NEF CONES OF SOME QUOT SCHEMES ON A SMOOTH
PROJECTIVE CURVE

CHANDRANANDAN GANGOPADHYAY AND RONNIE SEBASTIAN

ABSTRACT. Let C be a smooth projective curve over C. Let n,d > 1.
Let Q be the Quot scheme parameterizing torsion quotients of the vector
bundle O¢ of degree d. In this article we study the nef cone of Q. We
give a complete description of the nef cone in the case of elliptic curves.
We compute it in the case when d = 2 and C' very general, in terms of
the nef cone of the second symmetric product of C'. In the case when
n > d and C very general, we give upper and lower bounds for the Nef
cone. In general, we give a necessary and sufficient criterion for a divisor
on Q to be nef.

1. INTRODUCTION

Throughout this article we assume that the base field to be C. Let X
be a smooth projective variety and let N'(X) be the R-vector space of R-
divisors modulo numerical equivalence. It is known that N!'(X) is a finite
dimensional vector space. The closed cone Nef(X) C N!(X) is the cone of all
R-divisors whose intersection product with any curve in X is non-negative.
It has been an interesting problem to compute Nef(X). For example, when
X = P(FE) where F is a semistable vector bundle over a smooth projective
curve, Miyaoka computed the Nef(X) in [Miy87]. In [BP14], Nef(X) was
computed in the case when X is the Grassmann bundle associated to a
vector bundle £ on a smooth projective curve C, in terms of the Harder
Narasimhan filtration of E. Let C denote the dth symmetric product. In
[Pac03], the author computed the Nef(C(?) in the case when C' is a very
general curve of even genus and d = gon(C) — 1. In [Kou93] Nef(C®) is
computed in the case when C' is very general and g is a perfect square. In
[CK99] Nef(C®?)) was computed assuming the Nagata conjecture. We refer
the reader to [Laz04, Section 1.5] for more such examples and details.

The reader is referred to [FGIT05] for the definition and details on Quot
schemes. Let F be a vector bundle over a smooth projective curve C. Fix a
polynomial P € Q[t]. Let Q(FE, P) denote the Quot scheme parametrizing
quotients of E with Hilbert polynomial P. In [Str87], when C' = P!, the quot
scheme Q(O¢, P) is studied as a natural compactification of the set of all
maps from C to some Grassmannians of a fixed degree. In this article we will
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consider the case when P = d a constant, that is, when Q(F, d) parametrizes
torsion quotients of F of degree d. For notational convenience, we will denote
Q(FE,d) by Q, when there is no possibility of confusion. It is known that Q
is a smooth projective variety. Many properties of @ have been studied. In
[BDH15] the Brauer group of Q(Og,d) is computed. In [BGL94], the Betti
cohomologies of Q(Of,d) are computed, Q(O¢,d) has been intepreted as
the space of higher rank divisors of rank n, and an analogue of the Abel-
Jacobi map was constructed. In [Gan19], the automorphism group scheme of
Q(FE,d) was computed in the case when either rk £ > 3 or E is semistable
and genus of C satisfies ¢g(C) > 1. In [GS19], the S-fundamental group
scheme of Q(F,d) was computed.

In this article, we address the question of computing Nef(Q). Recall that
we have a map ® : Q — C'(@) (a precise definition can be found, for example,
in [GS19]). For notational convenience, for a divisor D € N'(C@) we will
denote its pullback ®*D € N'(Q) by D, when there is no possibility of
confusion. The line bundle Og(1) is defined in Definition 3.2. In Section 2
we recall the results we need on Nef(C@). In Section 3 we compute Pic(Q).

Theorem (Theorem 3.7). Pic(Q) = &*Pic(C@) P Z[Og(1)] .

As a corollary (Corollary 3.10) we get that N'(Q) = N (C@)@aR[Ogo(1)].
The computation of N1(Q) can also be found in [BDH15]. As a result, when
C = P!, since O = P? we have that the N'(Q) is 2-dimensional and we
prove that its nef cone is given as follows.

k

Theorem (Theorem 6.2). Let C =P, Let E = @ O(a;) with a; < a; for
i=1

1<j. Letd>1. Then

Nef(Q(E, d)) =R>0([Ogp,a)(D)] + (a1 + d = 1)[Opa(1)]) + Rx0[Opa(1)] -

Note that this theorem was already known in the case when £ =V ® Op1,
for a vector space V over k ([Str87, Theorem 6.2]).

For the rest of the introduction, we will assume E = V®O¢ with dimgV =
n and denote by Q@ = Q(n,d) the Quot scheme Q(F,d). Let us consider
the case g = 1. In this case, N'(Q) is three-dimensional (see Proposition
3.11), and we prove that its nef cone is given as follows (see Definition 2.4
for notations).

Theorem (Theorem 7.15). Let g =1, n > 1 and Q = Q(n,d). Then the
class [Og(1)] + [Ag/2] € NY(Q) is nef. Moreover,

Nef(Q) = R>o([Og(1)] + [Ad/2]) + Rx>0[04] + R>0[Ag/2] .

From now on assume that g > 2 and C' is very general. See Definition 7.3
for the definition of ¢ and a;. When d = 2 we have the following result.
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Theorem (Theorem 7.5). Let g > 2 and C be very general. Let d = 2.
Consider the Quot scheme Q = Q(n,2). Then

Nef(Q) = Rool[Oa(1)] + —t{Lal) + Roola] + Rofou].

Precise values of ¢ are known for small genus. When g > 9 it is conjec-
tured that ¢ = ,/g. This is known when g is a perfect square. The precise
statements have been mentioned after Theorem 7.5.

In general (without any assumptions on n and d), we give a criterion for
certain line bundle on Q to be nef in terms of its pullback along certain
natural maps from products [[, C (di)  see subsection 7.6 for notation.

Theorem (Theorem 7.11). Let 8 € NY(C@). Then the class [Og(1)]+ 5 €
NY(Q) is nef iff the class [O(=Aq/2)] + 738 € NYCW) is nef for all
deP;".

Using the above we show that certain classes are in Nef(Q). Define
(1.1)

k1 1= [Oo(1)]+polLol+ L9 =2

dg
Proposition (Proposition 7.13). Let g > 1, n > 1 and Q = Q(n,d). Then
Nef(Q) D) Rzoﬁ,l + Rzol@g + Rzo[ed] =+ RZO[LO] .

Now consider the case when n > d > gon(C'). Then Nef(C(?) is generated
by 04 and Lg (see Definitions 2.1 and 2.4). In this case we give the following
d _

A+ 9=1 pypen
dg
Nef(Q) C R>o([Oo(1)] + po[Lo]) + Rx0[04] + Rx>o0[Lo] -

When d > gon(C), in Lemma 5.9 we show that any convex linear combi-
nation of the k1 and 6y is nef but not ample. In particular, any such class
lies on the boundary of Nef(Q). Similarly, in Corollary 7.14 we show when
n > d, any convex linear combination of the class ko and L(()d) is nef but not
ample. So any such class lies on the boundary of Nef(Q).

0 2= 0o+ (Lo] € N'(Q).

upper bound for the nef cone in Proposition 4.2. Let ug :=

(A)

(1.2) (B)
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(1) (A) = [Oa(1)] + uo[Lal
2) (B) = [l
3) (C) = Lo 1
(@) (D) = 71 = 7([Oa)/2 + molLa) + (1= 7)iba) 7= g
+ H=2
(5) (B) = pr2 = p([OalD)) + solLol) + (1= plLa] o= oy
T T Tdg

In terms of the above diagram, we have that when n > d > gon(C)
(OD,0F,0C,0B) c Nef(Q) C (O4,0C,0B).

We do not know if the inclusion in the right is an equality when n >
d > gon(C). This is same as saying that [Og(1)] + po[Lo] is nef when
n > d > gon(C). In Section 8 we give a sufficient condition for when the
pullback of [Og(1)] + po[Lo] along a map D — Q is nef. However, when
d = 3 we have the following result.

Theorem (Theorem 8.6). Let C' be a very general curve of genus 2 <

2
g(C) < 4. Letn >3 and let Q = Q(n,3). Let py = g?L Then

Nef(Q) = R>0([Og(1)] + po[Lo]) + Rx>0[0a] + Rxo0[Lo] -

Some of the results above can be improved in the case when g = 2k using
the results in [Pac03]. (See Proposition 5.11.)

2. NEF CONE oF C@

We follow [Pac03, §2] for this section. Assume that either C' is an elliptic
curve or is a very general curve of genus g > 2. Then it is known that the
Neron-Severi space is 2-dimensional. So in this case, to compute the nef
cone, it is enough to give two classes in N1(C) which are nef but not ample.

For any smooth projective curve and d > 2 (not just a very general curve)
there is a natural line bundle Lo on C(9 which is nef but not ample. This
line bundle is constructed in the following manner. Consider the map

¢:Cd - g(0)©®),

(zi) = (T — 25)icy -

Let p;; denote the projections from J(C’)(g). Since ¢ is not finite, as it
contracts the diagonal, the line bundle ¢*(®pjj@) is nef but not ample.

This line bundle is invariant under the action of S; on C¢. This follows
from the fact that © in J(C) is invariant under the involution L > L.

Definition 2.1. ¢*(®p;;0) descends to a line bundle Lo on C@,

Since ¢ contracts the small diagonal 6 : C' < C@ we have 6*[Lo] = 0.
Hence Ly is nef but not ample [Pac03, Lemma 2.2]. Therefore, in the case
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when C is very general, computing the nef cone of C(9) boils down to finding
another class which is nef but not ample.

In the case when d > gon(C) =: e, [Pac03, Lemma 2.3] we can easily
construct another line bundle which is nef but not ample: Then we have a
map g. : C — P! of degree e. This induces a closed immersion P! — C(©)
with v +— [(g¢)'(v)] € C(®). This in turn gives a closed immersion P' —
C@ with v — [(ge) ' (v) + (d — e)z] for some point z € C.

Definition 2.2. Denote the class of this P* in N1 (C@) by [I'].

The composition P! — C@ 24 J(C) is constant, since there can be no
non-constant maps from P — J(C). Hence ug : CD — J(C) is not finite
and we get that «);© is nef but not ample.

Definition 2.3. Define 0; := u}©.
Recall that over C(9) we have natural divisors [Pac03, §2]:

Definition 2.4. Define
(1) ba
(2) the big diagonal Ay — C@)
(3) If ig—1 : c=1 5 @) s the map given by D — D + x for a point
z € C, then the image iq_1(C\@=1). This divisor will be denoted [z].

It is known that when g = 1 or C is very general of g > 2, then NI(C(d))
is of dimension 2 and any two of the above three forms a basis.

By abuse of notation, let us denote the class (J is the small diagonal)
[6.(C)] € N1(C@) by §. We summarise the above discussion in the following
theorem.

Proposition 2.5. [Pac03, Proposition 2.4] When d > gon(C'), we have:
(1) Nef(C?D) = Rxo[Lo] & Rxo[04] ,
(2) NE(C@W) = Rxo[l'] & Rx[d] -

The above basis are dual to each other.

We will need to write [Lo] in terms of [x] and [¢,], for which we need the
following computations. Define

5 c Lot @
where the first map is given by = — (x,z1,...,24-1).

Lemma 2.6. Let d > 1. We have the following

(1) deg(0%(04]) = d2
(2) deg(0™ [Gd])

(3) deg(0*[x]) =

(4) deg(6™[x]) = 1
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Proof. Recall that 6, = u}0, where uq : c@ — J(O) is given by D
O(D — dxg) for a fixed point zy € C. Therefore the composition ug o 4 :
C — J(CO) is given by x +— dx — O(dx — dxg), which is the map

C J(0) 2% 5(0).

The pullback of © under the map J(C) xd, J(C) is ©% and the degree
of the pullback of © under the map u; : C — J(C) is g. Hence degree of
§*04 = d*g. This proves (1).

The composition ug 0 ¢’ : C — J(C) is given by C — C@ — J(C)

d—1 d—1
T '—m—i-Z:ci — O(x + sz — dxg)
i=1 i=1

which is the composition C' 2 J(CO) Loy g (C), where t, is translation by
an element in J(C'). Hence degree of §"; = g. This proves (2).

For a line bundle L on C, we will denote by L¥¢ to be the unique line
bundle on C@, whose pullback under the quotient map « : C% — C@ ig
®?:1 piL. Recall that by [Pac03, §2], we have that [z] = [O(z)¥9] for a point
z € C. By definition under the map 7 : C¢ — C(?@ the pullback of O(z)%¢
is @, prO(x). Now § : C — C? is the composition C — C?4 — C(@)

= (x,.,z)—dx.
Hence we get that the pullback of O(z)®? to 6 is O(dx). Therefore degree
of §*[z] = d. This proves (3).
We know ¢ is the composition C' — C?% — C(@
x (21, g-1) >+ T+ F g1 -
Hence we get that 6" [z] = O(z). Therefore degree of §"*[z] = 1. This proves
(4). O

d+g—1

dg . Then

Lemma 2.7. Let g,d > 1. Let ug :=

[Lo] = dglx] — [04]
= (dg —d—g+1).[z] +[A4/2]

1 1
= (% — 1)[6a] + %[Ad/ﬂ :

Proof. Let [Lo] = alf4] + blx]. We need two equations to solve for a and b.
The first equation is 6*[Lg] = 0. Recall

it ol c@
where the first map is given by x — (x,z1,...,z4). Hence

0" [Lo] = f*¢"(®p;©).
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Now the composition
oLt g

is given by « — (x — x1,2 — 22,...,T — Z4—1,%; — Tj)i<;. Hence

d—1
deg (6™ [Lo]) = > deg(61) = (d — 1)g..
i=1

This will be our second equation.
We use these two equations and the preceding computations to compute
a and b.

0 = deg(6*[Lo))
= a.deg(0™[04]) + b.deg(d*[z])
=ad?q +bd.
Therefore
b= —adg.
Now using the second equation we get
(d —1)g = deg(6"[Lo))
= a.deg(6"*[0,]) + b.deg(8"*[x])
=ag+b
=ag —adg = ag(l —d).
Therefore
a=—1, b=dg.

Hence we get [Lo] = dg[z] — [04]. For the other two equalities, we use the
relation

[0a] = (d+ g —1)[z] - [Aa/2]
between [z],[Ag/2] and [04] [Pac03, Lemma 2.1]. O

3. PICARD GROUP AND NERON-SEVERI GROUP OF Q

Let E be a locally free sheaf over C'. Throughout this section Q will
denote the Quot scheme Q(F,d) which parametrizes torsion quotients of E

of degree d. In this section we compute the Picard group of Q, and the
vector spaces N'(Q) and N1(Q).

Lemma 3.1. Let S be a scheme over k. Let F be a coherent sheaf over
C x S which is S-flat and for all s € S, F|oxs is a torsion sheaf over C of
degree d. Let pg: C' x S — S be the projection. Then

(1) ps«(F) is locally free of rank d and Vs € S the natural map pg.(F)|s —
HY(C, F|cxs) is an isomorphism.
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(ii) Assume that we are given a morphism ¢ : T — S. We have the
following diagram:

CXTM)CXS

\LPT \LPS
T—¢ S

Then the natural morphism

¢*ps«(F) = (pr)+(id x ¢)*F

is an isomorphism.

Proof. Since F|cxs is a torsion sheaf for all s € S, we have H'(C, Flcxs) =
0. By [Har77, Chapter III, Theorem 12.11(a)] we get R'pg.(F) = 0. Us-
ing [Har77, Chapter III, Theorem 12.11(b)] (ii) with ¢ = 1 we get that
the morphism ps.(F)|s — H°(C,F|cxs) is surjective. Again using the
same with i = 0 we get that pg.(F') is locally free of rank d and the map
ps«(F)|s = H°(C, F|oxs) is an isomorphism.

Since F' is S-flat it follows that (id x ¢)*F' is T-flat. Applying the above
we see ¢*pg.(F) and (pr)«(id x ¢)*F are locally free of rank d. For each
t € T we have the commutative diagram:

¢*ps«(F)|t = pss(F)| gty —— (pr)«(id x )" F|;

| !

HO(C, Floxg(r) === H(C, (id x ¢*)F|cxt)

By the first part we get that the vertical arrows are isomorphisms. Hence
we get that the first row of the diagram is an isomorphism. Therefore

¢*p5*(F) — (pT)*(id X ¢)*F

is a surjective morphism of vector bundles of same rank and hence an iso-
morphism. [l

We define a line bundle on Q. Let us denote the projections C' x Q to
C and Q by pc and pg respectively. Then we have the universal quotient
PeE — Bg over C x Q. By Lemma 3.1, po.(Bg) is a vector bundle of rank
d.

Definition 3.2. Denote the line bundle det(po«(Bg)) by Oo(1).

Denote the d-th symmetric product of C by C@. Recall the Hilbert-
Chow map @ : @ — C@ which sends [E — B] to Y. 1(B,)p, where I(B,)
is the length of the O¢ p-module B),. Therefore, we have the pullback ®* :
Pic(C4) — Pic(Q) which is in fact an inclusion. To see this, recall that
the fibres of ® are projective integral varieties [GS19, Corollary 6.6] and ®
is flat [GS19, Corollary 6.3]. Hence ®,(0Og) = Op. Now by projection
formula ®,®*L = L for all L € Pic(C¥) and the statement follows.
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The big diagonal is the image of the map C' x C@=2) — C(@ given by
(x,A) — 2z + A. Let us denote the big diagonal in C@ by A. Let Ug :=
CO\ A and U := " 1(Ug). ThenU C Q.

Lemma 3.3. For any line bundle £ € Pic(Q), 3 an unique n € Z such that
(L@ O0g(—n))|o-1(p) = Og-1(p) for allp € Uc.

Proof. Let m : P(E) — C be the projective bundle associated to E and
let Op(g)(1) be the universal line bundle over P(E). Let Z = P(E). Let

pi : Z — P(E) be the i-th projection. Let w4 : Z — C? be the product map.
The symmetric group Sy acts on Z and the map my is equivariant for this
action. Let ¢ : C% — C(@ be the quotient map. Define Uy := (pomg)~H(U).

Let ¢ € C be a closed point and let k. denote the skyscraper sheaf sup-
ported at ¢. A closed point of P(FE) which maps to ¢ € C corresponds to a
quotient £ — E. — k.. Recall that we have a map [Ganl19, Theorem 2.2(a)]

Uz —>U
which sends a closed point
(Be, = ke,)Ly €Uz
to the quotient

E->@E, » Pk cud.

So we have a commutative diagram:

U, —Y s u

ke |

v (Uo) —2— Ug

Moreover, if ¢ = (c1,...,cq) € ¥ 1 (Uc), then by [GS19, Lemma 6.5] "

induces an isomorphism
[IP(E) =7, () = 27 ((e)) .

Applying Lemma 3.1 by taking T' = Uz, S = U and ¢ = 1 and the definition
of the map 1 (see the proof of [Ganl9, Theorem 2.2(a)]) we see that

}*O0g(1 ®pzoﬂ» Do, -

Hence it is enough to show that 3 n € Z such that ¥ ¢ € v~} (Ug)
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For ¢ € ¥~ 1(U¢) define n;(c) € Z using the equation

i*ﬁ‘ﬂgl(g) = ®p?OP(ECi)(ni(Q)) .
i=1

We may view the n; as functions n; : =1 (Ug) — Z. Since the line bundle
¥*L is invariant under the action of the group Sy, it follows that

(3.4) ng()(¢) = ni(o(c)).
Here o(c) := (¢s(1), - - - » Co(ay)- Hence it suffices to show that n; is a constant
function.

Let cg,...,cq be distinct points in C. Define V := C '\ {cg,..,c4} and a
map
iV e N Ug) i(c) == (c,c2,..,¢4) -
Then 7, (V) is equal to P(E|y) x P(E,) x ... x P(E,,). The restriction of
U*L to P(E|y) x P(E,,) X ... x P(E,,) is isomorphic to

M ® p1Op(m|y)(a1) ® P30p(E,,)(a2) - .. ® Pa0p(E, ) (ad) ,

where M is a line bundle on V. Further restricting to (c,ca,...,cq) and
(d,cay...,¢q), where ¢, € V, we see that
(3.5) ni(c,ca,..ycq) = ni(cca,. .., cq) Vi.
This proves that for distinct points ¢, co,...,cq € C we have
(3.6) ni(c, cay .y cq) = ni(c,cay. .. cq) Vi.
Choose 2d distinct points c1,...,¢cq4, ¢}, ...,c; in C. Then using equations
(3.5) and (3.6) we get
77,1(01,62, ey C ) = nl(cll,CQ, ey d)
= na(co, 61, ,Cd)
- 77,2(0/2761763, 7cd)
/
:nl(cl7625637 7cd)
= nl(cl,cz, N

Finally, for any two pomts ¢, d € 1 (Ug) choose a third point ¢’ such
that the coordinates of ¢ are distinct from those of ¢ and ¢. Then we see
that n1(c) = n1(c”) = n1(¢’). This proves that ny is the constant function.
Therefore, 1/}*£|7Td_1(g) is of the form @ p;Op(g..)(n), Vc € Y~ YUg). The

uniqueness of n is obvious. ([
Theorem 3.7. Pic(Q) = ®*Pic(C¥) P Z[0g(1)] .

Proof. Let L € Pic(Q). By [GS19, Corollary 6.3] and [GS19, Corollary
6.4] the morphism @ is flat and fibres of ® are integral. Then by [MR&2,
Lemma 2.1.2] and Lemma 3.3 we get that £ ® Og(—n) = ®*M for some
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M € Pic(C@). Hence £L = ®*M ® Og(n). The uniqueness of such an
expression follows from the statement on uniqueness in Lemma 3.3. O

For a projective variety X over k recall that N1(X) (respectively, N1 (X))
is the vector space of R-divisors (respectively, 1-cycles) modulo numerical
equivalences [Laz04, §1.4]. Tt is known that N'(X) and Ny(X) are finite
dimensional and the intersection product defines a non-degenerate pairing

N'(X) x Ni(X) = R (181, 1) = 181 - 1] -

We will compute Nl(Q) and N1(Q). Let ¢ € Up C C@, As we saw in
the proof of Theorem 3.7,

o71(e) = [[P(Ew).
Let P! — P(E,,) be a line and let v; € P(E,,) for i > 2. Then we have an
embedding;:
(3.8) P'=P'xwyx...xvg = P(E,) x [[P(El,)=2""(c) C Q.
i>2
Definition 3.9. Let us denote the class of this curve in N1(Q) by [I].
Corollary 3.10. N'(Q) = &*N(C¥) P R[Oo(1)].
Proof. Since ® is surjective, NY(C4) — N(Q) is an inclusion [Laz04,
Example 1.4.4]. Note that Og(1) # 0 in NY(Q) since [Og(1)] - [I] = 1.
Hence Og(1) # 0 in N'(Q). This also shows that Og(1) ¢ ®*N*(C(®).
By theorem 3.7, we know that any N'(Q) is generated by ®*N!(C(%)
and [Og(1)]. The only thing left is to show that
* N (CDYNR[Og(1)] = 0.
For a € R if a[Og(1)] € N'(C@D), then a[Og(1)] - [I] = a = 0. Hence the
result follows. g

Hence, it follows from Corollary 3.10 that

Proposition 3.11. If g = 1 or C is very general with g > 2, then dimg N'(Q) =
3.

Proof. We already saw that N'(C@) is of dimension 2. The Proposition
follows. O

To compute N;(Q) we first construct a section of ¢ : Q — C@. Over
C x C@ we have the universal divisor ¥ which gives us the universal quotient
Oy — Os. Choose a surjection £ — L over C, where L is a line bundle
on C. This induces a surjection £ ® Oy @) — L ® Opyo@-. Then the
composition

E®Oqcm =+ L®0Oq o — L®0s
gives us a morphism

(3.12) n:C9 9
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which is easily seen to be a section of ®.

Corollary 3.13. N1(Q) = N1 (CY9) @ R[l] where N1(CD) < N1(Q) is the
morphism given by the pushforward 7.

Proof. Since ® on = idw we have that 7, is an injection. Also since
[0o(1)] - [I] = 1, we have [I] # 0. We claim that [[] ¢ Ny(C@). If not,
assume that [I] = 7.[4] for [y] € N*(C®). Then for every 8 € N'(C@) we
have
[]- @6 =0.([l) - B=0=7-5.
This proves that v = 0.
Let v € N1(Q). Then we claim that

Y=y + ([%(1)1 (- 77*<I>*’Y)> n.

This can be seen as follows. It is enough to show that ¥V D € N'(Q),

[D] -y = [D] - (n«®xv) + ([Oa(1)] - 7)[D] - 1] -
By Corollary 3.10, it is enough to consider the case when D = ®*D’ where
D' € NY(C@) or D = Og(1). In the first case the statement follows from
projection formula and the second case is by definition. This completes the
proof of the Corollary. O

Let po : C x Q@ — Q and pg : C' x Q — C be the projections. Let Bg
denote the universal quotient on C' x Q. For a vector bundle F' over C, we
define

Br,g := det(po«(Bo ® piF)) .

Lemma 3.14. Suppose we are given a map f: T — Q. Let (id x f)*Bg =
Br. Letpr : C xT =T and p17: C xT — C be the projections.

CXTMCXQ

L’PT lPQ
T % Q

(i) [*pos(Bo ® pt.F') = pr«(Br ® pi 1 F) is an isomorphism.
(it) For a vector bundle F' on C define Brr = det(pr«(Br @ pjrF)).
Then f*BF,Q = BF,T-

Proof. For (i) take Bo ® pi.F" and use Lemma 3.1. The assertion (ii) follows
from (i) by applying determinant to the isomorphism
F'po«(Bo @ ppF') = pru(Br @ pi o F).
([
Recall the definition of 7 from equation (3.12), this is a section of ®. For

a line bundle L on C' we have a line bundle G4 1, over C@ (see [Pac03, page
8] for notation).
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Lemma 3.15. Let n be defined by a quotient E — M — 0. Then
N Br,o = Ga,Lom -

Proof. We have the diagram:
Cx @D XX oy g

| J

cd 1,9
Recall that by definition of ), the pullback of the universal quotient on C'x Q
to C' x C@ via the section (idc x n) is the quotient
E® OC’XC(d) — L ® OC’XC(‘i) — L ® Ox,

Hence by Lemma 3.14, we have

n*Br,o = Ga,roM -

Proposition 3.16. For any two line bundles L, L’ over C
Bro® Bplo = ®*((L® L' 1)),

Proof. First we show that By, o ®BZ,1Q € ®*Pic(C?). Since any line bundle

over Q is of the form Og(a) ® ¢*L, where £ € Pic(C@), it is enough to
show that both By, g and B/ g have the same Og(1)-th coeffcient.

To compute the coefficient of this component of any line bundle over Q,
we can do the following. Fix d distinct points ¢y, ...,cq € C. These define
a point ¢ € 4. As we saw in the proof of Theorem 3.7,

d
o (c) = [[ P(E.,).-
=1

Let v; € P(E,,) for i > 2. Then we have an embedding:

fiP(Bey) X v2 X ... X vg <> P(Ee,) x [[P(Ee,) = 27} (c).
i>2

Then the Og(1)-th coefficient of a line bundle M over Q is the degree of
f*M with respect to Opg, )(1). Let Y = P(E,). Using Lemma 3.14,
f*Br,o = det(py«(By @ pj yL)).

The v; € P(E,;) correspond to quotients v; : B — E¢, — ke,, for 2 < j <
d. Over C xY we have the inclusions ij : Y = ¢; x Y < C x Y for every
1 < j <d. We have a map

d
PiyE = @il y Eleyxy) -
j=1

The bundle p”LYE |¢;xy is just the trivial bundle on Y, and using v; we can
get quotients piYE|Cij — Oy for 2 < j < d. For j = 1 we have the
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quotient pj y Elc, xy — 11+(Oy (1)). Since the ¢; X Y are disjoint we can put
these together to get a quotient on C' X Y

d
pivE— | POy | PirOy(1).

j=2
By definition, the sheaf By is the sheaf in the RHS. Then
d
By @ piyL = @%‘*OY ®pyyL @ i1:0y (1) @ py y L

j=2

d
=& i0v | Pir0y(1)
j=2

=By .

Thus, using the remark in the preceding para, we get that the Og(1)-th
coefficient of By, ¢ is the same as that of By o. Hence By, o ® B;}’Q =o*L.
Recall the section 1 of ® from equation (3.12), constructed using some
line bundle quotient £ — M. Then n* (B o ® Bg,l,g) = 5s*®*L = L. Now
using Lemma 3.15, we get that n*Br o = Ga.reMm-
By Gottsche’s theorem ([Pac03, page 9]) we get that n*Br o = Ga.rem =
(L® M)® @ O(-Ag4/2). Therefore, we get

L=n*Bro® Bg,l,g) =(L® L/—l)&d.
This completes the proof of the Proposition. ([l
Corollary 3.17. [By o] = [0Og(1)] + deg(L)[z] in N*(Q).

4. UPPER BOUND ON NEF CONE

Let V be a vector space of dimension n. From now, unless mentioned
otherwise, the notation Q will be reserved for the space Q(V ® O¢,d).
Sometimes we will also denote this space by Q(n,d) when we want to em-
phasize n and d.

Notation. For the rest of this article, except in section 6, the genus of the
curve C' will be g(C) > 1. If g(C) > 2 then we will also assume that C' is
very general.

Our aim is to compute the NEF cone of Q. Since this cone is dual
to the cone of effective curves, it follows that if we take effective curves
Cy,Cs,...,Cp, take the cone generated by these in N1(Q), and take the
dual cone T in N'(Q), then Nef(Q) is contained in 7. This gives us an
upper bound on Nef(Q). We already know two curves in Q. The first being
a line in the fiber of ® : Q — C@ see Definition 3.9, which was denoted
[]. Recall the section n of ® from equation (3.12), taking L to be the trivial
bundle. The second curve is 7,([l']), where [I'] is from Definition 2.2. Now
we will construct a third curve in Q.
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Define a morphism
(4.1) 6:C—=Q

as follows. Let p1,p2 : C x C — C be the first and second projections
respectively. Let i : C' — C x C be the diagonal. Fix a surjection k"™ — k¢
of vector spaces. Then define the quotient over C' x C'

n d - xond
Cxe = O6xo = 18" Oy o -

This induces a morphism 6 : C' — Q which sends ¢ — [0% — k¢ — 0]. We

will abuse notation and denote the class [0.(C)] € N1(Q) by [0].
We now give an upper bound for the NEF cone when n > d > gon(C).

Proposition 4.2. Consider the Quot scheme Q = Q(n,d). Assume n >

d -1
d > gon(C). Let pg := —i_dgg Then

Nef(Q) € Rx0([Oo(1)] + polLo]) + R>0[0a] + R>o[Lo] -
Proof. We claim that the cone dual to ([I],7.([']),[d]) is precisely
(([0aM)] + polLo), [Lo], [Bal) -

We have the following equalities:

(1) ([Oo(1)] + po[Lo]) - [I] = 1. This is clear.
(2) ([0o(1)] + mo[Lo)) - m«[l')] = 0. By projection formula and Lemma
3.15, we get that

([Oo(V)] + po[Lo]) - [nl'] = ([~ Aa/2] + po[Lo]) - [I']-

By Lemma 2.7 we get that [—Ag/2] + po[Lo] = (1 — 10)[04). But as
we saw earlier, [04] - [I'] = 0.

(3) ([Oo(1)] + po[Lo]) - [6] = 0. By Lemma 3.1, it is easy to see that
[Og(1)] - [8] = 0. By projection formula, we get

([Oo(1)] + po[Lo)) - [6] = [moLo] - [®.6] = [uoLo] - [6] = 0.
(4) [64] - [1] = [Lo] - [I] = 0 follows using the projection formula.

Now the claim follows from Proposition 2.5. As explained before, since

Nef(Q) is contained in the dual to the cone ([I], n«([l']), []), the proposition
follows. O

When the genus g = 1, we have the following improvement of Proposition
4.2.

Proposition 4.3. Let C' be a smooth projective curve of genus g = 1. Con-
sider the Quot scheme Q = Q(n,d). Assume d > gon(C') = 2. Then

Nef(Q) C Rxo([Og(1)] + [Lo]) + Rxo[ba] + R>o[Lo] -
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Proof. We claim that the cone dual to ([I],n.([l']), n«[d]) is precisely
(([0a(1)] + [Lo]), [Lo], [6a]) -

Let us check that [([Og(1)] + [Lo])] - n«[0] = 0. Since [Lo] - [0] = 0 it is clear
that it suffices to check that [Og(1)] - n«[6] = 0. Applying the definition
of the map nod : C — Q we see that [Og(1)] - 7:[6] = deg(pa«(O/T?)),
where 7 is the ideal sheaf of the diagonal in E x E. Since Z/Z? is trivial
and Z7 /T7+1 = (Z/I%)%9, it follows that deg(pa«(O/Z%)) = 0. The rest of
the proof is the same as that of Proposition 4.2. O

5. LOWER BOUND ON NEF CONE
In this section we obtain a lower bound for Nef(Q) (Q = Q(n, d)).

Lemma 5.1. Let f : D — Q be a morphism, where D is a smooth projective
curve. Fix a point q € f(D) and an effective divisor A on C containing the
scheme theoretic support of By. If there is a line bundle L on C such that
HO(L) — H°(L|4) is surjective then [Br o] - [D] > 0.

Proof. Consider the map
po«(pc(V ® Oc) @ peL) — po«(Bo ® poL)
on Q. We claim that this map is surjective at the point ¢q. In view of Lemma
3.1 when we restrict this map to ¢, it becomes equal to the map
H(VeL) - HB,®L).
The map V® L — B, ® L on C factors as
VRL—-V®Ljgx—B,®L.

Taking global sections we see that the map H°(V ® L) — H°(B,® L) factors
as
H(V®L)— H(V®Lls) — H(B,®L).
The second arrow is surjective since these are coherent sheaves on a zero
dimensional scheme. The first arrow is simply
Vo HYL) -V eHL|).
Since H°(L) — HY(L|4) is surjective by our choice of L, it follows that
HY(V®L) — H°(B,®L) is surjective, and so it follows that po.(V @pg L) —
pox(Bo ® pi L) is surjective at the point g.
The rank of the vector bundle po.(Bg ® p-L) on Q is d. Taking the dth

exterior of po.(V @ piL) — po«(Bg ® piL) we get a map

d

AV &H(L)) = Bro.

This map is nonzero and that can be seen by looking at the restriction to the
point g. This shows that there is a global section of By, o whose restriction
to ¢ does not vanish. It follows that [Br o] - [D] > 0. This completes the
proof of the lemma. O
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Lemma 5.2. Let A be an effective divisor on C of degree d. Then there is
a line bundle L of degree d+ g — 1 such that the natural map

H(L) — H°(L|4)
1S surjective.

Proof. Tt suffices to find a line bundle of degree d + g — 1 such that H'(L ®
Oc(—A)) = 0. By Serre duality this is same as saying that H'(LY ® K¢ ®
Oc(A)) = 0. The degree of LV @ Ko ® Oc(A) is g — 1. Thus, fixing A
we may choose a general L such that LY ® K¢ ® O¢(A) line bundle has no

global sections. ([
Definition 5.3. Define U C Q to be the set of quotients of the form
&= =P ¢ # ¢
Hl:l mcycz’ mC,Ci

We now prove a lemma, which is implicitly contained [GS19, Section 5.
Let ¥ ¢ C'xC@ denote the closed sub-scheme which is the universal divisor.
In the following Lemma we work more generally with Q(FE,d).

Lemma 5.4. Let E be a locally free sheaf of rank r on C. Let Q@ = Q(E,d)
denote the Quot scheme of torsion quotients of length d. The universal
quotient Bg is supported on ®*X C C' x Q. The set U is open in Q. On
C x U the sheaf Bg is a line bundle supported on the scheme ®*XN(C x U).

Proof. Let A denote the kernel of the universal quotient on C' x Q

0—>A£>p*CE—>BQ—>O.

The map P is defined taking the determinant of h, that is, using the quotient

0 = det(A) 2 prdet(E) — F = 0.

If 75, denotes the ideal sheaf of ¥ then this shows that
O* Ty = det(A) ® prdet(E) .

Let 0 — E' ™ B be locally free sheaves of the same rank on a scheme Y.
Let Z denote the ideal sheaf determined by det(h). Then it is easy to see
that ZE C h(E') C E. Applying this we get that (®*Zy)piE C A. This
proves that B is supported on ®*X. Let us denote by Z := &*X C C' x Q.
Consider the closed subset Z3 C Z defined as follows

Zy:={z=(c,q) € Z | ranki(Bgo ® k(z)) > 2}.

Then the image of Z5 in Q is closed and U is precisely the complement of
Zy. This proves that U is open in Q.

Let R be a local ring with maximal ideal m and let R — S be a finite
map. Let M be a finite S module, which is flat over R and such that
M/mM = S/mS. Then it follows easily that M = S.



18 C. GANGOPADHYAY AND R. SEBASTIAN

Let ¢ € U C Q be a point. The sheaf Bg is a coherent sheaf supported
on Z, the map Z — Q is finite, the fiber

OC,CZ' ~ ~
Bq:@Ti = Oslq = Ozl
mC,ci
From the preceding remark it follows that Bg is a line bundle over Z N (C' x
U). (]

Lemma 5.5. Consider the Quot scheme Q = Q(n,d). Let D be a smooth
projective curve and let D — Q be a morphism such that its image intersects

U. Then ([Oo(1)] + [Aa/2]) - [D] = 0.

Proof. Denote by Bp the pullback of the universal quotient over C' x Q to
C x D. Denote by ip : I' — C x D the pullback of the universal subscheme
Y C x C@ to C x D. Then Bp is supported on T

Let I'; be the irreducible components of I'. Since I' — D is flat each T

dominates D. Let f : ' — D denote the projection. There is an open subset
U; C D such that

FHU) = rin )

and Bp restricted to f~!(U;) is a line bundle. Note that by T'; N f~1(Uy)
we mean this open sub-scheme of I'. Fix a closed point x; € I'; N f~1(Uy).
Consider the quotient

V®Ocxp — Bp
and restrict it to the point x;. We get a quotient

V — Bp @ k(z;) = 0.

If we pick a general line in V/, then it surjects onto Bp ® k(z;). Thus, for
the general element s € V, s ® Ocxp surjects onto Bp ® k(z;). This map
factors through Or, and we get an exact sequence

0—-O0Or—Bp—=F—=0
where F' is supported on a 0 dimensional scheme. Then we have
0— f.Or — fuBp — foFF — 0.
Since f,F' is again supported on finitely many points, hence we have
deg(f:Bp) — deg(f+Or) >0
By Lemma 3.1, deg(f.Bp) = [Og(1)] - [D] and by [Pac03, §3] we have
deg(f+Or) = [O(=Aq/2)] - [D] .
Hence the result follows. ]

Corollary 5.6. If the image of f : D — Q interects U, then ([Og(1)] +
po[Lo]) - [D] = 0.
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Proof. If its image interects U, then by Lemma 5.5,

([Oo(1)] +[Ag/2]) - [D] > 0.
By Lemma 2.7,

[Adq/2] = po[Lo] — (1 — po)[0d] -

Since 6, is nef, we have that

([Oa(1)] + polLo]) - [D] > 0.

O

Lemma 5.7. Consider the Quot scheme Q = Q(n,d). Let D be a smooth
projective curve and let f : D — (Q\ U) C Q be a morphism. Then
([OoM)] + (d+g—2)[z]) - [D] = 0.

Proof. Fix a point ¢ € f(D). Let A be the scheme theoretic support of
the quotient B, on C. Let deg(A) = d’. Since ¢ ¢ U, we have d' < d.
By Lemma 5.2 we have a line bundle L of degree d' + g — 1 such that
HO(L) — H°(L|,) is surjective. By Lemma 5.1 and Corollary 3.17 we get
that [Br.o] - [D] = ([Og(1)] + (d' + g — 1)[z]) - [D] > 0. Since [z] is nef on
Q and d’' < d —1 we get that ([Og(1)] + (d + g — 2)[z]) - [D] > 0. O

Proposition 5.8. Consider the Quot scheme Q = Q(n,d). Let py =

d -1 d -2
—i_dgg' Then the class k1 := [Og(1)] + po[Lo] + +dgg[9d] is nef.

Proof. Let D — @ is a morphism, where D is a smooth projective curve.
If the image of this morphism intersects U then by Lemma 5.5 we have
([Ogo(1)] +[A4/2]) - [D] > 0. By Lemma 2.7 we have [Ag/2] = po[Lo] — (1 —
o)[0q]. Hence we get

([Oo(D)] + polLol) - [D] = (1 = p0)[6a] - [D] = 0.

Since [0,] is nef, we get
d+g—2

([Oa(1)] + po[Lo)) - [D] + a7
Now assume D — Q does not intersect U. Then by Lemma 5.7 we get
([Oo(W)] + (d+g—2)[z])- [D] > 0.

[0a] - [D] = 0.

By Lemma 2.7 we have [z] = dlg[Lo] + dlg[ed]. Therefore
(d+g -2l =L L) + T2,
=pto[Lo] — dlg[Lo] + d+dgg—2[9d]
Since Ly is nef we get that
(0(1)] + rulLa] + “4=2]) - (D) = 0
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Lemma 5.9. Let L be a line bundle on C of degree d+g—1. If d > gon(C)
then the line bundle By, g is not ample. Moreover, for anyt € [0, 1] the class
t[Br,o] + (1 —1)[04] is nef but not ample.

Proof. We saw in the last para of the proof of Proposition 3.16 that n* By, g =
LP@0(~Ag/2). Tts class in the nef cone is (d+g—1)[x] — [Agq/2]. Tt follows
from Lemma 2.7 that this is equal to [f4]. Since d > gon(C) we have 6 is
not ample on CY). That t[Br, o] + (1 —t)[f4] is nef is clear since both [Br, o]
and [0,] are nef. This is not ample since * of this class is [64] on C@), which
is not ample. O

Proposition 5.10. Consider the Quot scheme Q = Q(n,d). Then the class
[Oo(1)] + (d+g — 1)[z] € NY(Q) is nef.

Proof. Tt is easily checked that the class [Og(1)] + (d + g — 1)[z] can be
written as a positive linear combination of [#4] and the class in Proposition
5.8. O

We may slightly improve Proposition 5.10 in a special case using the
results in [Pac03]. For this we first recall the main results in [Pac03, §4].
Let C be a very general curve of genus ¢g(C) = 2k. Since the gonality is
given by L%J, in this case it is k + 1. Let L} denote the finitely many
gis1’s on C and define L; = K¢ — L. Then deg(L;) = 3(k—1). It is proved
in [Pac03, Proposition 3.6, Theorem 4.1] that Gy, 1, is nef but not ample.

Proposition 5.11. Let C be a very general curve of genus g(C) = 2k.
Consider the Quot scheme Q = Q(n, k). The line bundle By, o 1is nef when
deg(L) > 3(k—1). When deg(L) = 3(k — 1) the class t[Br, o]+ (1 —t)[Gk,1]
is nef but not ample for any t € [0, 1].

We remark that this is an improvement since Proposition 5.10 only shows
that By o is nef when deg(L) > 3k — 1.

Proof. Tt follows from Proposition 3.16 that the class of Br g in N*(Q)
is [Og(1)] + deg(L)[z], since Bo,,0 = Og(1). Notice that this class only
depends on the degree of L. Since the sum of nef line bundles is nef, it suffices
to show that [Br, o] = [Og(1)] + deg(L)[z] is nef when deg(L) = 3(k — 1).

The set V (or,) is defined in equation [Pac03, equation (18)]. Then (A) in
[Pac03, Theorem 4.1] says that for every A € C*) there is an L; such that
H°(C,L;) — H°(C, Li| 4) is surjective.

Let f: D — Q be morphism, where D is a smooth projective curve. Fix
a point ¢ € f(D). Let A be the divisor corresponding to ®(q), then A is an
effective divisor of degree k. For this A, choose a line bundle L; such that

HY(C,L;) — H°(C, L;| o)

is surjective. The scheme theoretic support of B, is contained in A. It
follows from Lemma 5.1 that

J*Br,o = I ([0a(1)] + 3(k — D[a]) > 0.
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It follows that By, o is nef.

Note that
1" Br.o = n"[Og(1)] + deg(L)n"[x]
= [0(=Ak/2)] +3(k —1)[z]
= [Gk,L]-
Thus, when t € [0, 1] the pullback along 1 of ¢[Br o] + (1 —t)[Gk.1] is [Gk, L],
which is not ample. U

6. THE GENUS 0 CASE

Throughout this section we will work with C' = P!. Let us first compute
the nef cone of Q(n,d).

Note that we have C(9) = P4, Hence N'(C?) = R[Opa(1)]. By Corollary
3.10 it follows that N1(Q) is two dimensional. Hence, it suffices to find a
line bundle on Q which is different from the pullback of Opa(1) and which
is nef but not ample. The following result is proved in [Str87, Theorem 6.2],
but we include it for the benefit of the reader.

Proposition 6.1.

Nef(Q(n, d)) =R>0[Bo(a-1),0] + R=0[Opa(1)]
=R>0([Oo(1)] + (d = 1)[Opa(1)]) + R>0[Opa(1)] .

Proof. Let W := H°(P!, Op1(d)). There is a natural isomorphism PW* =
C(@). The universal sub-scheme ¥ C P! x PW* is given by the tautological
section

P2O0pw+(=1) = pyW = piW — piOp1(d) .

By Lemma 5.1 and Lemma 5.2 we get that Bpy—1),g is nef. To show
Bo(a-1),0 is not ample, consider a section 7 : C@ — Q constructed as in
(3.12) with L the trivial bundle. Let p; denote the two projections from
P! x PW*. By definition and Lemma 3.14 it follows that n*Bo(d-1),0 =
det(p2.(Ox ® piOpi1(d — 1))). Tensoring the exact sequence

O — pTO]pl(—d) ®p;O]P>W*(—1) — O]pl < PW * — OE — O

with pfOp1 (d—1) and applying pa. it easily follows that pa.(Os ® pjOp1 (d—
1)) is the trivial bundle and so n*Bpg—1),g is trivial. This proves that
Bo(a-1),0 1s nef but not ample.

By restricting to a fiber of ® and using Corollary 3.17 we see that [Bo4—1),0]
is linearly independent from [Opa(1)]. This completes the proof of the first
equality. The second equality will follow from the first equality once we
show that

[Boa-1),e] = [0a(1)] + (d — 1)[Opa(1)].
By Corollary 3.17, we have that [Bo(4—1),0] = [Oa(1)]+(d—1)[z]. Now recall
that given x € P!, [x] is the class of the divisor in C'¥) whose underlying set
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consists of effective divisors of degree d containing x (see (2.4)). Hence, [z]
is the class of the hyperplane section

P(HY(P', O(d) @ O(—z)))*) c P(H(P', O(d))*) = CD

Therefore [x] = [Op1(1)] and this completes the proof of the second equality.
O

k
Theorem 6.2. Let C =Pl Let E = @ O(a;) with a; < aj fori < j. Let
i=1
d>1. Let L=0(—a1+d—1). Then
Nef(Q(E, d)) =R>0[Br, o(r,q)] + R>0[Opa(1)]
=R>0([Og(z.a)(D] + (—a1 + d = 1)[Opa(1)]) + R>0[Opa(1)].

Proof. By Corollary 3.10 we get that N'(Q(E, d)) is 2-dimensional. Hence
it is enough to give two line bundles which are nef but not ample. Clearly
@*Q(EVd)O[Pd(l) is nef but not ample. So it is enough to show that By o(g.q)
is nef but not ample.

Since a; —a; > 0V j > 1, we get that F(—ay) is globally generated.
Let V := H°(C,E(—a;)) and let dim V = n. Then we have a surjection
V ® Oc — E(—ay). Then gives us a surjection

V®0Oc— poE(—a1) — BQ(E,d) ® peOc(—a1) — 0.
This defines a map f: Q(F,d) — Q(n,d). By Lemma 3.14 we get that

f*Boa-1),0(mn.d) = Br,oe,a = det(poe,qa)«(Boe,q) ® pcL)) -
Since Bo(q-1),0(n,d) 18 nef we get that By, o(g,q) is nef. We next show that the
Br, o(E,q) is not ample. Consider the section 1g(g,q) of Po(p,a) : Q(E,d) —
O defined by the quotient pfE — pO(a1) ® Ox on C x C@ (see (3.12)).
Then f ongg,q) is a section of ® : Q(n,d) — C@ defined by a quotient
Of — Os —0on C x C(@ . Therefore n*Q(E’d)BL,Q(E,d) = 1" Bo(d-1),0(n.d)-
As n*Bo(d-1),0(n,d) 18 not ample, we get that By o(p,q) is not ample. The
second equality follows again from the fact that [x] = [Opa(1)]. O

7. SOME CASES OF EQUALITY

Now we are back to the assumption that the genus of the curve satisfies
g(C) > 1 and if g(C) > 2 then we also assume that C is very general.

Definition 7.1. Let U’ C Q be the open set consisting of quotients OF —
B — 0 such that the induced map H°(C,O%) — H°(C, B) is surjective.

Lemma 7.2. Consider the Quot scheme Q = Q(n,d). Let D be a smooth
projective curve and let D — Q be a morphism such that its image intersects

U'. Then [0o(1)] - [D] > 0.



NEF CONE OF SOME QUOT SCHEMES 23

Proof. We continue with the notations of Lemma 5.5. Let pp : C' x D — D
be the projection. Then applying (pp)« to the quotient O¢«o = Bp we get
that the morphism

(pD)«O¢xp = Op — (pp)«Bp

is generically surjective by our assumption and Lemma 3.1. Hence we get
that

[Oo(1)] - [D] = deg((pp)«Bp) = 0.
(]

One extremal ray in Nef(C(?) is given by Lg. Let other extremal ray of
Nef(C®) be given by

(7.3) ar = (t+ 1)z — Ag/2,
(see [Laz04, page 75]). Then using Lemma 2.7, we get that
t+1 g—1

7.4 Ao /2 = Lo — .
(74) 2/ gt Y g™
Theorem 7.5. Let d = 2. Consider the Quot scheme Q = Q(n,2). Then
t+1
Nef(Q) = R>o([Oo(1)] + E[LOD + R>o0[Lo] + Rxofa] .

t+1
Proof. We first prove that [Og(1)]+ g+—|—t[L0] is nef. Since d = 2, then there

are only three types of quotients:

OC c OC c .
1) OF — ——L ¢ —2 with ¢1 # ca,
( ) ¢ gC,cl me e,
(2) Op — =5
oot o
(3) OF — —SC g —C€
me.c mc.c

The first two quotients are in U while the third one is in U’, that is, we get
UUU = Q. Now let D be a smooth projective curve and D — Q be a
morphism. If its image interects U, then by Corollary 5.6, ([Og(1)]+ A2/2)-
[D] > 0. Using (7.4) and the fact that «; is nef, we get that ([Og(1)] +
t+1

+ [Lo]) - [D] > 0. If D does not intersect U then D C U’. Hence by

g+t
Lemma 7.2, we have
[Oo(V)]-[D] = 0.
Since [Lo] is nef we have that
t+1
Opo(1 —|Lo]) - |[D] > 0.
([0af )]+g+t[ ol) - [D] =

t+1 ~
Also ([Oo(1)] + %[Lo]) - [6] = 0. Hence any convex linear combination
g

of [Oo(1)] + Z—:_i[Lo] and [Lo] is nef but not ample. By (7.4) n*([Og(1)] +
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t+1 g—1 . . .

—[Lg]) = ;. Hence any convex linear combination of [Oo(1)] +

g T y comvex linear combination of [Og(1)
P ——[Lo] and [ay] is not ample. Hence the result follows. O

Precise values for ¢t depending on g are known when
(1) Wheng=1,t=1.
(2) When g =2,t=2.
(3) When g =3, t=19/5.
(4) When g is a perfect square t = /g, see [Kou93, Theorem 2].
(5) In [CK99, Propn. 3.2], when g > 9, assuming the Nagata conjecture,
they prove that t = |/g.

Thus, in all these cases using Theorem 7.5 we get the Nef cone of Q(n,2).

7.6. Criterion for nefness. In the remainder of this section, we will need
to work with C(@ for different values of d. The line bundles Ly on C(%)

will therefore be denoted by L(()d) when we want to emphasize the d. Simi-

d -1
]arly’ we will denote ’u(()d) = —i_dgg Let P(Sd;l be the set of all partitions

(di1,da,...,dy) of d of length at most n. Given an element d € Pa ;L define
CW .= o) x 0ld) 5 x o)
and if p; : CD — C(d) ig the i-th projection we define a class

[O(=2a/2)] == [Y_piO(-Ag,/2)] € N'(CD).
Note that we have a natural addition
mq: CY = @,
For a partition d € PdS" define a morphism
na: CY—Q

as follows. For any [ > 1, we define the universal subscheme of C) over
C x CU by %;. Then over C' x C4) we have the subschemes (id x p;)*3q,.
We have a quotient

. n
Qd . OCXC<d) — @ O(idxpi,d)*zdi
7

defined by taking direct sum of morphisms Opy @) = Ofidxp, q)*5,, - Then
ga defines a map Cd — Q. By Lemma 3.14, we have

(7.7) MaOo(1)] = [O(=Aa/2)].

Lemma 7.8. Let D be a smooth projective curve. Let D — Q be a mor-
phism. Then there exists a partitiond € P(f;; such that the composition D —

Q — C9 factors as D — CD — €@ and [0o(1)]-[D] > [O(—A4q/2)]-[D].
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Proof. We will proceed by induction on d. When d = 1 the statement is
obvious.

Let us denote the pullback of the universal quotient on C' x Q to C' x D
by Bp and let f: C'x D — D be the natural projection. Consider a section
such that the composite Ocxp —+ O, p — Bp is non-zero and let F denote
the cokernel of the composite map. We have a commutative diagram

(7.9) 0 ——=Ocxp —= O¢yp Otxp 0
0 O Bp F 0

Let To(F) C F denote the maximal subsheaf of dimension 0, see [HL10,
Definition 1.1.4]. Define F’' := F/Ty(F). Now, either F/ = 0 or F’ is
torsion free over D, and hence, flat over D. In the first case, it follows that
D meets the open set U in Lemma 5.5. Then we take d = (d) and the
statement follows from Lemma 5.5. So we assume F' is flat over D and let
d' be the degree of F'|cxy, for x € D. So 0 < d’ < d. By (7.9) we have

deg fuBp = deg f.Or + deg f..F.

Since Ty(F) is supported on finitely many points, we have deg F > deg F.
In other words, we have

(7.10) deg fuBp > deg f.Or + f.F'.
Now I" defines a morphism D — C'@=4) and note that
deg .Ops = [O(~Aq_a/2)] - [D].
The quotient O}, — F' — 0 defines amap D — Q(n—1,d’). By induction

hypothesis, we get that there exists a partition d’ € 77;”_1 such that the
composition D — Q(n — 1,d") — C@) factors as D — C@) - C(@) and
[Og(n—1,ay(1)] - [D] = [O(—Aa/2)] - [D] .

Since deg foF' = [Og(n—1,a/)(1)]-[D] we have that deg f.F' > [O(—=Ag//2)]-
[D]. From (7.10) we get that

(O] - [D] = [O(=Ad-a/2)] - D + [O(=Aa/2)] - [D].
Now we define d := (d — d’,d’) and the statement follows from the above
inequality. ([l
Theorem 7.11. Let § € N'(CD). Then the class [Og(1)] + 8 € NY(Q) is
nef iff the class [O(—Aq/2)] + 756 € NY(CD) is nef for all d € Pdgn.
Proof. From (7.7) it is clear that if [Og(1)]+f is nef, then n}([Oo(1)]+8) =
[O(—Aq/2)] + 745 is nef.

For the converse, we assume [O(—Aq/2)]+73 is nef for all d € Pdgn. Let
D be a smooth projective curve and D — Q be a morphism. By Lemma
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7.8 we have that there exists d € PdSn such that D — C@ factors as
D — 0@ — 0@ and
[Oo(1)] - [D] > [O(—Aa/2)] - [D].
Now by assumption we have that
[O(-Aaq/2)]- [D] = =B - [D].
Therefore we get

[Oo(W)] - [D] =2 =5 [D].
Hence we get that the class [Og(1)] + 3 is nef. O

Lemma 7.12. Suppose we are given a map D — C(d) T 0@, Then we

have
L] D] > Z (LY

Proof. By [Lgi] - [D] we mean the degree of the pullback of [L (di)] along

D — ¢@ 2y ¢ldi) The lemma follows easily from the definition of L( )
and is left to the reader. D

Proposition 7.13. Let n > 1, g > 1 and Q = Q(n,d). Then the class
1
ko = [Og(1)] + %[L((]d)] € N1(Q) is nef. As a consequence we get that
g

Nef(Q) D R>ok1 + R>ok2 + Rzo[ed] + Rzo[Léd)] .

1
Proof. Recall u(()Q) = % By Theorem 7.11 it suffices to show that for
g

all d € P we have [O(—Aa/2)] + i

[L(()l)] = 0 and Lemma 7.12 we get
((O(=8a/2)]) + ) m3LE) - (D] = (D21 = 1) 0a) - 1G] - D]

7

)7'(:; [L(()d)] is nef. Using Lemma 2.7,

+ 1" (167] [P
> Z (2 _ dz’ gl] .[D].

This proves that k9 is nef. That xq is nef is proved in Proposition 5.8. This
completes the proof of the theorem. O

Corollary 7.14. Let n > d. Then the class [Oo(1)] + ué2) [Léd)] € NY(Q)
is nef but not ample.

Proof. By Proposition 7.13 we have that [Og(1)] + ,u((]2) [Léd)] is nef. Now

recall that when n > d we have the curve 6 = Q (4.1). From the definition
of § and Lemma 3.14 we have [Og(1)] - [0] = 0. Also &, = 6. Hence

(L) - 18] = [LEP] - [6] = 0. From this we get [Og(1)] + u{’[LYV] - [§] = 0
and hence [Og(1)] + uéQ)Lgd) is not ample. O
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As a corollary we get the following result. When g = 1 note that ,uéQ) =1

Theorem 7.15. Let ¢ = 1, n > 1 and Q = Q(n,d). Then the class
[0o(1)] + [Ag/2] € NY(Q) is nef. Moreover,

Nef(Q) = Rx>o([Og(1)] + [Ag/2]) + Rx0[0a] + R>0[Aq/2] .
8. CURVES OVER THE SMALL DIAGONAL

Throughout this section the genus of the curve C will be g(C) > 2 and C
is a very general curve. Recall that ® : @ — C@ is the Hilbert-Chow map.

Proposition 8.1. Let f : D — Q(n,d) be such that ® o f factors through
the small diagonal. Then [Og(1)]-[D] > 0.

Proof. Since ®o f factors through the small diagonal, there isamap g : D —
C such that if I' := I'y denotes the graph of g in C' x D, and O, , — Bp
is the quotient on C' x D, then Bp is supported on Ocxp/#(I')¢. Denote
Z := 4 (I'). Then Bp/IBp is a globally generated sheaf on D and so its
determinant has degree > 0. Now consider the sheaf

T'Bp /T Bp = (1/T*)® @ Bp/IBp .

~

Using adjunction it is easily seen that Z/Z? = g*wc. Since det(Bp/ZBp)
has degree > 0, it follows that det(Z°Bp/Z"*'Bp) has degree > 0. From the
filtration

Bp D IBp DZ2BD D... DIdBDZO
we easily conclude that [Og(1)] - [D] > 0. O

Lemma 8.2. Let D — c(@ be a morphism. Then we can find a cover
D — D such that the composite D — D — C@ factors through C.

Proof. Let D1 be a component of D X ) C? which dominates D. Take D
to be a resolution of D;. O

Corollary 8.3. Let D — Q be a morphism. Replacing D by a cover D we
may assume that the map D — D — Q — CD factors through C*.

In view of the above, given a map D — () we may assume that the
composite D — Q — C@ factors through C?. Let each component be
given by a map f; : D — C. Denote by ip : I' — C x D the pullback of the
universal subscheme ¥ < C x C@ to C' x D. The ideal sheaf of T is the
product #(I'y,), the ideal sheaves of the graphs I'y, C C' x D. Moreover,
Bp is supported on I". Let g1,g9,...,g9, be the distinct maps in the set
{f1, f2,..., fa} and assume that g; occurs d; many times. Then we have
I () =[[i_, F(Ty,)%. There is a natural map

v Bp = @ Bp/ I (Ty,)"Bp .

Lemma 8.4. Let f: D — Q be such that ® o f factors through C* — C@.
If ¢ is an isomorphism then [Og(1)] - [D] > 0.
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Proof. Since Bp is a quotient of O%, , it follows that each Bp/.# (T'y,)%Bp

is a quotient of O%, . Thus, each Bp/.#(I'y,)%Bp defines a map D —
Q(n, d.) such that the image under the map ® : Q(n,d;) — C(%) is the small
diagonal. By Proposition 8.1 it follows that degree of det(pp«(Bp/-# (T'y,)% Bp))
is > 0. Since v is an isomorphism it follows that degree of det(pp.(Bp)) is

> 0. ([

We can use the above method to prove a result similar to Theorem 7.5
when d = 3.

Corollary 8.5. Let d = 3. Consider the Quot scheme Q = Q(n,3). Let

2
,u(()?’) = g?jjq Then [Og(1)] + ,uég) [L(()g)] is nef.

Proof. If d = 3 there are only these types of quotients:
(1) Ogv — OC/mC7CImC,C2mC7C3 )

(2) OF = Oce, /Mg, ® Oc/mee Moy,

OC,C @ OC,C ® OC,C '

me.e me e me.e

Let f: D — Q be a map. If D contains a quotient of type (1) or (3) then D
meets U or U’(see Definition 5.3 and Definition 7.1). Thus, in these cases
([0o(D)] + uP1L)) - D] > 0 by Corollary 5.6 and Lemma 7.2.

Now consider the case when all points in the image of D are of type (2).
After replacing D by a cover, using Corollary 8.3, we may assume that the
map D — Q factors through C®. Since the images of points of D represent
quotients of type (2), we may assume that the map from D — C3 looks
like d — (g1(d), g1(d), g2(d)). Now consider a general section Ocxp — Bp.
Arguing as in the proof of Lemma 5.5 we get a diagram as in equation (7.9),
such that Op defines a map D — C® and F' = F/Ty(F) is a line bundle
on D which is globally generated. Hence

[00(1)] - [D] = [O(~Aa/2)] - D] + [e1(pps(F))] - [D]
> —u L] - (D).

(3) O¢ —

One easily checks using the definition of Lo that in this case [L((J?’)] -[D] =
2[L{?] - [D]. Thus,

([00(1)] + w[LY)) - D] > (218 — u§HILY - (D] > 0.
This completes the proof of the Corollary. U

Combining this with Proposition 4.2 we get the following result.
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Theorem 8.6. Let C' be a very general curve of genus 2 < g(C) < 4. Let

2
n >3 and let @ = Q(n,3). Let py = % Then
g

Nef(Q) = Rxo([0o(1)] + uo[L$]) + Rsol0a] + Rso[LS)].
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