FUNDAMENTAL GROUP SCHEMES OF HILBERT
SCHEME OF n POINTS ON A SMOOTH PROJECTIVE
SURFACE

ARJUN PAUL AND RONNIE SEBASTIAN

ABSTRACT. Let k be an algebraically closed field of characteristic p > 3.
Let X be an irreducible smooth projective surface over k. Fix an integer
n > 1 and let Hilb% be the Hilbert scheme parameterizing effective 0-
cycles of length n on X. The aim of the present article is to find the
S-fundamental group scheme and Nori’s fundamental group scheme of
the Hilbert scheme Hilb’ .

1. INTRODUCTION

Let X be a connected, reduced and complete scheme over a perfect field k
and let € X be a k-rational point. In [Nor76], Nori introduced a k-group
scheme 7V (X, z) associated to essentially finite vector bundles on X. In
[Nor82], Nori extends the definition of 7% (X, ) to connected and reduced
k-schemes. In [BPS06], Biswas, Parameswaran and Subramanian defined
the notion of S-fundamental group scheme (X, z) for X a smooth projec-
tive curve over any algebraically closed field k. This is generalized to higher
dimensional connected smooth projective k-schemes and studied extensively
by Langer in [Lanll, Lan12]. In general, 7%(X,z) carries more information
than 7V (X, 2) and 7¢(X,z). There are natural faithfully flat homomor-
phisms of affine k-group schemes 7°%(X,z) — 7V(X,2) — 7¢(X,x). The
reader is referred to the introductions in [Nor82] and [Lanl1] for more de-
tails. Precise definitions of the above objects are given in the next section.
It is an interesting problem to determine 7°*(X, z), 7/V(X,z) and 7°(X, )
for well-known varieties.

Let k be an algebraically closed field of characteristic p > 0. Let Hilb’
be the Hilbert scheme of n points on an irreducible smooth projective sur-
face X over k. It is known that Hilb’s is an irreducible smooth projective
variety of dimension 2n over k. The geometry of Hilby has been exten-
sively studied, see [Fog73, FGA05, Iar72] and the references therein. It
follows from [BH15, Theorem 1.1, Theorem 1.2] that the étale fundamental
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group ¢ (Hilb"%,n[x]) is isomorphic to the abelianization of 7 (X, x), for
any ¢ € X (k). Therefore, it is natural to ask if a similar result holds for
NV (Hilb"% , n[x]) and 7 (Hilb"% ,n[x]). In this paper we answer this question
affirmatively when the base field k£ has characteristic p > 3. The following
two theorems are the main results in this article.

Theorem (Theorem 5.3.11). Let char(k) > 3. Then there is an isomor-
phism N
[ (X, x)an — 7 (Hilb, n[z]).

Theorem (Theorem 5.4.3). Let char(k) > 3. Then there is an isomorphism

NN (X, )y = 7N (Ml n2)).

We can easily deduce from the above the same assertion about 7 (Hilb%, n[z]).
This is sketched in subsection 5.5. This assertion about 7 (Hilb", n[x]) is
a corollary of the main result in [BH15], which is proved using a different
method.

We briefly describe the organization of this paper. In §2 we recall the
main definitions and results on fundamental group schemes that we need
from [Nor82] and [Lanll]. In §3 we recall and prove results that we need
about the Hilbert scheme and the Hilbert-Chow map. The main input in
this paper is the construction in §4, which we briefly explain here. Let
@ @ Hilbs — S™(X) denote the Hilbert-Chow morphism and let ¢ : X" —
S™(X) denote the quotient map under the natural action of S, on X".
Given a numerically flat sheaf E on Hilb’y, we can associate to it a coherent
sheaf on X", namely, ¥*p,FE. However, it is not clear if this coherent sheaf
is locally free. To remedy this, we associate to E a locally free sheaf on a
large open subset of X™ and take its unique reflexive extension. Then we
use the criterion [Lan12, Theorem 2.2] (this criterion is proved in [Lanll1]
but stated more precisely in [Lanl2]) to check that this reflexive sheaf is
locally free. From this construction we are able to define a homomorphism
(X, 2)an, — 7 (Hilb"%,n[z]). In §5, we use the criterion in [DMOSS82,
Proposition 2.21] to show that this homomorphism is an isomorphism.

Acknowledgements. We thank Indranil Biswas for suggesting this ques-
tion to us.

2. FUNDAMENTAL GROUP SCHEMES

In the rest of this article, unless mentioned otherwise, k will denote an
algebraically closed field of characteristic p > 3.

2.1. Nori’s fundamental group scheme. Let X be a connected, proper
and reduced k-scheme. We denote by QCoh(X) the category of quasi-
coherent sheaves of Ox-modules on X. Consider the full subcategory whose
objects are locally free coherent sheaves of Ox-modules (vector bundles)
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of finite rank and denote it Vect(X). A vector bundle E is said to be fi-
nite if there are distinct non-zero polynomials f, g € Z[t] with non-negative
coefficients such that f(F) = g(E).

Let C' be a connected smooth projective curve over k. The degree of a
vector bundle F on C' is defined to be the number
deg(E) :=c1(E) - [C].

A vector bundle E on C is said to be semistable if for any non-zero proper
subbundle F C F, we have
deg(F deg(E
o o) dex(E)
rank(F') rank(E)
Definition 2.1.1. Let X be a connected, projective and reduced k-scheme.

Let C™(X) denote the full subcategory of QCoh(X) whose objects are coher-
ent sheaves E on X satisfying the following two conditions:

(1) E is locally free, and
(2) for any smooth projective curve C over k and any morphism f :
C — X, the vector bundle f*E is semistable of degree 0.

=: u(E).

We call the objects of the category C* (X)) numerically flat vector bundles
on X. In the literature these are also referred to as semistable vector bundles,
see [Lanll, Remark 5.2]. However, we reserve the term semistable to refer
to slope semistable.

Definition 2.1.2. A vector bundle E on X is said to be essentially finite if
there exist two numerically flat vector bundles Vi, Vo and finitely many finite

n
vector bundles Fi, ..., F, on X with Vo CVi C @ F; such that E = V1 /V;.
i=1

Let EF(X) be the full subcategory of Vect(X) whose objects are essen-
tially finite vector bundles on X. Let Vecty be the category of finite dimen-
sional k-vector spaces. Fix a closed point x € X and let

T, : EF(X) — Vecty,

be the fiber functor defined by sending an object F € EF(X) to its fiber
E, at x. Then the quadruple (EF(X),),T,,Ox) is a neutral Tannakian
category. The affine k-group scheme 7V(X, x) representing the functor of
k-algebras Aut®(T,) is called Nori’s fundamental group scheme of X based
at z (see [DMOS82, Section 1] for definition of the functor Aut®(T)). It
is shown in [Nor82, Proposition 4, p. 88] that 7™ (X, z) = 7V (X, y) for any
two closed points z,y € X.

2.2. S-fundamental group scheme. A coherent sheaf G is said to be
reflexive if the natural Ox-module homomorphism G — GVV is an isomor-
phism.
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Definition 2.2.1. Let X be a connected, smooth and projective variety over
k of dimension d and let H be an ample divisor on X. Let Vecty(X) be the
full subcategory of QCoh(X) whose objects are coherent sheaves G on X
satisfying the following three conditions:

(1) G is reflexive,

(2) G is strongly H-semistable, and

(8) chi(G) - H¥™1 = chy(GQ) - H2 = 0, where ch;(G) denote the i-th
Chern character of G, for alli=1,2.

Since X is smooth, it follows from [Lanll, Proposition 4.1] that the ob-
jects of Vect(j(X) are in fact locally free sheaves and all of their Chern classes
vanishes. Moreover, the category Vect{(X) does not depend on choice of am-
ple divisor H [Lanll, Proposition 4.5]. One of the main results in [Lanll,
Theorem 5.1, p. 2094] is that the categories C™(X) and Vect(X) are the
same when X is smooth. This is stated very precisely in [Lanl2, Theorem
2.2].

Assume that X is smooth. Fix a k-valued point z € X. Let T, :
Vect§(X) — Vecty be the fiber functor defined by sending an object E
of Vect§(X) to its fiber E; € Vecty at x. Then (Vecti(X),®,Ty,Ox) is
a neutral Tannaka category [Lanll, Proposition 5.5, p. 2096]. The affine
k-group scheme 7%(X,z) Tannaka dual to this category is called the S-
fundamental group scheme of X with base point = [Lanll, Definition 6.1,
p. 2097].

The following result may be well-known to experts, but we could not find
a precise reference, so we include a proof.

Lemma 2.2.2. Let X be a connected, smooth and projective k-scheme.
Then (X, x1) = 75(X, x3), for all x1,29 € X (k).

Proof. Since m%(X,z) is the affine k-group scheme representing the functor
of k-algebras Aut®(T}), where T, is the fiber functor T} : Vect)(X) —
Vecty, it suffices to show that, for any two points z1,z2 € X (k), the fiber
functors Ty, and T}, are isomorphic. Given any object V € Vectj(X), we
need to define a natural k-linear isomorphism

ny : Toy (V) =V, — Vi, = Ty, (V)

meaning that for any morphism f : V — V' of objects in Vect§(X), the
following diagram should commute.

(2.2.3) T, (v) —=D vy
o

T,(f)
T:Ez (V) TJ?Q (V/)
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For any group scheme H over k, denote by Rep,(H ) the category of repre-
sentations of H into finite dimensional k-vector spaces. Let G = 7%(X, z1).
Then there is an equivalence of categories ¢ : Vect§(X) — Repy(G) and
the inverse of this equivalence of categories defines a principal G-bundle
p: P — X, (see [Nor76, Proposition 2.9] for the construction), known as
the S-universal cover of X (see [Lanll, p. 2097]). This associates to a
G-module V an object V := P x%V in the category Vect$(X); moreover,
any morphism ¥V — V' in the category Vectj(X) comes from a G-module
homomorphism V' — V' in Rep,(G).

Fix two points Z1, Z2 € P such that p(Z;) = xz;, for i = 1,2. Then we
have isomorphisms
&G — Py, i=1,2.
Let p : G — GL(V) be a finite dimensional linear representation and let
V := P x% V be the associated vector bundle on X. Then we have k-linear
isomorphisms

a S G )
Vo, =P, X0V EGXTV —V, i1=1,2.
This gives a k-linear isomorphism of the fibers
ny : le — Vm .

Since any homomorphism f : V — V' of objects in Vectj(X) comes from a

G-module homomorphism f : V — V’, it follows from above construction
that the above diagram in (2.2.3) commutes. O

3. HILBERT-CHOW MORPHISM

3.1. Hilbert scheme of length n cycles. From now on we denote by X
an irreducible smooth projective surface over k. For an integer n > 2, let
Sn be the permutation group of n symbols. Then S,, acts on the product
X™ and the associated quotient S™(X) = X"/S, is a normal projective
variety of dimension 2n over k. Note that S™(X) is not smooth. Its smooth
locus S™(X)sm C S™(X) is the open dense subscheme consisting of reduced
effective 0-cycles of length n in X. Since dimg(X) = 2, the singular locus
S™M( X )sing 1= S™(X) \ S™(X)sm is a closed subscheme of codimension 2 in
S™M(X).

Let Hilb% be the Hilbert scheme parametrizing effective O-cycles of length
n in X. This is an irreducible smooth projective scheme of dimension 2n
over k. Note that, Hilbk & X, and so we always assume that n > 2.
Consider the Hilbert-Chow morphism

(3.1.1) o Hilby — S™(X),
given by sending Z € Hilb" to

Y. UOzp)lp) € S™(X),

pESupp(Z2)
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where

Supp(Z) ={pe X : Oz, # 0}
denotes the support of the O-cycle Z in X and £(Oz,) the length of the local
ring Oz, as a module over itself.

3.2. Stratification of S"(X). A point y € S™(X) can be written as

.
> njzj,
j=1

where z1,...,2z, € X are distinct points with multiplicities
(3.2.1) Ny >ng >+ >Ny € Lo,

respectively, such that Z;Zl n; = n. The r-tuple of positive integers

<n17n2) s 7”7‘)
is called the type of y. Let Z;
of type (ni,na,...,n,). The fiber ¢~!(y) has dimension n — 7, for all y €
Z n1ma,.myy (s€€ [Fog73, p. 667]). The dimension of the locus of points of
type (n1,ng,...,n,) is 2r. From this the following lemma follows.

.y denote the locus of points in S"(X)

ni,nz,...,n

Lemma 3.2.2. The dimension of the subset 90_1(Z<n1,n2,...,n7»)) W8N+,

3.3. Fibers of Hilbert-Chow morphism. Let W C S"(X) denote the
open subset consisting of points of type (1,1,1,...,1) and (2,1,1,...,1).
Let V denote the open subset ¢! (W) and let

(3.3.1) p:V—W

be the restriction of the morphism ¢ in (3.1.1) to V. It follows from Lemma
3.2.2 that the dimension of Hilbyx \V is n +n — 2 = 2n — 2 and hence
COdim'Hilb& (Hllan \V) = 2.

It was shown in [Fog73, Lemma 4.3, p. 668] that for any point ¢ € S™(X)
of type (2,1,1,...,1), the schematic fiber ¢ ~1(q), with its reduced structure,
is isomorphic to P{. We need that ¢ ~1(g) is reduced. We could not find a
precise reference for Proposition 3.3.3, which maybe well known to experts,
so we include a proof.

First we recall the following result.
Lemma 3.3.2. Let I be an ideal of a commutative ring A with identity. Let
Allt] .= é I't* C Alt] be the Rees algebra of I in the polynomial ring Alt].
Let 7 : P?T)?(A[H]) — Spec A be the associated projective A-scheme. For an
A-algebra B, consider the graded A-algebra structure on A[It] @4 B given

by (A[It] ®4 B)g := (I ®4 B)t?, for all d > 0. Then we have a canonical
isomorphism of A-schemes

Y : Proj(A[It] ®4 B) — Proj(A[It]) Xspec Spec B .
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Proof. Follows from [Stk, Lemma 26.11.6., Tag 01MX]. O

Proposition 3.3.3. Assume that char(k) # 2. Let ¢ € W be a point of type
(2,1,1,...,1). The scheme theoretic fiber ¢='(q) is a reduced subscheme of
V.

Proof. Let ¢ € X™ be a point such that § — ¢ under the natural map
¥ X™ — S™"(X). The formal neighbourhood of § is given by the spectrum
of the local ring

(/Q\X”,(j — k[[‘rla Y1,22,Y2, ..., Tn, yn]] .
There is an inclusion @W,q — @Xn@. By the discussion in the paragraph
just before [FGA05, Theorem 7.3.4, p. 170], we have
(3.3.4) @W,q = k[[u,v,w, 2y, 23,93, . . ., T, ynl]/ (uw — v?),
where © = 1 — 22, y = Y1 — Yo, ¥’ = x1 + 22, ¥ = y1 + v, UZIEQ,U:ﬁy
and w = 2. Here we are using the assumption char(k) # 2.

Let Z C W denote the irreducible closed subset consisting of points of
type (2,1,1,...,1). Let J denote the stalk at ¢ of the ideal sheaf of Z in

the local ring Ow,4 and let J denote its image in (/Q\W,q. Now Z is contained
in the image (X" 1) C S™(X), where the inclusion X"~ ! < X" is given
by

(x,x3,24,...,20) —> (T, 2,23,...,2,) .
Clearly, the ideal of X™~1 in @Xn@ is given by x1 — 2 = y1 — y2 = 0. From
this, we conclude that J is the kernel of the composite homomorphism

Ow,g = Oxng = Oxng/(2,y),

where x = x1 — 9 and y = y; — yo. This proves that J = (u,v,w).

By [Fog73, Lemma 4.4] the map ¢ is the blowup of W along Z. Let
Ow4[tJ] denote the Rees algebra of the ideal J. By Lemma 3.3.2, the
schematic fiber p~1(q) is

Proj (OW,q[tJ])XSpec((’)qu)SPeC(OW,q/mq) = Proj (OW,q[tJ]@)Ow,q (Ow,g/my)),

where m, is the maximal ideal of the local ring Ow 4 at ¢. It follows from
the isomorphism

Owgltd] ®oy,, (Ow,e/mg) = Ow,4t]] @0y, (Ow,q/fq)

that the schematic fiber ¢ ~1(q) is
Proj (Ow,[tJ]®s,, (Ow.g/Mg)) = Proj (Ow,g[t]) Xgpeea,,,)SPEC(Owg/Mg)
Write

A= (/9\W,q = k:[[um,w,a:/,y/, T3,Y3,-- > fEnvynH/(W»U - U2) .


https://stacks.math.columbia.edu/tag/01MX

8 A. PAUL AND R. SEBASTIAN

It is clear that the maximal ideal m := m, of A is given by

/ /
m = (U/?v?wax’y7x3ay37"'7xn7yn)A~

First let us understand the scheme Proj(A[tJ]). This scheme is covered by
affine open subsets given by Spec of the following three affine k-algebras:

vow
Rl o= (k[[u’v,w7x,7y/,l‘3,y3,...,:L‘n,ynﬂ/(uw—U2)> [a’a} ’
U w
R2 = (k;[[u,v’w71j7y/7x37y3,...,xn,ynﬂ/(uw_U2)> [;’;} ’
U v
Ry = (k[[uw,w,iﬂ',y/,ws’y&---vxmynﬂ/(“w _v2)> [7’7] '
w’ w
Let us first consider the ring R;. In this ring, ¥ = %3 = % Therefore, we
get that
v
Ry = (k[[U,v,w,ml,y',%,y:sv s @ Ynl]/ (uw — UQ)) [ﬂ] '

Similarly, since ;; = 5 = 5—22, we get that
v
Ry = (k[[u,v,w, 2y w3, Y3, T, yn]/ (uw — 02)) [E] .
Further, in Re we have 7+’ = 1. Therefore,
vou
Ry = (Kl v, 0,2,y 3,3, syl (= %)) [ 2, 2.

~

It is now clear that the scheme Proj(A[tJ]) is covered by Spec R; and
Spec R3, since Spec Ry is an open subset of each of these. Now we need
to compute

Ri ®4 (A/m) and R @4 (A/m).

Let us first write
Ry = A[T)/(Tu — v).

Now note that (Tu — v) C mA[T] since m contains v and v. Therefore we
get

R1 ®A (A/m) = Rl/le

= A[T)/mA[T] = k[T).

Similarly, we have R3 ®4 (A/m) = k[T]. Thus we have proved that the
scheme theoretic fiber p~!(g) is reduced and is isomorphic to IP’}C. (I

4. HOMOMORPHISM OF S-FUNDAMENTAL GROUP SCHEMES

In this section we construct a homomorphism of S-fundamental group
schemes

WS(X7 m)ab — 7-‘-S(?—[Zlbn ,n[l’]) )

where 7% (X, x),p is the abelianization of 7% (X, z).
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4.1. A group theoretic lemma. We need the following group theoretic
result for later use. See also [Lanl2, Lemma 5.7].

Lemma 4.1.1. Let G and H be two group schemes over k. For an integer
n > 2, we denote by G™ the group scheme G X -+ x G (= the n-fold product
of G with itself). Then S, acts on G™ by permuting the factors. Let fo be
the following composite group homomorphism

fo 1 G (Gap)™ 2 Gap

where o : G — Gay, := G/[G, G] denotes the abelianization homomorphism
and m denotes the multiplication homomorphism. Then a homomorphism
of k-group schemes f : G — H is Sp-invariant if and only if there is a
homomorphism f : Gap — H of affine k-group schemes such that fofy = f.
In other words, the following diagram commutes.

Gab

Proof. For any k-group scheme G, we denote by

e m¢g : G X G — G the multiplication morphism of G,
e i : G —> G the inversion morphism of GG, and
o ec € G(k) the identity of G.

We sketch the proof for n = 2; the general case is similar and left to the
reader as an exercise. We have a homomorphism f : G x G — H such that
foo=f, where 0 : G Xx G = G x GG is the homomorphism switching the
factors. Let p1,p2 : G X G — G denote the projections onto the first and
second factors, respectively. Then one can easily check that
f o (mG7 6G’) = f oMmaGxaG ° ((pla 6)7 (p?a 6))

=MmHgo (f ° (p17e)7f o (p27€))

=MmHgo (f ° (p17e)7f o (67172))

= fo(p1,p2)

= fo(mgoo,eq).
Using this it easily follows that
(4.1.2) fomagxa((ma,eq), (icomgoo,eq)) =em.

Now one easily concludes that f factors through the map GxG — Gap X Gap.
Let A’ : G — G x G denote the map g — (g,¢g~'). Then one checks easily
that f o A’ = ey. From these the lemma follows. U

A vector bundle E on X" is said to be S,-invariant if c*E = E, for all
o €S, CAut(X").
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Corollary 4.1.3. Any vector bundle in the category Vecti(X™), associated
to a representation of (X, x)" which factors through (X, z)a, (see the
statement of Lemma 4.1.1), is Sy-invariant.

4.2. A functor between Tannakian categories. Given a numerically
flat vector bundle E on Hilb",, we want to associate to it a numerically flat
vector bundle G on X". We first associate to F a reflexive sheaf G on X"
and then use the criterion in [Lanll, Theorem 5.1] to show that G is locally
free and numerically flat.

Proposition 4.2.1. Let E be a numerically flat vector bundle of rank r on
Hilb". Then o.(E|v) is a locally free coherent sheaf on W. Moreover, the
natural map

(4.2.2) go*go*(E\V) — E|V

18 an isomorphism.

Proof. Let ¢ € W be a point of type (2,1,1,...,1). Let Z C Oy denote the

reduced sheaf of ideals of the closed subscheme ¢~1(g). Let .#, be the ideal

sheaf of the closed point ¢ € W. For each integer n > 1, let .#;" be the ideal

sheaf of the n-th order thickening of ¢ in W. By Proposition 3.3.3 we have
Z=272,0y.

For each integer n > 1, let Y, denote the closed subscheme of V' correspond-
ing to the sheaf of ideals Z". Since E is numerically flat and Y7 = P}, (see
Proposition 3.3.3), it follows that the restriction of E to Y; is trivial.

Consider the following short exact sequence of sheaves on V
(4.2.3) 0 —Z®F— FE— Ely, — 0.
Applying ¢, to it we get the following exact sequence of sheaves on W.
(4.2.4) ¢«(E) — H°(Y1, Ely;) — R'0.(Z® E).

We claim that the completion of R'¢,(Z ® E) at the maximal ideal m,
of ¢ is 0. By the Theorem on Formal Functions (see [Har77, Chapter III,
Theorem 11.1]), we have

(4.2.5) (R'o(Z®E))™ = {iLnHl(Yn,I(@E@OV/I").

We will prove by induction on n that H(Y,,,Z ® E ® Oy /I") = 0. Since
7 = 4,0y, it follows that there is a surjection

(m?/mI ) @0, Oy =2 I/ I 0, Oy — I /T,

The locally free sheaf I /Z"*! on Y} 2 P! is a direct sum of line bundles.
It follows that each of these line bundle has degree > 0. For n = 1, the base
case of induction, we have

H'W,I®E®Oy/I)=H' (Y1,I/I>® E) =0.
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Assume that we have proved the assertion for n. Then the assertion for
n+ 1 follows from the long exact cohomology sequence attached to the short
exact sequence of sheaves on Y11

0— ("I @ E — (Z/T"") @ E — (Z/T"")® F — 0.
This proves the claim that R'p.(Z ® E) at the maximal ideal m, of ¢ is 0.
This proves that the natural map
(42.6) ou(E) — HO(Yi, Ely,)

in (4.2.4) is surjective in a neighborhood around ¢. Let si,s2...,s, be a
basis for H(Y7, Ely,). Let Spec(A) be an affine neighborhood of ¢ on which
the map in (4.2.6) is surjective. Choosing lifts §; € I'(Spec(A), p«(E)) of s;,
we get a homomorphism

(4.2.7) oY — E

over ¢~ !(Spec(A)), which is a surjection over the fiber Y;. Since ¢ is proper,
it follows that there is a smaller affine neighborhood Wy of ¢ over which there
is an isomorphism O%T 5 E, where Vo = o 1 (Wy). Applying ¢, using
normality of S™(X) and that ¢ is birational, the Proposition follows. O

Corollary 4.2.8. Let F' denote the absolute Frobenius morphism. With the
above notations, we have an isomorphism F*o.(E|y) — o« (F*E|y).

Proof. Since F*E is numerically flat, it follows that both these sheaves are
locally free of the same rank. It suffices to show that the natural map

(4'2'9) F*SO*(E|V) - (P*(F*E|V)

is surjective. This is clear over the smooth locus of S™(X) since F is faith-
fully flat over the smooth locus. Let ¢ € W be a point of type (2,1,1...,1).
It follows from Proposition 3.3.3 that the restriction of F*p.(E|y) to ¢ is
naturally isomorphic to H°(Y1, E1) and the restriction of o.(F*E|y) at q is
naturally isomorphic to H°(Yy, F*E;). The restriction to g of the natural
homomorphism in (4.2.9) is the map

F*:H(Y1,E)) — H°(Y1,F*E}),

which is a surjection. From this the Corollary follows. (]

Recall the quotient map ¢ : X" — S™(X) defined in (3.1.1). Let j :
Y=Y (W) < X™ denote the inclusion. Recall that the category C™(X) is
defined in Definition 2.1.1.

Proposition 4.2.10. If E is an object of C*(Hilb";), then
g(E) = (j*¢*@*(E|V))vv
is an object of C™(X™).
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Proof. Tt is proved in Proposition 4.2.1 that ¢.(F) is locally free on W.
Since X™ \ ¢~}(W) has codimension > 4, it follows that

(4.2.11) G(E) = (ju ()"

is a coherent reflexive sheaf on X™. For notational simplicity, we denote by
G the sheaf 9 (F). Note that G|,-1(y) = "€ is locally free.

Choose m > 0 so that mH is very ample. Choose general hyperplanes
Hy,...,Hq 1 € |mH| so that C = H{NHyN---N Hy1 <> ¢~ (W) is a
smooth complete intersection curve whose image ¥ (C) lies in the smooth

locus of S™(X). We can lift ¢ to a morphism ¢ which makes the following
diagram commute.

- Ve Hilb"

/ ieo l<ﬁ
Ot g (W) s W 87(X)
It follows from Proposition 4.2.1 that
"G 2" pu(Ely) =i (Blv) .
Since E is in CM(Hilb%) it follows that i*G is semistable of degree 0. This
shows that G is H-semistable.

In Corollary 4.2.8 we proved that the locally free sheaves F*p,(E|y) and
o« (F*E|y) are isomorphic. Since X™ is smooth the Frobenius is faithfully
flat and so F*G is reflexive (use the characterization that a coherent module
M over a local ring A is reflexive iff it sits in a short exact sequence 0 —
M — A%" — A®%). The restriction of F*G on =1 (W) is

Fr o (Elv) 2 0" F . (Elv) = ¢ o (F Ely).
Since the reflexive extension on X" is unique (see [Har80, Proposition 1.6,
p. 126]), we conclude that
F*G = (. (¥ ou(F E|v))" .

Since E € CM(Hilb) we have F*E € C™(Hilb'); then following the argu-
ments in the preceding paragraph, we see that F*G is H-semistable. This
shows that G is strongly H-semistable.

It is clear from above that ch;(G)- H~! = 0. Choose general hyperplanes
Hy,...,H; 5 in the linear system |mH| so that

S=H NHyN---NHy_oCy L (W)

is a smooth surface. We can do this since X™\¢~!(W) has codimension > 4.
It suffices to show that cha(G|s) = 0. Now G|g is locally free as S C ¢~ 1(W)
and G is locally free on ¢p~1(W). Therefore, in view of [Lan12, Theorem 2.2],
it suffices to show that G|s € C™(S). But this follows from the arguments
as in the second paragraph of this proof. Therefore, we have G € Vect§(X™)
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and hence by [Lan11, Theorem 5.1] G is locally free and is in C*(X™). This
proves the proposition. U

Proposition 4.2.12. With the above notations,
@ : " (Hilby) — CM(X™)

is a additive tensor functor.

Proof. Let f : E — E' be a morphism in the category C™ (Hilb%). We need
to find a canonical morphism %(f) : 49(F) — 4(E') in C™(X™). There is
a morphism ¢*¢.(f) : 4(E)|y-1w) = G(E")|y—1(w)- Since X™ \ (W)
has codimension > 4 and 4(E), 4(E’) are locally free, it follows that this
morphism extends uniquely to give a morphism ¥ (E) — ¢ (E').

The bundles 4(E & E') and 4 (F) @& ¢ (F’) are naturally isomorphic on
=1 (W) and so they are naturally isomorphic. Similarly, 4(E ® E') is
naturally isomorphic to ¢4(F) @ G(E'). O

4.3. Homomorphism of group schemes. Fix distinct k-valued points
Z1,...,2n € X(k)of X. Let T € Hilb'y (k) be such that p(z) = ¢(z1,--- ,2,) €
S™(X)sm. For any locally free sheaf E on Hilb'y, there are natural isomor-
phisms

Ei = (90*E)t,0(:~c) = <w*90*(E>)(11,12,...,xn)'
Consider the following diagram.

(C(Hilbx), ®, T, Oniny ) — (C*(X"), @, g ...z, Oxcv)

| |

(Cnf(,HZlb?{)v @, Tn[a:]v OHilb}) (Cnf(Xn)v @, T(ac z)> OX")

-----

The horizontal arrow is a morphism of Tannakian categories due to Propo-
sitions 4.2.10 and 4.2.12. The two vertical arrows are due to Lemma 2.2.2.
Thus, we get a homomorphism of S-fundamental group schemes

foad (X" (x,...,x)) — T (Hilb%, n[z]) .

For o € S,, we get an automorphism o, of 7%(X™, (z,...,x)). It is easily
checked that f oo, = f. By [Lanl2, Theorem 4.1, p. 842] there is an
isomorphism

(X" (... x) = 79X, z) Xp - X (X, 2).

By abuse of notation, denote the composite of f and the inverse of this
isomorphism by f. Thus, we have a homomorphism

(4.3.1) fomS(X,x) xp - xp (X, ) — 75 (Hilb%, n|z])

which satisfies f o o, = f. It follows from Lemma 4.1.1 that the homo-
morphism of the S-fundamental group schemes in (4.3.1) factors through a
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homomorphism
(4.3.2) fm¥(X, @)y — 7 (Hilb%, nlz]) .

This completes the construction of our homomorphism of k-group schemes.

5. ISOMORPHISM OF GROUP SCHEMES

In this section we will prove that the homomorphism (4.3.2) is an isomor-
phism.

5.1. Sp-invariant line bundles. We begin with a discussion on why a
numerically flat .S,,-invariant line bundle on X" descends to a line bundle on
S™(X). A more general result is proved in [Fog77, Proposition 3.6]. For the
benefit of the authors and the reader we include a proof of the statement
that we need.

Proposition 5.1.1. Let £ be a numerically flat S,-invariant line bundle
on X™. Then there is a numerically flat line bundle L' on S™(X) such that
YL = L.

Proof. The assertion that L', if it exists, is numerically flat follows easily.
We now prove its existence.

Let Pic™ denote the subscheme of the Picard scheme whose closed points
parametrize numerically trivial line bundles. By [Lanl2, Corollary 4.7] we

have
n

(Pic”(X™))sea = ] [ (Pic” (X)) rea-
i=1
Thus, there is a numerically trivial line bundle Ly on X such that £ =

n
® PfL(L
i=1

The rest of the proof is a more detailed version of the first para of the
proof in [Fog77, Proposition 3.6]. Let H C S,, denote the subgroup Stab(1).
Let D C X be an ample divisor such that Lg is trivial on U = X \ D. Let
s € I'(U, Lp) be a global section which generates Ly over U. Then pis is a
generating section of pjLg over the open subset U x X x ... x X and this
section is invariant under the action of the subgroup H. In particular, the
section pjs also generates the line bundle pj Ly over the smaller open subset
U™ and is invariant under the action of the subgroup H.

Given (z1,x9,...,x,) € X" let D be an ample divisor in X which does
not contain any of the x;. If U = X \ D, then it is clear that (z1,...,x,) is
in the S,-invariant open subset U". Thus, we can cover X™ by open subsets
of this type. Using this observation, we can find a finite collection of ample
divisors D, C X (set U, = X \ D,) and sections s, € I'(Uy, Lg) such that

(1) to = pisa generates pjLo on the open subset U},
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(2) tq is invariant under H, and

(3) X" =Ua Vs
Define functions fos € Ox(Uy NUgZ)™ by

ta = fapts.

It follows that f,s are invariant under H. Let o; := (1,7) for 1 < i < n be
left coset representatives of H in G. The functions [[;" ; 07 (fap) are clearly
invariant under S,, and satisfy the cocyle condition. Let V, C S™(X) be
P(UM). Tt is clear that V,, is open and ¢~1(V,) = UZ. Thus, using the
above cocycle we get a line bundle on S™(X) which is trivial on V,. It is

clear that the pullback of this line bundle is isomorphic to )", pf Lo, which
completes the proof of the proposition. O

5.2. Faithfully flatness. In this section we use [DMOS82, Proposition
2.21] to show that the homomorphism f in (4.3.2) is an isomorphism. We be-
gin by recalling this result for the convenience of the reader. Let § : G — G’
be a homomorphism of affine group schemes over k and let

(5.2.1) 0 : Repy,(G') — Rep,(G)

be the functor given by sending p’ : G’ = GL(V) to p'06 : G — GL(V). An
object p : G — GL(V) in Rep(G) is said to be a subquotient of an object
n: G — GL(W) in Repy(Q) if there are two G-submodules V7 C V5 of W
such that V = V5 /V; as G-modules.

Proposition 5.2.2 (Proposition 2.21, [DMOS82]). Let 0 : G — G’ be a
homomorphism of affine algebraic groups over k. Then

(a) 0 is faithfully flat if and only if the functor 0 in (5.2.1) is fully faithful
and given any subobject W C 0(V'), with V' € Rep,(G'), there is a
subobject W' C V' in Repy,(G’) such that O(W') = W in Repy(G).

(b) [ is a closed immersion if and only if every object of Rep,(G) is iso-
morphic to a subquotient of an object of the form g(V’), for some V' €
Rep,(G').

Proposition 5.2.3. The homomorphism
fmd(X, ) — 7 (Hilb%, nlz])
defined in (4.3.2) is faithfully flat.

Proof. We will apply [DMOS82, Proposition 2.21 (a)]. Let E; be an object
in the category Vectd(Hilb%) = C*(Hilb"y). Let Gi := ¥(E1) be the vector
bundle as defined in (4.2.11). Clearly G; has the same rank as that of Fj.
If Go C Gy is a subbundle corresponding to a representation of (X, 2)ar,
we need to show that there is a subbundle E2 C Fj such that Go = ¥ (FE»).
We will prove this by induction on the rank of E;. If rank(E;) = 1, there is
nothing to prove. Assume that rank(FE;) > 2.
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The vector bundles G; correspond to representations
TS(X", (x,... 2)) L0 75 (X, 2)ap 5 GL(VA).

Since (X, x)ap, is an abelian k-group scheme, it follows from [Wat79, The-
orem 9.4, p. 70], that we can find a surjective 7°(X, x)ap-module homo-
morphism V; — L1, where L is one dimensional and V5 is a 7% (X, x)ap-
submodule of the kernel of this homomorphism. Let £ be the line bundle on
X™ corresponding to the representation Li. Then it is clear that £ is S-
invariant (see Corollary 4.1.3) and there is an S,,-equivariant exact sequence
of bundles

0—K—G —L—0
on X" such that Gy C K.

It follows from Proposition 5.1.1 that L := (1.L£)%" is a locally free line
bundle on all of S™(X) and satisfies p*L' = L. Let L := ¢*L’, then it is
easy to check that L is numerically flat on Hilb'.

We claim that the following complex of sheaves on W
= (G)| = (L)% =0

is exact. The sequence (5.2.4) can fail to be exact only on the right. Note
that 1. (G1)"" restricted to W is ¢.(F1]y). Let J be the cokernel:

(5.2.4) 0 — (L)

ox(Brly) = L' w7 J—=0.

Pulling this back by v we get the following commutative diagram on 11 (W)
with exact rows.

(Do El‘V Hw*LI

w‘l(W) w‘l(W)

This shows that ¥*J = 0. It is easy to conclude that J = 0, since %
is surjective. This proves the exactness of (5.2.4). It follows that K’ :=
(1,C)°" is locally free on W. Applying ¢* to (5.2.4), we get the following
short exact sequence of locally free sheaves on V.

") VT 0

0— (¢*K")|y — Fily — Ly — 0.

Since both F; and L are locally free on a smooth variety and Hilb \V has
codimension > 2, it follows that this morphism on V extends to a morphism
FEy — L. This being a nonzero morphism of numerically flat vector bundles
and L being of rank one, it follows that E; — L is surjective.

It is clear that on X™ we have ¥ (L) = L. Let K denote the kernel of the
homomorphism E; — L. It is clear that ¥4 (K) = K. Since Ga C K the
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assertion that there is Fy C Ej such that Go = 4(F») follows by induction
on rank.

To complete the proof of the proposition we need to show that if F; and
E5 are numerically flat vector bundles on Hilb’y then the natural map

Homyipn (E1, Ba) — Homxn (G1, Ga)

is bijective. It is clear that this natural map is injective (faithful). Therefore,
it suffices to show the following. If G = ¢ (F), where F is a numerically flat
vector bundle on Hilb%, then any nonzero homomorphism ¢ : Oxn — G
comes from a nonzero homomorphism 5 : Oy, — E. Since the homo-
morphism (X", z) — 79(X, x)ap is faithfully flat, and G arises from a
representation of 7° (X, Z)ap, it follows that ¢ is a map between two rep-
resentations of 7%(X,z),,. This shows that ¢ is S,-equivariant on X™.
Now from the preceding discussion it follows that ¢ arises from a morphism
Oy, — E. a

5.3. Closed immersion. In this subsection we show that the homomor-
phism f in (4.3.2) is a closed immersion. For this, we will apply [DMOSS82,
Proposition 2.21 (b)].

Let ¢ € S™(X) be a point of type (ni,na,...,n.). Let ¢, for i =
1,2,...,m, denote the points in the fiber v»~!(g). The stabilizer of §;, de-
noted St(g;), is isomorphic to Sy, X Sy, X ... X Sy,. Let A denote the local
ring Ogn(x),4 and let B denote the semilocal ring Oxn ®0gn(x) A. Then B

is a finite A module and A = B5n.

Let M be a B-module such that the action of S,, on B lifts to an action
of S, on M. There is a short exact sequence of A modules

0— M5 M-~ P M,
geESn

where the last map is given by m — (g-m—m)geg, . Let A be the completion

of A with respect to its maximal ideal. Applying the functor — ® 4 A, we
conclude that the following natural map is an isomorphism.

—_— o~
MSn =5 M5

The ring B=B®4A decomposes as

[
P
&)

(5.3.1) B

IR

1

.
Il

where B; denotes the completion of B at the maximal ideal corresponding
to the point ¢;, for all i = 1,...,m. Applying the functor M ®p — to the
above isomorphism (5.3.1) we see that

—

(5.3.2) M M;

P+

1

<.
I
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where M; is the localization of M at the maximal ideal corresponding to the
point ¢;. Taking S,-invariants in (5.3.2), it easily follows that

NS = APy,

Proposition 5.3.3. With notation as above, whenever char(k) > ni, any
Sn-equivariant surjective B-module homomorphism f: M — N of finitely
generated B-modules descends to surjective A-module homomorphism of their
S, -invariants M5 —s N5,

Proof. Suppose we have an Sp,-equivariant exact sequence of B-modules
M—N-—0.

Taking S,-invariants we get a homomorphism of A-modules
(5.3.4) M® —s NS

To check this is surjective, it suffices to check that the map (5.3.4) is sur-
jective after passing to the completion. From the preceding discussion, it
follows that it suffices to check that

1 75t(d)

(5.3.5) M; S6(@)

— N;

is surjective for one (and hence any) i. We know that M — N is surjective.
Thus, the above map in (5.3.5) will be surjective if we can lift a section of

N; St(qz) to M and average it, that is, apply the operator

Z g

gESt QZ

This is possible if char(k) = p > n; (c.f. inequalities (3.2.1)). O

Proposition 5.3.6. Let G be a numerically flat Sy-invariant locally free
sheaf on X™.

(1) Let ¢ € S™(X) be a point of type (ni,na,...,n.). Assume that
char(k) = p > n1. Then the sheaf (1.G)> is locally free in a neigh-
borhood of q.

(2) Let Uy denote the largest open subset where (1.G)>" is locally free.
Then on =Y (Uy) the natural homomorphism

(5.3.7) v (09)%) — g

s an tsomorphism.
Proof. If G has rank 1 then v,(G)“" is locally free on all of S"(X) and of
rank one, see Proposition 5.1.1. Since G corresponds to a representation of

an abelian group scheme, it follows that there is an Sy-equivariant exact
sequence of locally free sheaves on X"

0—K—G—L—0,
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with rank(£) = 1. By induction on rank of G, it suffices to show that the
homomorphism on the right of the following exact sequence

0 — (1) — (.G)°" — (Y. L)""

is surjective in a neighbourhood of ¢. This surjection can be checked after
passing to a formal neighbourhood of ¢q. Now the first assertion of the
Proposition follows from the above Proposition 5.3.3.

To prove the second assertion, note that both sheaves are locally free of the
same rank over 1)~ (Up). The locus where the natural homomorphism (5.3.7)
is not an isomorphism is either empty or a closed subset of codimension 1
in ¥ ~1(Uy). However, we know that the morphism ¢ is finite étale over the
smooth locus of S™(X), hence the homomorphism (5.3.7) is an isomorphism
on the inverse image of the smooth locus of S™(X). Since the complement
of the smooth locus of S™(X) has codimension 2, it follows that the natural
map in (5.3.7) is an isomorphism over 11 (Up). O

Lemma 5.3.8. Let T C S™(X) be open. If 6 : Ey — FE5 is a morphism be-
tween locally free sheaves on T, such that *6 is an isomorphism on 1~ (T),
then § is an isomorphism.

Proof. For a locally free sheaf E on T, we have E = [1),(¢*E)]®». Thus,
if 6 : B4 — FE5 is a morphism on 7T, such that ¥*§ is an isomorphism on
Y~1(T), then taking pushforward and S,, invariants, it follows that § is an
isomorphism. O

Proposition 5.3.9. Let char(k) > 3. Then the homomorphism f in (4.3.2)
s a closed immersion.

Proof. By [DMOS82, Proposition 2.21(b)] it suffices to show that every S,-
invariant numerically flat bundle G on X™ arises in the way described in
Proposition 4.2.10. In other words, we have to show that there is a numeri-
cally flat bundle E on Hilb’s such that G = (j*(w*cp*(E\v)))vv.

Let T' D> W be the open subset of S™(X) containing W and points of
type (3,1,1,...,1) and (2,2,1,...,1). Then ¢~ !(T) is an open subset of
Hilb" such that Hilb% \¢~!(T) has codimension at least 3 in Hilb". Let
i@ YT) < Hilb denote the inclusion. Define

E = (i (u(GI7) % )"V

By Proposition 5.3.6 we see that (¢,G)°" is locally free on T and on ¢~ (T)
the natural homomorphism )* ((w*g)sn) — G is an isomorphism. Consider
the natural homomorphisms

(5.3.10) F* (1.6)5") — (F*$u(G))5" — (0u(F*G))""

where F' denotes the absolute Frobenius morphism. We claim that the above
composite homomorphism is an isomorphism over 1. Applying ¥* to the
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above exact sequence, we get the following commutative diagram.

PF* ((44G)50) —— 0% (. (F*G))°"

] )

F*g F*Gg

The two vertical arrows are isomorphisms on 7" because of Proposition 5.3.6.
It follows from Lemma 5.3.8 that the composite homomorphism in (5.3.10) is
an isomorphism over T'. It follows that F*E = (i.o* (1), (F*g]T)S"))VV. Now
imitating the proof of Proposition 4.2.10 we see that F is locally free and
numerically flat on Hilb". It is clear that 4(F) = G (see the construction
in the proof of Proposition 4.2.10). This proves the Proposition. ([l

Theorem 5.3.11. Let char(k) > 3. Then the homomorphism
fmS (X, 2)an — T (Hilb%, nlz))

in (4.3.2) is an isomorphism.

Proof. Since f is faithfully flat by Proposition 5.2.3 and closed immersion
by Proposition 5.3.9, it is an isomorphism. O

5.4. Nori’s fundamental group scheme of #ilb,. Let E be an essen-
tially finite vector bundle over a connected, reduced and proper k-scheme X.
Then there is a finite k-group scheme G, a principal G-bundle p : P — X
and a finite dimensional k-linear representation p : G — GL(V') such that
FE is the vector bundle associated to the representation p. It follows from
the proof of [Nor76, Proposition 3.8] that there is a finite vector bundle V
on X such that F is a subbundle of V.

As before, let X be an irreducible smooth projective surface over k& and
Hilb'y the Hilbert scheme of n points on X. It is clear that the functor ¢
in Proposition 4.2.10 takes a finite vector bundle to a finite vector bundle.
Thus, 9(E) C ¥4(V), which shows that ¢ takes essentially finite vector
bundles to essentially finite vector bundles. It is easily checked, using [Lan11,
Lemma 6.2], that there is a commutative diagram

75 (X, @)y — > 75 (Hilby , na])

Lo

TN (X, 2)ay —— 7N (Hilb, nfa])
where the vertical arrows are faithfully flat. It follows that fN is faithfully
flat.

Now let G be an essentially finite S,,-invariant vector bundle on X". It is
easy to find a finite and Sy,-invariant bundle V on X” and an S,-equivariant
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inclusion G C V. Then following the proof of Proposition 5.3.9, we define £
and V by

(541 E:= (@ (009)I)* )Y C G (0:V)|r)* )Y = V.

Proposition 5.4.2. Let £1,& be two Sy-invariant numerically flat vector
bundle on X™. There there are canonical isomorphisms

(1) ((0:€1)|7)5" @ (V) 7)™ = (Yu(E1 ® E2))|7)"", and
(2) (&)[7)" & (Wu2)|7)5" == ((Vu(E1 & &2))|7) 5"

Proof. Apply Lemma 5.3.8 and Proposition 5.3.6 (ii). O

It follows from Proposition 5.4.2 and the definition of V in (5.4.1) that V
is a finite vector bundle, since its restriction to ¢ ~!(T') satisfies the definition
of finite vector bundle. So E is essentially finite and 4 (F) = G. This shows,
imitating the proof of the Proposition 5.3.9, that fN is a closed immersion
whenever char(k) > 3. Thus, we have the following.

Theorem 5.4.3. Let char(k) > 3. There is a natural isomorphism of affine
k-group schemes

N aN(X x) ey — 7N (Hilb%, nlx]).

5.5. Etale Fundamental Group Scheme of Hilb's. In this subsection we
sketch how to deduce from Theorem 5.4.3 the same assertion for 7€ (Hilb", n[z]).
This result is already contained in [BH15]. Note that there is a commutative
diagram of homomorphisms of affine k-group schemes

(X, x) — V(X )0, —— 7V (Hilb, n[x])

i i X

T X, &) — 78X, 2) o, — 7 (Hilb'y, n[x]) .

From this it follows that (X, z)., — 7 (Hilb"%, n[x]) is faithfully flat.
Consider a homomorphism 7% (X, z)a, — GL(V). It follows using [Nor76,
Proposition 3.10] that this homomorphism factors through a finite and re-
duced k-group scheme G. Now consider the diagram

V(X 2)ap — 7N (Hilb, n[z]) 4 T (Hilb, n[z])

| —
—
—
| —
—
—
Y —

—

7 X, ) ap G= GL(V).

The right vertical arrow is the unique map which makes the square commute.
It factors through d since G is finite and reduced. Now it follows from
[DMOSS82, Proposition 2.21 (b)] that 7(X, )., — 7 (Hilb"%, n[z]) is a
closed immersion.
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