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1. General Property

Let (A, m) be a Noetherian local ring of dimension d, which contains
a perfect field k ∼= A/m of characteristic p > 0 and let I be an m-
primary ideal of A.

We denote I [q] = (aq | a ∈ I), where q = pe is a power of p.

We define eHK(I) = limq=pe→∞
`A(A/I [q])

qd
to be the Hilbert-Kunz

multiplicity of I and also we define

eHK(A) = eHK(m).

We will denote usual (Hilbert-Samuel) multiplicity of I by e(I).
We list some general properties of eHK(I) (cf. [Hu], [Mo1]).

(1) 1
d!
e(I) ≤ eHK(I) ≤ e(I).

(2) For I ⊂ I ′, eHK(I ′) ≤ eHK(I) and equality holds iff I ′ ⊂ I∗

(tight closure of I).
(3) In (1), we have 1

d!
e(I) < eHK(I) but there are examples that

both sides are arbitarary near.

To calculate concrete examples, the following Proposition is very useful
and in general, to determine the value of eHK(I) is very difficult.

Proposition 1.1. Let (A, m) ⊂ (B, n) be an extension of local do-
mains where B is a finite A-module of rank r and A/m = B/n. Then

for every m-primary ideal I, eHK(I, A) =
1

r
eHK(IB, B).

In particular, if B is regular, then eHK(I) =
1

r
lB(B/IB).

2. Criterion of Regularity

Let A be an unmixed local ring. Then Nagata showed that A is
regular off e(A) = 1. The same holds for HK-multiplicity.

Theorem 2.1. ([WY1], [HuYa]) eHK(A) ≥ 1 always and eHK(A) = 1
iff A is regular.
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3. Case of dimension 2, 3.

In dimension 2, 3, we enjoy many nice properties of eHK(I).

Proposition 3.1. (([WY2]) Assume dim A = 2 and A is not regular.

(1) If eHK < 2, then eHK(A) = 2 − 1/n for some n ∈ Z, n > 0.
(2) If eHK(A) = 2, then either e(A) = 2 and A is not F-rational or

Â ∼= (k[[X,Y ]])[3] (3rd Veronese subring) if A/m is algebraically
closed.

(3) For any m-primary ideal I, we have eHK(I) ≥ (e(I) + 1)/2.

Theorem 3.2. ([WY4]) Assume dim A = 3 and A is not regular.

(1) eHK(A) ≥ 4/3 and equality holds iff Gm(A) ∼= k[X,Y, Z,W ]/(XW−
Y Z) (if k is algebraically closed).

(2) If eHK(A) < 2, then A is F-rational.

4. Non-regular rings with minimal HK multiplicity

Fix d and consider the set eHK(A) of all non-regular local rings of
dimension d. If d = 2, 3 the minimal values are 3/2 if d = 2 and 4/3 if
d = 3.

Conjecture 4.1. Fix d and a prime number p and assume for simplic-
ity, p > 2. Put

Ap,d := Fp[[X0, X1, . . . , Xd]]/(X
2
0 + · · · + X2

d).

Then for all non-regular local ring A of dimension d, eHK(A) ≥
eHK(Ap,d).

This conjecture was solved in [WY2],[WY5] if d ≤ 4 and in [AbE∗]
if d ≤ 6.

Monsky has a surprising result about the limit of eHK(Ap,d).

Theorem 4.2. ([GM∗]) Let
∑

d≥0(cd/d!)xd be the Maclaurin expansion
of tan x + sec x. Then

lim
p→∞

eHK(Ap,d) = 1 +
cd

d!
.

5. Minimal Relative HK multiplicity and Relations with
F-signature

We are interested to estimate the difference eHK(I)−eHK(I ′), where
I ⊂ I ′ with `A(I ′/I) = 1.
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Definition 5.1. ( Ket E be the injective envelope of A/m and z be a
generator of the socle [0 : m]E of E. We define

mhHK(A) := lim inf
e→∞

lA(A/AnnA(zpe
))

ped
,

and call it the Minimal relative Hilbert-Kunz multiplicity of A.

Proposition 5.2. If A is Gorenstein, we have the following facts;

(1) mHK(A) > 0 if and only if A is F-regular
(2) For every full parameter ideal Q of A, if we put I = [Q : m],

then mHK(A) = eHK(Q) − eHK(I).
(3) mHK(A) coincides with F -signature defined by Huneke and Leuschke

([HuLe]).
(4) If A is an invariant subring of a finite group G whose order is

relatively prime to p and acting on a regular local ring without
non-trivial pseudo-reflaection, then mHK(A) = 1/|G|.

6. Generalized HK multiplicity

The concept of generalized HK multiplicity was first defined in [EY]
and the studied in [DS],[DW].

Definition 6.1. Let (A,m) as above. For a finitely generated A module
M , we put F n

A(M) = M⊗AF n(A) and put fM
gHK(n) := `A(H0

m(F n
A(M)).

Then we define

egHK(M) = lim
n→∞

fM
HK(n)

pnd

Some interesting properties are;

Proposition 6.2. (1) Let A be a normal local ring of dimension 2
and let I be a reflexive ideal in A. Then I is principal if and
only if egHK(A/I) = 0.

(2) If A is F-regular, then egHK(M) = 0 if and only if depth(F n(M)) >
0 for every n.

(3) Assume A is F-regular with dim A ≥ 2 and I is a reflexive ideal
locally free at Spec(A) \ {m}. Then egHK(A/I) = 0 if and only
if I is principal.

I put references concerning HK multiplicity. But the references with
∗ are beyond my scope of this lecture.
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