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(1) Let (X,A) be a pair of topological spaces. Show that dn : Sn(X)/Sn(A)→
Sn−1(X)/Sn−1(A) defines a differential on Sn(X)/Sn(A). ( First show the
map is well defined. )

(2) Show that Hn(tXi) = ⊕iHn(Xi) and Hn(tXi,tAi) = ⊕iHn(Xi, Ai).

(3) Show that the reduced homology of X ∨ Y is the direct sum of reduced
homology of X and Y . if the basepoints of X and Y identified in X ∨ Y
are deformation retracts of neighbourhoods U ⊆ X and V ⊆ Y .

(4) Show that the nth reduced homology of the suspension of X is isomorphic
to the (n− 1)th reduced homology of X.

(5) Compute the homology of the Klein Bottle.

(6) Use the MayerVietoris sequence to compute the homology groups of the
space obtained from a torus S1 × S1 by attaching a Mobius band via a
homeomorphism from the boundary circle of the Mobius band to the cir-
cle S1 × {x0} in the torus.

(7) Show that Hi(X ×Sn) ∼= Hi(X)⊕Hi−n(X) for all i and n. Namely, show
Hi(X×Sn) ∼= Hi(X)⊕Hi(X×Sn, X×{x0}) and Hi(X×Sn, X×{x0}) ∼=
Hi−1(X × Sn−1, X × {x0}).

(8) Show that the quotient map S1× S1 → S2 collapsing the subspace S1 ∨ S1

to a point is not nullhomotopic by showing that it induces an isomor-
phism on H2 . On the other hand, show via covering spaces that any map
S2 → S1 × S1 is nullhomotopic.

(9) * Compute the homology groups of the following 2 complexes:
(a) The quotient of S2 obtained by identifying north and south poles to

a point.
(b) S1 × (S1 ∨ S1).

(10) * Let X be the quotient space of S2 under the identifications x ∼ −x for
x in the equator S1 . Compute the homology groups Hi(X). Do the same
for S3 with antipodal points of the equatorial S2 ⊆ S3 identified.
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