questions about implicit functions are often mechancal. This para-
graph is a good test of a candidate's understanding of impliit functions. The
cubic (1) cannot be solved explicitly except for some speclavalues of x. So,
the candidate has to resort to reasoning. In particular, reognising that g(x) is
an odd function of x requires good thinking on the part of the candidate. So
this is well-designed bunch. Unfortunately, the multiple choice format masks
the di erence between those who merely realise thag(x) is odd and those who
can actually prove it (as outlined above). There is also somaluplication of
ideas with Q.10 which was also crucially based on propertiesf even and odd
functions.

Paragraph for Question No.s 21 to 23

Let A;B;C be three sets of complex numbers as de ned below

A = fz:Imz 1g
B = fz:jz 2 ij=3g
C = fz:Re(1 N2)= 29

Q.21 The number of elements in the seA\ B\ C is
A0 BT ©2 O 1

Answer and Comments: (B). Yet another question where a good di-
agram is half (or more than half) the solution. In the present problem,
we translate the three sets in terms of the real coordinates d show
them in an Argand diagram. If z = x + iy, then Im z = y while
Re (1 1i)z) = Re ((E, (x+iy)) = x+vy. Alsojz 2 i =
ix  2)+i(y 1j= (x 22+(y 1)2. We can now identify the
setsA; B; C in terms of the real coordinates of their points as follows.

A = f(xy):y 1g 1)
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B
C

focy)i(x  2)%+(y 1)*=9g 2
fxy):x+y= 29 ®)

Clearly A is the set of all points lying on or above the horizontal line,say
L whose equationisy =1, B is p?l_circle of radius 3 centred at (21) while
C is the straight line x + y = * 2. All the three sets are shown in the
diagram below.

The question deals with A\ B\ C, i.e. with the intersection of these
three sets. AsB and C are a circle and a straight line respectively, their
intersection consists of at most two points. We could actudly determine
it by solving the equations of B and C simultaneously. But the question
only asks the number of points inA\ B\ C and does not ask to identify
them. From the diagram it is very clear that B and C intersect only at
the points P and Q shown in the gure. Out of these only one, viz. P lies
on or above the liney = 1 and hence is inA. So we conclude that there
is only one point, viz. P in A\ B\ C.

Q.22 Letz be any pointin A\ B\ C. Thenjz+1 ij?+jz 5 ij?lies between
(A)25and29 (B)30and34 (C)35and39 (D) 40 and 44

Answer and Comments:  (C). We already know that there is only one
point in A\ B\ C viz. P. So, a straightforward way to answer this
guestion would be to identify P, i.e. its coordinates, and actually compute
the expression in the statement of the question. But there isa better
way out if we notice that the expression is the sum of the squags of the
distances ofP from the points R =( 1;1) and S = (5;1). These points
are the extremities of a diameter of the circleB. As P is a point on the
circle B, PR and PS are at right angles to each other and so we have
PR? + PS? = RS? = 36. This lies between 35 and 39. Note that the
expression would have the same value if were any point of B. So, the
data that it also lies in A and C is irrelevant.
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Q.23 Letz be any pointin A\ B\ C andw be any point satisfyingjw 2 ij< 3.
The jzj j wj+ 3 lies between

(A) 6and3 (B) 3and6 (C) 6and6 (D) 3and9

Answer and Comments: (B, C, D). Once again, there is only one point,
viz., P in A\ B\ B\ C. Soin the expressionzj j wj+3, jzjis a xed
number. We have not yet calculated it. But even without doing it we see
that the range for the expressionjzj j wj+ 3 depends solely on the range
for the values of jwj. The condition on w, viz. jw 2 ij < 3 amounts
to saying that the point w lies inside the circleB. Geometrically, jwj is
simply the distance ofw from the origin. As the origin also lies inside this
circle, the minimum possible value ofjwj is 0. To get an upper bound on
jwj, let M = (2;1) be the centre ofB. Draw the diameter through O and
let T be its end lying on the opposite side of the centre as the origi as
shown in the gure. Then T is the point on the circle B which is farthest
from the origin. Further,

OT = OM + MT =3+ pé (4)

It is clear that if w lies insid%B_, then jwj cannot exceed 3+p 5, although
it can come as close to 3 +,5 as we like ifw is su ciently close to T.
(Technically, we say that 3+ 5 is a supremum for the set of values ojwj
asw ranges over the inside of the circleB. But this supremum is not a
maximum because the pointT at which jwj is maximum lies on the circle
B but not inside B.)

Summing up, for everyw which satisesjw 2 ij < 3, we have
S P
0 jw<3+ 5 (5)

Multiplying throughout by 1 will reverse the inequalities. Doing so and
adding jzj + 3 (which is a constant) to all the three terms, we get

iz "B <z jwi+3s jzj+3 ®)

or in other words, the expressionjzj j wj + 3 lies betweenjzj P 5 and
jzj + 3 where jzj is the distance OP. To calculate it we shall have to
determine the coordinates of the pointP by solving the system

X+y = 2 )
(x 2%+(y 1 =9 (8)
simultaneously. As the second equation is a quadratic, thex will be two

solutions and we have to take the one for whicty 1. The other solution
corresponds to the pointQ.

To solve this system we can putx = P 2 yinto (8) to get

Pz 2 y2e(y 12=9 ©)
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This can be solved by the quadratic formula. But because of tl radicals
involved, the expression B)Ly will be fairly complicged. After getting v,
we shall have to takex = = 2y and then compute  x2 + y2 as the value
of jzj. This will be very cumbersome and time consuming. Fortunatdy
we are spared of it. The problem merely asks you to icbegtify with of the
given four ranges contains the semi-open intervaljgj 5;jzj +3] and to
answer this, some crude estimates ofzj will su ce. Such estimates can
be obtained very easily by looking at the diagram. Clearly the left-most
point on the circle B is the point R = ( 1;1). SoP lies on the right of
R. At the same time P also lies in the second quadrant. So we get an
inequality for its x-coordinate, viz.

l<x< O (10)

The rst inequality, coupled with x + y = P 2 givesy < P 2+ 1. At the
same time, asP lies above the liney = 1, we also havey > 1. Therefore

l<y< P 2+1 (11)
The double inequalities (10) and (11) give an upper bound orjzj, viz.
o= ey
< 1+( 2+1)2

49 —p—
4+2 2 (12)

As 0 is a trivial lower bound on jzj, from (6) and (12) together we get

CI—p—
p% < jzj j wj+3 < 3+ 4+2 2 (13)

Once again, our interest is not in nding the exact values of these bounds
but only in dﬁ:giding which of the given four alternati_ves are implied by
them. Since 5< 3 we see that the lower bound ~ 5 is bigger than the
left end points of all the four given intervals viz. [ 6;3];[ 3;6];[ 6;6]
and [ 3;9]. The question now left is which of the right end points of these
intervals exceed the upper bound 33 4+2 2 in (13). Otgyi_ously, the
ngt inte5val is ruled out. Butsince 2< 15, weget4+2 2< 7. So

4+2 2< 7< 3. Therefore the upper bound in (13) is less than 6. As
a result, (B), (C) and (D) are all correct alternatives. This is contrary to
the instruction that only one of the alternatives is correct. So, obviously
there is something wrong in the question.

One possibility is that the intended expression in the statenent of
the question is notjzj j wj+3 but jz wj+ 3. With this interpretation
the problem amounts to determining the minimum and the maximum
distance betweenz and w where z lies on the circleB and w lies inside
B. Obviously, w can come as close t@ as we like. So,jz wj is as
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close to 0 as we like. (Once again, 0 is an in mum but not the minmum

for jz  wj.) As for the maximum, taking w very close to the point on
B diametrically opposite to z, we see that the supremum (but not the
maximum) of jz  wj is the diameter of the circleB, viz. 6. So the range
of the expressionjz  wj is the open interval (0; 6) and hence the range
of the expressionjz  wj + 3 is the interval (3;9). Therefore (D) would

be the (only) correct answer. Moreover, now the problem is rasonably
simple and does not demand messy calculations.

However, this guess at the intended formulation of the quesobn is
open to some questioning. If the question is really to get lowr and upper
bounds on the value ofjz  wj + 3, the answer is 3 and 9 as we just saw.
But the bounds given in (D) are 3 and 9. Of course, this still makes
(D) as the only correct answer. But one wonders why the lower bund
given is 3 rather than 3. Put di erently, even though the interval giv en
in (D), viz., ( 3;9) does contain all the possible values of the expression
jz wj+ 3, it is extravagantly large, since a much smaller interval, viz.
(3;9) also does the same job.

This suggests another possibility, viz. that the question ndeed was
about the bounds forjzj j wj+ 3, but the reasoning applied by the paper-
setters was such that only (D) would come out to be the correctanswer.
One such reasoning is based on the inequality

iz jwi jzow (14)

which holds for any two complex numbersz and w. This inequality is a
less frequently stated form of the triangle inequality and @n, in fact, be
derived from the latter by separately proving (i) jzj j wj+ jz wj and
(i) jwj j zj+ jw zj which together imply that jz = wj (jzj j wj)
regardless of which sign is taken in . If we apply this inequality, we get

Jzow jzijw o jzow (15)

for any two complex numbersz and w. (As a matter of fact, as shown
above, we rst prove (15) and then derive (14) from it.) In the present
problem, z lies on the circleB of radius 3 whilew lies inside it. We already
observed that in this case

O0<jz w<6®6 (16)
The second inequality in (16), coupled with (15), together mply

6 < jzj jwj< 6 a7)
Adding 3 to all the terms this gives

3<jzjjwj+3 <9 (18)
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This gives another proof that (D) is a correct answer. Moreoer, with
this reasoning it would appear as if it is the only correct ansver. But
that is not the case as we already saw, So here is an instance eite
the paper-setters' minds were channelised in a particularihe of thinking.
Apparently they wanted to test whether a candidate knows the inequality
(14). In a conventional type examination they could have sinply asked a
proof of (14). But as they are forced to ask a multiple choice gestion,
they designed a numerical question where the use of the inegqlity (14)
would lead to a certain answer, viz. (D). What they failed to realise was
that there is considerable extravagance in the inequality (7). If we cut
down on it, then there are other ways to nd bounds on the expression
jzj j wj+ 3 besides using (15) (which is equivalent to (14)) and, in fat,
they give sharper bounds which t into the intervals given by (B) and (C)
too. It may be noted that even if z is allowed to vary all over the circle B
(instead of being xed as the unique point in A\ B\ C), better bounds
for jzj j wj are still possible. If we let T°be the point on B diametrically
opposite to Tpt_hen trkgz_variation of jzjj wjisfromOT® OT to OT OT?
ie. from 2 5to 2 5, which is a considerable improvement over (17).
The reason is that here the origin lies inside the circleB. If it lay on or
outside B, then (17) would indeed be the best inequality forjzj j wj.

Whatever be the cause of the mistake on the part of the paperetters,
the e ect is a disaster for the sincere candidate. Since is a constant and
the problem involves jzj it is but natural for him to spend considerable
time in determining the exact value of jzj. A more intelligent candidate
will bypass these calculations with suitable bounds orjzj as shown above.
But no matter which approach a candidate takes, when he seeshat all
the three answers (B), (C) and (D) are correct, he will be thoroughly
confused. He will then recheck his calculations spending Vaable time.

Apparently, this mistake in the question paper was noticed hter,
because in the o cial model answers, a provision is made to gie the
candidate full credit if he marks any one of (B), (C), (D) as the correct
choice. As a result, many students must have scored on this gstion, some
of them undeservedly. It is also not clear whether a candidat who ticks
more than one out of (B), (C) and (D) was given any credit or whether
he was given a negative credit. A negative credit in such a caswould
amount to a mockery of the perseverance and/or the intelligace of the
candidate.

The addition of the constant 3 to the expressionjzj j wj serves
absolutely no purpose. It is a nuisance which has to be carrigk over in
every step of the calculations. A candidate who misses to docsin one
of these steps may get the nal answer wrong even though his @soning
is correct otherwise. In a conventional examination, the cadidate has
to show his work and so an examiner has a chance to notice thathe
omission is a slip of hand rather than a slip of reasoning. Hean then
ignore the mistake completely, or give some partial credit b the candidate.
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In a multiple choice type examination, this is impossible ard so, in e ect,
such useless appendages only serve to give an unduly heavynaéy for
a relatively minor mistake. It is almost like rejecting an otherwise well
written essay about Mahatma Gandhi on the ground that the yea of his
birth was given as 1872 instead of 1869.

Although ostensibly this paragraph is on complex numbers, hey are involved
only peripherally. In essence all the three problems are ahd circles in a plane.
It is not clear what is achieved by restricting z to A\ B\ C in the last two
guestions. The answers would have been the samezfwas allowed to vary over
the circle B and, in fact, the problems would have been more interesting.The
mistake in the third problem mars the simplicity of the bunch.

Out of the three paragraphs, only the middle one (about an imgicitly de ned
function) tests some understanding or ‘comprehension'. Th other two bunches
are collections of inter-related questions on familiar, coomon themes. The only
bit of ‘comprehension' needed to answer them is the ability ® correctly under-
stand the question. But this is something which you need on met mathematics
questions anyway. Even the paragraph on implicitly de ned functions does not
really test the ability to understand any new concept.

One of the criticisms often voiced against the JEE is that it tests the ability
to solve problems rather than the ability to understand concepts. In principle,
this criticism is not very valid because a candidate who can orrectly solve
a problem, needs to understand it correctly in the rst place. A candidate
who correctly understands a new, subtly designed problem dinely on his own
certainly has a good power of comprehension. But the catch ithat nowadays
most candidates are exposed to huge collections of solvedgilems. As a result,
when they see a problem, they hardly need to think fresh abouit. Moreover,
in preparing for the JEE, the over-emphasis on problem soluig often leads to
simply skipping any theory with the assurance that no “theor' questions would
be asked.

Comprehension questions were introduced apparently to cauter this crit-
icism. But in that case they ought to give some paragraph whee some text
which is simple but not covered in the syllabus is given and qgastions are asked
which can be answered only if that text is correctly understaod.

As an example, consider the following paragraph.

A binary sequence of length n is de ned as an orderedn-tuple, say % =

length, we de ne the distance between them, denoted byd(x; ¥) to be the num-
ber of entries where they di er. For example, with n = 6, the distance between
(1;0;1;0;1;1) and (1;1;1;0;0; 1) is 2 because they dier in their second and
fth entries. A ternary sequence is de ned similarly, except that each term
can take 3 possible values, say 0, 1 and 2. The distance betweéwvo ternary
sequences of lengtm is also de ned similarly, viz. the number of entries in
which they di er.
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Based on this paragraph, the following questions could be &=d.

(a) How many binary and ternary sequences of length 10 are the?

(b) Given a particular binary sequence of length 10, how manybinary se-
guences are at a distance 2 from it?

(c) What will be the answer to (b) for ternary sequences?

While teaching rst year courses at the IlITs it is often found that many
students cannot answer these questions without some proddg. This is a clear
indication that their ability to comprehend written mathem atical text has not
been tested.

Comprehension questions can also be asked in several otheris. For ex-
ample, the given paragraph gives the proof of some (unfaméir but simple)
theorem. The candidates can then be asked to identify exacyl where in the
proof a particular part of the hypothesis of the theorem was sed. Occasionally,
a false argument can be given and the candidates can be askedl identify where
the fallacy lies.

It is only if such innovative questions are asked that there vould be a true
testing of the ability to “‘comprehend'. The way the things stand now, the
so-called comprehension questions are hardly di erent frm the remaining ques-
tions.
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SECTION |

Straight Objective Type

This section contains 9 multiple choice questions. Each qution has 4 choices
out of which ONLY ONE s correct. There are 3 marks for a correct answer,
0 marks if the question is not answered and -1 mark in all othercases.

Q.1 A particle P starts from the point zop =1+ 2 i, wherei = P 1. It moves

rst horizontally away from the origin by 5 units and then ver tically away
om the origin by 3 units to reach a point z;. From z; the particle moves
2 units in the direction of the vector T+ | and then it moves through an

angle = in anticlockwise direction on a circle with centre at the origin, to
reach a pointz,. The point z, is given by

(A 6+7i (B) 7+6i (C)7+6i (D) 6+7i

Answer and Comments: (D). The motion of the particle consists of
two parts, from zp to z; and from z; to z,. But each part itself can be
broken down into two parts. So we introduce two more complex mmbers,
say wy; and wy for the intermediate positions occupied by P. Now the
journey consists of four parts :

(i) from zp to ws, horizontally away from the origin by 5 units,
(i) from wy to z; vertically away from the origin by 3 units,
(iii)y from z; to wy P 2 units in the direction of the vector T+ |, and

(iv) from w, to z, along a circle centred atO anticlockwise through an
angle -
93

We are givenzy as 1+ 2i. We shall successively determinev;, z;, w, and
nally z, from the descriptions of the four parts of the journey.
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Q.2

In (i), as the origin is on the left side of zy, the real part of zg increases
by 5 units while the imaginary part remains the same. This gives

Wi =29+5=(1+2i)+5=6+2 i Q)
Similarly, in (ii) the imaginary part increases by 3 units and we get
Z3=wW;+3i=6+2i+3i=6+5i (2)

In the (iii) the motion is along the vector which makes an angke of 45
ith the x-axis, So the horizontal and vertical parts of the motion are
2cos45 and  2sin45, i.e. 1 and 1 respectively. Therefore

Wp=23+(1+ i)=6+5i+(1+ i)=7+6I 3)

Finally, in going from w, to z,, the particle moves along a circle centred
at O through an angle > This amounts to multiplying w, by the complex

number €~ 2 = cos 5+ i sin—= = i. Therefore,

2

2= Wy = i(7+6i)= 6+7i 4)
The problem is a simple testing of the ability to convert motions along lines
and circles in terms of complex numbers. The last part could ve been

made a little more challenging by describing the motion as aranticlockwise
rotation through some given angle, say , along a circle centred at a given

point, say wp. (In the present problem = > and wg = 0.) Then instead
of (4) we would have gotten

2 Wo=¢€ (w2 W) )
Had the journey been clockwise, should be replaced by

Let the function g: (1 ;1)! be given by

2'2
g(u) =2tan 1(e%) > Then, g is

(A) even and is strictly increasing in (0;1 )
(B) odd and is strictly decreasingin (1 ;1)

(C) odd and is strictly increasingin (1 ;1)

(D) neither even nor odd, but is strictly increasingin (1 ;1)

Answer and Comments:  (C). The given function is a composite of sev-
eral functions, rst the exponential function and then the arctan function.
As both these functions are strictly increasing in their domains, so is the
composite tan 1(e"). Multiplying by the positive constant 2 and subtract-

ing the constant > does not a ect the increasing/decreasing behaviour of
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a function. So, we conclude that the functiong(u) = 2tan *(e%) > is
strictly increasing on (1 ;1 ). Note that it was not necessary to take

any derivatives. Of course, those who want to apply derivatves can aslo
2e" .

1+ e is positive everywhere.

Now, to determine if g is an even or odd function or neither, we note

get the answer easily sincegy(u) =

1 .
that e Y = o for all u 2 R. Moreover, regardless of the sign ofi, the
expressione” is always positive. Therefore

tan (e Y)=tan ?! 5 =5 fan L (1)
from which we immediately get
g( u = 2tan (e ¥) >
= 2 5 tan Le") 5
= 2tan (") + 5
= g(u) 2)

for all u2 R, which proves that g(u) is an odd function of u.

A simple problem requiring little more than some very basic dentities
about the exponential function and the inverse trigonometric functions.
The paper-setters have been a little careless in giving thenterval in (A)
as (01 )insteadof (1 ;1 ). The concept of an even (or an odd) function
makes sense only when the domain is symmetric about the origi So an
alert candidate can weed out (A) on this ground alone. That isnot much
of a help, because there is no further short cut. The examiner probably
did not bother because (A) is a wrong alternative anyway.

Note that the constant — in the de nition of the function g is very

crucial. If it is dropped or replaced by some other constantthen the new
function will be neither even nor odd. This is in sharp contrast with the
constant 3 appearing in the statement of Q. 23 of Paper 1, whis has
absolutely no role there.

Consider a branch of the hyperbola
x?  2y? zpix 4p§y 6=0

with vertex at the point A. Let B be one of the end-points of its latus
rectum. If C is the focus of the hyperbola nearest to the pointA, then
the area of the triangle ABC is

r r r r

(B) 1 ©1+ (D)

wl N
N w|
wl N
Nl

(A1
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Answer and Comments:  (B) Yet another question based on the concept
of a latus rectum of a conic. By de nition, this is a focal chord (i.e. a

chord passing through a focus) and perpendicular to the axi®f the conic.

To determine it in the present problem, we must rst cast the equation

in its standard form. This would have been very complicated f the xy-

term were present in the equation because in that case the aseof the

hyperbola would not be parallel to the coordinate axes and tomake them

so, a rotation of the coordinate axes (possibly in addition b a translation

of the origin) would be needed. And in that case the calculatbns needed
would be fairly complicated.

Fortunately, we are spared of this because of the absence dfi¢ xy-
term. All we have to do now is to complete the squares. Doing save get
the equation of the hyperbola as

(x P 22 2(y+ P 22 =4 (1)
To bring it to the standard form we rst divide by 4 and get
"o+ Pap o
4 2 B

We now have to shift the origin to the point (p 2; P 2)and work in terms
of the new coordinates, sayX = x 2and¥Y = y+ 2. Thus we get

X2 Y?

- — =1

4 2 ®)
which is tFI;g equation of the hyperbola in the standard form wth a = 2
and b= " 2. From these values and the formulat” = a*(e* 1), the

- 3 .
eccentricity e comes out as > So the two vertices of the hyperbola are

at ( 2;0) and the two foci are at ( P 6;0) (all w.r.t. the new coordinates).

y

Y
/:\
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Note that the statement of the problem does not tell us which kranch
of this parabola is to be considered. That is upto us. But oncehe branch
is chosen, rest of the data depends on the choice. But becausd the
symmetry of the hyperbola around its major as well as minor axes, the
answer would be independent of it. For simplicity we choose he right
branch of the hyperbola. Theﬁl_the vertex A is at the point (2;0) and the
corre&gonding focusC is at (' 6;0). The end-points of the latus rectum
are ( 6; 1). Again, the problem does not specify which of these is to be
t%kgn asA and the answer does not depend on the choice. We tal® as
(" 6;1). Having determined all the three vertices of the triangle ABC it
is now a mechanical task to nd its area from the formula. But even that
is not necessary. As the triangle is right-angled atB, its area is simply

1 o1 - .
> AC BC |.e.5 (p6 2) 1= g 1 square units.

Note that Equation (3) was not very vital. Since the points A;B;C are
described directly in terms of the hyperbola in a purely geonetric man-
ner, even through their coordinates will change as the framef reference
changes, what matters for the area of the triangle is only thdengths of its
sides and they remain unchanged under any change of coordites. The
side AC is the distance between the vertexA and the corresponding focus
C and therefore equalsae a= a(e 1), which in the present case comes

to 2( g 1). Similarly, BC is half the latus rectum and there is a ready

made formula for it. Those who know it will have an easier time Q. 8 of
Paper 1 was also based on the latus rectum, except that therehie conic
was an ellipse. Considering that the latus rectum, althoughvery common
in old books, is not such an important concept, two questionsbased on it
in the same JEE is a bit too much.

r

. 1+sinx
The area of the region between the curvey = ———— andy =
r _ COSX
1 sinx bounded by the linesx =0 and x = — is
COSX 4
ZP3 ZP3
4
A) Y 4 (@ S S
0p 1+1t2) 1 t2 #p 1+1t2) 1 t2
Z 2+1 4t 2+1 t
0 @a+t2) 1 t2 0 1+1t2) 1 t2

Answer and Comments:  (B). A typical problem about nding the area
between two curves using integration. However, we do not hawto actually
evaluate the area, but only to express it as a de nite integrd in a certain

way. For0 x 2 evidently the rst curve is above the second at all



48

points and so, the given area equals the integral

Z_, T : r __!
- 1+ sinXx 1+sinx
| = S S dx @

0 cosx CoSX

We now have to transform this integral to one of the four givenones. An
alert student will realise that in all the four given alterna tives, because
of the radical in the denominator, the variable t can assume only values
between 1 and 1. Since in (C) and (D), the upper limit of integration,
viz. = 2+ 1 is bigger than 1, they are eliminated on this ground alone

The most standard substitution for transforming integrals such as (1) is
to put t = tan( x=2). In the present case, however, the variable is already
used in the statement of the problem. So, we use a di erent onesay
u =tan( x=2). (Technically, t is only a dummy variable of integration and
so there is no harm in taking tan(x=2) ast. But we do not know beforehand
if this substitution will transform | to any of the four alternatives. As it
sometimes happens in integration by substitution, one moresubstitution
may be needed and we shall have to introduce a new variable fat. So it
is better to start from u = tan( x=2) rather than t = tan( x=2).)

Taking u = tan( x=2), we see that upper and the lower limits of
integration become tan(=8) and O respectively. The value of tan(=8)
can be determined from the quadratic

1=tan 2 = % (2)

which, after putting y =tan( =8) becomes
y=1 y? 3)
whose solutions arey = pi 1. Obviously the + sign holds since

tan( = 8) is positive. So pe get that the upper and the lower limits ofthe
transformed integral are’ 2 1 and O.

N 2tan(x=2 1 tan?(x=2
The identities sinx = L;() and cosx = tanz(x )
1 +tan<(x=2) 1 +tan<(x=2)
transform (1) into
p-
ZA 1+u 1 u 2
| = p p du (4)
0 1 u? 1 uZ 1+u?
ZP;
21 4y
0 1+u?) 1 u?

where, in deriving (4) the signs of the radicals have been cteen to make
the expressions positive. Thus we see that no further subditition is nec-
essary to equate this with the integral in (B). The problem is really not
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about evaluating an integral but only about transforming it . As the an-
swer comes in a single substitution which is very standard, he problem is
a straightforward one. Note that the integral cannot be evaluated further
in a closed form. The problem would have been more interesti if the
nature of the integrand was such that it could be further evaluated, or
if some further substitution was necessary. For example, wesould put
u? = v. Then (5) would become

Z; P
3 2 2 2dv

. Arv T ©)

But perhaps the paper-setters decided that for 3 marks the wdk required
to reach (5) is all that can be expected.

Consider three pointsP = ( sin( ); cos );Q = (cos( );sin )
and R = (cos( + );sin( )), where 0< ; ; < e Then,

(A) P lies on the line segmentRQ
(B) Q lies on the line segmentP R
(C) R lies on the line segmentQP
(D) P;Q;R are non-collinear.

Answer and Comments: (D). SupposeA = (x1;Y1), B =(X2;y2) and
C = (xg;Yy3) are three distinct points in the xy-plane. Then the point C
lies on the line AB if and only if there exists some real nhumber such
that

Xz3= X2+(1 )xpg and yz3= yo+(1 )y1 1)

(See the beginning of Comment No. 16 of Chapter 8. Actually, his holds

not only for points in the plane but for points in the n-dimensional space
R" as well) If such a real number exists, it is unique. As moves
from 1 to 1, the point C moves from one end to the other end of the
line AB. Depending upon the values of , we can decide whereC lies.

Speci cally,

() If0 < < 1, then C lies on the segmentAB

(i) If < O, then A lies on the segmentCB
(i) If > 1, then B lies on the segmentAC.

(Note that for =0, C coincides with A while for =1 it coincides with
B.) No matter which of these cases holds, we have

X1 y1 1
= X2 y2 1 =0 2
X3 y3 1



50

Q.6

which follows by writing the third row as a linear combinatio n of the rst
two rows, or simply by equating the area of the triangle ABC to 0.

Now, coming to the given problem, let us rst check if (2) holds. Here
we have

sin( ) cos 1
= cos( ) sin 1 3)
cos( + ) sin( ) 1

To see if this determinant vanishes we try to write its third r ow as a linear
combination of the rst two rows. This suggests that we rst e xpand the
entries in the third column and rewrite as

sin( ) cos 1
= cos( ) sin 1 @
cos( )Jcos  sin( )sin sin cos cos sin 1

Therefore subtracting sin times the rst row and cos times the second
row from the third and expanding w.r.t. the third column, we g et

sin( ) cos 1
= cos( )  sin 1
0 0 1 sin cos
= (1 sin cos )(cos cos( ) sin sin( )
= (@ sin cos )(cos(2 ) (5)

There is nothing in the data to conclude that this determinant necessarily
vanishes. Hence the pointd; Q:R are not collinear in general. They will
be so if and only if one of the two factors in the last expressio in (5)
vanishes. This means either sin +cos =1 or cos(2 )=0. The rst

possibility would give sin( + ) = 19—z which can never hold for the given

range of ,viz. 0< < —. As ; are also in the same range, the second
possibility cannot hold either.

The non-vanishing of the determinant puts an abrupt end to t he
solution. If it had vanished, then there would have been a umjue real
number such that Rz = (1 JR1 + R > whereRj; Rz; R3 are the rows
of the determinant . And then depending upon which of the int ervals
(1 ;0);(0;1) and (1;1 ) contains , one of the possibilities (A), (B) and
(C) would have been true. The problem would have been more irdgresting
in that case. As it stands, the purpose of including these thee alternatives
is unclear. Perhaps it is just to make up the required number 6 fake
alternatives.

An experiment has 10 equally likely outcomes. LetA and B be two non-
empty events of the experiment. If A consists of 4 outcomes, the number
of outcomes that B must have so thatA and B are independent is
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(A)2,40r8 (B)3,60r9 (C)40r8 (D)50r1l0

Answer and Comments: (D). As all the ten outcomes are equally
. o 1 .

likely, the probability of each is 10 So, regardless of which four outcomes
constitute A, we have

4 2

P(A)= — = =

(A) 10 5

Similarly, if we let n be the number of elements in the evenB, then we

get

@)

n

P(B)= —

(B) 10

Let m be the number of elements in the intersectionA\ B. Note that m

is not uniquely determined by n. All we can say for sure is thatm n.

Then the probability of the joint occurrence of the two events (also called
the probability of their conjunction) is given by

)

P(A\ B)= %

Now, by de nition, the events A and B are (mutually) independent if and
only if

®3)

P(A\ B)= P(A)P(B) 4)
which, in view of (1), (2) and (3) becomes
5m =2n (5)

Here m;n are integers (being the numbers of elements in some sets). As
the L.H.S. is divisible by 5, so is the R.H.S. But 5 is relativdy prime to

2. So 5 must dividen. Now n cannot exceed 10. Also, since the everi

is non-empty, n > 0. Therefore the only possible values oh are 5 or 10.
Hence the answer is (D).

Although the solution is complete as far as the given problemis
concerned, it needs to be noted thatn = 5 or 10 is only a necessary
condition for the independence of the events. Ih = 10, then of course,B
is the entire set of the 10 outcomes. In this caseP(B) =1, A\ B = A
and so the eventsA and B are trivially independent of each other. But if
n =5, then all we know is that B consists of 5 outcomes. In that case,
(5) will hold only if m = 2, i.e. if A\ B has exactly 2 elements. An
alert candidate who notices this is likely to get slightly confused because
although technically necessity of a condition is di erent from its su ciency,
in most problems at the JEE level, the two are the same. Thus foexample,
Equation (2) in the solution to the last problem is necessaryas well as
su cient for the collinearity of the three points.
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The problem is a combination of probability and a little bit o f number
theory. The latter was not at all tested in Paper 1. The wording of the
problem is too technical. Many probability problems can be psed as real
life problems in a delightfully rich variety of ways. In the p resent problem,
for example, instead of the set of ten possible outcomes of aexperiment,
we could have taken a class of 10 students. The evert could have been
described by saying that 4 of these students are girls. Instd of the event
B we could have said that exactlyn of these 10 students are intelligent.
Now the question would amount to asking to determine for whid values
of n it may be concluded that in this class being intelligent is independent
of sex and, further, when this is the case, to determine the nmber of
intelligent girls. In that case, the answer would have beemn = 0;5 or 10
and correspondingly, the number of intelligent girls must be 0, 2 and 4
respectively. In this formulation the problem is more palpable and less
confusing.

In fact, this reformulation of the problem suggests an inteest-
ing extension. In the example above, the sex of a student candve only
two possibilities. But there are many other attributes such as religion,
language etc. which run into much wider spectra of possibities. Sup-
pose, for example, that some population is divided intok religions, say
R1;R2;:::;Rk. Once again, we letB be the event that a person is intel-
ligent. Then to say that being intelligence is independent ¢ a person's
religion means that for everyi = 1;2;:::;k the conditional probability of
the event B given R; (often denoted by P(BjR;)) is the same, i.e. in-

dependent ofi. Using the formula for the conditional probability, this
. P(Ri\ B) . . . .
means that the ratio % is independent ofi. Using the fact, that
i

P(Ri) =1, it is easy to show that this common value is simply P (B).
i=1
Thus, to say that being intelligent is independent of one's eligion means
that for every i, P(Ri \ B) = P(B)P(Ri).

Let two non-collinear unit vectors & and b form an acute angle. A point
P moves so that at any time t the position vector OP (where O is the
origin) is given by acost + Bsint. When P is farthest from the origin O,
let M be the length of OP and let 0 be the unit vector along OP. Then,

(A) b= :%g andM =(1+"a 6)1:2
J

(B) b= Z g andM = (1+%a D=2
J

a+h

ja+ b

(C) b= and M = (1+2%a B2
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a b
ja B

(D) &= and M =(1+2% B2

Answer and Comments: (A). A straightforward problem about the
dot products and lengths of vectors. Letd(t) = “acost + Bsint. Then
the length of OP is simply the length jjt(t)jj of this vector. By a direct
computation,

e[z = wt) w(t)
= (facost + Bsint) (acost + Bsint)
= jjajj>cogt + jifj?sin’t + ("a B)sin2t 1)
= 1+(%a Bsin2t 2)

where in going from (1) to (2) we have used thata® are unit vectors.
We are further given that & and B are inclined at an acute angle with
each other. Thereforea* B is positive. Hence the expression in (2) will
be maximum when sin2 = 1 and the maximum value will be 1 + (“a B).
Therefore M is the square root of this, i.e. (1+& §)2.

To complete the solution, we have to nd the unit vector along (t)
when sin2 = 1. This has in nitely many solutions. But because of
the periodicity of the sine and the cosine functions, and heoe also of the
vector #(t), we need only consider those values dfwhich lie in, say [G;2 ].

5 .
These values aret = 2 andt = e The corresponding vectorst(t) are

1 1
p—z(a+ B) and p—é(a+ B). Therefore the corresponding unit vectorsu®

a+b

ja+ By
The + sign gives the answer in (A). But the  sign is also a valid answer
which is not included in any of the alternatives. The alternative (A)
ought to have included the sign. So, like Q.23 of Paper 1, this problem
is also erroneously set. But the mistake here is not as disasius as that
in Q.23 of Paper 1 because, although strictly speaking nonefdhe given
four alternatives is necessarilycorrect, the alternative (A) is the closest to
the correct answer. (It is to be noted, however, that, in the past, mistakes
of this kind, when done by the can-
didates, were penalised.) Apparently,
the mistake arose because the paper-
setters took & to lie only in the angle
spanned by the vectorsa*and B and
missed that its opposite vector is also
equally long.

are These two vectors are oppositely directed to each other.




54

Q.8

Note that the transition from (1) to (2) and the subsequent work
was considerably simpli ed by the assumption that both & and B are unit
vectors. The reasoning would be essentially the same if inead, we had
started with two vectors -aand b of equal lengths. But if their lengths were
di erent then maximising the R.H.S. of (1) would be fairly co mplicated.
It can be done either by using calculus or by rewriting the expession as

.o 1+ C0S 1
j2 L

i 52—
jaijic = > > '+(a D) sin 2t )
- s ;ubu L ei? 211 Bj? cosZ +(a Bsin2t (3)
and then writing the bracketed expression as
Lcos( 2t) (4)
where
v
u Lo ”2! 2
Lo b i 2JJ LT )
and is so chosen that (4) holds true. It is clear that the maximum \alue
G L aio
of jj#(1)jj2 now is ”ﬂ”%m‘ + L.
z z .
e
Letl = mdx and J = mdx. Then, for an
arbitrary constant C, the value ofJ | equals
e e +1 1 e+ e +1
(A) = Iog e +C (B)Elog & o F 1 +C
e e+1 1 e+ e +1
© 38 Grrgir *O By 308 eyt *©

Answer and Comments:  (C). The most straightforward method is to
begin by evaluating the two integrals separately. The subsitutions u = €
for | andv = e * for J suggest themselves. So, we have

I = 7@( dx
S, e eal
du
= A 1)

ub+ uz+1
and similarly,

eX
J = —————0aX
e4X+eZX+1

vi+ v2+1
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It is clear from (1) and (2) that the subsequent work involved in both the
integrals is identical. It consists of resolving the integand into partial
fractions and then integrating each term. This is rather cumbersome.
An alert student would realise that if the idea behind the question is
to test integration by partial fractions, the question could have been to
evaluate either one of the two integralsl and J. Instead, the question is
to evaluate the dierence J | and this must be so with some purpose.
As illustrated in Comment No. 14 of Chapter 18 or the last problem of
Comment No. 24 of Chapter 17, it is sometimes easier to nd thesum
(or the dierence) of two things than to nd those things indi vidually.
This is so because the troublesome parts of the two things cael each
other or add up to something much simpler. (As a more pointed gample,
integrating sin? x + cos? x is certainly a lot easier than integrating sin? x
and cog x separately and adding.)

We adopt this strategy in the present problem. So, we contine with
the substitution u = €%, but use it not only for | but also for J and hence

for the dierence J 1. So, instead of (1) and (2) we now have
z e X e
J 1 = dx
e X+e 2+l eX+eX+l
z e e
- v enrerl &
e e
= Tl dx (3)
z u? 1
TR )

The trick now is to divide both the numerator and the denominator of
the integrand in (4) by u? so that the numerator becomes 1 2 which

is precisely the derivative ofu + 7 Doing so and using the substitution

=u Ewe et
y_ U’ g

z 1
J 1 = 1w g,
uz+1+ 4
U2
Z 1 Lz
= s —du
S ourgt ot
yz 1
y 1
S
2°9 Vi1
1 uz u+1
- Elog uz+ u+1 )



56

Q.9

Putting back u = € and adding an arbitrary constant C gives (C) as the
answer.

The problem is a good test of the mental alertness of a candida. Those
who try to do it by separately evaluating | and J will pay a heavy price in
terms of time. But, once again, the multiple choice format kills the beauty
of the problem. A candidate who is extra smart will realise that there is
no need to use any tricks. The answer can be obtained simply bgi eren-
tiating each of the given alternatives and seeing which of tle derivatives
coincides with the di erence of the integrands ofJ and I, i.e. with the
integrand in (3). This is not as prohibitively laborious as it appears. In all

. . f(x)

the four alternatives we have expressions of the form log o) whose
F)  g%x) _ FX)g(x)  f(x)g%x)
f(x)  a(x) f (x)9(x)

ture of the functions f (x) and g(x) in (A) and (D), we see that f (x)g(x)
cannot possibly match the denominator of (3) in the case of (A and (D).
So, the right alternative is con ned either to (B) or to (C). T he former
can be eliminated by actual trial.

. From the na-

derivative is simply

Let g(x) = log f (x) where f (x) is a twice di erentiable positive function
on (0;1 ) such that f (x +1) = xf (x). Thenfor N =1;2;3;:::,
1 1
0 N+ = o0 + _
g g 5
1

1
A 4 1+—-+ =+ 111+t ——
*) 9 25 (2N 1)?

1 1 1
S S S i —
®4 1+5* 3% 2N 1)2

1 1
4 1+ -+ —+ i+t —
© 9 25 (2N +1)?
1 1 1
+ -+ —+ it ——
Gya 1 9 25 (2N +1)2

Answer and Comments: (A). This is a problem on functional equa-
tions. We are not given the function f (x) explicitly. All we are given about
it (apart from its being positive and twice di erentiable) i s the functional
relation

f(x +1)xf (x) 1)
for all x> 0. Sinceg(x) = log f (x) this translates as
gx+1)=In x+ g(x) (2)

Di erentiating twice,

’tx+1) = g”{x) ®)

X2
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for all x > 0. Verbally, this gives a formula for the di erence in the values
of g®at two points which di er by 1. The key idea of the problem is th at
if we apply this repeatedly, then we shall get the di erence letween the
values ofg®at two points that di er by an integer. That is, we apply (3)

with x replaced successively bx +1;x +2;:::;x+ k 1 to get
1

Px+1) = o

1
0 — 0

P"x+2) = " x+1) EE

x+ k) = bk 1)
(x+k 1)2

for every x > 0. If we add these equations and cancel the terms appearing
on both the sides we get

®x+ k) ¢"x) = xiZ e +11)2 SR 1 kl G 4)

L 1
for every x > 0 and every positive integerk. If we put x = > andk = N,

we have
00 1 00 1 — 1 1
OmN*3 00 5 = A lrgrmt it o 1 ®)
As far as this problem is concerned, it does not matter if thee is
indeed any function which satis es the functional equation given in the
statement of the problem. Actually, there is no dearth of sud functions.
All one has to do is to start with any function f : (0;1] ! R and
then extend it to the intervals (1;2];(2;3];::: recursively by the formula
f(x) =(x LDf(x 1). But among all such functions, by far the most
important one is the gamma function , de ned by means of an improper
integral. Speci cally,
z 1
(x)= e 't* ldt (6)
0
One has to prove rst that this improper integral really conv erges for all
x > 0. This can be done by observing that because of the factoe !, as
t tends to 1 , the integrand tends to O very rapidly, no matter how large
x is. The functional relation can be proved by integrating by parts as
follows:
Z 1
(x+1) = e 't* dt
0 . d 1
= et + e 'xt* 1dt 7
0 0
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= 0+ X e 't* 1dt
0

= x(x) (8)

where to evaluate the rst term in (7) we have again used the fat that
for any xed x> 0,e 't*! Oast!1l

The gamma function occurs very frequently in applied mathenatics
and numerous identities are known about it. It is easy to showby direct
computation that (1) = 1. This fact and the functional equat ion (8)
applied repeatedly imply that

(n)=(n 1) 9)

for every positive integern. Note thatin (9), the variable n is discrete. But

in the de nition (6) of the gamma function, X is a continuous variable. So
we may very well say that the gamma function is a continuous aalogue of
the familiar factoriabfunction. Using improper double int egrals it can be
shown that ( %) = " . Usinng this and (8) repeatedly, one can compute
(n+ %) for every positive integer n. Other values of the gamma function
are not easy to obtain exactly. But extensive tables are avdable for its

approximate values.

SECTION Il
Reasoning Type

This section contains four reasoning type questions. Eachuwpstion has four
choices out of whichONLY ONE is correct. The marking scheme is as in
Section I.

Q.10 Suppose four distinct positive humbersa; ; ay; as; a4 are in G.P. Let by =
ap=b+ab=h+agandby = b+ as.

STATEMENT-1 : The numbers by; bp; bs; by are neither in A.P. nor in G.P.
and
STATEMENT-2 : The numbers by;b; bs; by are in H.P.

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement-2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True
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Answer and Comments:  (C). Any type of progression is una ected if
we divide all its terms by some positive constant. As a resultwithout loss
of generality, we take a;; ay;as; a4 as Lr;r2;r respectively, wherer > 0
and r 6 1 (as the numbers are all distinct). Then we have

bi=1; bb=1+71 bg=1+r+r?% by=1+r+r2+73

which are de nitely notin an A.P. and not in G.P. either since , for example
B=@+r)2=1+2r+r261+ r+r?= b Hence Statement-1 is
true. As for Statement-2, if the numbers by; bp; bs; by are in H.P. then we
must have, in particular,

2 1 1
L= -4 = 1
b, ~ b ' b W
. 2 .
which is not true because the L.H.S. equalsl+—r while the R.H.S. equals
1 2471+ 712 .
1+ = and in general the two are not equal. So,

1+r+7r2 1+r+7r2
Statement-2 is false.

The purpose of the problem is not clear. Probably the idea isust to
penalise the false notion that if some numbers are neither irA.P. nor in
G.P. then they must be in H.P.

Let a; b; c; p; gbe real numbers. Suppose  are the roots of the equation
x?+2px+ q=0and ; = are the roots of the equationax? +2bx+ c¢=0,
where 262f 1;0;1g.

STATEMENT-1: (p?> qg)(? ad O
and
STATEMENT 2: b6 paorc6 ga

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement-2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments: (B). The factors of the expression that ap-
pears in Statement-1 are precisely the discriminants of théwo quadratics.
Now, for a quadratic with real coe cients, either both the ro ots are real or
both are complex and further they are complex conjugates of &h other.
If ; are both real then both the quadratics have real roots and hene
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Q.12

both the discriminants are non-negative and therefore so isheir product.
If ; are complex, then we have

= 1)

. 1 : .
But since and — are the roots of the second quadratic (whose coe cients

are real too) we must also have

Z=- @

. 1. . .
(1) and (2) together imply that = =, i.e. 2 =1, which contradicts the
data. So we conclude that Statement-1 is true.

As for Statement-2, if both the equalities b = pa and ¢ = ga hold,
then the second quadratic would be simplya(x? + 2px + ¢) = 0 which is
essentially the same as the rst quadratic. (It is inherent in the de ni-
tion of a quadratic that the leading coe cient is non-zero. O therwise it
degenerates into a linear equation.) But then, both the given quadratics
would have the same roots. We already know that one of their rots, viz.

is common. t the other roots are also equal to each other, themve must

have = 1 which would again mean 2 = 1, contradicting the hypothe-

sis. So, Statement-2 is also true. However, Statement-2 mely amounts
to saying that the two quadratics are not the same. And from this fact
alone, it is impossible to deduce anything about the nature 6their roots.
So, even though both the statements are true, Statement-2 isot a correct
explanation of Statement-1.

The problem is a good testing of the ability to translate the satements
into conditions about the quadratics. Once this is realised the computa-
tions needed are very elementary. It is not clear what purpos is served
by specifying that 2 6 1. It would have been su cient to say merely
that 2 62 D;1g. These super uous stipulations only serve to confuse a
candidate. (Probably, the paper-setters intended to say 2 f 1;0;1g,
which would be quite su cient and 2 appeared in place of by a slip.)

Consider

L1:2x+3y+p 3=0

L,:2x+3y=p+3=0

where p is a real number, andC : x?> + y>+6x 10y +30=0.

STATEMENT - 1: If line L; is a chord of circleC, then line L, is not
always a diameter of circleC.

and
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STATEMENT - 2: If line L is a diameter of circleC, then line L, is not
a chord of circleC.

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments: (C). The value of the parameter p is not
speci ed and for di erent values of it, we get di erent lines . But regardless

. 2
of the value of p, all these lines have slope —. Therefore they belong to

a family of parallel lines. Exactly one member of such a fami} will pass
through the centre of the circle and hence will be a diameter bit. Lines
which are parallel to this diameter and whose parallel distance from it is
less than the radius of the circle will be chords. There are eactly two
lines whose distance from the diameter will equal the radiuf the circle.
Both these lines will touch the circle. The remaining lines n the family
will not intersect the circle as they will be too far away from its centre.

This qualitative reasoning is su cient to prove Statement- 1. There
are in nitely many values of p for which L1 will be a chord of the circle
C. But there is only one value ofp for which L, will be a diameter of C.
So clearly, Statement-1 is true. For Statement-2, howeverwe shall have
to do some quantitative work because ifL; is a diameter of C (which will
happen for a unique value ofp, say po), then whether L, is a chord of C
for this value of pp will depend on the perpendicular distance betweern ;
and L, for this particular value of p. The interesting part of the problem
is that this perpendicular distance is independent ofp. In fact, no matter
what p is, the perpendicular distance, sayd, betweenL; and L is given

by

4o i 3 (p+3)i_ 6
Pvar "

By completing the squares, we rewrite the equation of the cicle C as

@)

(x+3)2+(y 5)*=4 )

which means that the radius, sayr, of the circle is 2. By easy comparison,
we have

d<r 3)

So, whenL, is a diameter, L, is a chord of C. So Statement-2 is false.

Normally coordinate geometry problems run into computations. The
present problem too, would be so, if attempted using the conition for a
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line to be a chord of a circle. But, once the key idea strikes, lte problem
is more conceptual than computational and so it is a good protem. The
key idea is similar to that behind the 1998 JEE problem at the beginning
of Comment No.2 of Chapter 9.

Q.13 Let a solutiony = y(x) of the di erential equation

p p
X X2 1dy y y2 1dx=0

satisfy y(2) = p%

STATEMENT-1: y(x) =sec sec !x

and
p r

wl

STATEMENT-2 : y(x) is given by % =

(A) Statement-1 is True, Statement-2 is True and Statement-2 is
a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True and Statement2 is
NOT a correct explanation for Statement-1.

© Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

Answer and Comments: (C). Separating the variables, the given dif-
ferential equation can be recast as

dx dy

x x2 1 y yZ 1
The work needed in integrating botl the sides is identical. The substitu-

. . X .
tion x = sec reduces the integral —9271 to 1d which equals
X X

simply , i.e. sec 'x. We integrate the R.H.S. similarly and get

@)

sec 1x =sec ly+ C )

as the general solution of (1). The initial condition y(2) = p% gives

2
sec 12=sec ! 3 +C (3)
p_!
Since sec!2 = cos ! E. — and sec? pz—_ =cos ! 3o
2 3 3 2 6’
we get
—=_-+C 4
376 (4)



63

which determinesC as 5 So the particular solution of our interest is

sec 1x = sec 1y+€ (5)

Subtracting 5 from both the sides and taking their secants,
y =sec sec 1x 5 (6)

which proves Statement-1. To see if Statement-2 is true, weeacast (5)
. . 1
using the relation sec 't = cos 1(¥)'

1 1

X |

Cos = COos

+ 5 (7)

<P

Again subtracting 5 from both the sides and taking their cosines, we have

1
cos cos (=
(y)

<Pk

cos cosl(i)

X

r

= —cos(z)+ 1 isin(—)

X 6 X276
p_ r

3 1 1

= ——+ Z —
X 2 ! X2 (8)

6

which shows that Statement-2 is false.

This is one of those problems where the form of the alternaties gives
a clue to solution. Although the substitution needed in integrating (1) is
fairly obvious by itself, in case some candidate cannot thik of it, he can
take a clue from Statement-1 that somewhere secants are inlied. After
that the problem is more on inverse trigonometric functions than on dif-
ferential equations. It is a little surprising that the fals ity of Statement-2
has to be proved using a numerical mismatch rather than any rasoning.
If the paper-setters had given (8) as Statement-2 then both he state-
ments would have been correct. But then a controversy would bve arisen
whether Statement-2 is a correct explanation of Statementl. That is,
whether there is any way to deduce Statement-1 from Statemer2. In the
solution given above, we derived Statement-2 from Statemerl (or rather
from (5) which is essentially the same as Statement-1). Sopithis deriva-
tion, Statement-2 is certainly not a correct explanation of Statement-1.
But the point to note is that the equations (5) and (7) (which are ef-
fectively Statement-1 and Statement-2, in its new form, repectively) are
basically the same statements. Either can be derived from th other. So,
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if somebody rst derives (7) from the di erential equation t hen from (7)
he will be able to deduce (5) and in that case, Statement-1 wold indeed
be a correct explanation of Statement-1.

When two statements are such that each one implies the otherthe
guestion as to which of them is a correct explanation of the dter ulti-
mately boils down to which of the two statements is normally proved rst.
For example, everybody will agree that the Pythagoras theoem is a cor-
rect explanation of the trigonometric identity sin? +cos? =1, because
that is how the identity is derived (at least when is an acute angle). It
will be ridiculous to say that the Pythagoras theorem can be e&duced from
this identity (unless, of course, one starts with purely andytic de nitions
of sine and cosine and uses them to de ne the concept of an argland
then a right angle).

But in the present problem, even though most people would sale
the d.e. to get (5) rst and then derive (7) from it, the other w ay is also
not entirely unthinkable. We obtained (5) by integrating (1) using the
substitution x = sec . But we could have rst rewritten (1) as

dx d
e ©)
x2 1 (£)? y2 1 (y)2

. . 1 1 .
Now, if we use the substitutionsu = ” andv = 9 then this becomes

P =p (10)

which can be integrated to give

cos fu=cos v+ C (11)
and hence
1 1
cos! = =cos! = +cC (12)
X y

where the arbitrary constant C can be determined asg from the initial

condition given in the statement of the problem. This would give (7), from
which (5) can be deduced. So, in this approach Statement-2 wdd indeed
have been a correct explanation of Statement-1.

When the correctness of the answer to a question depends on vech
of two approaches one takes, it usually leads to an endless miboversy.
It is quite possible that originally the paper-setters wanted to make both
the statements true, but then backed out for fear of such a cotroversy. A
simple way out was to make the second statement false.
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SECTION lII
Linked Comprehension Type

This section contains 2 paragraphs. Based upon each paragoh, 3 multiple
choice questions have to be answered. Each question has 4 aes out of which
ONLY ONE s correct. There are 4 marks for a correct answer, 0 marks ifrte
question is not answered and -1 mark in all other cases.

Paragraph for Question Nos. 14 to 16

Consider the functionf : (1 ;1)! (1 ;1) denedhby
f ) = x2 ax+1
X2+ ax+1
Q.14 Which of the following is true?
(A) 2+ a2f')+@2 a? %l 1)=0
(B) 2+ a)?f Q1) (2 a?*%q 1)=0
© Y D=2 a?
D) fOIA 1)= 2+ a)?

;0<a< 2.

Answer and Comments:  (A). Before doing anything else with the given
function f (x), it is good to check that it is indeed de ned on the entire
real line which is given to be its domain. This amounts to ensuing that
the denominator of f (x) has no real roots. This is true because the dis-
criminant a> 4 cannot vanish sincea is given to lie only in the interval
(0; 2). Checks like this are not needed in the solution of the prokem and
are therefore a waste of time from the point of view of quicklyscoring in an
examination. But when you are studying a problem in a relaxedmanner,
such scruples help raise your level of maturity. Even in an eamination,
such a thinking can save you time by warning you that certain tempting
short cuts are not going to work. For example, if we could restve the func-
tion f (x) into partial fractions then computation of its derivative s will be
considerably simpli ed. But what we just said tells us that t his approach
is not going to work because the denominator cannot be factesed into
two real linear factors.
Still, everything is not lost. If we recast f (x) as
2ax

f(x) = 1 Tt 1 (1)

we see that the di erentiation is slightly simpli ed. Doing it we get
2a(x?+ ax+1) 2ax(2x + a)
(x?2+ ax+1)2
2a(x? 1)

(x?+ ax+1)?

f9x)

)



66

Before rushing to di erentiate once more, let us pause and tink a
little. Only the alternatives (A) and (B) involve f°%{x). The remaining
two involve only the rst derivative of fx). If one of them is true then
there is no need to check if (A) or (B) is true, as the instruction speci cally
says that only one of the alternatives is correct. In that ca®, the work in
nding f %{x) will be a waste.

So, let us rst see if any of the alternatives (C) and (D) is true. By
direct substitution, we have f 1) = 0. So without doing anything further
we see that both (C) and (D) are false. Now we have no option butto
nd f%x). We get this by di erentiating (2).

dax(x?+ ax+1) 2(2ax? 2a)(2x + a)

0Qyy —
) = (x2+ ax+1)3 3)
A straightforward substitution gives
o _ 4da(2+a) _  4a
and £ 1) 4a(2 a) _ 4a (5)

2 a® (@2 a2

With these values we see that (A) is true.

There is also a clever way of arriving at (A) by eliminating (B)
without actually nding the second derivative. From (2) it i s clear that
the points 1 are the only critical points of f (x). Further f(x) ! 1 as
x! 1 . Sof(x)is a bounded, continuously di erentiable function on
R. As the function has only two critical points one of them is a local
maximum and the other a local minimum. So the second derivatie at
one of them is non-negative while that at the other is non-po#ive. If one
of them is positive and the other negative, then (B) cannot hdd because
the coe cients (2+ a)2 and (2 a)? are both positive. Even if one of them
is 0, (B) cannot hold, because it will imply that the other one must also
vanish, in which case (A) will also be true, contrary to the instruction that
only one of the alternatives is correct. So, if at all one of tke alternatives
is correct, it must be (A). Note that we have not actually proved (A). We
have only shown that none of the remaining three alternatives can be true.

It is not clear if the paper-setters had thought about this sneaky
solution. Apparently, it has not occurred to them. For if it d id and they
wanted to preclude such a sneaky path, then in (B) they could fave made
the coe cient of f% 1) some positive number other than (2 a)?. On
the other hand, if they wanted to reward a candidate who couldcome up
with a clever thinking like this (which, in the present probl em, reveals a
high level of maturity) then this question ought to have been asked after
the next question.

Q.15 Which of the following is true?
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(A) f(x) is decreasing on ( 1;1) and has a local minimum atx =1
(B) f(x)isincreasing on ( 1;1) and has a local maximum atx = 1

(C) f(x)isincreasing on ( 1;1) but has neither a local maximum nor a
local minimum at x =1

(D) f(x) is decreasing on ( 1;1) but has neither a local maximum nor a
local minimum at x =1

Answer and Comments: (A). From Equation (2), we see that f qx)
is positive for x2 > 1 and negative forx 2 ( 1;1). So, f (x) is strictly
increasing in (1 ; 1), strictly decreasing in ( 1;1) and then strictly
increasing again in (1 ). So there is a local minimum (in fact, a strict
local minimum) at x = 1. Therefore (A) is true.

This data also tells us that f (x) has a local maximum atx = 1.
Although that is not needed as far as the present question is ancerned,
as commented in the answer to the last question, that questio could
have been answered more elegantly using the knowledge of tisggn of the
second derivative at points of local maximum and local mininum of f (x).
That is why, it would have been better if the present questionhad come
before the last one. Candidates normally attempt the questdns in a serial
order. This is especially true for questions that appear in he same bunch.
As the order of the questions now stands, a candidate who didhe last
problem by actually calculating f °{1) and f °¥ 1) may realise while doing
the present problem that all that donkey work was really not necessary.
But this realisation is now too late. So he may get a feeling tlat the
paper-setters have cheated him.

Z
fHt
Let g(x) = 1 j_( t)2 dt.

Which of the following is true?

(A) gYx) is positive on (1 ;0) and negative on (Q1 )
(B) g%x) is negative on (1 ;0) and positive on (0;1 )
(C) g%x) changes sign on both (1 ;0) and (0;1 )

(D) g%x) does not change signon (L ;1)

Answer and Comments: (B). The function g(x) is an example of a
function de ned by an integral. The derivatives of such functions are
obtained using the second form of the Fundamental Theorem o€alculus.
In the present problem, rst put u= € and let h(u) be the function

2 fqt)

hw= 133

dt (6)
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So, by the Fundamental Theorem of Calculus,

N | Yu)
) = 15 (7)
Therefore, by the chain rule,
0 — 0 @
0 = hle) g
_ e
- 1+ ezxex (8)

Since the factore* and the denominator 1+ e** are positive for all x, the

sign of gYx) is the same as the sign of {&*). Note that as x varies from

1 toO,e* variesfrom 0to 1 and asx varies from0to1l , € varies from

1to 1 . We already know from the last problem that f ° changes sign at 1
from negative to positive. Therefore (B) is the correct ansver.

The problem is a good combination of the second form of the Fudamen-
tal Theorem of Calculus and the behaviour of the exponentialfunction.
Those who apply the Fundamental Theorem hastily are likely to miss the
factor e* appearing in (8). Luckily, as this factor turns out to be positive
everywhere, its omission does not a ect the rest of the work.As a result
candidates who apply the theorem incorrectly get an undesefed clemency.
This could have been avoided by replacing® by, saye *, in the de nition
of the function g(x) and then changing the alternatives suitably.

The present bunch of problems is a total mockery of the concepof a “para-
graph'. The so-called “paragraph' for these three questiom consists of just one
line, which merely gives the formula for the function f (x). Many other single
problems have far longer “paragraphs' which have to be corotly understood
before even attempting the problem. In the past when heightsand distances
were a part of the JEE mathematics syllabus, a correct visudbation of the data
was a far better test of a candidate's comprehension, than anof the so-called
comprehension type questions in the present JEE.

Paragraph for Question Nos. 17 to 19

Consider the lines

_x+1_y+2_z+1L X 2_y+2 'z 3

i3 1 2 %1 2 3
Q.17 The unit vector perpendicular to both L; and L, is
A N A
P+ 71+ 7K t 7 +5K
(A) —p—é_g (B) 4375 3

©) ’|\+57"!§+5Q ©) 0 7£ R

99
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Answer and Comments:  (B). Yet another very straightforward prob-
lem. Let u; and u, be vectors parallel to the linesL1; L, respectively.
From the given equations of the lines we simply read them o fiom the
denominators of the three expressions to get

Uy 3T+ +2R (1)
and u, = T+2f+3Kk 2)

The vectoru; u; is perpendicular to both L; and L,. From (1) and (2),
we have

Ui U, =

= 7f + 5k (3)

. P P _P .
The length of this vectoris™ 1+49+25= " 75+5 3. Therefore a unit
vector perpendicular to both the planes is

A

Uy Uz 1 Z“_+5Q @
jur U] 5 3

Technically, there are two unit vectors that are perpendicuar to a plane.

So strictly speaking, the wording “The unit vector' in the statement of the

problem is wrong. However, these two vectors are the negates of each
other. So, the mistake in this problem is of the same type as tht in Q.7

of the present paper. (Interestingly, both the questions ae on vectors.) If
we ignore the sign then (B) is the right answer.

The shortest distance betweerl.; and L is

17 41 17
Wo (B p5 ©Fz O P

Answer and Comments: (D). We note that the lines L; and L, are
already given in parametric forms. The shortest distance, ay d, between
them is the minimum distance between two points, sayP and Q moving
onL; and L, respectively. Since bothP and Q are speci ed by some real
parameters, sayr and s, the distance between them will be a function of
two variables, s and t and determining the minimum of such a function by
calculus is beyond the JEE level. But there is a better way out Suppose
that the shortest distance occurs whenP is at Py and Q is at Q. If the
two lines intersect then Py = Qg and the shortest distance is 0. When
they do not intersect, it is easy to see that the linePyQq is perpendicular
to L1, as otherwise there will be some points orh; which are closer toQgq
than Py is. §imilarly, PoQo is perpendicular to the line L,. Put together,

the vector PbQo is a vector parallel to the unit vector 0 (say) which is
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perpendicular to both L, and L,. We already obtained & in Equation (4)
of the solution to the last problem.

We can now nd an easy formula for the shortest distanced = PyQq
as follows. LetP and Q be any two points onL; and L, respectively.
Then

d = PoQo

0 P!oQo

L (P!OP + |!°Q+ (5Qo)

2 |50P +4 |I3Q +4 éQo

0+"u IéQ+O (5)
= 4 PQ ©®)

where in (5) we have used thatu'is perpendicular to both L, and L, which
contain the segmentsPyP and QoQ respectively.

Although in the derivation above we assumed thatL; and L, do
not intersect each other, the formula (6) also holds true eva if they do,
because in that casd_1 and L, are coplanar, #is a vector perpendicular
to their common plane andP Q is a vector which lies in that plane. So (6)
is a handy formula for the shortest distance between two line if we have
already identi ed a unit vector perpendicular to both of the m. Note that
in this formula it does not matter which points P and Q we take as long
as they lie on the linesL; and L, respectively.

Returning to the problem, since & is already given by Equation
(4), all we now need is some point orL; and some point onL,. As the
lines are given in parlametric forms, we can takeP = ( 1, 2; 1) and

Q=(2; 2;3). ThenPQ= 3 4kand

d Lﬁlgj(sﬁ‘4ﬁ)

1

~N o

(7

i

As the distance is positive we ignore the negative sign and g€D) as the
answer. (In e ect, we are taking the absolute value of the dotproduct
1

0 PQ.)

The formula (6) for the shortest distance between two lines $ quite well-
known and for those who know it, the problem is an extremely staightfor-
ward computation. If instead of giving both the lines in parametric form,

at least one had been given as the intersection of two planeghen some
work would have been needed to cast it in the parametric form.Although
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this work is also very standard, at least the candidates woud not have got
the answers by merely plugging values into well-known formtas. Perhaps,
the idea was to enable good students to save some time on thegaestions
and utilise it on some other questions which required consierable work.

Q.19 The distance of the point (1 1; 1) from the plane passing through the point
( 1, 2; 1)and whose normalis perpendicular to both the lined.; and

L, is
2 7 13 23
A — B — C — D —
()9?5 ()9?5 ()9?5 ()9?5

Answer and Comments: (C). Yet another straightforward problem.
We already identi ed a vector, viz. i 7] +5k, which is perpendicu-
lar to the plane in question. If this plane is to pass through the point
( 1, 2; 1),then its equation is given by

(x+ 1T+ (y+2)f+(z+1)K) (T 71+5K) = 0 (8)

X 7y+5z = 10 9)

The perpendicular distance of the point (1; 1;1) from this plane is given
7+5 10_ 13

1+49+25 Y75
The negative sign indicates that this point lies on the the opposite side
of the plane as the normal vector we have chosen. If we had takean

. . 13
oppositely directed normal vector, we would have gotten p% These

by another standard formula and comes out as

are the algebraic distances. The problem asks for the geonmit distance,
which is always non-negative. So, we take the absolute valuand get (C)
as the answer.

Once again, it is a gross mockery to say that the three questios in this
paragraph are a test of the ability to comprehend. There is alsolutely nothing
to ‘comprehend' in any of the three problems. The formulas neded for all
the three are very standard. Similar questions are often askd in examinations
and have been asked in JEE itself. So these three problems aeegodsend for
the mediocre candidates who are good at remembering formutaand quick at
computations. While these qualities have their own importance, it will be a pity
if in the selection process they dominate over the ability tothink analytically.
Such questions deserve to be asked only in an elimination raw but not in the
nal round. But that is the sad state of a airs after the JEE wa s made a single
round examination since 2006.
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SECTION IV
Matrix-Match Type

This section contains 3 questions. In each question, Stateents/Expressions
in Column | are to be matched with the Statements/Expressions inColumn
Il and the matchings are to be indicated by ordered pairs of the drm (X.,y)
where X is an entry in Column I and y is an entry in Column Il. It i s possible
that some entries in either column have none or more than one m@iches in
the other column. There are 6 marks if all the correct matchirgs and nothing
else are shown, or 1 mark each for indicating all the correct mtchings (and
no others) for each entry in Column I. There are no negative meks for any
incorrect matches.

Q.20 Consider the lines given by

L;:x+3y 5=0
L,:3x ky 1=0
Lz:5x+2y 12=0

Column | Column 11
(A) Li;Lg;L3 are concurrent, if P k= 9
(B) OneofLji;Ly; L3 is parallel to at (@ k= g
least one of the other two, if
(C) Lgi;Ly;L3 form a triangle, if n k = g
(D) Li;Lg;L3 do not form a triangle, if n k=5

Answer and Comments:  (A,s), (B,p), (B,q), (C, 1), (D,p), (D.q), (D.s).
The concurrency of the three lines can be tested by the deterinant

criterion, viz.
1 3 5
3 k 1 =0 (1)
5 2 12

After expanding the determinant, this comes outto be 12X +2 3( 36+
5) 5(6+5k)=0,ie. 13k+65 =0, which gives k =5. So, this is
the only value of k for which Lj;L>;Ls will be concurrent. Therefore,
Statement (A) in Column | matches only with (p) in Column II.

As for Statement (B), we test the parallelism of the lines taken two
at a time. There is a simple criterion for this, viz. that the coe cients
of x and y in the equation of one of them be proportional to those in the
other but the constant terms not be proportional by the same ratio (as
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otherwise the two lines will be identical). With this criter ion, we see that
L, and L3 are not parallel to each other because

5 2
183 2)
For L; and L, to be parallel we must have
3 k 1
i-3°%73 )

which holds fork = 9. Similarly, L, and L3 will be parallel if and only
if

k 1
"2 % *)

gl w

which is true if and only if k = g So, (B) matches with both (p) and
(@)

It is hardly necessary to do any more work for the remaining sate-
ments in Column I|. Three lines form a triangle if and only if they are not
concurrent and no two of them are parallel. So (C) will hold whenever
(A) and (B) both fall, i.e. only in case (r) from Column Il and i n all the
remaining cases, viz. (p), (q) and (s), (D) will hold. (It may be noted that
given three lines at random in a plane, in most of the cases thedo form a
triangle, because the conditions under which they do not fom a triangle
are degenerate and have probability O of occurrence, see Exise (23.18).
In view of this it may appear strange that in the present problem, out of
the four instances given in Column Il, the lines form a triangle only in one
case. But one has to keep it in mind that here the sample spacesinot the
set of all possible real values ok, but only of the four chosen values, viz.

. 6.5
9; t g and 5.)
Column | Column Il
242+
(A) The minimum value of % is (p) O
(B) Let A andB be 3 3 matrices of real numbers, @ 1
where A is symmetric, B is skew-symmetric
and (A+B)A B)=(A B)A+B)If
(AB)! = ( 1)XAB, where (AB)! is the transpose of
the matrix AB, then the possible values ok are
(C) Let a=log;log; 2. An integer k satisfying n 2
1< 20 k3 %) < 2 must be less than
(D) Ifsin =cos , then the possible values of (s) 3
1
= are

2
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Answer and Comments:  (A,r), (B,q), (B,s), (C,1), (C,s), (D,p), (D,r).

In the last question, the four statements in Column | were clcsely related to
each other. In fact, after handling the rsttwo, no further w ork was needed
for the remaining two. In the present question, the situation is exactly
the opposite. Here no two statements in Column | are even remely

related, as they come from totally di erent areas of mathematics. So, this
question is like four separate, totally unrelated problems We tackle them

one-by-one.

X2 +2x+4 4 4 _
= — = + — = _
Let f (x) 53 X+ SofYx)=1 x+2)2 which
vanishes precisely whenX +2)= 2. Sox =0 and x = 4 are the only
critical points of f (x). Note that the function is not dened at x = 2.

From the sign of the derivative we see thatf (x) is increasingon (1 ; 4),
decreasing on ( 4; 2), again decreasing on ( 2;0) and nally increasing
on (0;1 ). So, it follows that f (x) has a local maximum at 4 and a local
minimum at x = 0. (A more mechanical way to see this is to consider

the second derivativef °{x) which comes out asi(x +82)3 and note that
fO0)=1>0whilef% 4)= 1<0)

By a direct calculation, f (0) = 2. We therefore have that the value of
the local miminum of f (x) is 2. It is therefore tempting to think that (A)
in the Column | matches with (r) in Column II. But strictly spe aking this
is not correct. The Statement (A) is not about the local minimum but
the absoluteminimum of f (x), and in the present problem the (absolute)

minimum of f (x) simply does not exist! This can be seen very easily by
observing that f (x) ! 1 asx! 1

A further analysis of the behaviour of the function f (x) can be made
as follows. As already noted, it is not dened atx = 2. Moreover, as
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the numerator is always positive,f (x) ! 1 asx! 2 andf(x)!1
asx ! 2*. Further f(x)!1 asx!1 . Theline x = 2 is what
is called avertical asymptote  of the graph ofy = f(x). Asx! 1
the di erence betweenf (x) and y tends to 0. So the liney = x is also an
asymptote of the graph. A sketch of the graph is shown above.

Already in Paper 2, there have been two mistakes of omitting he  sign
from the correct answer, one in Q.7 and another in Q.17. But tley were not
very confusing. The mistake in the present problem will, hovever, confuse
a discerning candidate. But a candidate who does not distingish between
a local minimum and a minimum and nds the former mechanically will
not be disturbed. And that is really disturbing. What makes this even
more so is that in the same paper, in the statement of Q.15, thephrase
“local minimum' has been used twice. So a discerning canditia is fully
justi ed in thinking that in the present problem, “minimum' means the
absolute minimum, because if the paper-setters meant a lo¢aninimum
they would have used that phrase as they did in Q.15. (There isin fact,
little point in asking this subquestion after already asking Q.15 as nothing
new is involved.)

The problem can also be looked at slightly di erently. The minimum
value of a function f (x) is the smallest element of its range. When the
function is a ratio of two polynomials of degrees at most one a&ch, its
range can be determined purely algebraically, as shown in Goment No.

242x+
3 of Chapter 6. So, we letf (x) = %

be in the range off (x) if and only if there exists some realx such that

. Then a real numbery will

X2+2x+4

Y= — 5 ®)

X+2
or, equivalently, the quadratic equation in x
X242 y)x+@4 2y)=0 (6)

has at least one real root. From the discriminant criterion, this is so if
and only if

2 y)»? 44 2 O (7
The L. H. S. can be rewritten as a quadratic expression iry to get
y2+4y 12 0 (8)

The roots of the quadraticy? +4y 12=0are 6 and 2. As the leading
coe cient is positive, the expressiony?+4y 12 is negative fory 2 ( 6;2).
For all other real values ofy, (8) holds and therefore the equation (6) has
at least one real root. Thus we see that the range of the givenuhction
f(x)istheset (1 ; 6][ [2;1 ) which tallies perfectly with the graph of
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f (x). But note again that the range has no smallest element. The ange
is the union of two mutually disjoint intervals and the number 2 is the
smallest element of one of these two intervals, but not that @ the entire
range set.

We now turn to Statement (B) in Column I. We are giventwo 3 3
matrices A and B which satisfy the condition

(A+B)A B)=(A B)(A+B) 9)

As matrix multiplication is not commutative in general, the L.H.S. is not
A2 B? but A2 AB + BA BZ2. Similarly, the RH.S.is A2 BA +
AB B?Z. Canceling the common terms this givesAB  BA = BA AB,
which reduces to 2B =2BA, i.e. to

AB = BA (10)

Thus we see that (9) is nothing but a clumsy way of saying that the
matrices A and B commute with each other. We are also given that

(AB) =( 1)*AB (11)
But, by a well-known property of transposes, we also have
(AB)' = B'A! (12)

So far we have not used thatA is symmetric and B is skew-symmetric,
which mean, respectively, thatA' = A and B! = B. Putting these into
(12) and applying (10) gives

(AB)'= BA = AB (13)
Combining this with (11) we have
(AB)k = AB (14)

which will hold for all odd positive values of the integer k. Therefore (B)
matches with (q) and (s) in Column II.

Statement (C) in Column | requires some standard propertiesof
logarithms. Since we are given thata = log;logs 2, we have, from very
de nition of logarithms, 3 2 =log 5 2 and hence

a

log, 2 =log,3 (15)

where in the last step we have used that logy log, x = 1 for all positive
real numbersx and y. Therefore, we have

2( k+e ?) = 2 k2(3 2)
= 2 k2I0g23
= 2 k3 (16)
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where the last step follows, once again from the very de niton of loga-
rithms. Therefore the inequality 1 < 20 *** *) < 2 reduces to

1 K2

—-< 2 < — 17

3 3 a7
or, by taking reciprocals to

g <X<3 (18)

The only integral value of k which satis es this double inequality is k = 1.
So (C) matches with both (r) and (s) in Column II.

Finally, for the Statement (D), in Column | we have to solve a trigono-
metric equation in which the sine of one angle is equated witlthe cosine
of another. There are standard formulas for the general solions of equa-
tions where either the sines or the cosines of two angles arévgn to be
equal. Speci cally, they are

sin = sin ifandonlyif =n +( 1) (19)
and cos = cos ifandonlyif =2n (20)
for some integer n

In the present problem, the sine of one angle is equated withhe cosine of
another. So neither of these two formulas can be applied ditly. Here we
follow a simple trick, also used in the solution to the JEE 19& problem
given in Comment No. 6 of Chapter 10, viz. to convert sines inb cosines
or the other way. So, we can rewrite the given equation sin = cos

either as sin = sin( > ) and apply (19) or as cos% ) =cos and

apply (20). Because the expression in the Statement (D) invlves , the
second alternative is preferable. Choosing it, the given agption becomes

cos(i ) = cos (21)
the general solution of which is
> =2n (22)
: . - 1
wheren is any integer. Multiplying by  —, this becomes

1 —_
S = (23)

Thus we see that the L.H.S. is an even integer. The only even tegers in

Column Il are 0 and 2. So (D) matches with (p) as well as (r).

Far more interesting (and challenging) trigonometric equdions have
appeared in the JEE in the past. But then in those days, they caild be
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Q.22

asked as full length questions, allowing the candidates as amy as 8 to 10
minutes for solving (and also writing the solution). In the new objective
type format, even if a candidate does not have to show his workhe still has
to do it anyway and for a problem like this, that demands constderable
time which is simply not available, because the question inalves four
statements for 6 marks and proportionately that means an aveage time
of hardly over a minute for each statement. So, only such equ&ons as
can be solved very easily and quickly can be asked. This puts aevere
constraint on the paper-setters.

Except for the confusing Statement (A), all other statements in
Column | are simple. But they all require separate work. The eitire
guestion carries 6 marks. So, proportionately, a candidategets barely 4
minutes, which is inadequate. Another nagging feature is tlat a candidate
who notices that the function f (x) in (A) has no minimum will probably
say that (A) does not match with anything in Column Il. In that case,
even if his matchings for (B), (C), (D) are correct, he will get only 3 out
of 6 marks. In other words, apart from the time he spends becase of
his confusion, he will also lose 3 marks for no fault of his. Ina keenly
competitive examination, this is very unfair.

Consider all possible permutations of the letters of te word ENDEA-
NOEL.
Column | Column Il
(A) The number of permutations containing (p) 5!
the word ENDEA is
(B) The number of permutations in which (@ 2 65!

the letter E occurs in the rst
and the last positions is

(C) The number of permutations in which n 7 5
none of the letters D, L, N occurs in
the last ve positions is

(D) The number of permutations in which (s) 21 5!
the letters A, E, O occur only in
odd positions is

Answer and Comments: (A, p), (B, s), (C, q), (D, g). All the entries

in Column | ask for a unique numerical answer. So, the possility of more
than one matches for any of them is automatically precluded.For (A), we
think of the word ENDEA as a single symbol, say X. Now the problem is
equivalent to counting the number of all permutations of the ve symbols
X, N, O, E, L. As these are all distinct, the answer is simply 5! In (B),

let us rst put an E at the rst and the last positions, where we have no
choice. The remaining 7 positions are to be lled, without ary further
restriction, by the remaining 7 symbols, viz. N, D, A, N, O, E, L. Here
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two symbols (viz. the two N's) are identical and the remaining all distinct.

7
So, the number of such arrangements |52—I which comes out to be 21 5!
As for (C), the letters D, L and both N's are allowed to occur only in the

. | . i
rst four places. This can be done in 5 €. in 12 ways. The remaining

ve symbols, viz. E, E, E, O and A can occupy the last ve placeswithout
any further restriction, i.e. independently of the way the four places are

|
lled. This can be done in il =20 ways. So, the correct count in (C) is

12 20 = 240, which tallies with 2 5!. Finally, in (D), there are 5 odd
numbered positions and the 5 symbols E, E, E, A and O can occur rdy
in these positions. So, these 5 positions are exhausted by e 5 symbols
of which 3 are identical and the remaining 2 are di erent and distinct. So,

|
the ve odd numbered positions can be lled in il i.e. in 20 ways. The
remaining four places have to be lled in by the remaining fou symbols,

. . .4l .
viz. N, N, D and L. This can be done in 2 = 12 ways, independently of

how the odd positions are lled. So, the correct count in (D) is 20 12
which again tallies with 2 5!

Thus we see that both (C) and (D) have the same answer. This is
hardly surprising because in both of them, the restrictionson the permu-
tations are very similar, viz. that the ve symbols E, E, E, A, O are to
appear in 5 designated places and the remaining four symbaglwiz. N,
N, D, L are to appear in the remaining four places, independetty of each
other. The only di erence is that while in (C), these ve desi gnated places
are the last ve places, in (D) they are the odd numbered positons. In
fact, there is considerable duplication of ideas in the wha problem. The
last three parts are based on counting the permutations of a naltiset, i.e.
a set in which some elements appear more than once. There is &y
standard formula for this and anybody who knows it should hawe no di -
culty getting (B), (C) and (D). It is only in (A), that somethi ng di erent
gures in, viz. the idea of treating the block ENDEA as a single symbol.
But questions based on this idea are also common in JEE.

The question could have been made more interesting by askinfpr the
number of permutations where the restriction is in terms of the relative
positions occupied by some of the symbols. For example, therpblem
could have asked for counting the number of permutations in viich the
symbols D and L do not appear next to each other (in either orde). This
can be done by complementary counting. A more challenging mblem
would be to nd the number of those permutations in which no two E's
appear adjacently. Here complementary counting is a little clumsy. But
if we follow the trick used in the solution to the JEE 1983 problem at
the beginning of Comment No. 5 of Chapter 1, then the answer ca be
where the rst factor is the number of arrangements

. 6! 7
obtained asﬂ 3
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of the six letters N, N, A, O, D and L and for each such arrangemat, we
are placing the 3 E's in 7 possible locations, 5 between two ahese 6
letters appearing consecutively and the two positions at tle two ends.

Interesting problems about permutations can also be basedrothe
principle of inclusion and exclusion (cf. Exercise (1.43)) For example,
to count the number of those arrangements in which no N appees in the
rst place, D does not appear in the fourth place and L does notappear
in the sixth place.

As compared with the last question, the work involved in the present
one is much easier as all the four parts deal with the same siation and
have unique answers. In essence, the problem is about the peutations
of 9 symbols, out of which 3 are of one type, 2 are of another typ and
the remaining four are of four distincr types, di erent from the two earlier
ones. Mathematically it makes no di erence which particular symbols one
takes. In the present problem, they are the letters of the wod ENDEA-
NOEL. The choice of this word does not seem arbitray and calldor a
non-mathematical comment because of its unmistakable reseblance with
the word INDIANOIL which is the name of a famous public sector olil
company in India. If you replace | by E, you get the word in the question.

If the similarity and the modi cation are intentional, seve ral wild
guesses are possible. One is that some paper-setter con@sglvthe problem
with the word INDIANOIL in mind but changed it to avoid any inf er-
ence of possible connection to the company. This is a benigngssibility.
Another possibility is that an essentially similar problem with the word
INDIANOIL appeared in some book or some other source and thelange
was made to conform to the restriction that the papersetters must not
take a problem from any such source. The idea is that the candiates who
might have seen the problem earlier should not get an unfair dvantage
over the others. There can be no two opinions about the inhenat fairness
of such a stipulation. But it poses some di culties for the paper-setters,
especially when they have to set a large number of questiongvlany com-
mercial coaching classes for JEE have huge problem banks arfiids really
a challenge to come up with a radically new problem. So, soménes they
have to resort to such modi cations.

The purpose of matrix matching questions when the four partsto a question

are totally independent of each other, as in Q.21, is far fromclear. Why not
replace the question by two ordinary questions? That would #so enable the
paper-setters to ask some relatively less trivial problemsather than those that
are based on single ideas or formulas.

Perhaps, the matrix matching questions only serve to enablethe paper-

setters to accommodate some areas which were not represedtanywhere else.
For example, nowhere else in either of the two papers have metes, logarithms
and trigonometric equations appeared. So, they have been duoped in Q.21.
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CONCLUDING REMARKS

The disadvantages of the multiple choice format, especail in a subject like
mathematics, have been discussed in the commentaries on tHEE Mathematics
papers of the past two years. There is not much point in givinga consolidated
count of the harm they have done in the present year. In commeting on the
individual questions, we have already pointed out where snaky short cuts were
possible. Just as the real harm caused by an epidemic can be gged not so
much by considering the condition of the patients who are hopitalised, but
rather by considering those who died before they could be hgstalised, the
real harm wrought out by the multiple choice format cannot be seen from the
questions asked, but from the many interesting questions wich simply could not
be asked, such as giving proofs, drawing gures, giving coriictions, writing
precisely and concisely, and, in generalcoming up with a correct answer rather
than by merely identifying it from a given bunch.

In several questions we have also pointed out how the questis could have
been made more interesting and challenging even within therbmework of a
completely objective type testing. Of course, this would denand more time on
the part of the candidates. So, it would be fair to give more cedit to such
questions. Apparently, the paper-setters do not have this feedom. As a result,
what we have here is a large number of simple, single idea orrgjle formula
based questions, rather than a few really testing and welldtosen ones.

It is to the credit of the paper-setters that even within the |imited scope
permitted by these strong constraints, they have come up wih some good, in-
novative problems, especailly in Paper 1. A special mentiormust be made of
Q.9 (where Riemann sums are involved), the bunch of questison a function
implicitly de ned by a cubic equation (Q.18 to Q.20), Q.4 where the problem
asks to identify the type of the curve represented by a given guation with-
out necessitating any computation and nally, Q.7 which is a nice combination
of pure geometry and the A.M.-G.M. inequality. In fact, this question is eas-
ily the best question in both the papers. Comparatively, the second paper is
disappointing. The only innovative question is Q.9 about a unction which sat-
is es the functional equation f (x +1) = xf (x). Q.12 is the only question on
coordiante geometry where thought is more important than cdculations. As
pointed out in the individual comments, the questions on prdability (Q.6) and
permutaions (Q.22) could have been made more interesting.

In fact, one of the reasons for the dearth of interesting que#ons seems to be
that the paper-setters have either simply omitted or only given a lip service to
many topics where there is an opportunity to ask interestingproblems. Shock-
ingly absent are any questions on solution of triangles, thébinomial theorem or
binomial identities and conditional probability. Similar ly, there is not a single
question on surds, or more generally, on rational and irratonal numbers.

Coming to areas where only a lip service is paid, the only que®n on di er-
ential equations, viz. Q.13 in Paper 2 is on di erential equaions only for the
name's sake. The given di erential equation can be easily cst in the separate
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variables form and so the real problem is that of nding antiderivatives, and
later on, inverse trigonometric functions. Similarly, number theory has been
barely touched upon in Q. 6 of Paper 2 and that too only as an in@dental

part of a question on probability. Q.1 in Paper 2 is the only question which is
genuinely on complex numbers. The three questions (Q.21 to3 in Paper 1,
are only super cially about complex numbers. The solutionsrequire that the

various conditions be expressed in terms of the real and imagnry parts. As a

result, all the three questions reduce to questions on cooidate geometry. (It

may be argued that Q.23 can be done purely with the triangle irequality for

complex numbers. But then it leads to an incomplete answer ad the mistake
in the question becomes unmistakably clear when the problenms attempted in

terms of coordinates.)

As commented at the end of Q.21 in Paper 2, matrices, logaritms and
trigonometric equations are dumped as subquestions of a mahing pairs ques-
tion, each thereby getting only 1.5 marks. The matrices espaally deserve more
representation. (They are also a realtively recent addition to the JEE syllabus
and hence provide ample opportunity to set ‘new' questiong. Also, although
pure geometry and inequalities are clubbed together in Q.7 bPaper 1, surely
they deserve more representation. There is nothing on trignometric identities
except the very standard identities for the sine and the cosie of the sum of two
angles which are needed as an incidental part of the solutiomo Q.5 of Paper
2, which is basically a problem in coordiante geometry. On tke other hand,
inverse trigopnometric functions have gured in as many as three problems, viz.
Q.2 in each paper and Q.13 of Paper 2. Surely, this triplicatbn could have been
avoided to make room for other things.

In fact, there are many avoidable instances of such duplicabns. Q.8 in Paper
1 and Q.3 in Paper 2 are both based on the relativley unimportat concept of
a latus rectum of a conic. The topic of even and odd functionstoo, deserves at
most one place in JEE. But here we have three questions dealiwith them, viz.
Q.10 and 20 in Paper 1 and Q.2 of Paper 2. Similarly there are tree problems
asking for the local maxima and minima of given functions, ve. Q.6 in Paper 1
and Q.15 and Q.21(A) of Paper 2. Surely, two of these could hawbeen replaced
by an application type problem where a candidate has to rst identify (from the
data) the function which is to be optimised. Systems of linea equations have
appeared four times, thrice in Paper 1 (Q.11 to Q.13) and oncen Paper 2
(Q.20).

These repetitions have made the papers heavily dominated bgalculus and
coordinate geometry. A rough count of marks shows that out ofthe combined
163 marks of the two papers, calculus takes more than 50 markand coordinate
geometry takes even more. These are the areas where the medie students
are more comfortable. With nearly two thirds of the marks catering to these
areas, mediocre students who can compute fast and without midang numerical
mistakes must have had an easier time.

It does not appear that the paper-setters took an over-all vew of both the
papers together. Had they done so, the duplicate and tripliate appearances of
the same concepts would have been noticed and after droppingome of them,
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room could have been made for areas which have received ligtlor no represen-
tation.

The greatest disappointment came from the so-called comptension ques-
tions. In all there are ve such paragraphs, three in Paper 1 ad two in Paper
2. As commented at the end of the individual bunches, except pssibly the
bunch on implicitly de ned questions (Q.18 to Q.20 of Paper 1), none of the
bunches tests a candidate's ability to read and understand rathematical text.
A hypothetical example of a good comprehension question wagiven at the end
of the comments on Paper 1.

The questions of the reasoning type (Q.11 to 14 in Paper 1 and QO to
Q.13 in Paper 2) also call for a collective comment. In each sth question, two
statements, sayp and g are given. When at least one of them is false, there
is no problem and the question merely reduces to determininghe truth of
each. But when both are true, the question further asks whetter the statement
g is a correct explanation of statementp. This amounts to asking whether
the statement p can be logically deduced fromg. In the conventional type
examinations, it was common to ask a question which rst asksfor a proof
of some statement, sayg, and then asks the candidates to deduce some other
statement, sayp, from g. In the multiple choice format there is no scope for such
questions because there is no scope for asking the proofafything. Apparently,
the reasoning type questions are made to Il this gap.

But there is a drastic di erence. In the old days, candidateswere asked to
deducep from g. Now they are no longer asked to do this. Instead they are
asked to answer whetherp can be deducedrom g in some way. This opens the
ood gates for controversies because the answer can never lsenclusively in the
negative. In mathematics it is easier to show that somethingcan be done. You
simply do it and that is the best proof that it can be done. But it is usually very
di cult to prove that something cannot bedone. There is often a possibility
that what appears impossible at one time can be done sometimkter on, by
a cleverer argument or an improved technique. For example, & shown in the
comments on Q.14 in Paper 1, although both the given statmerd p and g were
true, everybody will prove them separately, rather than try to deduce p from
g. In fact, the way p was framed there, nobody would even think that it could
be deduced fromg. It is only after recasting p that such a deduction becomes
possible.

Now the point is this. Suppose a person cannot deduce the stament p from
the statement g. Then he cannot say that it is inherently impossible to do so
for anybody at any time. Just because the link from g to p is not apparent
to a person at a particular time does not automatically mean that no such
link exists. It is possible to discover it later. In the comments on Q.12 in
Paper 1, an example was given where the concurrency of the tee altitudes of a
triangle can be deduced from the concurrency of the perpendular bisectors of
the three sides of a triangle. But this link is not obvious and may even appear
non-existenct when we try to deduce the concurrency of the gitudes of a given
triangle from the concurrency of the perpendicualr bisectos of the three sides
of the sametriangle.
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In advanced mathematics, the link may indeed be extremely dcult to
believe. Take, for example, the well-known theorem of algeta that there is
no formula for obtaining the roots of a general polynomial ofdegree 5 (even
though there is such a formula for polynomials of lower degres). In algebra,
one also studies what are called solvable groups. It is not hd to prove that
the group of permutations of n symbols is solvable fom 4 but is not solvable
for n = 5. The way solvavility of groups is de ned, it is far from cle ar how
it is linked to the solvability of a polynomial equation. So, until this link is
established, nobody would even think that this result about groups is a correct
explanation of the theorem about fth degree polynomials. The two are so far
apart that linking them together may sound as absurd as linking cotton prices
with the spots on the sun! The astrologers do tell us that the knd of wife a
man will get is governed by the position of Mars at the time of hs birth. But
this is a matter of unending controversy because although tkre is no known
scienti ¢ justi cation for such a link, it is beyond science to prove that such a
link will never be discovered.

To avoid such controversies in examinations, if at all the lhked reasoning
type questions with two statements p and g are to be asked, then either at
least one of them should be false, or else it should be possiblo deducep from
g. In other words, the option (B) given in these questions mustnever hold,
because it is this option which is very controversial. But if the candidates know
this beforehand, then there is little point in asking the question, because after
verifying that both p and q are true, they will automatically tick option (A),
even though they may themselves not be in a position to deduce from g. (In
the conventional examinations this di culty did not arise b ecause the question
asked for a proof of such a deduction and not merely its existece.)

So, it is better to drop these questions altogether. If the idka in asking them
is to test a candidate's ability to give logical reasoning, here are other ways
to do it. Why not simply introduce logic and set theory in the J EE syllabus
again? These topics are taught in senior high schools. But ns&i students
ignore them since they are not included in the JEE syllabus. A a result,
many students who clear the JEE are not able to argue logicayl or to express
themselves in terms of set theory which is the language of maematics today.
Such students therefore face di culties even though some ofthem are good
otherwise. In the past, pure geometry served to inculcate a @rtain sense of
logical deduction. As coordinate geometry replaces pure genetry, reasoning
is often taken over by manipulations of formulas. (Compare,for example, the
proofs of the concurrency of the three altitudes of a triangé. A pure geometry
proof consists of an ingenious application of properties afyclic quadrilaterals or,
as shown in the comments on Q. 12 of Paper 1, reducing it to theancurrency
of the perpendicular bisectors of the sides of another triagle. A coordinate
geometry proof consists of routinely writing down the equtions of the three
altitudes and showing that they have a common solution.)

The topic of logic also provides an opportunity to devise qustions in a real
life setting which is often appealing, rather than the drab world of equations
and exponential functions. As a sample, the following quesbn could be asked
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on logic.

Question: Which is the correct logical negation of the statement "Evey man
married to a rich woman is happy.'?

(A) Every man married to a rich woman is unhappy.
(B) There is a man who is married to a rich woman and is unhappy.
(C) There is a man who is married to a poor woman and is happy.

(D) Every man married to a poor woman is unhappy.

Similarly, a question such as the one below could be asked tes$t a candi-
date's ability to translate a real life data in set theoretic terms.

girls at the party. Foreach i =1;2;:::;m, let G; be the set of girls who dance
with the boy b and for everyj = 1;2;:::;n, let B; be the set of boys who
dance with the girl g;. Which of the following statements amounts to saying
that every boy dances with at least one girl but no girl danceswith every boy.

n \m

(A) B; = B and Gi = ;
j=1 i=1
n \m

(B) B; = B or G =;
j=1 i=1
\n

© B; = B and G =G
j=1 i=1
n \m

(D) B; = B or G 6 ;
j=1 i=1

Questions can also be asked to translate data expressed ugirsets to ver-
bal sentences. Naturally, such questions could be asked gnlafter the JEE
Mathematics syllabus is revised suitably.

We conclude the commentary on JEE 2008 Matheamtics with a vey unpleas-
ant task, viz. that of analysing the mistakes in it. Every year, the JEE papers
are set and the model answers prepared with great care. So, a®mpared to
many other examinations of a similar type, JEE papers and moel answers con-
tain noticeably fewer errors. However, because of the inhent human fallibility,
occasionally some mistakes do creep in. (Several examplessuch mistakes in
the past JEEs are pointed out in Comment No. 10 of Chapter 24.)

But even after making an allowance for such inherent human fHibility, the
sad conclusion is that JEE 2008 stands out for the mistakes irit. We have
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already elaborated the mistakes in the question papers whil commenting about
the individual questions. Some of them are relatively minor For example, in
Q. 7 and Q. 17 of Paper 2, the vectors given in the answers oughio have
been preceded by a sign. In the past, such mistakes, when committed by the
candidates were often penalised. In the paragraph for Q.15a Q.17 in Paper
1, the data should have specied if the verticesP; Q; R appear clockwise or
anticlockwise. Because of the ambiguity created by the silece, a candidate's
answers to Q.16 and Q.17 may tally with the given answers cadictively but
not in their order. Although the resulting confusion is not very serious, the
ambiguity does reveal a certain lapse.

In some questions, some pieces of data are given which are rattall needed
for the solution. For example, in Q.11 in Paper 2, it is given hat 2 6 1
which is nowhere needed in the solution. Similarly, in Q.14 6Paper 1, the data
that g(0) 6 0 and g°{0) 6 0 is quite redundant. Unless the very purpose of a
question is to test a candidate's ability to pick out the relevant facts from a huge
collection of data, such redundancies can confuse a good stent by making him
believe that if he has not used some part of the hypothesis, tbn perhaps he has
missed some vital hitch and that may prompt him to waste his precious time
checking his work again and again.

As already commented, Statement-1 in Q.14 of Paper 1 ought tdhhave been
given after interchanging the two sides of the equation. Alhough mathemati-
cally the statement remains the same, such an interchange rght have helped a
good stuent to arrive at the correct answer. In fact, in that case it would have
been a good question. The way it stands at present, it is doubdul how many
got the intended interpretation and answered it correctly.

Far more serious are the errors in Q.23 in Paper 1 and Q. 21(A)n Paper 2.
From the model answers displayed on the JEE website, the formr appears to
have been considered while nalising the model answers. Buthe latter mistake
remains uncatered to. As remarked in the comments to that qustion, the
mistake arises because the word “minimum' is used instead tiie phrase “local
minimum'. Since most good books emphasise the di erence beteen these two
concepts, a good candidate relying on such books will be cairged on seeing that
none of the answers is correct. So, he may simply leave a blank the answer.
There may be some unscrupulous books or teachers who do notstinguish
between a ‘'minimum' and a “local minimum'. If the idea was tha candidates
in remote areas who have to depend exclusively on such shoddpurces should
not be penalised, then perhaps the answer given in the modelnswers can be
justi ed as a charity on social but non-mathematical grounds. But why should
such charity be at the cost of a good candidate? Just as the nlised model
answers allowed credit to several options in the case of Q.28f Paper 1, the
same could have been done in the case of Q.21(A) of Paper 2. Ths, if a
candidate does not match (A) in Column | with anything in Colu mn I, that
also ought to have been treated as correct.

The real harm caused by the failure of the model answers to docsis not
con ned only to the good candidates who answered Q.21(A) caectly. A far
greater casualty is mathematics itself, because the modelrswers amount to



87

giving a sancion to wrong mathematics. Next year the IITs wil have no moral
right to penalise a candidate who confuses "minimum' with ‘dcal minimum'.

An even more serious mistake in model answers is in Q.7 of Papd. As
discussed in the comments in the solution to that question, D) is the only
correct answer. But the model answers gives both (B) and (D) a correct. Since
no reasoning is displayed in support of the model answers, @xcan only guess
what might have led to the mistake. One possibility is that the problem was
not designed by the paper-setters, but was borrowed from somsource and its
subtlety eluded everybody, including the paper-setters ad those who scrutinised
the model answers. Another possibility is that just as the pgersetters confused
“minimum’ with “local minimum' in Q.21(A) of Paper 2, they co nfused >' with

". If so, it will send wrong signals to the candidates of the caning JEEs. If
they make a similar mistake, the IITs will have no moral right to penalise them.

The question papers of any examination are a jealously guaret secret and
so the only persons who can rectify mistakes in a question pag are the paper-
setters themselves. But as far as model answers are concedpehere is hardly
any reason to hide them from the eyes of those who may be victimed because
of mistakes in them. It will be highly desirable if the model answers prepared
by the paper-setters and scrutinised by JEE experts are madepen to public
scrutiny before freezing. Several examinations of the JEEpe, conducted by
the various states in India are already following this trangparent policy, which
is to the bene t of everybody. There are reports that from 2009, the JEE wiill
also do so. If so, that will be a reform long overdue and in thatcase one can
say that the mistakes in the model answers in 2008 have servesbme purpose
for the future. It is also important that the 1ITs admit this y ear's mistakes in
the model answers lest they are guilty of perpetuating wrongmathematics.



