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(1) How many onto homomorphism are there from Z20 → Z8? How many homo-
morphisms are there from Z20 → Z8?

(2) What are all the homomorphisms from Z → Z4? What are all the group ho-
momorphisms from Zn → Z for any n ∈ N?

(3) Are the following groups cyclic? Why or why not? If the group is finite cyclic,
find all its generators.
(a) (Q∗, .) ,
(b) (Z×

10, .).
(c) (Z×

14, .).
(d) (Z×

pq, .), where p and q are prime.
(e) G is a group with (p− 1) elements of order p, p is a prime.
(f) G is a group such that all its proper subgroups are cyclic.

(4) In general, if G is a finite cyclic group of order n. How many generators will it
have? What if G is infinite?

(5) Give examples of matrix subgroups which are cyclic.

(6) Prove that an abelian group with two subgroups of order 2 must have a sub-
group of order 4.

(7) Let G = {f : R → R∗ | f is a function}. Show G is a group under multiplica-
tion. Is H = {f : R→ R∗ | f(1) = 1} a subgroup?

(8) Let x belong to a group. If x2 6= e and x6 = e, prove that x4 6= e and x5 6= e.
What can be said about the order of x?

(9) Show that every group of order 3 is cyclic.

(10) Show that every group of order 4 is abelian. How many group of order 4 exist
up to isomorphism?

(11) Let (G, .) and (K, .) be groups. Define operation ? on G×K as follows (g1, k1)?
(g2, k2) := (g1.g2, k1.k2).
(a) Show that (G×K, ?) is a group.
(b) Let a ∈ G have order m and x ∈ K have order n. What can you say about

the order of (a, x) in G×K?

(12) Let G be an abelian group. Prove that {g ∈ G | o(g) < ∞} is a subgroup of
G. This subgroup is called the torsion subgroup of G. For a fixed integer n > 1,
find the torsion subgroup of Z× Zn.
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