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(1) Let f : R2 → R be

f(x, y) =

 xy
x2 − y2

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

Is f differentiable at (0, 0)? Why or Why not?

(2) * Let f : R2 → R be

f(x, y) =


x3

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

Show that the partial derivatives of f at (0, 0) exist. Is f differentiable at (0, 0)? Why
or why not?

(3) Show that S2 has a differentiable structure defined on the open cover Ui1 = {(x1, x2, x3) ∈
S2 | xi > 0} and Ui2 = {(x1, x2, x3) ∈ S2 | xi < 0}, i = 1, 2, 3.

(4) Let Mnk(R) is the space of n× k matrices. Show that the set of n× k matrices of rank
k , F (n, k) forms an open set. of Mnk(R).

Note that an n× k matrix has rank k if and only if it has at least one non-singular

k × k submatrix. Consider the function from Mnk(R) → R(n
k) computing the determi-

nants of k × k submatrices. Show that this function is continuous and F (n, k) is the
preimage of an open set.

(5) Let G(n, k) = F (n, k)/ ∼ where, two sets of linearly independent vectors are said to be
equivalent (∼) if they span the same subspace of Rn. Show that π : F (n, k)→ G(n, k)
is an open mapping and that G(n, k) is Hausdorff.

Note that every element of G(n, k) can be represented by a n× k matrix whose k top
rows are the standard basis vectors of Rk. Now you can represent every such element by
a k(n− k) matrix. Note that Mk(n−k)(R) is Hausdorff and the product of open subsets
of Mk2(R) Mk(n−k) give a basis for the topology on Mk(n−k)(R). Also, note that an
open subsets of F (n, k) are just open subsets of Mnk(R) contained in F (n, k).

(6) * Show that Sn/ ∼ where ∼ identifies antipodal points of Sn. Show that Sn/ ∼ is
homeomorphic to Pn(R).

(7) * Let X = R × {1, 2}. Define ∼ on X as follows. For (t, i) ∼ (t, i) for all (t, i) ∈ X
and (t, 1) ∼ (t, 2) if t < 0. Show that X/ ∼ is locally homeomorphic to R, is second
countable but not Hausdorff.

Consider two copies of R and attach all the negative points. The question is then
asking you that show that there is an open set around every point in X which is home-
omorphic to R.

(8) Show that product of differentiable manifolds is again a differentiable manifold.

(9) * Prove that the union of the two coordinate axes in R2 is not a manifold.
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