MA 2017, Tutorial Sheet-2
Legendre equation and Legendre polynomials

. Express 22, 23, and 2% as a linear combination of the Legendre polynomials.

. Prove the following. First equality is Rodrigues formula.

[n/2]
1 dr (2n — 2m)! 7
Pn = (2 _ " = —1)ym n—2m
(z) 2nn! dzn (z ) mZ::()( ) 2rm!(n —m)!(n — 2m)! v

where [n/2] denotes the greatest integer less than or equal to n/2.

. Show that if f(x) is a polynomial with double (or multiplicity 2) roots at a and b,
then f”(x) vanishes at least twice in (a,b). (This is also true if f(x) is a smooth

function.)

Generalize this and show (using Rodrigues’ formula) that P,(x) has n distinct roots
in (—1,1).

. Take the Rodrigues formula as the definition for P,(z), and show the following

relations.
(i) Po(—2) = (=1)"Pu(2), (ii) Py (—x) = (=1)"*' Py (),
(i) P,(1) = 1, (iv) Po(=1) = (—1)",
(¥) Paa (0) = 0 () Pa0) = (-1 o
(vii) P!(1) = %n(n +1), (viil) P/(—1) = (—1)"Lp(n + 1).
() P4 (0) =0, ) P 0) = (-1
! Znln+1) ifm=n
. Show that / (1 —2®)P. (z)P)(z)dx ={ 2n+1 -
-1 0 otherwise.

. Show the following relations when n — m is even and nonnegative.

(a) / llp,;p,;dx — m(m 1), (b) / P ()i = 0.

1

What is the value of the integral if n —m is odd (instead of even)?

2"(n!)?
(2n)!

DIt = Za,nP,,(x), then show that a,, =
r=0

1



8. Expand the following functions f(z) in a series of Legendre polynomials:

flz) =~ chPn with ¢, = 2n2—1— ! /_11 f(z)P,(z)dz.

n>0

The Rodrigues formula is useful to evaluate these integrals. The Legendre expansion

theorem (stated in the lecture notes) applies in each case.

-1 if —1<x<0 0 if —1<x<0
(a) fi(z) = . (b) fa(z) = .

1 fo<z<l1. 1 if0o<z<l.

-z if —1<x<0 0 if —1<x<0
(c) fs(x) = . (d) fa(z) = ,

T fo<z<l. r if0<zxz<l

9. If p(z) is a polynomial of degree n > 1 such that fjl akp(z)de = 0 for k =

0,1,...,n — 1, show that p(z) = ¢P,(z) for some constant c.



