
Tutorial VI MA 419
Normal subgroups, Isomorphism theorems, Direct products

(1) Let G be a group and H < G. An automorphism of a group G is an
isomorphism from G→ G.
(a) Show that fa : H → H defined as fa(h) = aha−1 is a automorphism

for all a ∈ NG(H).
(b) Show that ψ : NG(H) → Aut(H) defined as ψ(a) = fa is group

homomorphism and hence that [NG(H) : CG(H)]/Aut(H). (This is
also called the N/C theorem.)

(2) Prove that A5 cannot have a normal subgroup of order 2. (Hint: Use
previous exercise)

(3) Show that G/Z(G) ∼= Inn(G).

(4) Can there exist a group G such G/Z(G) has order 53?

(5) Prove that S4 has no normal subgroup of order 8 or 3.

(6) Find all homomorphisms from Z → S5. (Hint: Use first isomorphism
theorem.)

(7) Find all homomorphisms from S5 → Z.

(8) Show that Zm × Zn has a cyclic subgroup of order lcm(m,n). When is
Zm × Zn

∼= Zlcm(m,n)?

(9) Let G be a group. For any a, b ∈ G, aba−1b−1 is called the commutator
in G. The subgroup of G generated by the set of all commutators in G is
called the commutator subgroup of G and is denoted by [G,G]. Show the
following:
(a) [G,G] CG.
(b) G/[G,G] is abelian.
(c) If H CG, then G/H is abelian if and only if [G,G] ⊂ H.
(d) [Sn, Sn] is An.

(10) What is the maximum order that an element will have in A10?

(11) Show that every element in An for n ≥ 3 can be expressed as a 3-cycle or
product of 3-cycles.

(12) Let α = (1 3 5 7 9) ◦ (2 4 6) ◦ (8 10). If αm is a 5-cycle, what can you say
about m?
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