
ASSIGNMENT 2

(1) Let G be a group and suppose there are two group homomorphisms Φi : Z→ G for i = 1, 2.
If Φ1(1) = Φ2(1), show that these two are equal. In other words, a group homomorphism
from Z to a group is completely determined by the image of 1.

(2) Given an element a ∈ G show that there is a unique group homomorphism Φ : Z→ G such
that Φ(1) = a.

(3) Let a ∈ G be an element of order n. Show that the (cyclic) subgroup generated by a is
isomorphic to Z/nZ.

(4) Use the previous exercise to show that the order of ai is n
gcd(n,i) . Note that this is the same

as computing the order of i in Z/nZ.
(5) Show that every subgroup of Z is cyclic, that is, there is an element which generates it.

(HINT: Choose the smallest positive element in that subgroup.) How many generators can
there be?

(6) Suppose H is a cyclic group and f : H → G is a surjective group homomorphism. Show
that G is a cyclic group.

(7) Let G be a cyclic group, show that there is a surjective group homomorphism Φ : Z→ G.
(8) Let G and H be arbitrary groups and let f : G → H be a group homomorphism. Let

H1 ⊂ H be a subgroup. Show that f−1(H1) := {g ∈ G | f(g) ∈ H1} is a subgroup of G.
(9) Combine the previous exercises to show that every subgroup of a cyclic group is cyclic.

(10) Show that for every d|n, there is a unique subgroup of Z/nZ of order d. In view of the
isomorphism between Z/nZ and any cyclic group of order n, this shows that given any
cyclic group of order n and d|n, there is a unique subgroup of order n.

(11) Let G be a group and let a ∈ G be an element of order n. Let n =
∏l

i=1 p
ri
i be the prime

factorization of n. Show that G contains an element of order prii .
(12) Let G be a group and let a and b be elements of order n and m. If gcd(n,m) = 1 then show

that Ha ∩ Hb = {e}, where Hx denotes the cyclic subgroup generated by x. (HINT: Use
Lagrange’s theorem)

(13) Let G be an abelian group and let a and b be elements of order n and m. If gcd(n,m) = 1
then show that order of ab is mn.

(14) Let G be an abelian group and let a and b be elements of order n and m. Combine the
previous exercises to show that there is an element whose order is lcm(n,m).
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