
ASSIGNMENT 6

In this exercise set we shall prove that if n ≥ 5, then An is a simple group. Recall that we had
defined the sign homomorphism from Sn to {±1} and An is the kernel of this homomorphism. We
also proved that the image of transpositions is −1. Since every permutation can be written as a
product of transpositions, we conclude that An contains exactly those permutations which can be
written as a product of an even number of transpositions.

(1) A 3-cycle is a permutation of the form (a1a2a3). Show that a 3-cycle is a product of two
transpositions.

(2) Let α be a transposition. Show that α cannot be written as a product of 3-cycles.

(3) Let α and β be transpositions. Show that the product αβ can be written as a product of
3-cycles.

(4) Show that every element of An can be written as a product of 3-cycles.

(5) For n ≥ 5 show that there is γ ∈ An such that γ(a1a2a3)γ−1 = (a1a3a2). This is not true
for n = 4, why? (WARNING: You have to find γ ∈ An and not γ ∈ Sn)

(6) For n ≥ 5 show that there is γ ∈ An such that γ(a1a2a3)γ−1 = (a1a2a4).

(7) Notice that (a1a2a3) = (a2a3a1). Use this observation and the previous two exercises to show
that for n ≥ 5 and permutations (abc), (a′b′c′) there is γ ∈ An such that γ(abc)γ−1 = (a′b′c′).

For the remaining exercises n ≥ 5.

(8) Let N 6= {e} be a normal subgroup of An. Suppose there is an element α = α1α2 . . . αr ∈ N
where the αi are mutually disjoint cycles and α1 = (a1a2a3a4 . . . ai) with i ≥ 4. Take γ ∈ An

to be γ = (a2a3a1). Show that γαγ−1α−1 = (a4a1a2). Since N is normal we get, using the
previous exercises, that N contains all the 3-cycles and so N = An.

(9) Let us assume that the hypothesis of the previous exercise is not satisfied. This means that
every element of N is a product of mutually disjoint cycles of length ≤ 3. Since mutually
disjoint cycles commute, we may assume that α = α1α2 . . . αr, where the lengths are in
decreasing order. If r = 1, then N contains α1 which is either a transposition (this is not
possible, why?) or it is a 3-cycle. Thus, if r = 1, then we are done, why?

(10) So assume r ≥ 2. There are three cases now. First, α1 is a 3-cycle and α2 is a 3-cycle.
Second α1 is a 3-cycle and α2 is a transposition. Third, both α1, α2 are transpositions.

(11) Consider the first case. Let α1 = (a1a2a3) and α2 = (a4a5a6). Let γ = (a2a3a4). Show that
γαγ−1α−1 = (a1a4a2a3a5), so we are reduced to the case of problem (8).

(12) Consider the second case. Let α1 = (a1a2a3) and α2 = (a4a5). Let γ = (a2a3a4). Show
that γαγ−1α−1 = (a1a4a2a3a5), so we are reduced to the case of problem (8).

(13) Consider the third case. Let α1 = (a1a2) and α2 = (a3a4). Let γ = (a2a3a4). Show that
γαγ−1α−1 = (a1a4)(a2a3). Thus, N contains β = (a1a4)(a2a3). Let γ = (a1a2a5) and show
that γβγ−1β−1 = (a1a4a3a5a2), so we are reduced to the case of problem (8).
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