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Now we will start the study of Partial differential equations.
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A partial differential equation (PDE) is an equation for an
unknown function u that involves independent variables x,y, ..
the function u and the partial derivatives of u.

The order of the PDE is the order of the highest partial derivative
of u in the equation.

Examples of some famous PDEs.

Q u; — k(ugs +uyy) = 0 two dimensional Heat equation, order 2.

Q uy — 02(um + uyy) = 0 two dimensional wave equation, order
2.

© uyz + uyy = 0 two dimensional Laplace equation, order 2.

Q uy + urrrr Beam equation, order 4.
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Examples of non-famous PDE'’s (I made it up).
Q wu, +sin(uy) =0, order 1.

Q 3x2sin(zy)e " Uy, + log(a? + y*)uy =0,
order 2.

A PDE is said to be “linear” if it is linear in u and its partial
derivatives i.e. it is a degree 1 polynomial in u and its partial
derivatives.
Heat equation, Wave equation, Laplace equation and Beam
equation are linear PDEs.
In the above two non-famous examples, the first is non-linear while
the second is linear.
The general form of first order linear PDE in two variables x,y is

A(xvy)uz + B(x,y)uy + C(:c,y)u = f(SU, y)
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The general form of first order linear PDE in three variables x,y, z
is
Aug + Buy + Cu, + Du = f

where coefficients A, B,C, D and f are functions of z,y and z.
The general form of second order linear PDE in two variables x, ¥ is

Atgy 4+ 2Bugy + Cuyy + Dug + Euy + Fu = f

where coefficients A, B,C, D, E, F and f are functions of z and y.
When A ..., F are all constants, then its a linear PDE with
constant coefficients.
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Linear Partial Differential Operator

Second order linear PDE in two variable can be written as Lu = f,

where

o o2 2 8 0
=49 4op 9 pl g2 p
02 V2B, T2 T Par TFG, T

is the linear differential operator. It is called linear since the map
u +— Lu is a linear map.
Examples. Laplace operator in R? is

2 0?2
92 T a2

Heat and Wave operator in one space variable are

o2 L2
ot 0x o2 a2
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Classification of second order linear PDE
Consider the linear differential operator L in R.

0? 02 02 0 0
L=A—+2B—— —+D—+FE—+F
Ox? + 0xdy * CayQ + Ox + oy *

where A, ..., F are functions of z and y.
To the operator L, we associate the discriminant D(x,y) given by

D(.ﬁ,y) = A($7 y)C(x, y) - BQ(xay)

The operator L or the PDE Lu = f is said to be
e elliptic at (zo,yo), if D(zo,y0) > 0,
@ hyperbolic at (g, y0), if D(x,y0) < 0,
@ parabolic at (xg,yo), if D(zp,yo) = 0.
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If L is elliptic at each point (z,%) in a domain Q C R?, then L is
called elliptic in €.

Similarly for hyperbolic and parabolic. Recall
0? 0? 0 0? 0? 0?

89}2+8y2’

A pTR L v Rl v

e Two dimensional Laplace operator A is elliptic in R?, since

D=1.
@ One dimensional Heat operator H is parabolic in R?, since
D =0.

@ One dimensional Wave operator [ is hyperbolic in R2, since
D=-1.
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When the coefficients of an operator L are not constant, the type

may vary from point to point.

Example. Consider the Tricomi operator (well known)

0? 0?
+ T

T'=%2 1%

The discriminant D = z.

Hence T is elliptic in the half-plane z > 0,
hyperbolic in the half-plane < 0 and
parabolic on the y-axis.
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Remark about terminology
Consider

0? 0° 0° o .0
L=Ass+2B+— +Cag+D +E--
57 T 2By + Cap t Dap By +F

at the point (zg, yo). If we replace 9/0x by £ and 9/0y by 1 and
evaluate A, ..., F at (xo,y0), then L becomes a polynomial in 2
variables

P(&,n) = A& +2B&n+ O + DE+ En+ F
Consider the curves in (£,7)-plane given by
P(&,7n) = constant

then these curves are elliptic if D(zg,yo) > 0, hyperbolic if
D(zo, yo) < 0 and parabolic if D(zg,y) = 0.
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Second order linear operators in R?
The classification is done analogously by associating a polynomial
of degree 2 in three variables to L and considering the surfaces
defined by level sets of the polynomial.
These surfaces are either ellipsoids, hyperboloids, or paraboloids.
The operator L is accordingly labeled as elliptic, hyperbolic or
parabolic.
We can also proceed as follows; Consider

62 02 32 82 02 2

L=agzt 288, " *ar0: T2 T 00, faz2

+ lower order terms

where a, b, ... are functions of (z,y, z).
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To L, we associate the symmetric matrix

a b c
M(z,y,z)= (b d e
c e f
2
Here the (i, j)-th entry is the coefficient of el

Since M is symmetric, it has 3 real eigenvalues.
e L is elliptic at (zo, yo, 20) if all three eigen values of
M (z0, yo, 2z0) are of same sign.

e L is hyperbolic at (x0, yo, z0) if two eigen values are of same
sign and one of different sign.

e L is parabolic at (zo, 30, 20) if one of the eigenvalue is zero.
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Principle of superposition

Let L be a linear differential operator.

The PDE Lu = 0 is called homogeneous and
the PDE Lu = f, (f # 0) is non-homogeneous.

Principle 1. If uq,...,un are solutions of Lu =0 and ¢y, ...,cN
N

are constants, then g c;u; is also a solution of Lu = 0.
i=1

In general, space of solutions of Lu = 0 contains infinitely many
independent solutions and we may need to use infinite linear
combinations of them.
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Principle 2.

Assume
® U1, Uz, ... are infinitely many solutions of Lu = 0.
e the series w = E c;u; with c1, co, ... constants, converges to a

i>1
twice differentiable_function;
e term by term partial differentiation is valid for the series, i.e.
Dw = ZciDui, D is any partial differentiation of order 1 or 2.
i>1
Then w is again a solution of Lu = 0.
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Principle 3 for non-homogeneous PDE.

If u; is a solution of Lu = f;, then

N
w = E C;u;
i=1

N
with constants ¢;, is a solution of Lu = Z cfi
i=1
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One-dimensional heat equation

The temperature evolution of a thin rod of length L is decribed by

the PDE
wp = k*upy, O0<xz<L,t>0,
called one-dimensional heat equation.
Here k is a positive constant.
x is the space variable and t is the time variable.
u(x,t) is the temperature at point x and time t.
At time t = 0, we must specify temperature at every point. That
is, specify u(z,0).
We must also specify boundary conditions that u must satisfy at
the two endpoints of the rod for all ¢ > 0.
We call this problem an initial-boundary value problem IBVP.

We consider different kinds of boundary conditions.
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In each case, we use method of separation of variables.
Suppose
v(z,t) = X(z)T(t)

Substituting this in the Heat equation
T ()X (z) = K2 X" (2)T(t).
We can now separate the variables:

X'(z) _ T'(t)

X(x)  k2T(t)

The equality is between a function of x and a function of ¢,
so both must be constant, say —A\.
We need to solve

X"(x)+AX(z) =0 and T'(t) = —E*XT(t).
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Dirichlet boundary conditions u(0,t) = u(L,t) =0

Initial-boundary value problem is

up = kug, O<z<L, t>0
u(0,t) =0 t>0
u(L,t) =0, t>0
u(z,0) = f(x), 0<z<L
The endpoints of the rod are maintained at temperature 0 at all

time t.

(The rod is isolated from the surroundings except at the endpoints
from where heat will be lost to the surrounding.)

Assuming the solution in the form ‘v(:n,t) = X(2)T(t) ‘

v(0,t) = X(0)T(t) =0 and w(L,t)=X(L)T(t) =0
we don’t want T to be identically zero, we get
X(0)=0 and X(L)=0.
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We need to solve eigenvalue problem

X"(z)+ XX (z) =0, X(0)=0, X(L)=0, (%)
and T'(t) = —k2AT(t) = T(t) = exp(—k>\t)
The eigenvalues of (k) are
n?m?
An = T

with associated eigenfunctions
. nmx
X, :smT, n > 1.

We get infinitely many solutions for IBVP, one for each n > 1
'Un(x7t) = Tn(t)Xn(x)
—n2r2k? . nwx

= exrp T t ] sin —

Note vp(x,0) = sin%
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Therefore

—-n 7r2/<:2 . nTx

vn(x,t) = exp 72 sin —
satisfies the IBVP

Up = k* gy O<z<L, t>0

u(0,t) =0 t>0

u(L,t) =0 t>0

u(:c,O)zsin? 0<z<L
More generally, if al, ..., Qyy, are constants and

2k2 . T
Z apexrp | ————1 | sin I

then wup,(x,t) satlsﬁes the IBVP with initial condition

. nwx
E Qy, sm—
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Let us consider the formal series

2522 . nTX
Zan exrp iz t ] sin i

Setting t = 0 we get
= nmx
u(x,0) = Zl ay, sin <
—

To solve our IBVP we would like to have

o0
flx) = ansin? 0<z<L

n=1
Is it possible that f has such an expansion?
Given f on [0, L], it has a Fourier sine series
nwx
Z by, sin ——
n>1
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Definition
The formal solution of IBVP

g = kg, O<z<L, t>0
w(0,¢) =0 t>0
u(L,t) =0 t>0
u(z,0) = f(x) 0<z<L
is
B i <—n27r2k2 t) . NTT
= 2 Qy, exp 72 sin —
where

nmT
E Qp, Sin ——

is the Fourier sine series of f on [0, L] i.e.

/ flx sin@dm
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> —n?r2k? . T
u(z,t) = Z Qy, exp 72 t | sin T
n=1

We say u(z,t) is a formal solution, since the series for u(x,t) may
NOT satisfy all the requirements of IBVP.

When it does, we say it is an actual solution of IBVP.

Because of negative exponential in u(z,t), the series in u(x,t)
converges for all ¢t > 0.

Each term in u(z,t) satisfies the heat equation and boundary
condition.

If uy and uz, can be obtained by differentiating the series term by
term, once w.r.t. ¢ and twice w.r.t. = for ¢t > 0, then u also
satisfies these properties.

If f(x) is continuous and piecewise smooth on [0, L], then we can
do it. Hence we get next result.
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Theorem

f(z) : continuous and piecewise smooth on [0, L]

f(0)=f(L)=0
Zansm—x with o, = — / flx sin@das

is Four/er sine series of f on [0, L]. Then the IBVP

up = kug, O<z<L, t>0
u(0,t) =0 t>0
uw(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

has a solution

n? 2k2 . nmT
Zanexp —0 smT

Here u; and ug, can be obtained by term-wise differentiation for

t>0.
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Let f(x) = x(x? — 3Lz + 2L?). Solve IBVP
ur = k2 Ugy O<ax<L, t>0
u(0,t) =0 t>0
uw(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

The Fourier sine expansion of f(z) is
123 SN 1 . nrx
o) == e

Therefore, the solution of IBVP is

1203 S 1 —n?n2k? . nTx
'U,(.f,t) = ? Z ﬁexp <T t) S1n T

n=1
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Neumann boundary conditions

Initial-boundary value problem is

w = K Uy 0<z<L, t>0
ug(0,8) = 0 t>0

uz(L,t) =0, t>0

u(z,0) = f(x), 0<z<L

Assuming the solution in the form ‘v(:c,t) = X(2)T(t) ‘

v(0,t) = X (0)T(t) =0 and w(L,t)=X'(L)T(t)=0
we don't want T to be identically zero, we get

X'(0)=0 and X'(L)=0.

We need to solve eigenvalue problem
X"(z)+ XX (z) =0, X'(0)=0, X'(L)=0, (%)
and T'(t) = —k2AT(t) = T(t) = exp(—k>\t)
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The eigenvalues of (k) are

N o= n?n?
n — L2
with associated eigenfunctions
nmwx
X, :cosT, n > 0.

We get infinitely many solutions for IBVP, one for each n > 0
'Un(x7t) = Tn(t)Xn(x)
—n?n2k? nwx

= exp Iz t] cos —

Note vp(x,0) = COS?

Therefore

—n2m2k? nmx
vn(x,t) = exp Tt cos
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satisfies the IBVP

U = kg, O<z<L, t>0

uz(0,t) =0 t>0

uz(L,t) =0 t>0

u(:c,O):cos? 0<z<L
More generally, if ao, ..., Qyy, are constants and

27r2k2 nwx
Z anpexrp | ————1 ) cos 7

then wup,(x,t) satlsfles the IBVP with initial condition

nmr
E Qy, COS <
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Let us consider the formal series

w2k? nwx
Z Qi €TP Iz t | cos i

Setting t = 0 we get

Is it possible that f has such an expansion?
Given f on [0, L], it has a Fourier cosine series

nwT
E ap COS ——

n>0
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The formal solution of IBVP

g = kg, O<z<L, t>0
uz(0,) =0 t>0
uy(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

_ > —n2n2kK2 nwx
= Zan exp 72 t | cos i
n=0
where

nmwx
E Oty COS ——

is the Fourier sine series of f on [0, L] i.e.
1 L

2
a =7 A f(z)dzx an =7
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> —n2r2k? nwx
u(z,t) = Z Qy, exp 72 t | cos T
n=0

We say u(zx,t) is a formal solution, since the series for u(x,t) may
NOT satisfy all the requirements of IBVP.

When it does, we say it is an actual solution of IBVP.

Because of negative exponential in u(z,t), the series in u(x,t)
converges for all ¢t > 0.

Each term in u(z,t) satisfies the heat equation and boundary
condition.

If uy and uy, can be obtained by differentiating the series term by
term, once w.r.t. ¢ and twice w.r.t. = for ¢t > 0, then u also
satisfies these properties.

If f(x) is continuous and piecewise smooth on [0, L], then we can
do it. Hence we get next result.
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Theorem

|
h
I
o

f(z)is continuous piecewise smooth on [0, L]; f'(0) =

Za cosﬂ with
" L

/f /f cos—d:n

is Fourier sine series of f on [0, L]. Then the IBVP

ut:kum O<ax<L, t>0
uz(0,¢) =0 t>0
ug(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

has a solution

2k2 nmwx
Z anexp | ———=——1 | cos 7

Here u; and ug, can be obtained by term-wise differentiation for

t> 0.
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Let f(z) = z on [0, L]. Solve IBVP

ur = k2 Ugy O<z<L, t>0
uz(0,¢) =0 t>0
ug(L,t) =0 t>0

u(z,0) = f(x) 0<z<L
The Fourier cosine expansion of f(z) is

[e e}

(2n — 7z
Cla Z (2n —1)2 L

Therefore, the solution of IBVP is

u(z,t) =

L 4L & 1 —(2n — 1)272k2 (2n — 1)nrx
E_ﬁZ(Zn—l)Qemp( Iz t cos—L 5
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Definition (Formal solution for Dirichlet boundary )

The formal solution of IBVP

where

U = k2 Ugy O<x<L, t>0
u(0,t) =0 t>0
u(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

o0 2212
—n ok nTx
t) = Z ap exp ( 5 t> sin
o L L
. nIT
Z Qp Sin ——

is the Fourier sine series of f on [0, L] i.e.

9 rL
:L/o f(w)sin?dm.
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Definition (Formal solution for Neumann boundary condition)
The formal solution of IBVP

where

U = k2 Ugy O<x<L, t>0
uz(0,t) =0 t>0
uz(L,t) =0 t>0

u(z,0) = f(x) 0<z<L

o0 2212
—n ok nTx
t) = Z ay, exp ( 5 t> cos
o L L
nmx
Z Qi COS ——

is the Fourier cosine series of f on [0, L] i.e.

L L nmx
_i/o f(z)dx an:z/o f(x)cosTd .
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Non homogeneous PDE: Dirichlet boundary condition

Let us now consider the following PDE

ut—kQum:F(aﬁ,t) O<xz<L, t>0
u(0,t) = f1(t) t>0
u(L,t) = fa(t) t>0

u(z,0) = f(x) 0<z<L
How do we solve this?

Let us first make the substitution
X

2(@,t) = u(,1) = (1= D)) = Th()

Then clearly
® 2 — k24 = G(m,t)
e 2(0,t) =0
e 2(L,t)=0
e 2(x,0) = g(x)
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Non homogeneous PDE: Dirichlet boundary condition

It is clear that we would have solved for w iff we have solved for z.
In view of this observation, let us try and solve the problem for z.

By observing the boundary conditions, we guess that we should try
and look for a solution of the type

Z Zn,(t) sin( n7m: )

n>1

Differentiating the above term by term we get that is satisfies the
equation

kZn2m2 . nmx
— K2y, = Z (Z{l(t) + ?Zn(t)) SIH(T)
n>1
Let us write o
G(z,t) =Y _ Gnlt) sin(——)
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Non homogeneous PDE: Dirichlet boundary condition

Thus, if we need z; — k?z,, = G(x,t) then we should have that

k2n2n?

Gn(t) - Z’;L(t) + 12

Zn(t) (%)

We also need that z(z,0) = g(z).
If

. nwx
g(x) = Z by, sin -
n>1
then we should have that
Zn(o) = bp, (')

Clearly, there is a unique solution to the differential equation (x)
with initial condition (!).
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Non homogeneous PDE: Dirichlet boundary condition

The solution to the above equation is given by

k2n21 2 an k2 2 2
Zn(t) =Ce L7 / Gn( *ds

We can find the constant using the initial condition.

Thus, we let Z,(t) be this unique solution, then the series

Z Z,(t) sin( mm )

n>1

solves our non homogeneous PDE with Dirichlet boundary
conditions for z
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Non homogeneous PDE: Dirichlet boundary condition

Let us now consider the following PDE
¢

Ut — Upy = € O<ax<l, t>0
u(0,t) =0 t>0
u(1,t) =0 t>0

u(z,0) =x(x — 1) 0<z<1

From the boundary conditions u(0,¢) = u(1,t) = 0 it is clear that
we should look for solution in terms of Fourier sine series.

The Fourier sine series of F(z,t) is given by (for n > 1)
1
F,(t) = 2/ F(x,t)sinnmx dr
0

1
—2/ et sinnrx dz
0

2(1 — (=1)™)et
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Non homogeneous PDE: Dirichlet boundary condition

Example (continued ...)

Thus, the Fourier series for e! is given by

=% 2(1 = (=1)") 4

e = e’ sinnmrx
nmw
n>1

The Fourier sine series for f(x) = z(z — 1) is given by

z(zx—1) = Z A1) sinnmz

3
= (n)

Substitute u(z,t) = >, un(t) sinnrz into the equation

Ut — Ugy = el

; 2(L=(=D") ¢ .
Z (U;L(t) + n2772un(t)) SINNTL = Z Tet SIN NTL
n>1 n>1
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Non homogeneous PDE: Dirichlet boundary condition

Example (continued ...)

Thus, for n > 1 and even we get

!/

ul () + nPmun(t) = 0
that is, Yy
Up(t) = Cpe™ ™ ™!
If n > 1 and even, we have that the Fourier coefficient of z(x — 1)
is 0. Thus, when we put u,(0) = 0 we get C), = 0.
For n > 1 odd we get

4
ul () + nPrun(t) = Eet

that is,

i

2.2 4 2.2 2.2

un(t):e nem<t 7686n7rsd8+cn6 nemw<t
o nm
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Non homogeneous PDE: Dirichlet boundary condition

Example (continued ...)

If n > 1 and odd, we have the Fourier coefficient of z(z — 1) is

(T;rg)g,. Thus, we get

Thus, the solution we are looking for is

t
_ § : —(2n+1)272t 4 s (2n+1)27%s
u(@,?) (e / (2n + 1)7T6 c Ll

n>0 0

-8 “n2r2e) .
W@ t) Sln(2n + 1)7['@'
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Non homogeneous PDE: Neumann boundary condition

Let us now consider the following PDE

ut—kQum:F(x,t) O<z<L, t>0
uz(0,t) = f1(t) t>0
uz(L,t) = fo(t) t>0

u(z,0) = f(x) 0<z<L
How do we solve this?Let us first make the substitution

332

5(32
Aa,t) = ulz,t) - (2 = ) filt) = 2= Fa()

Then clearly
® 2 — k24 = G(m,t)
e 2;(0,t) =0
® 2;(L,t) =0
e z(z,0) = g(x)
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Non homogeneous PDE: Neumann boundary condition

It is clear that we would have solved for w iff we have solved for z.
In view of this observation, let us try and solve the problem for z.

By observing the boundary conditions, we guess that we should try
and look for a solution of the type

Z Zn(t) cos( mrx)

n>0

Differentiating the above term by term we get that is satisfies the
equation
k2n2n? nwT
R T Z (Z;L(t) + TZn(t)) COS(T)

n>0

Let us write
nmTr

G(z,t) =) _ Galt) cos(—-)
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Non homogeneous PDE: Neumann boundary condition

Thus, if we need z; — k?z,, = G(x,t) then we should have that

k2n2n?

Gn(t) - Z’;L(t) + 12

Zn(t) (%)

We also need that z(z,0) = g(z).
If

then we should have that
Zn(o) = bp, (')

Clearly, there is a unique solution to the differential equation (x)
with initial condition (!).
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Non homogeneous PDE: Neumann boundary condition

The solution to the above equation is given by

k2n21 2 an k2 2 2
Zn(t) =Ce L7 / Gn( *ds

We can find the constant using the initial condition.

Thus, we let Z,(t) be this unique solution, then the series

Z Zn(t) cos( mrx)

n>0

solves our non homogeneous PDE with Dirichlet boundary
conditions for z
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Non homogeneous PDE: Neumann boundary condition

Let us now consider the following PDE
t

Ut — Upy = € O<z<l, t>0
uz(0,t) =0 t>0
uz(1,6) =0 t>0

u(z,0) = z(x — 1) 0<z<1

From the boundary conditions u;(0,t) = uz(1,t) = 0 it is clear
that we should look for solution in terms of Fourier cosine series.

The Fourier cosine series of F'(z,t) is given by (for n > 0)
1 1
Fo(t) = / F(z,t)dr = / eldr = €'
0 0

1 1
E.(t) = 2/ F(z,t)cosnmz dr = 2/ efcosnrrdr =0 n>0
0 0
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Non homogeneous PDE: Neumann boundary condition

Example (continued ...)

Thus, the Fourier series for e is simply €.

The Fourier cosine series for f(z) = z(x — 1) is given by

1 Z 2((-D)"+1)

zx—1)=—-—=+

COSNTL
2
6 = (n)

Substitute u(z,t) = >, 5o un(t) cosnmz into the equation

Ut — Ugy = €'

Z (u;L (t) + n*mu, (t)) cosnmr = e
n>0
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Non homogeneous PDE: Neumann boundary condition

Example (continued ...)

Thus, for n = 0 we get

that is,
u()(t) = et aF Co

In the case n = 0, we have that the Fourier coefficient of z(x — 1)

is %1. Thus, when we put ug(0) = —% we get C' = —%.
Forn>1

ul () + n2nun,(t) = 0
that is,

un(t) = O @

Let us now use the initial condition to determine the constants.
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Non homogeneous PDE: Neumann boundary condition

Example (continued ...)

In the case n > 1 and odd, we have that the Fourier coefficient of
x(z — 1) is 0. Thus, when we put u,(0) = 0 we get C,, = 0.

In the case n > 1 even, we have the Fourier coefficient of z(z — 1)
is ﬁ. Thus, we get

4
(nm)?

Ch =

Thus, the solution we are looking for is

1
u(z,t) =e' — g + Z ((nﬂ)2674"2”2t> cos(2nmz)
n>1
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