MA-414 (Galois Theory)
Tutorial-5

March 15, 2023

Notation and definitions: If F' is a subfield of a field E, then the field extension
F C E is usually denoted by E/F. For any polynomial f(X) € F[X], we denote by
f/(X) its formal derivative Dp(f(X)) € F[X]. Two non-zero non-unit polynomials
f(X),9(X) € F[X] are said to be relatively prime if they have no common divisor
in F[X] except for units of F[X]. A field F' is said to be perfect if all algebraic
field extensions of F' are separable over F.

1. Let F be a field of characteristic p > 0. Show that for any integer n > 0,
FP" .= {a*" | a € F} is a subfield of F.

2. Let E'=Fp(X). Show that the polynomial 77 — X € E[T7] is irreducible. Let
Ey denote the field E[T]/(T? — X). Let £ denote an algebraic closure of E and
fix an embedding ¢ : £ C E. Compute cardinality of the set Homg(E1, E).

3. Let F be a field of characteristic p > 0. Let o € F'. Show that the polynomial
TP — a € F[T)] is irreducible iff it does not have a root in F.

4. Let F be a field of characteristic p > 0. Let a be an element in F' which does
not have a p* root in F.
(a) Show that the polynomial 7P — o € F[T] is irreducible.

(b) Let a; be aroot of this polynomial in F. Consider the field F} := F[ay] C
F'. Show that (F;)P C F.

(c) Show that the polynomial T? — oy € Fi[T] is irreducible.

5. Use exercises 3 and 4 to show that there is an algebraic extension L/E with
[L:FE]=o00and [L: FE];=1.

6. Let F' be a finite field of characteristic p > 0. Show that F' = FP.

7. Let FF C K C E be tower of field extensions. Let o € E be separable over F.
Show that « is separable over K.

8. Let F' be a perfect field. Let F' C E be an algebraic extension. Show F is
perfect.

9. Let F':=7Z/(2), and let o € F be a root of the polynomial f(t) = t*+t>+1 ¢
F[t]. Determine if « is separable over F' or not.
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Let E/F be a field extension. Let f(X) € F[X] and a € E. Show that
(X —a)? | f(X) if and only if (X — ) | f(X) and (X — «a) | Dp(f(X)).

Show that two polynomials in F[X] are relatively prime iff they are relatively
prime in F[X].

Let F be a field and f(X) € F[X]. Show that f(X) has no repeated roots
if and only if f(X) and Dp(f(X)) are relatively prime in F[X]. Shows that
f(X) has repeated roots iff f(X) and Dp(f(X)) are not relatively prime.

Let F' be a field of characteristic p > 0. Show that X € F(X) is inseparable
over F(XP).

Let F be a field of characteristic p > 0. Show that F'is perfect if and only if
F = FP.
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Let F be a field of characteristic p > 0. Show that () FP" is the largest
n=0

perfect subfield of F'.

Let E/F be a finite degree field extension and char(F) = p > 0. If p does not
divide [F : F|, show that E/F is separable.

Let F be a field of characteristic p > 0, and let f(X) = X? —a € F[X]. Show
that either f(X) is irreducible in F[X] or f(X) = (X — «a)P, for some o € F.

Let F be a field of characteristic p > 0. Let f(X) € F[X] be an irreducible
polynomial. Show that there exists an irreducible separable polynomial g(X) €
F[X] and an integer n > 0 such that f(X) = g(X?"). Show that all roots of
f(X) have the same multiplicity p™.

Let F' be a field of characteristic p > 0. Let a € F/(X) be a root of p(Y) :=
Y% + XYP + X € F(X)[Y]. Show that « is inseparable over F(X). (Hint:
Use Eisenstein’s irreducibility criterion to conclude that p(Y) is irreducible.)

Let F' be a field of characteristic p > 0. Consider the field E := F(X,Y’) and
its extensions E; := E[T]/(TP? — X) and Ey := E1[S]/(SP —Y). In particular,
show that both E; and Ey are fields. Show that [Es : E] = p?. Show that for
any o € Fs, one has o € E. Use this to conclude that there is no a € E»
such that Ey = Ela].

Let F be a field of characteristic 0, and f(X) € F[X]. Let
h(X) = ged(f(X), f'(X)).

Show that both ¢(X) := f(X)/h(X) and f(X) have the same roots and g(X)
has no repeated root.

Let F be a field of characteristic p > 0. Let a be a root of X? —a € F[X].
Let F = F(«). Find the separable degree and inseparable degree of E over F.

Let p > 0 be a prime number. Let F' = F,(X,Y’) be the field of fractions of the
polynomial ring F,[X,Y]. Let E = F(¥/X,{/Y). Find the separable degree
and inseparable degree of E over F.



