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We will develop Fourier series representation of functions that will
be used to solve PDE considered later.

Consider the following Boundary Value Problems (BVP), where
AeRand L > 0.

@ Problem 1.
@ Problem 2.
© Problem 3.
Q Problem 4.

Yy +Ay=0
y' +Ay=0
y' +Ay=0
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y(0) =0,
y'(0) =0,
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y'(0) =0,

y(L) = 0.

y'(L)=0.
y' (L) =0.
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We will develop Fourier series representation of functions that will
be used to solve PDE considered later.

Consider the following Boundary Value Problems (BVP), where
AeRand L > 0.

@ Problem 1. " +Ay=0 y(0)=0, y(L)=0.

@ Problem2. y"+Xy=0 4 (0)=0, ¢'(L)=0.
© Problem 3. v"+Xy=0  y(0)=0, ¢ (L)=0.
O Problem 4. " +Ay=0 y'(0)=0, y(L)=0.

@ Problem 5. ¢ +Xy=0 y(-L)=vy(L), y'(-L)=y'(L).

The boundary condition in problem 5 is called periodic.
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Questions. Let us fix any one of the above problems, say Problem
1.

@ For what values of X\ does problem 1 have a non-trivial
solutions?

@ If it has solutions, what are the solutions?

Any X for which problem 1 has a non-trivial solution is called an
eigenvalue of problem 1.

Given an eigenvalue, if we take the space of all functions which
satisfy the problem with respect to this eigenvalue, then it is a
trivial check that this space forms a vector space.

Nonzero solutions for an eigenvalue X\ are called A-eigenfunction, or
eigenfunction associated with A.

Problems 1 — 5 are called eigenvalue problems. Solving an
eigenvalue problem means finding all its eigenvalues and associated
eigenfunctions.
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Proof.

Let us prove the first two; the third is left as an exercise.

Suppose A < 0 is an eigenvalue. Let us write A = —a?.

Rewrite the differential equation as y” = ay. The general solution
to this is y(z) = Ce™ + De™ . In problem 1 we have the
condition y(0) = y(L) = 0. This forces that C' + D =0 and

Ce*™ + De=%l = 0. One checks easily that this forces C' = D = 0.

In problem 2 we have the condition that ¢/(0) = /(L) = 0. This
gives aC' — aD = 0 and aCe® — aDe=* = 0. Since a # 0, this
forces C'= D = 0.
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In problem 3 we have the conditions y(0) = v/(L) = 0. This gives
C + D =0 and aCe** — aDe™ % = 0. Again this forces
C=D=0.
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Eigen Value problems ¢’ + Ay = 0

continued .. ..

In problem 3 we have the conditions y(0) = v/(L) = 0. This gives
C + D =0 and aCe** — aDe™ % = 0. Again this forces
C=D=0.

Similarly, do the other problems.

Now consider the second statement in the theorem. If A =0, the
clearly, the solution has to be of the form y(z) = ax + b.

In problem 2 we have 3/(0) = ¢/(L) = 0, and so a = 0. Thus,
y(x) = constant is the solution in this case.

In problem 5, we have y(—L) = y(L), that is, —aL +b = aL + b.
This forces that a = 0. Thus, in this case too y(z) = const. O
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EVP1 ¢+ \y=0:;

The eigenvalue problem

v +Xy=0 y(0)=0, y(L)=0

has infinitely many positive eigenvalues

nm?

S

n=12...,

with associated eigenfunctions

yn(az):sin?, n=12....

There are no other eigenvalues.
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EVP1 ¢+ \y=0:;

Any eigen value must be positive (by previous theorem).
If y(x) is a solution of ¥” + Ay = 0 with A > 0, then
y(x) = c1 cos VAz + cosin vz
y(0)=0 = ¢ =0
— y(z) =coysinvAz  with ¢ #0
y(L) =0 = sinvV/AL =0 = VAL=nnx
’1’11271'2
72
is an eigenvalue with an associated eigenfunction

:>>\TL:

. nTT
Yn, = SIN T []
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EVP2 ¢+ \y=0:;

The eigenvalue problem
y'+y=0 y'(0)=0, y'(L)=0
has an eigenvalue Ao = 0 with eigenfunction yy = 1
and infinitely many positive eigenvalues
n2n?
L2
with associated eigenfunctions

Ap =

nwT
yn:cosT n=12,....

There are no other eigenvalues.
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EVP2 ¢+ \y=0:;

The eigenvalue problem
y'+y=0 y'(0)=0, y'(L)=0

has an eigenvalue Ao = 0 with eigenfunction yy = 1

and infinitely many positive eigenvalues
n2n?

L2
with associated eigenfunctions

Ap =

nwT
yn:cosT n=12,....

There are no other eigenvalues.

Proof. Similar to the proof of Problem 1, hence is left as an
exercise.
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EVP3 ¢+ \y=0:;

The eigenvalue problem

y'+xy=0 y(0)=0, y'(L)=0

has infinitely many positive eigenvalues

(2n +1)27?
M=
with associated eigenfunctions
. 2n+ )rmx
=sin——7FF— =0,1,2,....
yn Sln 2L ) n b ) )

There are no other eigenvalues.
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If y is a solution of ¥ + Ay = 0 with A > 0, then

y(x) = ¢1 cos VAT + o sin vV
y(0)=0 = 1 =0

= y(x) = casinvV Iz with ¢y #0
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EVP3 ¢+ \y=0:;

Any eigen value must be positive (by previous theorem).
If y is a solution of ¥ + Ay = 0 with A > 0, then

y(r) =1 cos V Az + ¢o sin vV x

y(0)=0 = 1 =0

= y(x) = casinvV Iz with ¢y #0

y'(L) =0 = VAcosVAL=0 = VAL =2ty
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EVP 3 y" + Ay = 0;

Any eigen value must be positive (by previous theorem).
If y is a solution of ¥ + Ay = 0 with A > 0, then

y(x) = ¢1 cos VAT + o sin vV

y(0)=0 = 1 =0

= y(x) = casinvV Iz with ¢y #0

y'(L) =0 = VAcosVAL=0 = VAL =2ty
(2n +1)272

412
is an eigenvalue with an associated eigenfunction

(2n + )7z
2L

e An:

Yp = Sin
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EVP 4 and EVP 5

Left as exercises.

Note that in EVP 5 every positive eigenvalue has two dimensional
space of associated eigen functions.
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Orthogonality

Definition

We say two integrable functions f and g are orthogonal on an
interval [a, b] if

b
/ f(z)g(z) dz = 0

More generally, we say functions ¢1, @2, ..., by, ... (finite or
infinitely many) are orthogonal on [a, b] if

b
/ ¢i(x)pj(x)dr =0 whenever i#j

We have already seen orthogonality of Legendre function.
We will study Fourier series w.r.t. different orthogonal systems.
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Exercise

Consider the eigenfunctions

o i T . 27X . nTT
Sin —, sl ——,...,sln ——, ...
L L L
2
Q 1,0081‘;,008%,...,008?,

3 2n —1
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Exercise

Consider the eigenfunctions

0 si T . 27X . nmx
sin —, sin —,...,sin —, ...
L L L
T 2mx nmwT
1 — —_ .. —_—
Q 1,cos L,cos 7 , COS 7
. wx . 37z . 2n—-1)rmx
Qsmﬁ,smi,...,SlnT,...
3 2n —1
Q cosﬁ,cos mr ., COS 7( n—lmz

2L’ 2L’ 2L
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Consider the eigenfunctions

0 si T . 27X . nmx
sin —, sin —,...,sin —, ...
L L L
T 2mx nmwT
1 — —_ .. —_—
Q 1,cos L,cos 7 , COS 7
. wx . 37z . 2n—-1)rmx
Qsmﬁ,smi,...,SlnT,...
T 3rx (2n — 1)z
o COSE,COSTL,...,COS72L e
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, COS L,s L,cos i ,8 7 , COS 7 ,8 7

13/48



Exercise

Consider the eigenfunctions

0 si T . 27X . nmx
sin —, sin —,...,sin —, ...
L’ L’ L
T 2mx nmwT
1 — —_ .. —_—
Q 1,cos L,cos 7 , COS 7
. wx . 37z . 2n—-1)rmx
e SIHE,SIHX,...,SIHT,...
s 3rx (2n — 1)z
o COSE,COSTL,...,COS72L e
o1 T . TX 2mx . 27x nwr . NTX
—,sin — —.,sin —, ... — . sin —, ...
, COS L,s L,cos i ,8 7 , COS 7 ,8 7

Show directly that eigenfunctions of (1-4) are orthogonal on [0, L]
and of (5) is orthogonal on [—-L, L].
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The space of square integral functions

We will study series expansions in terms of eigenfunctions. It is
used to solve PDEs.

For this we consider the vector space of functions on [a, b] and
define an inner product on it

b
(f.g) = / f(@)g(x)dz

Denote by L?[a,b] the subspace of those functions satisfying

(f,.f) < oo

To say this is a subspace, one needs to check that if f, g € L?[a, b
then f 4+ g € L?[a,b]. We shall assume this fact.

From now on, we will always be working with functions in some
inner product space of the type L?[a,b]. In such a space, the norm
of a function is defined to be ||f| := (f, f)'/2.
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Fourier Series

Let f € L*[~L, L]. Consider the series

o
Fi(x) = ap + z:l (an cos ? + by, sin ?)
n=

which is called the Fourier series of f on [—L, L]. Here

1 (L
a0:2L/_Lf(m)dx and forn >0

1 [F 1 [t
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Fourier Series

Let f € L*[~L, L]. Consider the series

o
Fi(x) = ap + 7; (an cos ? + by, sin ?)

which is called the Fourier series of f on [—L, L]. Here

1 (L
a0—2L/_Lf(:n)dx and forn >0

1 nmwL i . nmx
an—L/_Lf(:U)cosLd:L‘ bn—L/_Lf(:U)sdex

The above series converges to f in the L?>-norm, that is,

N
g nmwx . hmx
703 (e 5 b 25) | <o

n=1
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Fourier Series

The above means that the function defined by the series F'¢(x) is
equal to f(z) in a reasonably strong sense.
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Fourier Series

The above means that the function defined by the series F'¢(x) is
equal to f(z) in a reasonably strong sense.

We started with a function f(z) and cooked up a sequence of
numbers a,’'s and b,'s. Using these we cooked up a function
Fy¢(z). Although this function is “equal” to f(z) in a reasonably
strong sense, as we remarked above, it may not be equal to f(x)
pointwise. We now make some remarks about when F(x) will be

equal to f(z).
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Pointwise convergence of Fourier series

A function f on [a,b] is said to be piecewise smooth if
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Theorem

Let f(x) be a piecewise smooth function on [—L, L]. Then the
Fourier series
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Pointwise convergence of Fourier series

Let f(x) be a piecewise smooth function on [—L, L]. Then the
Fourier series

=ag+ Z (an cos + by, sin nzx)

of f converges to
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Fy(z) = {

Therefore, at every point x of continuity of f, the Fourier series

converges to f(x).
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Pointwise convergence of Fourier series

Let f(x) be a piecewise smooth function on [—L, L]. Then the
Fourier series

=ag+ Z (an cos + by, sin nzw)

of f converges to

x=—L,L
[f(z+) + f(z—)] €(-L,L)

Therefore, at every point x of continuity of f, the Fourier series
converges to f(x).

If we re-define f(x) at every point of discontinuity x as
$1f(z+) + f(z—)] then the Fourier series represents the function
everywhere. Thus two functions can have same Fourier series.
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Let us find the Fourier series of the piecewise smooth function

—r, —2<x<0
fz) =
1/2, 0<x<2

on [—2,2].
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Example

Let us find the Fourier series of the piecewise smooth function

—x, —2<x<0
f(x)_{1/2, 0<z<?2
on [—2,2].
1 [? 1[0 2 3
a0—1/2f(x)dx—z[/2(—x)dx+/0 —d:c]—z
If n > 1, then
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Let us find the Fourier series of the piecewise smooth function

—x, —2<x<0
f(x)_{1/2, 0<z<?2
on [—2,2].
1 [? 1[0 2 3
a0—1/2f(x)dx—1[/2(—x)dx+/0 —d:c]—z
If n > 1, then

1 [? nmwT
anp = 5/_2 f(.’L') COSTd,I
1 0

2
1
S [/_2(—:1:) cos _n72mc dx + /0 5 cos _mzmz dw}
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Example (continued ...)
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=—|—2z—sin——| + —sin——dz 40
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2 n272 2 —2

= — 5 (cosnm — 1)

n2m
1 2
by, = 5/_2f(:r)sin?dx

20/48



Example (continued ...)

0

1 2 . nmx|0 2 . nwx
=—|—2z—sin——| + —sin——dz 40
2 nmw 2 1-2 _9 nT 2

1 4 nmx\ |0
- bt (o)

2n2m2 2 2
= — 5 (cosnm — 1)

n2m

2
. nwx
bn:i/ f(.Q?)Slan.’L'

—2

1] [° 21
:5[/_2(—x)sin$dx+/0 §sin?dm]
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Example (continued ...)

1 2 . nmx|0 0 92  nrx
=—|—2z—sin——| + —sdeaz—i—O

2 nmw 2 1-2 _9 nT
1 4 ( nmv) ‘0

= _——— [ —cos —
2n2m2 2 2

2
= —2(cos nm — 1)

/ f(z sm—dx

2

1
=§[/_2( x)sman —i—/o §sin$da‘]

——(1 + 3cosnm)

2n
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Example (continued ...)

Thus, the Fourier series of f(z) is

F(z) =

=~

2 2 2

n=1

oo oo
2 cosnm — 1 nmwT 1 1+3cosnm . nrx
+ = g 5 cos + — E ———————sin ——
T n n
n=1
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Let us compute F'(z) at discontinuous points.
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Let us compute F'(z) at discontinuous points.

Example (continued ...)

5/4, = =42

— —2 0
F(x)z x, <z <

1/4, z=

1/2, 0<z<2
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Recall

Let V' be a vector space along with an inner product. For example,
L?[—1,1] or L2[0, 1] with the standard inner products.
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Recall

Let V' be a vector space along with an inner product. For example,
L?[—1,1] or L?[0,1] with the standard inner products.

Suppose we have an orthogonal set {¢1, @2, ...} which has the
following property. For every function f we have a series
> i>1 @i¢i which converges to f, that is,

n
li — di|l =0.
nl_{goﬂf ZanglH 0
i=1
Then we say that set {¢1, ¢2,...} is a normed basis for V.
Note that this is different from the notion of basis, where we need
that every vector should be written as a finite linear combination of
the basis vectors.

The the coefficient of ¢,, in the expansion of f is given by

{fs &n)

= <¢n;¢n> .
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Eigen functions as normed basis

In this situation, we will loosely write

f: Zan¢n-

n>1
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f: Zan¢n-

n>1

The theorem on existence of Fourier series for elements in
L?[—1,1] can be rephrased as saying that the set

{1} U feos ==} U {sin -}

is a normed basis for L?[—1,1]. Notice that these functions are
precisely the eigen functions to EVP 5.
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Eigen functions as normed basis

In this situation, we will loosely write

f: Zan¢n-

n>1

The theorem on existence of Fourier series for elements in
L?[—1,1] can be rephrased as saying that the set

{1}u{cos$}u {m?}

is a normed basis for L?[—1,1]. Notice that these functions are
precisely the eigen functions to EVP 5.

Next we shall use the above to find normed basis for some other
vector spaces. We will see that, just as in the case of basis, a
normed basis need not be unique.
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Eigen functions of EVP 1 as normed basis for L]0, 1]
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Let f be an element of L2[0, L]. Then we claim that f can be
written as a series
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f(z) = —f(—=) for x € [-L,0). Denote the extension by f.

25 /48



Eigen functions of EVP 1 as normed basis for L]0, 1]

Let f be an element of L2[0, L]. Then we claim that f can be
written as a series

To see this, let us first extend f to [—L, L] by defining )
f(z) = —f(—=) for x € [-L,0). Denote the extension by f.

Then we know that f has a Fourier expansion

nwT
—ao—i-Zancos——i-b sm%

25 /48



Eigen functions of EVP 1 as normed basis for L]0, 1]

Let f be an element of L2[0, L]. Then we claim that f can be
written as a series

To see this, let us first extend f to [—L, L] by defining )
f(z) = —f(—=) for x € [-L,0). Denote the extension by f.

Then we know that f has a Fourier expansion

nwT
—ao—i-Zancos——i-b sm%

1 IR
aoz/ f(x)dx an:L/ f(ZL‘)COSnLLdeL' n >0

/ f ) sin @dx
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Eigen functions of EVP 1 as normed basis for L]0, 1]

Now note that by the way f has been defined, it is an odd
function. Thus, ag = 0.
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Now note that by the way f has been defined, it is an odd
function. Thus, ag = 0.

Since cos "7 is an even function and f is odd, it follows

f(z) cos X2 is an odd function. Thus, a, = 0.
L

This proves that
f(z) = an sin? / f(x)sin wdm

Restricting this expansion to [0, L] we get the required expansion

of f.
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Eigen functions of EVP 1 as normed basis for L?[0, 1]

Now note that by the way f has been defined, it is an odd
function. Thus, ag = 0.

Since cos *7* is an even function and f is odd, it follows
f(z) cos 7% is an odd function. Thus, a, = 0.

This proves that
f(z) = an sin? / f(x)sin @dm

Restricting this expansion to [0, L] we get the required expansion
of f.

The functions {sin “7*},>1 are the eigen functions for EVP 1.
Thus, we have proved

The eigen functions for EVP 1 form a normed basis for L*[0,1].
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Eigen functions of EVP 2 as normed basis for L]0, 1]
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Eigen functions of EVP 2 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series
nwx
= ap + g Ay, COS ——

n>1
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Let f be a function on [0, L]. Then we claim that f can be written

as a series
nwx
= ap + g Ay, COS ——

n>1

To see this, let us first extend f to [—L, L] by defining
f(z) = f(—=z) for x € [-L,0). Denote the extension by f. Then

we know that f has a Fourier expansion

nwx
) =ap+ E ancos —i—bn mT
n>1

aozlfo(:c) / f(x cos@d:c n>0

/ f ) sin @d:p
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Eigen functions of EVP 2 as normed basis for L]0, 1]

Now note that by the way f has been defined, it is an even
function.
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Now note that by the way f has been defined, it is an even
function.

Since sin “7* is an odd function and f is even, it follows

f(x x)sin “F* is an odd function. Thus, b, = 0.

This proves that

1 [r 2 [F
_L/O f(x)dz an:L/O f(:z;)cos?dw
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Eigen functions of EVP 2 as normed basis for L?[0, 1]

Now note that by the way f has been defined, it is an even
function.

Since sin “7* is an odd function and f is even, it follows

f(x x)sin “F* is an odd function. Thus, b, = 0.

This proves that

1 [t 2 [F
_L/O f(x)dz an:L/O f(:z;)cos?dw

Restricting this expansion to [0, L] we get the required expansion
of f.

The functions {cos 7% },,>1 are the eigen functions for EVP 2.
Thus, we have proved

The eigen functions for EVP 2 form a normed basis for L*[0,1].
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series 2 0
. n — ™
f(z) = ZansmT

n>1
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written
as a series
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n>1
Let f € L%([0,L]). Extend f to fi on [0,2L] as
fi(z) = f(2L — ) for x € (L, 2L).

(2n — )7z
2L

29/48



Eigen functions of EVP 3 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series
(2n — )7z

flx) = ZansinT

n>1
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fi(z) = f(2L — ) for x € (L, 2L).
From what we saw earlier, we can expand fi as a series in the
eigen functions for EVP 1, that is,
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Let f be a function on [0, L]. Then we claim that f can be written

as a series

Z . 2n—-1)rmx

= ap, Sin ——
n® 2L

n>1
Let f € L%([0,L]). Extend f to fi on [0,2L] as
fi(z) = f(2L — ) for x € (L, 2L).
From what we saw earlier, we can expand fi as a series in the
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series

Z . 2n—-1)rmx

= ap, Sin ——
n® 2L

n>1
Let f € L%([0,L]). Extend f to fi on [0,2L] as
fi(z) = f(2L — ) for x € (L, 2L).
From what we saw earlier, we can expand fi as a series in the
eigen functions for EVP 1, that is,

We claim that bo,, = 0. This is easily checked using the definition:
9 2L

nmwx
by, = 3L J, filz )smfdx
1 L 1 2L
_L/o f(m)sm—zL dx +L : f(2L—x)sin%dx
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let us rewrite the second integral in the sum
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Let us rewrite the second integral in the sum
2L

nwx
2L — in —d
g f( x) sin 57 4%

)(—da’)

nrx!
L

0
(o' =2L — ), :/L f(2')sin(nm — 5

nmTx

L
= /0 (—1)”+1f(1:) sin >L dx
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let us rewrite the second integral in the sum

2L
nwx

2L — in —d

g f( x) sin 57 4%

(o' =2L — ), / f(2") sin( 2L )( da’)
L

nmTx

:/0 (—1)”+1f( )smfdx

Putting this back we get

L 7r
/ f(z Slndx+11L/0 (—1)" T f(x )smT;—Lda:
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Let us rewrite the second integral in the sum

2L
nwx

2L — in —d

g f( x) sin 57 4%

(o' =2L — ), / f(2") sin( 2L )( da’)
L

nmTx

— -1 n+1 - d
| @ysin T do
Putting this back we get
1 L
/ f(z s1nd:t:+L/O (—1)" T f(x )sm%dm
So an =0.
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Thus 2 D
. n— 1)rx
£ = Y by sin 21T

n>1

2 [k _ (2n— 1)z
bop_1 = L/ f(z) Sm(QL) dx
0
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Thus 2 D
. n— 1)rx
£ = Y by sin 21
n>1
2 [k on—1
bop_1 = L/o f(z) sin(nﬂ;)mj dx

Restricting this expansion to [0, L] we get the required expansion

of f.
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Eigen functions of EVP 3 as normed basis for L]0, 1]

Thus
-1)

. (2n T
ﬂf) = Z an_l S1n (2L

n>1

2 [k 2n — 1
bop_1 = L/o f(z) sin(nﬂ;)mj dx
Restricting this expansion to [0, L] we get the required expansion
of f.

The functions {sin
Thus, we have proved

Qn 17rz

}n>1 are the eigen functions for EVP 3.

The eigen functions for EVP 3 form a normed basis for L]0, 1].
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Eigen functions of EVP 4 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series 2 0
n— 1)rx
f(z) = Zan CO8

n>1
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Eigen functions of EVP 4 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written
as a series
f(z) = Zancosi
n>1
Let f € L%([0,L]). Extend f to f; on [0,2L] as
fi(z) = —f(2L — x) for x € (L,2L).

(2n — 1)z
2L
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Let f be a function on [0, L]. Then we claim that f can be written
as a series

f(z) = Zancosi

n>1

Let f € L%([0,L]). Extend f to f; on [0,2L] as
fi(z) = —f(2L — x) for x € (L,2L).

(2n — 1)z
2L

From what we saw earlier, we can expand f; as a series in the
eigen functions for EVP 2, that is,

nmT
fi(x) = by + an co8

n>1
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eigen functions for EVP 2, that is,
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Eigen functions of EVP 4 as normed basis for L]0, 1]

Let f be a function on [0, L]. Then we claim that f can be written

as a series 2 0
n—1)rx
x) = Z i €08 —————
n>1

Let f € L%([0,L]). Extend f to f; on [0,2L] as
fi(z) = —f(2L — x) for x € (L,2L).

From what we saw earlier, we can expand f; as a series in the
eigen functions for EVP 2, that is,

nwx
x) :bo—{—anCOS%
n>1

We claim that b, = 0. This is easily checked using the definition:

1 2L

bo = 37 ), fi(z)dz =0
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Putting this back we get

1 L
=1 e S [0 e
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Eigen functions of EVP 4 as normed basis for L?[0, 1]

SO an =0.

Thus 5 )
)= Y byn1 cos (2n — D

2L
n>1

2 [F 2n — 1)7x
ban—1 = L/ f(z) cos(ﬂ/)dx
0

Restricting this expansion to [0, L] we get the required expansion
of f.

The functions {cos
4. Thus, we have proved

2n 171'96

}n>1 are the eigen functions for EVP

The eigen functions for EVP 4 form a normed basis for L*[0, 1].
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Ok! So we have seen five theorems now.

Each of these says that there is a certain normed linear space V/,
and that eigen functions of a certain problem form a normed basis
for V.

Also note that the four of the above theorems are easy
consequences of the main one.

Ok! So what! What is so interesting about this? Who cares?

The power of these theorems will be revealed when we use them to
solve PDE’s. Recall the PDE we saw in the first lecture.

up = kugp, O<z<L, t>0
u(0,t) =0 t>0

u(L,t) =0, t>0

u(z,0) = z(L — x), 0<z<L

To solve this we will use the Fourier expansion in terms of EVP 1.

This will be done in the coming lectures.
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An observation: derivative transfer

Often we need to find Fourier expansion of polynomial functions in
terms of the eigenfunctions of Problems 1-4 satisfying the
boundary conditions.

We can use “derivative transfer principle” to find Fourier
coefficients. Recall what it means to integrate by parts.

d d
%(fg) = gi +fdfg'

Thus, integrating this we get

/b f% do = — /ngZ; dz -+ f(b)g(b)-f(a)g(a) |

In some situations, the term in the box will become 0, making the
above computation easy.
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Examples of Fourier series

Find the Fourier expansion of

f(z) = x(2* — 3Lz +2L*) on [0, L] in terms of the eigen
functions for EVP 1.
Soln. Note f(0) =0= f(L), f"(z) =6(x — L).
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Find the Fourier expansion of
f(z) = x(2* — 3Lz +2L*) on [0, L] in terms of the eigen

functions for EVP 1.
Soln. Note f(0) =0 = f(L), f"(x) = 6(x — L). Thus, using
derivative transfer we see the Fourier coefficient is

b, = 2<n7r> / f(z n—dw

—12L [E . nrmx
:7127]—2/(; (Z’-L)SIHTCZ.’I}
1212 nrx |L L nwx
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Examples of Fourier series

Example. Find the Fourier expansion of
f(z) = 2%(3L —2x) on [0,I]

in terms of eigen functions for EVP 2.

1 L
Soln. ap = / (3La? — 22%) dx
L 0

f'(z) = 6Lz — 62> = f'(0) = f'(L) =0.

Note f”'(x) = —12. Thus, using derivative transfer we get
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Therefore, the required Fourier expansion of f(x) on [0, L] is
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