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Throughout the document H*(X) is used in place of H*(X,R) to denote
the de Rham cohomology of the smooth manifold X.

1 De Rham cohomology of S\ {z,zs,...,2;}

Let X = R?\ {z1,72,...,25_1}. Then S? minus k points is diffeomorphic
to X, thus it suffices to compute the cohomology of X. We will compute
the cohomology groups of X using the Mayer-Vietoris sequence. Let V' be
the disjoint union of k — 1 discs around the k — 1 points x; in R%2. Then
R? = XUV, and X NV is the disjoint union of ¥ — 1 punctured disks around
the points z;. Using Mayer-Vietoris Sequence for R? = X UV, we have the
long exact sequence,

0 -H'(R?) - H(X)® H'(V) - HY (X NV) —

H'(R?*) —» HY(X)o H'(V) - H(XNV) -
H*(R?*) — H*(X)® H*(V) = H*(XNV) =0

Now
Hi(V) = RFTifi=0
1o otherwise
and
. RF1 if4=0,1
H(XNV)= B
0 otherwise



Using the above and replacing particular values in the long exact sequence
we get the long exact sequence

0 -R > ROR —» R
0— H'(X)®0— R —
0— H*(X)®0—0—=0

So we get,

R ifi=20
(1.0.1) H'(X)= R ifi=1

0 otherwise

2 De Rham cohomology of ¥, \ {p}

Let X, denote the compact orientable smooth genus g surface. Let M := X, \
{p}, where p is a point on 3,. We know M can be constructed by attaching g-
handles to S?\ {p}. Let {¢} for 1 <i < 2¢g be 29 many points on S? different
from p. Around each ¢; we take two small open discs B; and C; such that
B; CC;C S\ {p}and C;NC; = ¢ fori#j. Let U = (S*\ {p}) \ LI, B:.
Let Fy, Fy, ..., F, denote g-handles, that is, F; = S x (0,1) and we attach
each F; to U such that U N F; = (C; \ B;) | |(Citg \ Biyg) fori =1,2,...¢.
Let V = ||, F.
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The above picture illustrates the situation when g = 2. Regions of the same
color are being glued in a manner so that we get the surface which is a sphere
with 2 handles.

So we have U and V are open subsets of M such that, M = U UV and
UNV = [2(Ci\ By). Let ju : UNV — U and jy : UNV — V be the

inclusion maps. Using Mayer-Vietoris Sequence we have the exact sequence,
0—H(M)— H' U)o HY(V) - H(UNV) —

HY(M) = H'(U) & H'(V) 2% plwnv) -

H2(M) — HXU) @ H*(V) 227% g2 nv) - 0

(2.0.1)

We have H°(M) = R since M is connected. The smooth manifold U is
diffeomorphic to R¥ minus 2g points. Thus, using equation (1.0.1) we get

R ifk=0
HYU)={R¥ ifk=1
0 otherwise
R9 ifk=0
H*V)={Ry ifk=1
0 otherwise
HAU V) = {R29 if k=01
0 otherwise

Now consider the map ji; — ji, : H(U) ® H'(V) —» HY(UNV).
Lemma 2.0.2. jj; — 55 : H'(U) & HY(V) = HY(UNV) is surjective.

Proof. Let W = | |7, C;. Then we have U and W are open is S? \ {p} such
that UUW = S%\ {p} and UNW is diffeomorphic to | [, (C;\ Bi) = UNV.
If fu:UNW —Uand fiy : UNW — W denote the inclusion maps, then
ju = fu. Using mayer-Vietoris sequence on S? = U U W, we have the long
exact sequence,

0 —=H(S*\ {p}) = H' (U)o H'W) - H(UNW) —
HY(S2\ {p)) = H'(U) @ H'W) 2% g nw)
H2(S?\ {p}) — H2(U) @ H2W) ZZ5% g2 nwy = 0



Now H?(S?\ {p}) =0 and H'(W) = 0. So we have exact sequence,

0. = HO) % H'@wnw) =0

So fi; : HY(U) — HY(UNW) is surjective and hence j;; : H'(U) — H'(UNV)
is also sujective. So j;; —ji : H(U)® HY (V) — HY(UNV) is surjective. [

Combining the above Lemma with equation (2.0.1) we get the long eaxct
sequence,

0—-R—>RORI — R¥ —

H' (M) = R¥ @R 2270 g2
H*(M)—=0—0—0

Since j;; — ji is surjective we get that H*(M) =0 and H'(M) = R?». So

R ifk=0
H (S, \ {p}) = { R if k=1
0 otherwise

3 De Rham cohomology of 3,

Let p € ¥,. Take U = X, \ {p} and V be a small disc around p in ¥,.
SoUUV =%,and UNV =V \ {p}. Using Mayer Vietoris sequence and
cohomology of U and V', we get the long exact sequence,

(3.0.1) 0-R—-R*-R— H'(X,) > R¥Y >R — H*(X,) = 0.
By the surjection on the right we conclude that H?(%,) is either R or 0.
Lemma 3.0.2. H*(X,) =R.

Proof. Let f be a compactly supported non-negative non-zero funtion on
V(2 R?). Let w = fdr A dy be a 2-form on V. Since w is compactly
supported, w can be taken as a 2-form on ¥, by extending as 0 outside V. So
lw] € H*(X,) since it is a top form. Consider the linear map [ : H*(%,) — R.
Then [[w] # 0 and hence H?(X,) is nontrivial. Again we already observed
that H%(3,) is either R or 0, so we conclude that H?(%,) = R. O



So from the long exact sequence (3.0.1) we get H*(X,) = Rand H'(3,) =
R29. So,

R ifk=0,2
H*(S,) ={R¥ ifk=1
0 otherwise

4 De Rham cohomology of CP"

We know CP! is diffeomorphic to S2. So,

R ifk=0or2

0  otherwise

H*(CP') = {

Consider CP" for n > 1. Since CP" is connected, H°(CP") = R. Now CP" !
can be identified with the subset

{[20: 211 ... 1 2,] € CP"| 2, =0}
of CP". Let
(1) p:=[0:0:...:0:1],
(2) U :=CP"\ CP" ',
(3) V :=CP" \ {p}.

Then UUV = CP" and UNV = U\ {p}. Using the Mayer-Vietoris sequence
we have the exact sequence,

(4.0.1) 0 —H°(CP") — H(U)® H'(V) - H'(UNV) =
HY(CP") - H' (U)® H'(V) - H(UNV) —

H*(CP") — H*"(U)® H*(V) = H*™(UNV) =0

Now we observe that U is diffeomorphic to C". This shows that H*(U) = 0 if
k # 0. Similarly, UNV is diffeomorphic to C™\ {0} which deformation retracts
onto $?"~! Hence H*(U N'V) = 0 unless k € {0,2n — 1} and HO(UNV) =
H*™ 1 (UNV)=R.



Lemma 4.0.2. V deformation retracts to CP"™* smoothly.
Proof. We define a homotopy F': V xR — V by
(4.0.3) ([z0: oot znl,t) = 200 ootz s (L—1)2,)].

To see that F' is smooth : We cover CP" by the open sets U,,...,U,
where U; = {[z0 : - -+ : 2,] € CP"|z; # 0}. Then each U; is diffeomorphic to
C™ by the diffeomorphism :

We observe that [zp : -+ @ z,] € V iff (20,...,2,-1) # (0,...,0). So if

(g,t) € V xR, without loss of generality we can assume (¢,t) € (U;NV) xR
for j € {0,...,n — 1} and also F(q,t) € (U;NV). Now (U; NV) x R is
diffeomorphic to an open subset of C" x R via the map (@;|y,~v X id). So

cpjoFo(gpj_l xid) 1 o;(U;NV) xR —C"
is a map between euclidean spaces given by,
(w1, ..o, Wy, t) = (Wi, .. w1, (1 — t)wy,) .

This map is clearly smooth and hence F' is also smooth.

Recall that we identified CP"~' with the subset {[z0 : z; : ... : 2
CP" | z, = 0} of CP". So it is also clear that for all v € V' we have F'(v,0
and F(v,1) € CP""'. Further, for all w € CP"' we have F(w,t) = w.
Hence, V deformation retracts to CP" ' smoothly.

] €
=

O

By induction let us assume that H*(CP" ') = R when k is an even integer
in [0,2n — 2], and 0 for other k. Thus, the same result follows for V', that is,

R if k €]0,2n — 2] and k even

0  otherwise

HYV) = {
Since CPP", U, V and U NV are all connected, it follows that the sequence
0— H(CP") — H(U)® H'(V) - H'(UNV) =0
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is exact. From (4.0.1) it follows that

(4.04) 0—=HYCP") - HU)® H (V) - H(UNV) -

a7 (CP") —» H*H(U)® H*H(V) — H*H(UNV) —
H*(CP") — H*(U)® H*(V) = H™(UNV) =0

is an exact sequence. Since H'(U N'V') vanishes for 1 < i < 2n — 2 we get
that H'(CP") — H'(V) is an isomorphism for 1 <4 < 2n — 2. The last part
of the above sequence is

0 =H*""Y(CP") - H* ' (U) e H* (V) = H** (U NV) —
H*(CP") - H*™(U)® H*(V) = H™(UNV) =0

Again, substituting specifc values and using induction hypothesis this be-
comes
0— H* ' (CP") - 0— R — H*(CP") = 0.

This shows that H**~!(CP") = 0 and H*"(CP") = R. Thus, by induction
we see that
R if k € ]0,2n] and k even

0  otherwise

H*(CP") = {

5 De Rham cohomology of RP"

We know RP! is diffeomorphic to S*. So,

Rifk=0or1l

0 otherwise

H*RP') = {
Let n > 1. Since RP" is connected, H°(RP") = R.

Lemma 5.0.1. H*(RP") =0 for 0 < k < n.

Proof. Let m : S™ — RP" be the quotient map. We have the induced map
7 . HY(RP") — H*(S"). Let 0 < k < n and [0] € H*(RP"). Let 0 €
[(RP", A¥Qgpr ) represent the class [o]. The class 7*[o] is represented by the
form m*o. Now H*(S") = 0 for 0 < k < n and so [r*¢] = 0. Thus, there



is an n € I'(S", A¥"1Qgn) such that d(n) = 7*c. Let f : S — S™ be the
involution x — —x. Then we have m o f = w. Thus, f*r*0c = 7*0. Let

n+ fn
S

(77+f*77)
2

(dn + f~dn)

Then

i~y
&
I
=N

("o + f*n"0)

RN RN -

= 5(7r*0 + 7o) =n"0.
We notice that D, is an isomorphism for all x € S™. We define
w:S"— /\k_IQan

by

O(x) = (NH(Dm)) ™) (w(a)).
Now we observe that wo f = @. That is, the section @ is invariant under the
involution f and so descends to a section of RP". So we get an induced map,

wo - RP" — /\k_lQRPn

and clearly @y € T'(RP", A*¥ 'Qgpn) and is such that 7*@y = @. Next we
want to check that diwy = o. But this is a local check and since 7 is a local
diffeomorphism, it suffices to check that 7*dwy = n*c. But this is obvious.
This shows that [0] = 0 in H*(RP"). Hence H*(RP") = 0 for 0 < k < n.

O

In view of the above Lemma it only remains to compute H"(RP"). We
will do this using the Mayer-Vietoris sequence. Let

(1) p:=[0:0:...:0:1],
(2) U :=RP"\ RP"!,

(3) V :=RP"\ {p}.



Then UUV = RP" and UNV = U\ {p}. Clearly U is diffeomorphic to R", V'
deformation retracts to RP" ' (same homotopy as in equation (4.0.3)) and
U NV is diffeomorphic to R™\ {0} which deformation retracts onto S"~*. So
H*U) =0, H*(V) = HY(RP"') and H*(U NV) = H*(S") for all k > 0.
Using Mayer-Vietoris sequence we get the following exact sequnce
0— - — H"YRP") - H" '(RP" ') = H"1(S" ') = H"(RP") = 0
Using H"}(RP") = 0, we have the s.e.s,
0— H" ' (RP") - R — H*(RP") — 0

Using H'(RP') = R, by induction we get

R ifni
HA(RP™) = { if n is odd

0 ifniseven

6 De Rham cohomology of ¥, \ {x1,29,..., %}

Let X denote the manifold ¥, \ {z1,xs,...,2;}. Let M =3, \ {21} and V
be disjoint union of £ — 1 small discs around x5, ..., 2. So X UV = M and
X NV is disjoint union of £k — 1 annuli. We have,

R ifi=0
H'(M)=({R¥ ifi=1
0 otherwise
. RF1 ifi =0
HI(V) = if ¢ |
0 otherwise
‘ RF1 ifi=0,1
H(XNV)= ite=0,
0 otherwise

Using M-V sequence we have the long exact sequence:

0 —=H"(M)— H' X))o H (V) - H (X NV) —
H' (M) - H(X)®e H\(V) - H{(XNV) —
H*(M) — H*(X)® H*(V) » H*(XNV) =0

10



Plugging in the values we get
0-5R—->RaR-! SR
R%* — HY(X) — RF! —
0— H*(X)—=0—0

So we clearly get,

R ifi=0
H'(X) = R2W+k=1if =1
0 otherwise

7 De Rham cohomology of ZQ#RPQ

Let M = EQ#RIPQ. Let p € 3, and ¢ € RP?. Let C C >, be a disc around
p and D C RP? be a disc around ¢. Let U = ¥, \ C and V = RP?\ D.
Then we can get M by gluing U and V so that U NV is diffeomorphic to
an annulus. Let jy : UNV — U and jy : UNV — V denote the inclusion
maps. Using Mayer-Vietoris Sequence we have the exact sequence,

(7.0.1) 0—=H(M)— HU)® H'(V) - H(UNV) —
HY(M) = H\U) & H'(V) 27% gl nv) -
H*(M) — H*(U)® H*(V) - H*(UNV) =0
We have H°(M) = R since M is connected. Now U is diffeomorphic to
29 \ {p}a S0

R ifk=0
H*U)=<{R» ifk=1
0 otherwise

V is diffeomorphic to RP?\ {¢}, hence deformation retracts to RP' = S', as
we saw earlier .

R ifk=0,1
O S,
0  otherwise
and clearly
R ifk=01
HY(UNV) = : .
0  otherwise



Now consider the map j;- : HY(V) - H{(UNV).
Lemma 7.0.2. ji : HY(V) — H' (U NV) is surjective.

Proof. Let W C RP? be the set D U (U NV). Then W is an open disk
around ¢. Then RP> = VUW and VN W = U NV is an annulus around
q. Let fy : VNW —V and fiy : VNW — W denote the inclusions. Then
fv = jv. Using Mayer-Vietoris sequence on RP? = VU W, we have the long
exact sequence,

0 —H(RP?) — H (V)@ H' (W) = H(VNW) —
HY(RE?) — HY(V) @ H'W) 7% v nw) =
HYRP?) — H2(V) @ H2(W) 270 g2 (v nwy = o
Now H2(RP?) = 0 and H'(W) = 0. So we have exact sequence,

0= = HW) S B W AWw) =0

So fi : HY(V) — HY(VNW) is surjective and hence j3, : HY(V) — HY(UNV)
is also surjective. O]

So jiy — g HY(U) ® HY (V) — HY(U NV) is surjective. Combining the
above lemma with (7.0.1) we get the long eaxct sequence,

0O 2R—-RE&ER—-R—
H'(M) 5 R¥ @R TR
H*(M)—0—0—0

Since j;; — ji is surjective we get that H*(M) =0 and H'(M) = R?». So

R iftk=0
HY(S,#RP?) = ¢ R»  if k=1
0 otherwise

12



8 Some constructions out of vector spaces and
their universal properties

8.1 Construction of P{. and the tautological line bundle

We first construct P¢ using gluing. Let U; = C" be the set
U={2z=(20:...:2i-1:1: 2341 :...:2,) € C"}.

Let U;; C U; be the set of those points such that z; # 0. In particular, this
means that U;; = U;. Define maps ¢;; : U;; — Uj; by multiplication by i,
J
that is,
20 zicr 1z Zn

It is easily checked that these satisfy the cocycle condition, and gluing these
we get Pg.

Next we will glue to construct a line sub-bundle of P% x C™™!. First
note that over U; we have a canonical line sub-bundle, given by the following
section of U; x C"*! — U,

2 8i(2)=(z0: iz Lozt z).

It is clear that this section is smooth and non-vanishing, thus, it defines
a line sub-bundle of U; x C**1. Let us denote this line sub-bundle by £;.
As above, the map multiplication by % fits into a commutative diagram of
smooth maps

Lily,, — Ljlu,,
| |
Uj ——— Uy

The top horizontal arrow is given by (z,v) — (¢;;(2),v/z;). As a result we
get that the L;’s glue together to give a line sub-bundle of Pg x C"™'. We
denote this line sub-bundle by Opz(—1). It has the description that over a
point [v] € P the fiber is exactly the line in C**! corresponding to [v].

13



8.2 Universal property of P(V)

Let V be the vector space C"™!. Recall that on P(V') we have a short exact
sequence of vector bundles, namely,

0— Opay(—1) = P(V) x C""' - Q — 0.

The above line sub-bundle has the following property. Given a point p €
P(V), it corresponds to a line [[,] € C""'. When we restrict the inclusion
Opvy(—1) = P(V) x C**! over the point p, we get exactly the line I, inside
(G

Let f: X — P(V) be a smooth map. The pull back of the above short
exact sequence to X along f gives a short exact sequence of vector bundles
on X

0= f*(Opan(—1)) > X x C" = f*Q = 0.

Thus, consider the map ® between the following two sets
® : {Smooth maps X — P"} — {Line sub-bundles of X x C"*'},

defined as ®(f) is the line sub-bundle f*(Opqy(—1)) < X x C"*1

Theorem 8.2.1. ® is a bijective correspondence between maps X — P(V)
and line subbundles of X x C*1,

Proof. Let us define a map W in the other direction, that is,
¥ : {Line sub-bundles of X x C"*!'} — {Smooth maps X — P(V)}

Let £ be a line subbundle of X x C"*'. We define a map ¥(£) : X — P(V)
by the pointwise description as follows. For x € X, ¥(L)(z) = [£,], where
[£,] is the class of the line determined by £, in C"*1.

Let us check that ¥(£) is a smooth map. To show this it is enough to
show that for each x € X there is a neighbourhood U of x in X such that
U(L)|y is smooth. So let z € X and U be a trivializing neighbourhood of
z in X. Then we have a non-vanishing smooth section s € I'(U, L). Let
q: C"1\ {(0,...,0)} — P(V) be the natural quotient map and ¢ : £ —
X x C"*! be the inclusion map. Then we have U(L)|y = go 7ot o s where
7 : X x C"" — C"*! is the projection. Since ¢, m and ¢ are smooth, so
U(L)|y is smooth.

14



We claim W o & = Id. Let f: X — P" be a smooth map. Let £ denote
the line bundle [f*Opyy(—1)]. We claim that the lines £, and Op(y)(—1) f(a)
inside C"*! are the same. If this claim is true, then it will follow that
U(L)(x) = f(x), that is, ¥ o ®(f) = f. However, the claim follows trivially
from the canonical identification between the fibers (f*E), and Ej, for a
bundle E over Y and a map f: X — Y. This proves that ¥ o & = Id.

Next let us show that ® o U = Id. Let us start with a line sub-bundle
L < X x C**!. By the definition of the map f that this defines, it is clear
that for each point € X the line sub-bundles £ and f*Opy)(—1) define
the same line inside C"™! over z. Now we easily conclude that these line
sub-bundles are the same. For example, consider the short exact sequence

0L XxC"" 500,

where Q denotes the quotient. Then f*Opyy(—1) maps to 0 in Q. This
shows that there is a map f*Op(yy(—1) — £ which is clearly forced to be an
isomorphism. This proves that ® o W = [d. This completes the proof of the
theorem. [

8.3 Construction of Grassmannian manifold G (V') and
the tautological sub-bundle

Notations :
o M, «n(C) denotes set of all m x n matrices with entries from C.
o I ={lcC{L,2,....n}:|I|=k}for 1 <k <n.

e For A = (Al,AQ,...,An) S Man(C> and I = {Zl <lg < -0 < lk} c
Iy, we define A; .= (A;,, Aiy, ..., Aiy) € Misi(C).

Let V' be the n dimensional vector space C" over C. The grassmannian
Gr(V) is the space of all k-dimensional subspaces of V. We first construct
Grp(V) using gluing. Let for each I € .9, Uy = CF*("=%) be the set

Ur = {A S kan((C) ’ Ar = [k:}
Let for I,J € %, Ur; C U be the set

Uy ={AeU; | Ajisnon-singular}.

15



In particular, this means that U;; = U;. Define maps ¢ : Ury — Ujyr to be
multiplication by (A;)~!, that is,

ers(A) = (A)) A,

It is easily checked that these satisfy the cocycle condition, and ¢;;’s are
smooth. Clearly gluing these U;’s along ¢r;’s we get Gry(V).

Next we will glue to construct a sub-bundle of Gri (V) x V of rank k.
First note that over U; we have a canonical sub-bundle of rank k, given by
the following sections sy 1, 57,2, ..., sr; of the bundle Uy x V' — Uy,

(@mn) = A s1(A) = (ai1, @iz, - .., Gin) €V for 1 <i<k.

It is clear that these sections are smooth and since rank(A) = k, so these
spans a k dimensional subspace of V' . Thus, it defines a sub-bundle of U; x V/
of rank k. Let us denote this sub-bundle by &;. Now the map multiplication
by (A;)~! fits into a commutative diagram of smooth maps

SI|UIJ B— SJ’UJI

| |

PrJ
Uy ———— Uy

The top horizontal arrow is given by
(A, o1, ve) = (0r(A), (Ag) 7 on, o (Ag) 7o)

As aresult we get that the S;’s glue together to give a sub-bundle of Gry (V') x

V of rank k. We call this sub-bundle tautological sub-bundle over Gry (V') and

denote it by Sy, (v). It has the description that over a point [w] € Gri(V)

the fiber is exactly the k dimensional subspace in V' corresponding to [w].
It is easily checked that as sets,

Gri(V)={A e M,xx(C) : rk(A) = k}/ ~

where A ~ B iff A = BT for some T' € GL(k,C). The natural quotient map
q:{A € M,xx(C) : 7k(A) = k} — Grg(V) is smooth with respect to the
given smooth structure on Gry(V).

16



8.4 Universal property of Gri(V)

Let V be the vector space C" over C. On Gri(V) we have a short exact
sequence of vector bundles, namely,

0= Serpvy = Gri(V) xV = Q= 0.

Let f: X — Gri(V) be a smooth map. The pull back of the above short
exact sequence to X along f gives a short exact sequence of vector bundles
on X

0= f"Sarv) = X xV = f*Q = 0.

Thus, consider the map ® between the following two sets
® : {Smooth maps X — Gry(V)} — {Sub-bundles of X x Vof rank £k},

defined as ®(f) is the sub-bundle f*(Sgy,(vy) = X x V.

Theorem 8.4.1. O is a bijective correspondence between maps X — Gry(V)
and subbundles of X x V' of rank k.

Proof. Let us define a map ¥ in the other direction, that is,
U : {Subbundles of X x V of rank £} — {Smooth maps X — Gri(V)}

Let I be a subbundle of X x V. We define a map V(K) : X — Grg(V) by
the pointwise description as follows. For z € X, U(K)(x) = [K,], where [IC,]
is the point in Gy (V') corresponding to the k& dimensional subspace I, of V.

Let us check that U(K) is a smooth map. To show this it is enough to
show that for each x € X there is a neighbourhood U of x in X such that
U(K)|y is smooth. So let x € X and U be a trivializing neighbourhood of x
in Xie Klg=UxV.

Then we have k linearly independent smooth sections si,s9,...,8; €
['(U,K). For each y € U, viewing s;(y) as a column vector in V, we have
(s1(y),---y8k(y)) € Muxr(C) of rank k. Let g : {A € M,xx(C) : rk(A) =
k} — Gri(V) be the natural quotient map and 7 : X x V. — V be the
projection. Then we have V(K)|y = q o m(s1,...,Sk). Since ¢ and 7 are
smooth, so W(/C)|y is smooth.

We claim W o ® = Id. Let f : X — Gri(V) be a smooth map. Let
K denote the bundle f*(Sgr.v)). We claim that the subspaces K, and
(Sery(v))f) of V are the same. If this claim is true, then it will follow
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that ¥(K)(x) = f(x), that is, Vo ®(f) = f. However, the claim follows triv-
ially from the canonical identification between the fibers (f*E), and Ep
for a bundle F over Y and a map f : X — Y. This proves that ¥ o ® = Id.

Next let us show that ® o U = [d. Let us start with a sub-bundle
IC — X x V of rank k. By the definition of the map f that this defines, it is
clear that for each point € X the sub-bundles IC and f*(Sgr,(vy) define the
same subspace of V over x. Now we easily conclude that these sub-bundles
are the same. For example, consider the short exact sequence

0K —=XxV-3N=0,

where N denotes the quotient. Then f*(Sgy, (1)) maps to 0 in N. This
shows that there is a map f*(S¢y,(v)) — K which is clearly forced to be an
isomorphism. This proves that ® o W = [d. This completes the proof of the
theorem. [

9 Some constructions out of vector bundles
and their universal properties

9.1 Projectivization of a vector bundle and Universal
line bundle

Let M be a manifold and £ — M be a vector bundle over M of rank
n + 1. Let {U;}ie; be an open cover of M such that F is constructed by
gluing U; x C"! using transition maps ¢;; : U;; — GL(n + 1,C) where
Ui;j = U;NUj. So for each x € M, p;;(x) induces a map @;; : P — P¢ given
by i (2)([2]) = [¢ij(x)(2)] where z € C"™'. We construct the projective
bundle P(E) over M by gluing U; x P¢ using smooth maps U;; x P¢ — U;; x P&
given by

(9.1.1) (2, [2]) = (=, [pis(2)(2)])
Let us check that this map is smooth. Assume that [z] = [z0 : ... : 2,] where
2, # 0. Similarly, let ¢;;(2)([2]) = [wo : ... : wy] where w;, # 0. Then it is

easy to see that “ is a smooth function of 2= and the coordinate functions
of ¢;;(x) in a small neighbourhood of (z, [z ])T

Let 7 : P(E) — M denote the bundle map. We have the bundle 7*E on
P(E). Recall the definition of the pullback. It is constructed by gluing the
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trivial bundles over the set 7~ !(U;) using the transition maps ¢;; o 7. Note
that 7= (U;) = U; x P since E is trivial over U;. In this particular case, this
gluing is given as follows. Glue vy, : U;; x Pg x C**' — U;; x P x C**!
using the isomorphism

(@, [v], w) = (z, [pi;(V)], i3 (w)) .

Now on each U; x P¢ we consider the universal subbundle U; x O(—1) C
U; x PE x C"*'. We claim that the above gluing 1;; gives smooth maps
Uij x O(—1) = U;; x O(—1). Set theoretically this is clear since a point in
Uij x O(—1) looks like (z, [v], Av). Now we have the following general result.
Let N C M be an embedded submanifold. Suppose we have a smooth map
X — M such that the image lands inside N, then the set map X — N is
smooth. Applying this we see that there is a commutative square of smooth
maps

Uij x O(=1) —— U;; x O(-1)

| |

Uij X P& x C""' —— Uy; x PE x C+1
This shows that U; x O(—1)’s glue together to give a subbundle Opg)(—1)
of 7 E over P(E). We call Op(gy(—1) the universal line bundle.

9.2 Universal property of P(F)

Let E be a vector bundle on a smooth manifold X of rank n+1and f:Y —
X be a smooth map. Let 7 : P(E) — X be the projectivization of E and
g:Y — P(E) be a smooth map satisfying

(9.2.1) mog=f.
On P(F) we have the short exact sequence of vector bundles :
0= Opy(—1) = 7"(E) = Q—0.

The pull back of this to Y along f gives a short exact sequence of vector
bundles on Y
0= g"(Opy(—1)) = ffE—=g"Q —0.
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Thus, consider the map ® between the following two sets

b - Smooth maps Y & P(E)
‘ satisfying (9.2.1)

defined as ®(g) is the line sub-bundle g*(Opny(—1)) — f*E

Theorem 9.2.2. ¢ is a bijective correspondence between maps g - Y — P(E)
satisfying (9.2.1) and line subbundles of f*E on'Y .

} — {Line sub-bundles of f*E},

Proof. We have f: f*E — E which makes the following diagram commute

B F

L

y L x
and fibre-wise the map is given by ﬁ(v) = v where v € f*E, which is
canonically identified with Ey(,y. Let us define a map V¥ in the other direction,
that is,

satisfying (9.2.1)

Let £ be a line subbundle of f*E. We define a map V(L) : Y — P(E) by
the pointwise description as follows. For y € Y, W(£)(y) = | fy( y)], where
[fy( y)] is the point in P(Ey(,)) determined by the line fy( y) in ).

To check that W(L) is smooth we need only show that for each y € Y
there is a neighbourhood V' of y in Y and an open set W in P(E) containing
U (L)(y) such that ¥(L)|y : V — W is smooth. Solet y € Y and U be a
E-trivializing neighbourhood of f(y) in X. So we have smooth vector bundle
isomorphisms a and [ such that

a:Ely S UxC" and B:P(E)ly = U x PL.

Now let V' C f~}(U) be a neighbourhood of y in Y such that £ is trivial
over V. So we have a non-vanishing smooth section s € I'(V, £). Since L is
a sub-bundle of f*E we view s(p) as a vector in f*E, for p € U. So we get
V(L) is the composition of the following maps :

g
U : {Line sub-bundles of f*E} — { Smooth maps Y = P(E) }

V25 (FE)v \ so BElp \ s0 % U A0, 0)

GLONIN ey T35
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where sy denotes the zero section of the corresponding bundles and ¢ :
C™*1\ {(0,...,0)} — P2 is the natural quotient map. Since all maps in
this sequence are smooth so ¥(L)|y : V — P(FE)|y is smooth. And hence
V(L) is smooth.

We claim that ® o W = Id. Let £ denote the line bundle g*(Op(g)(—1)).
By canonical identification of g*(Op(g)(—1))y and Op(gy(—1)4(y), we have that
L, and Op(g)(—1),(,) are the same inside C"*'. And by definition of f we
have f;(ﬁy) and L, are the same inside C"™. So f;(ﬁy) and Op(g)(—1)4@)

are same when considered as a subspace of C"*!. So it follows that W(L)(y) =
g(y) and hence Vo ®(g) = g.

Next we show that PoW¥ = I'd. We start with a line sub-bundle £ — f*F.
By definition of the map ¥(L) at each point y € Y, the line sub-bundle £
and U(L)*Opg)(—1) defines the same line inside C**! over y. Now we can
conclude that these line sub-bundles are the same by considering the short
exact sequence

0—=L— f'E—-N =0,

where A/ denotes the quotient. Then ¢*Op(g)(—1) maps to 0 in N. This
shows that there is a map ¢*Opg)(—1) — £ which is clearly forced to be an
isomorphism. This proves that ® o W = [d. This completes the proof of the
theorem. [

9.3 Construction of Flag of a vector bundle F(F)

Let M be a manifold and £ — M be a vector bundle over M of rank n.
Let 7 : P(E) — M be the projectivization of £ — M. We have the vector
bundle 7*(E) over P(E) of rank n and the universal subbundle S of rank 1.
We define the universal quotient bundle ()1, a vector bundle of rank n — 1
over P(E), to be the cokernel of the inclusion S < 7*E. Thus, we have a
short exact sequence of vector bundles

0=>S—>71FE—0Q —0

on P(E). We again apply projectivization on the vector bundle ¢ — P(F)
to get the bundle m : P(Qy) — P(E). Similarly, we can get the universal
quotient bundle of rank n — 2, namely, 770Q; — @2, over P(Q1). We apply
projectivization again to get P(Q2) — P(Q1). Repeating this process we get
a sequence of bundles of decreasing rank:

M <+ P(E) « P(Q)) < - + P(Qn_2) + P(Qn_1)
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where ();11 is the universal quotient bundle over P(Q);).

We define flag of the vector bundle E to be F(FE) := P(Q,-1). A point in
F(E) is of the form (x,11,ls,...,1,) where x € M and [, is a one dimensional
subspace of Wj := E, and [;;1 is a one dimensional subspace of W, 1 := W;/I;
fori=1,...,n—1. Let n; : W; — W, denote the quotient map. Then we
get a sequence surjective maps :

MNn—
E,=W, 5w, 2w, B 25N,

Let V; := ker(n; o --- om) is a i-dimensional subspace of E, for 1 < i < n.
So we have a full flag in E, :

wcwc---cV,,CV,=E,.

So to each point (x,ly,ls,...,1,) in F(E) we can assign the full flag {V;}}
in £, and clearly this assignment is bijective. So equivalently we can say a
point of F(F) is of the form (z,Vi,...,V,) where z € M and V} C V5 C
o C Vg CV,=FE,is afull flagin E,.

9.4 The tautological filtration over F(F)

Definition 9.4.1. Let B be a vector bundle over M of rank n. A full-
sequence of sub-bundles A in B over M is a sequence of sub-bundles A :
Ay = Ay — - = A,_1 — B where A; is a vector bundle over M of rank

1. We denote the quotient bundle of the inclusion A; — B by B/Ai .

Let E be a vector bundle on a smooth manifold X of dimension n and
F(E) % X be flag of E — X. We have the sequence of bundles:

X EPE) & PQ) & - Pty P(Qn_s) St P(Q,_1) = F(E)

where Q7 is the universal quotient bundle over P(E), ;41 is the universal
quotient bundle over P(Q;) for ¢ > 0, m;’s denote the bundle maps as shown
in the diagram and o =mom o---om, 1. Let S; denotes the universal line
bundle over P(E) and S;;1 denotes the universal line bundle over P(Q);) for
1 > 0. So we have the following diagram:

Sy S o Sn-1

| | |

X 45— P(B) 4= P(Q1) 5= -+ g P(Quoa) G P(Qur) = F(E)

2
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In particular, by definition we have short exact sequences
0—=8 =7 1Qi-1 = Q; —0.
Let us consider the following line bundles over F(E),
B; = ((mp_10---0om)*(S;) 1<i<n.

So Bj is a line sub-bundle of F; := ¢*F and B; is a line sub-bundle of
Ey = El/Bl. Similarly we write E; ;1 := EVBZ- for 1 <i < n. So B; is a line
sub-bundle of F; for 1 <17 < n. Let §; : F; — FE;+1 denote the quotient map,
then we have sequence of surjective maps:

/87171

cE=F2%Ep e 5 Sy

Hence we get a full-sequence of sub-bundles R in oc*E over F(FE):
R: Ri—>Ry—...— R, 1—>0'F

where
R; :=ker(f;o---0p).

We call R to be the tautological filtration of vector bundles over F(E).
It has the description that over a point (z,V,...,V,) € F(E) the fiber of
Ry, is exactly the k dimensional subspace Vj, of E,.

9.5 Universal property of F(F)

Let E be a vector bundle on a smooth manifold X of dimension n and
F(E) % X be flag of E — X.

Let f:Y — X be a smooth map and g : Y — F(E) be a smooth map
which makes the following diagram commute

F(E)
(9.5.1) / la

Y — X.

We have the tautological filtration of bundles R over F(E). The pullback
of R to Y along g gives a full-sequence of sub-bundles in f*E overY :

JR: gRI—>g R —...—>g¢gR, 1 =g (c"FE)= f"E.
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Consider the map ® between the following two sets

o - { Smooth maps Y & F(E)

satisfying (9.5.1) } — {full-sequence of sub-bundles in f*E},

defined as: ®(g) is the full-sequence of sub-bundles g*R in f*E.

Theorem 9.5.2. ® is bijective.

Proof. Let us define a map W in the other direction, that is,

g
U {full-sequence of sub-bundles in f*E} — { Smooth maps ¥ = F(E) }

satisfying (9.5.1)
Let
A: A=Ay — ... A, 1= f'FE

be a full-sequence of sub-bundles in f*E over Y. So A; is a line sub-bundle of
f*E over Y. By theorem 9.2.2 we get a unique smooth map ¢, : Y — P(FE)
which satisfies g7 (S1) = ¢7(Opr)(—1)) = A1. So g5 (Q1) = f*E/A;. Now we
have the following commutative diagram :

FEIA =giQn — 2 &

| |

y — 2 P(E)
and A,/ A; is a line sub-bundle of f*E/A; over Y. So again by theorem 9.2.2

we get a unique smooth map g : Y — P(Q) satisfying ¢5(52) = A2/ A;. So
95(Q2) = f*E/As. So again we get the commutative diagram :

[TE/As = g5Q2 g—~2> Q2

| |

Y —=—— P(Qy)
and As/A; is a line sub-bundle of f*FE /A, over Y. Proceeding in a similar

way we will get a unique smooth map g, : Y — P(Q,_1) = F(E). We define
U(A) := g,. It is clear from the construction that ® o ¥ = Id.
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We show that ® is injective. Let g and h be two smooth maps : Y — F(F)
satisfying (9.5.1) such that ®(g) = ®(h). Then in particular two line bundles
g*R; and h* Ry over Y are same which equivalent to saying that the bundles
(mpo---om_10g)*(S1) and (my0---om,_10h)*(S;) are same. So by 9.2.2
we have T o---om, jog=m o---0om,_10h = f; say. So now we have the
commutative diagram,

P(Q1)

|

y I p(E).

where gy :=mo0---om,_ 1o0gand hy :==7my0---0m,_10h.

Now the line sub-bundles ¢*Rs/g* Ry and h*Ry/h*Ry of f*E/g*R; over
Y are same which is equivalent to saying that the sub-bundles ¢} (S2) and
hi(Ss) of fiQq are same. Again using 9.2.2 we get that myo---om, 09 =
Ty 0++-0m,_ 10 h. Proceeding similarly after n steps we get that g = h.

So @ is both injective and surjective. Hence ® is a bijective correspon-
dence and the theorem is proved. O]

9.6 Poincare polynomial of the flag of a bundle
For a vector bundle £ — M of rank n we have the sequence of bundles

FE)=P(Qn 1) = P(Qn2) = - = P(Q) = P(E) > M

where ;41 is the universal quotient bundle over P(Q;). We have proved in
Lecture 21 that the poincare polynomial of P(F) is given by,

1—2n
Again
1 — t2(n—1)
P(P(Qu),1) = P(B(E), )~
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So by induction we get,

PEQ).1) = Pry) - L),

So poincare polynomial of F(FE) is given by,

(9.6.1) P(F(E),t) = P(M,t) - %Q;fi)
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10 De Rham Cohomology of Complex Grass-
mannian manifold

We will determine the poincare polynomial of grassmannian manifold. Let
Gr(C™) denotes the complex grassmannian manifold : the set of all k di-
mensional linear subspaces of C". Let us consider the trivial bundle F =
Gri(C") x C™ over Gr(C™). Recall that we have the universal subbundle
Scrycmy of F whose fiber at a point [V] € Gri(C") is the the k dimen-
sional subspace V. We write the vector bundle Sg,, (c») simply as S here.
We define the universal quotient bundle @ over Gri(C") to be the coker-
nel of the inclusion : S — F. Now we take the flag of S to get a bundle
o : F(S) = Gri(C"). Pulling back @ we get a vector bundle ¢*(Q) over
F(S) of rank n — k. Again taking flag of o*(Q) we get a sequence of bundle

F(o Q) = F(S) S Gri(CT™).

Now considering C" as a vector bundle E over a point {*} we construct
F(E) 5 {x}.
Claim : F(F) and F(c*Q) are diffeomorphic as smooth manifolds.

Proof. Let us first give a map § : F(c*Q) — F(F). Using the universal
property of F(F) it suffices to give a full sequence of sub-bundles of the
trivial bundle of rank n over F(c*@). On Gri(C™) there is a short exact
sequence

0—-S—=F—>0Q—0.

Pulling this back along o o 7 we get the following short exact sequence on
F(o"Q)

0—>(UOT)*S—>(UOT)*F1>(UOT)*Q—>0.

Since (0 o 7)*Q = 7"(0*Q), there is a canonical full sequence of sub-bundles
in 7%(c*Q) over the space F(c*Q). We can take the inverse image of this
sequence under the map 6, let us call this sequence of sub-bundles R’. This
is not a full sequence in the trivial bundle. We also have a full sequence of
sub-bundles in 0*S over the space F(S). Let us call this sequence R. Then it
is clear that 7R C R’ is a full sequence of sub-bundles of the trivial bundle
(0 oT)*F over F(c*@). By the universal property of F(F) we get a map
d: F(o* Q) — F(E).

We claim that ¢ is bijective. This will become clear from the set theoretic
description of §. Let p € F(c*Q). Then we get a point o o 7(p) € Gri(C"),
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which corresponds to a k-dimensional subspace T}, C C". The fiber of S over
the point o o 7(p) is precisely T;. The point 7(p) corresponds to a full flag
inside Tj. The point p corresponds to a full flag inside C"/T},. But these
two full flags give rise to a full flag inside C". This corresponds to a point in
F(E), which is precisely d(p). There is a bijection between the two sets

1. A full flag in C"

2. A k-dimensional subspace T C C", a full flag inside T} and a full flag
inside C"/Tj.

From this bijection and the set theoretic description of ¢ it is clear that ¢ is
bijective.

Finally let us construct a map which is a smooth inverse to ¢. Firstly to
get a map F(F) — Grg(C"), by universal property of Grassmannians 8.4.1
it is enough to get a subbundle of trivial bundle of rank k over F(E).

Recall that over F(E) we have the tautological filtration of bundles R :
Ry — Ry — ... — R, 1 — 7*E. In particular Ry is a subbundle of trivial
bundle 7*E of rank k over F(E). So we get a smooth map h : F(E) —

Now Ry : Ry — Ry — ... — Ry = h*S is a full-sequence of sub-bundles
in h*S over F(E). So by theorem 9.5.2 we get a smooth map

g: F(E)— F(S)
satisfying o o ¢ = h which has the set theoretic description,
(‘/17‘/27"'7Vn) = ([VkL‘/l?a‘/k)

Now ¢*(0*Q) = (0 0¢)*Q = h*Q and R/Ry : Rgi1/Ri — Riio/Rp —
... = R, /R, = h*Q is a full-sequence of sub-bundles in h*Q over F(E). So
again using theorem 9.5.2 we get a smooth map

V:F(E) = F(o"Q)
which has the set theoretic description,
Vi, Vo, oo Vi) = (Vi Vs oo s Vi, Vit / Vi, -, Vi / Vi)

By set theoretic description of § and v it is clear that ¢ is smooth inverse
of §. So we conclude that ¢ is a diffeomorphism and hence F(F) and F(c*Q)
are diffeomorphic as smooth manifold. O

28



Now from equation (9.6.1) we have,

(100.)  P(F(E),1) = P(x,1)- H%(_lt%z = H%l(fg)z .

Again

L)
(1— )t

By the claim we have F(E) = F(0*Q), so combining equation 10.0.1 and
10.0.2 we get,

H?:l(l — t%)

PORE0 = e [ r )
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11 De Rham cohomology of U(n)

The unitary group U(n) is the group of all n X n unitary matrices which is
a compact submanifold of the smooth manifold GL(n,C).

Proposition 11.0.1. For n > 1, We have a locally trivial fiber bundle :
(11.0.2) Un—1) = U(n) — S ',
Proof. We consider the map

f:U(n) — s*1!

A|—>A€1

where {ej,...,e,} is the standard ordered basis of C" over C. Clearly f is
smooth and surjective. Since U(n) and S?"~! are compact and hausdorff, so
f is proper. Clearly fiber over each point in S?"~! is diffeomorphic to the
closed submanifold U(n — 1) of U(n). So if we show that f is a submersion
and since the fiber is compact it is easy to see that we get a locally trivial
fiber bundle (11.0.2).

To see that f is submersion : Firstly we show f is submersion at identity
I, € U(n). We have

Df;, Ty U(n) — T, 5™ 1.

Considering U(n) as a submanifold of GL(n,C) and S?"! as a submanifold
of C" we clearly have,

Df;, : {A € GL(n,C) : Ais skew hermition} — {z € C": 27e; = 0}

given by,
Df; (B) = Be; .

If v € T,, 5?1, so we have z'e; = 0. Writing x = Y ' | x;¢; with z; € C,
we have z; = 0. So taking

0 =3 Ty
B i) 0 0
z, 0 0



clearly B is skew hermition and Be; = z. This proves that D f; is surjective
and hence f is a submersion at I,,.

Now to see that f is a submersion at any U € U(n), we observe that the
following diagram is commutative :

Un) —“— Ul(n)

| |
g2n—1 L g2n—1

where Ly is left multiplication by U i.e. Ly(A) = UA and ¢p(x) = U.
Moreover both Ly and ¢y are diffeomorphisms. So from the commutative
diagram
Ty, U (n) L2 1,0 (n)
lDfIn lDfU
T€152n_1 (% T(Ue1)S2n_1
it is clear that f is submersion at U € U(n). O

Before going to cohomology of U(n), we first see some definitions and
theorems to be used in the computation of cohomology.

Definition 11.0.3 (Exterior Algebras). The exterior algebra A[ay, as, . . ., a,]
over R is the free R-module with basis the finite products a;, - - - a;, for i1 <

- < i with multiplication defined by the rules a;a; = —aja; (in particu-
lar, this implies a? = 0). Defining the empty product of a;’s to be 1 € R,
Alay, ag, ..., a,] becomes an algebra with the identity element 1.

We can make Alay,as, ..., a,| a graded algebra just by defining degree
of the elements aq,...,a,. For example if we have degree(a;) = d; > 0 for
t=1,2,...,r, then degree of the monomial a;, ---a;, is d;; +--- + d;, for
I <---<ipand k <r.

k

Theorem 11.0.4 (Special case of Leray-Serre spectral sequence). Let F —
E — B be a locally trivial fiber bundle and suppose F' is connected and B
is simply connected. Then there is a first quadrant cohomological spectral
sequence of algebras {E**,d,}, where d,. is of bidegre (r,1 — 1), such that
EP? >~ H?(B,R)® HI(F,R) and the spectral sequence converges to H*(E,R)
as an algebra. Moreover, the differential d, is an antiderivation i.e.

do(a-b) =d(a) b+ (=1)""a-d(b) where a€c E™".
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Now we compute the De Rham cohomology of U(n) :

Proposition 11.0.5. For n > 1 the cohomology ring of U(n) is given by
H*(U(n);R) = Ay, 23, ..., Top 1]

isomorphic as graded algebra with degree(x;) = i.

Proof. Forn =1, clearly U(1) ={a € C*: aa=1=aa} =S". So

R ifi=0,1

0  otherwise

H'(U(1);R) = {

Letting z; to be a generator of H'(U(1)), we have z7 = 0. So

H*(U(1);R) = Alx;] with degree(z;) = 1.

We proceed by induction on n. So we assume the statement to be true for
n = m. So we have

H*(U(m);R) = Alzy,x3,...,29m—1] with degree(z;) =1i.

So by graded ring structure of H*(U(m);R), we have z; € H'(U(m);R).
Now we prove the statement for n = m + 1.

Considering the fiber bundle (11.0.2) for n = m + 1, we have the locally
trivial fiber bundle

U(m) = U(m +1) — §2m+t,

with U(m) connected and S?™*! simply connected. So using theorem (11.0.4)
we will get a Leray-Serre spectral sequnece of algebras { E**, d,.} where

q . , +r,g—r+1 P, __ , —7r,q+r—1
dP ;. EP9 —y EPTa and  EPY = ker d??/Tm d?~"9

and F5? >~ HP(S?™1R)® HY(U(m); R) and the spectral sequence converges
to H*(U(m + 1);R) as an algebra.
By construction of spectral sequence we have

Ey* = H*(S* 1 R) @ H*(U(m); R)
isomorphic as graded algebras.
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Let Tomy1 be a generator of H?™T1(S?m+L:R) so that H*(S*™ 1 R) =
A[zoy,41] isomorphic as graded algebra where degree of zg,,41 is 2m + 1. So

Ey" = Alxy, @3, Zomo] @ A2am] = Alzy, 23, Ton]
isomorphic as graded algebras and degree of x; is 1.
Claim : For r > 2,

Epr = HY(S*" 5 R) @ H'(U(m);R) = Alzy, 73, ., T2m 1]

isomorphic as graded algebras and EP? 2 HP(S?*™T1:R) @ HY(U(m);R).

Proof : We have the result for » = 2. We proceed by induction on r. So we
assume we have the result for r = s > 2 i.e.

Err 2 g (SP L R) @ H*(U(m);R) = Ay, 23, . . ., Tomii]

isomorphic as graded algebras. We need to prove the result for r = s+1. We

intend to prove that d; = 0. Then it will follow that £} = E}* isomorphic
as graded algebras. So the claim is proved by induction.

To show that d, = 0 : Since d, is an antiderivation, it is enough to show
that d, takes the generators to 0 i.e. dg(z;) =0 fori=1,3,...,2m + 1.

e For:=1,3,...,2m — 1,
r; € BY  and > EY' — ESTSTL
o If s # 2m+ 1, H*(S?*";R) = 0 and hence
Eri—sH o fg(SPHLRY @ H L (U(m); R) 22 0

So ds(z;) =0

oIfs=2m+1,theni—s+1=1i—2m <0. So E5 5T > ( and
hence ds(x;) = 0.

e Fori=2m+1,
Tomi1 c E?m—i—l,o and dim—l—l,o . E82m+1,0 N E82m+1+s,1—s )

Now 1 — s < 0, so E2mH1+s175 = () and hence d,(wg,11) = 0.

33



So we have dg(z;) =0 for i = 1,3,...,2m + 1 and hence d; = 0. So we have
proved that for r > 2, E** = Alxy, x3, ..., Tom1] as graded algebras.
So
H*(U(m + 1),R) = E:é* = A[Il,l’:;, ce ;x2m+1] .

isomorphic as graded algebra with degree(z;) = 1.
So by induction we have proved that for n > 1,

H*(U(n);R) = Alzy, x5, ..., T2_1]

isomorphic as graded algebra with degree(x;) = i.

12 De Rham cohomology of GL(n,C)

Lemma 12.0.1. GL(n,C) is diffeomorphic to U(n) x Herm(n,C) where
U(n) denotes the set of all n x n complex unitary matrices and Herm(n,C)
denotes the set of all n x n complex hermitian matrices.

Proof. We will prove the Lemma in 3 steps.

Step 1. We will show that the set of all n x n complex positive defi-
nite hermitian matrices Herm™(n,C) is open in Herm(n,C). Hence, it is a
manifold of dimension n?. We show that the complement of Herm™(n,C) in
Herm(n,C) is closed. Let {A,,} be a sequence in Herm(n, C)\ Herm™(n,C)
such that {4,,} converges to A € Herm(n,C). So for each m € N, 3z, €
C" \ {0} st. zf Apz, < 0. Replacing x,, with |I§:H we can assume
T, € 5?71 for all m € N. Since S*"~! is compact, so {z,,} has a convergent
subsequence say {z,,, } and let limy o 2,n, = # € S*7!1. Then z*Ax =
limy, o0 (2, Ay Tm,,) < 0. So A € Herm(n,C) \ Herm™(n,C). So comple-
ment of Herm™(n,C) is closed in Herm(n,C) and hence Herm™(n,C) is
open in Herm(n,C). Hence Herm™(n,C) is a manifold of dimension n?.

Step 2. In this step we shall show that GL(n,C) is diffeomorphic
to U(n)x Herm™(n,C). If P € Herm™(n,C) then 3 an complex uni-
tary matrix @ such that QPQ~' is diagonal. Say QPQ™! = D = (d;;)
with 0 < dyjy < dyg < -+ < dy, and d;; = 0 for ¢ # j. Then define
VP = Q' (diag(v/di1, Vdaa, . . ., V/dnn))@Q where /dy; is positive square root

of d;;. We show that /P is well defined. Say R be another complex unitary
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matrix such that RPR™ = D. Then we have, Q7'DQ = R"'!DR. Letting
(bij) = B= RQ™" we get BD = DB. Hence for any i, j,

Z birdy; = Z d;;by;
k=1 k=1

which implies, bijdjj = d”bw So bij(djj - d“> = 0. Since V d“’, \/djj > 07 we
get bm'(\/ djj — d“> =0. So bij\/djj = d”sz This 1mphes that

Z bigr/dr; = Z \/d_ikbkj
=1 =1

So
Vi 0 0 Vi 0 0
0 Vda ... 0 0 Vda ... 0
B . ) = ) . B
0 0 . Ay 0 0 . Ay
So

QM (diag(v/dir, oz, ., V) Q = R (diag(v/diy, Voo, /) )R

Hence /P is well-defined and v/P € Herm™(n, C).
Define

®: GL(n,C) - U(n) x Herm™ (n,C)
A (A(VA*A)7L VA A)

And

U :U(n) x Herm™*(n,C) — GL(n,C)
(A,B)— AB

Clearly ¥ and ® are inverses of each other and V¥ is smooth. To show that ®
is smooth it is enough to show that the map P — +/P is smooth. Let f,g :
Herm*(n,C) — Herm™(n,C) defined by f(P) = P? and g(P) = v/P. Then
f is smooth and f and g are inverses of each other. Let P € Herm™(n,C)
then we have, Dfp : Herm(n,C) — Herm(n,C) given by Dfp(X) = PX +
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XP. We show that Dfp is an isomorphism. If PX + XP = 0 for some
X € Herm(n,C), then PXP™! = —X. Now 3 complex unitary matrix
Q such that QPQ™' = D = diag(\i, Na, ..., \n), where \; > 0. Letting
(yij) =Y = QXQ ™', we have DYD™! = -Y. So )\iyijAj’l = —y,;;. Since
f\‘— > 0 so y;; = 0 and hence X= O.

" So by inverse function theorem f is diffeomorphism. Hence g is smooth.
So ® is smooth. Hence W is a diffeomorphism.

Step 3. In this step we shall show that Herm™(n,C) is diffeomorphic to
Herm(n,C). We take the map

exp : Herm(n,C) — Herm™(n,C)

A exp(A) = ZA

n!
n=0

We prove that this is a diffeomorphism. We know exp is smooth. Now
exp(0) = I,, and D exp, is the identity map hence isomorphism. By inverse
function theorem we get open sets U C Herm(n,C) containing O and V' C
Herm™(n,C) containing I,, such that exp : U — V is diffeomorphism. Say
¢ : V' — U be the smooth inverse of exp.

We construct a global inverse of exp. We have already proved that taking
square root is a smooth map on positive definite hermitian matrices. Let
B € Herm™(n,C). Then limy_,o BY? = I,. So 3k € N such that BY/?" €
V. Define

log : Herm™(n,C) — Herm(n,C) by log(B) = 2*¢(BY?")

log is well defined : Say if m,k € N such that BY/2" BY?" ¢ V. Then
©(B'2"), o(BY?") € U. Now



Since exp is a diffeomorphism on U, so srp(BY?") = Lo(BY?"), that is,
2m (B2 = 2k (BY2"). So log is well defined.
Now for B € Herm™(n,C), if BV ey,

exp(log(B)) = exp(2°p(BY*") = (exp(p(BY*")))* = (BY*)* = B.

For A € Herm(n,C), 3m € N such that ;=4 € U. Then (exp A)"/*" =
exp(3mA) € V. Now

1 1
log(exp(A)) = 2mgp(exp(2—mA)) = 2m2—mA = A.
So, log is inverse of exp. Since ¢ is smooth, so log is also smooth. Hence
exp is a diffeomorphism.
Combining steps (2) and (3) we get GL(n,C) is diffeomorphic to U(n)
Herm(n,C).

1 x

I

Since, Herm(n,C) is diffeomorphic to R". So, H*(Herm(n,C))
H*(R™). By Kunneth formula we will get H*(GL(n,C)) = H*(U(n)). So
using proposition (11.0.5) we have

H*(GL(H, C)) = A[Qfl, T3, ... ,272”_1]

isomorphic as graded algebra with degree(z;) = 1.
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13 De Rham cohomology of SU(n)

The special unitary group SU(n) is the group of all n X n unitary matrices
with determinant 1 which is a compact submanifold of the smooth manifold
GL(n,C). Clearly SU(1) is a manifold with a single element. So

(13.0.1) Hi(SU(1):R) = {f ft;;£ise

Proposition 13.0.2. For n > 1 the cohomology ring of SU(n) is given by
H*(SU(n);R) = Alxs, x5, .. ., oy 1]

isomorphic as graded algebras with degree(x;) = i.

Proof. For n =2, SU(2) is diffeomorphic to S*. So we have

{R ifi=0,3

HY(SU(2);R) =
(SUR);R) 0  otherwise

Letting 3 to be a generator of H3(SU(2)), we have 22 = 0. So

H*(SU(2);R) = Alxs]  with degree(x3) = 3.

We proceed by induction on n. So we assume the statement to be true
for n = m. So we have

H*(SU(m);R) = Alxs, x5, . .., Tom—1] with degree(x;) = 1.

So by graded ring structure of H*(SU(m);R), we have z; € H'(SU(m);R).
Now we prove the statement for n = m + 1. Recall by proposition (11.0.1)
we have the Fiber bundle :

U(m) < U(m + 1) & g2m+

with f(A) = Aey, where {ey, ..., emny1} is the standard ordered basis of C™ !
over C. If we restrict f on SU(m + 1), it is easy to check that f|sy(mt1)
is again proper submersion onto S?*™*!. So we get the locally trivial fiber
bundle :

SU(m) < SU(m + 1) L §2m+1 |
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with SU(m) connected and S?™*! simply connected. So by theorem (11.0.4)
we will get a Leray-Serre spectral sequnece of algebras { E*, d,} where

pa . P ptrg—r+l Pa P p—rgt+r—1
vt EP1 — EP and B, = kerd??/ImdP

and ED? = HP(S?™TL:R) @ HY(SU(m);R) and the spectral sequence con-
verges to H*(SU(m + 1);R) as an algebra.
By construction of spectral sequence we have

By = {*(S* L R) @ H*(SU(m); R)

isomorphic as graded algebras.
Let Tg,41 be a generator of H?*™*1(S?m+1:R) so that H*(S*"t1R) =
A[z9y,41] isomorphic as graded algebra where degree(za,41) = 2m + 1. So

Ey" 2 Axs, x5, ..., Tom_1] @ Aomi1] = A3, Ts5, . .., Tomi]
isomorphic as graded algebras and degree of z; is 7.
Claim : For r > 2,

Er* = g*(SPLR) @ H*(SU(m); R) =2 Alxs, s, . . ., Tomi1)
isomorphic as graded algebras and EP4 = HP(S?*™ 1 R) @ HY(SU(m);R).

Proof : We have the result for r = 2. We proceed by induction on r. So we
assume we have the result for r = s > 2 i.e.

E;k,* ~ H*(S2m+1,R) ® H*(SU(m>’R) = A[$3,$57 ce ,x2m+1]

isomorphic as graded algebras. We need to prove the result for r = s+1. We
intend to prove that ds = 0. Then it will follow that E.}, = E** isomorphic
as graded algebras. So the claim is proved by induction.

To show that d, = 0 : Since d, is an antiderivation, it is enough to show
that ds takes the generators to 0 i.e. dy(z;) =0 for i =3,5,...,2m + 1.

e Fori=3,5,...,2m — 1,

r; € X and d%: EY — ESTSTL
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o If s # 2m + 1, H*(S?*™™;R) = 0 and hence
E;,i—s—&—l ~ Hs(52m+1; R) ® HZ_SH(SU(m),R) >~ )

So dg(x;) =0

oIlfs=2m+1,theni—s+1=1i—2m <0. So E® ! > and
hence dg(z;) = 0.

e For ¢ =2m+ 1,
Tom+1 € E$2m+1,0 and dim-ﬁ-l,o . E's2m+170 SN Es2m+1+s,1—s .
Now 1 — s < 0, so E?mH1+51=5 = () and hence dg(zam+1) = 0.

So we have dg(z;) =0 for i = 3,5,...,2m + 1 and hence d; = 0. So we have
proved that for r > 2, E** = Alxs, x5, ..., Tami1] as graded algebras.
So
H*(SU(m + ].),R) = E;’)* = A[I’g, Tsy - .- 7$2m+1] .

isomorphic as graded algebra with degree(z;) = 1.
So by induction we have proved that for n > 1,

H*(SU(n);R) = Alzs, x5, ..., Top_1]

isomorphic as graded algebras with degree(x;) = i.
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