
Chapter 3

Existence and Uniqueness

We discuss the twin issues of existence and uniqueness for Initial value problems corresponding
to first order systems of ODE. This discussion includes the case of scalar first order ODE and
also general scalar ODE of higher order in view of Exercise 1.19. However certain properties like
boundedness of solutions do not carry over under the equivalence of Exercise 1.19 which are used
in the discussion of extensibility of local solutions to IVP and we comment on this situation in
Section 3.6.

We compliment the theory with examples from the class of first order scalar equations. We recall
the basic setting of IVP for systems of ODE which is in force through our discussion. Later on
only the additional hypotheses are mentioned if and when they are made.

Hypothesis (HIVPS)

Let Ω ⊆ Rn be a domain and I ⊆ R be an interval. Let f : I× Ω → Rn be a continuous
function defined by (x,y) 7→ f(x,y) where y = (y1, . . . yn). Let (x0,y0) ∈ I × Ω be an
arbitrary point.

Definition 3.1 Assume Hypothesis (HIVPS) on f . An IVP for a first order system of n ordinary
differential equations is given by

y′ = f (x,y) , y(x0) = y0. (3.1)

As we saw before (Exercise 2.3) we do not expect a solution to be defined globally on the entire
interval I. Recall Remark 1.7 in this context. This motivates the following definition of solution
of an IVP for systems of ODE.

Definition 3.2 (Solution of an IVP for systems of ODE) An n-tuple of functions
u = (u1, . . . un) ∈ C1(I0) where I0 ⊆ I is a subinterval containing the point x0 ∈ I is called a
solution of IVP (3.1) if for every x ∈ I0, the (n + 1)-tuple (x, u1(x), u2(x), · · · , un(x)) ∈ I× Ω,

u′(x) = f (x,u(x)) , ∀x ∈ I0 and u(x0) = y0. (3.2)

We denote this solution by u = u(x; f , x0,y0) to remind us that the solution depends on f ,y0 and
u(x0) = y0.

The boldface notation is used to denote vector quantities and we drop boldface for scalar quan-
tities.

Remark 3.3 The IVP (3.1) involves an interval I, a domain Ω, a continuous function f on
I×Ω, x0 ∈ I, y0 ∈ Ω. Given I, x0 ∈ I and Ω, we may pose many IVPs by varying the data (f ,y0)
belonging to the set C(I× Ω)× Ω. .
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20 3.1. Existence of local solutions

Basic questions

There are three basic questions associated to initial value problems. They are
(i) Given (f ,y0) ∈ C(I× Ω)× Ω, does the IVP (3.1) admit at least one solution?

(ii) Assuming that for a given (f ,y0) ∈ C(I×Ω)×Ω, the IVP (3.1) has a solution, is the solution
unique?

(iii) Assuming that for each (f ,y0) ∈ C(I×Ω)×Ω the IVP admits a unique solution y(x; f , x0,y0)
on a common interval I0 containing x0, what is the nature of the following function?

S : C(I× Ω)× Ω −→ C1(I0) (3.3)

defined by
(f ,y0) 7−→ y(x; f , x0,y0). (3.4)

We address questions (i), (ii) and (iii) in Sections 3.1, 3.2 and 3.5 respectively. Note that we do not
require a solution to IVP be defined on the entire interval I but only on a subinterval containing
the point x0 at which initial condition is prescribed. Thus it is interesting to find out if every
solution can be extended to I and the possible obstructions for such an extension. We discuss this
issue in Section 3.3.

3.1 Existence of local solutions

There are two important results concerning existence of solutions for IVP (3.1). One of them
is proved for any function f satisfying Hypothesis (HIVPS) and the second assumes Lipschitz
continuity of the function f in addition. As we shall see in Section 3.2, this extra assumption on
f gives rise not only to another proof of existence but also uniqueness of solutions.

Both proofs are based on equivalence of IVP (3.1) and an integral equation.

Lemma 3.4 A continuous function y defined on an interval I0 containing the point x0 is a solu-
tion of IVP (3.1) if and only if y satisfies the integral equation

y(x) = y0 +
∫ x

x0

f(s,y(s)) ds ∀x ∈ I0. (3.5)

Proof :
If y is a solution of IVP (3.1), then by definition of solution we have

y′(x) = f(x,y(x)). (3.6)

Integrating the above equation from x0 to x yields the integral equation (3.5).

On the other hand let y be a solution of integral equation (3.5). Observe that, due to continuity
of the function t → y(t), the function t → f(t,y(t)) is continuous on I0. Thus RHS of (3.5) is
a differentiable function w.r.to x by fundamental theorem of integral calculus and its derivative
is given by the function x → f(x,y(x)) which is a continuous function. Thus y, being equal to
a continuously differentiable function via equation (3.5), is also continuously differentiable. The
function y is a solution of ODE (3.1) follows by differentiating the equation (3.5). Evaluating
(3.5) at x = x0 gives the initial condition y(x0) = y0.

Thus it is enough to prove the existence of a solution to the integral equation (3.5) for showing
the existence of a solution to the IVP (3.1). Both the existence theorems that we are going to
prove, besides making use of the above equivalence, are proved by an approximation procedure.

The following result asserts that joining two solution curves in the extended phase space I × Ω
gives rise to another solution curve. This result is very useful in establishing existence of solutions
to IVPs; one usually proves the existence of a solution to the right and left of the point x0 at
which initial condition is prescribed and then one gets a solution (which should be defined in an
open interval containing x0) by joining the right and left solutions at the point (x0, y0).
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Chapter 3 : Existence and Uniqueness 21

Lemma 3.5 (Concactenation of two solutions) Assume Hypothesis (HIVPS). Let [a, b] and
[b, c] be two subintervals of I. Let u and w defined on intervals [a, b] and [b, c] respectively be
solutions of IVP with initial data (a, ξ) and (b, u(b)) respectively. Then the concatenated function
z defined on the interval [a, c] by

z(x) =

{
u(x) if x ∈ [a, b].
w(x) if x ∈ (b, c].

(3.7)

is a solution of IVP with initial data (a, ξ).

Proof :
It is easy to see that the function z is continuous on [a, c]. Therefore, by Lemma 3.4, it is

enough to show that z satisfies the integral equation

z(x) = ξ +
∫ x

a

f(s, z(s)) ds ∀x ∈ [a, c]. (3.8)

Clearly the equation (3.8) is satisfied for x ∈ [a, b], once again, by Lemma 3.4 since u solves IVP
with initial data (a, ξ) and z(x) = u(x) for x ∈ [a, b]. Thus it remains to prove (3.8) for x ∈ (b, c].
For x ∈ (b, c], once again by Lemma 3.4, we get

z(x) = w(x) = u(b) +
∫ x

b

f(s,w(s)) ds = u(b) +
∫ x

b

f(s, z(s)) ds. (3.9)

Since

u(b) = ξ +
∫ b

a

f(s,u(s)) ds = ξ +
∫ b

a

f(s, z(s)) ds, (3.10)

substituting for u(b) in (3.9) finishes the proof of lemma.

Rectangles

As I× Ω is an open set, we do not know if functions defined on this set are bounded; also we do
not know the shape or size of Ω. If we are looking to solve IVP (3.1) (i.e., to find a solution curve
passing through the point (x0, y0)), we must know how long a solution (if and when it exists)
may live. In some sense this depends on size of a rectangle R ⊆ I× Ω centred at (x0, y0) defined
by two positive real numbers a, b

R = {x : |x− x0| ≤ a} × {y : ‖y − y0‖ ≤ b} (3.11)

Since I × Ω is an open set, we can find such an R (for some positive real numbers a, b) for each
point (x0, y0) ∈ I× Ω. Let M be defined by M = sup

R
‖f(x,y‖.

Note that rectangle R in (3.11) is symmetric in the x space as well. However a solution may be
defined on an interval that is not symmetric about x0. Thus it looks restrictive to consider R
as above. It is definitely the case when x0 is very close to one of the end points of the interval
I. Indeed in results addressing the existence of solutions for IVP, separately on intervals left and
right to x0 consider rectangles R† ⊆ I× Ω of the form

R† = [x0, x0 + a]× {y : ‖y − y0‖ ≤ b} (3.12)

3.1.1 Existence theorem of Peano

The plan of action for proving Peano’s theorem is as follows:

1. Existence of a solution to IVP is proved on an interval to the right of x0 and similar arguments
yield a solution on an interval to the left of x0. Concactenation of these left and right solutions
yield a solution on an open interval containing x0 thanks to Lemma 3.7.
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22 3.1. Existence of local solutions

2. Prove a special case of Peano’s theorem, namely for a bounded function f with domain I×Rn

instead of I× Ω and thereby avoiding boundary effects.

3. Deduce Peano’s theorem from the above special case.

1. Special case of Peano’s theorem

We assume that f : I× Rn → Rn is a continuous function.
We pose an auxiliary problem which resembles the integral equation (3.5) corresponding to IVP
(3.1) but for the delay factor λ > 0 in the argument of the integrand in (3.13). If λ can be taken
as zero, we retrieve the integral equation (3.5) and passage to the limit in (3.13) λ → 0 needs more
effort compared to proving existence of a unique solution to

yλ(x) =





y0 if x ∈ [x0 − λ, x0].

y0 +
∫ x

x0

f(s,yλ(s− λ)) ds if x ∈ [x0, x0 + a].
(3.13)

It is easy to see that the above equation (3.13) admits a unique solution on [x0 − λ, x0 + a].
While checking the uniqueness is straight forward, existence of a solution follows a constructive
procedure that makes use of the ‘delay’ factor appearing on RHS of (3.13).

Theorem 3.6 Assume in additon to Hypothesis (HIVPS) that Ω = Rn and f is bounded on I×Rn.
Then the IVP (3.1) has at least one solution on the interval [x0, x0 + δ] for every δ > 0 such that
[x0, x0 + δ] ⊂ I.

2. Peano’s theorem

Exercise 3.7 Let B[y0, r] denote the closed ball of radius r > 0 centred at y0. Prove that the
function ρ : Rn → Rn defined by

ρ(y) =





y if y ∈ B[y0, r].

y0 + r
y − y0

‖y − y0‖ if y ∈ Rn \B[y0, r].
(3.14)

is continuous. Draw the graph of ρ for n = 1. Show that the range of ρ equals B[y0, r].

Theorem 3.8 (Peano) Assume Hypothesis (HIVPS). Then the IVP (3.1) has at least one solu-
tion on the interval |x− x0| ≤ δ where δ = min{a, b

M }.
Proof :

Recall that according to Hypothesis (HIVPS), the function f is defined on I×Ω and it may not
be equal to I× Rn. We define a function g defined on I× Rn using f and ρ defined in (3.14) by

g(x,y) = f(x, ρ(y)) ∀ (x,y) ∈ I× Rn. (3.15)

Note that g is a bounded and continuous function defined on I × Rn. Therefore by the special
case of Peano’s theorem, namely, Theorem 3.6, there exists a solution for the IVP defined by g on
the interval [x0, x0 + δ] for every δ > 0 such that [x0, x0 + δ] ⊂ I.
Note that the solution curve starts inside B[y0, r] (due to initial condition) and thus will remain
inside B[y0, r] due to continuity of a solution, i.e., there exists an α > 0 such that solution
restricted to the interval [x0, x0 + α] takes its values in B[y0, r]. But by construction of g, we
know that

g(x,y) = f(x,y) ∀ (x,y) ∈ I×B[y0, r] (3.16)

due to the definition of the function ρ. Thus we have found a solution of IVP defined by f on an
interval [x0, x0 + α]. Now we would like to find a good α if not the best.
Note that α was chosen such that solution remains in B[y0, r] using continuity of a solution. Using
the integral equation corresponding to this IVP, we find the best α.
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Chapter 3 : Existence and Uniqueness 23

3.1.2 Cauchy-Lipschitz-Picard existence theorem

From real analysis, we know that continuity of a function at a point is a local concept (as it
involves values of the function in a neighbourhood of the point at which continuity of function is
in question). We talk about uniform continuity of a function with respect to a domain. Similarly
we can define Lipschitz continuity at a point and on a domain of a function defined on subsets of
Rn. For ODE purposes we need functions of (n + 1) variables and Lipschitz continuity w.r.t. the
last n variables. Thus we straight away define concept of Lipschitz continuity for such functions.

Let R ⊆ I × Ω be a rectangle centred at (x0, y0) defined by two positive real numbers a, b (see
equation (3.11)).

Definition 3.9 (Lipschitz continuity) A function f is said to be Lipschitz continuous on a
rectangle R with respect to the variable y if there exists a K > 0 such that

‖f(x,y1)− f(x,y1)‖ ≤ K‖y1 − y2‖ ∀(x,y1), (x,y2) ∈ R. (3.17)

Exercise 3.10 1. Let n = 1 and f be differentiable w.r.t. the variable y with a continuous
derivative defined on I×Ω. Show that f is Lipschitz continuous on any rectangle R ⊂ I×Ω.

2. If f is Lipschitz continuous on every rectangle R ⊂ I × Ω, is f differentiable w.r.t. the
variable y?

3. Prove that the function h defined by h(y) = y2/3 on [0, ∞) is not Lipschitz continuous on
any interval containing 0.

4. Prove that the function f(x, y) = y2 defined on doamin R × R is not Lipschitz continuous.
(this gives yet another reason to define Lipschitz continuity on rectangles)

We now state the existence theorem and the method of proof is different from that of Peano
theorem and yields a bilateral interval containing x0 on which existence of a solution is asserted.

Theorem 3.11 (Cauchy-Lipschitz-Picard) Assume Hypothesis (HIVPS). Let f be Lipschitz
continuous with respect to the variable y on R. Then the IVP (3.1) has at least one solution on
the interval |x− x0| ≤ δ where δ = min{a, b

M }.

Warning: This section is incomplete with full proofs of existence theorems missing.
It will be completed it after we finish doing it in the class.

3.2 Uniqueness

Recalling the definition of a solution, we note that if u solves IVP (3.1) on an interval I0 then
w def= u|I1 is also a solution to the same IVP where I1 is any subinterval of I0 containing the point
x0. In principle we do not want to consider the latter as a different solution. Thus we are led to
define a concept of equivalence of solutions of an IVP that does not distinguish w from u near
the point x0. Roughly speaking, two solutions of IVP are said to be equivalent if they agree on
some interval containing x0 (neighbourhood of x0). This neighbourhood itself may depend on the
given two solutions.

Definition 3.12 (local uniqueness) An IVP is said to have local uniqueness property if for
each (x0, y0) ∈ I × Ω and for any two solutions y1 and y2 of IVP (3.1) defined on intervals I1
and I2 respectively, there exists an open interval Iδlr := (x0 − δl, x0 + δr) containing the point x0

such that y1(x) = y2(x) for all x ∈ Iδlr.

Definition 3.13 (global uniqueness) An IVP is said to have global uniqueness property if for
each (x0, y0) ∈ I × Ω and for any two solutions y1 and y2 of IVP (3.1) defined on intervals I1
and I2 respectively, the equality y1(x) = y2(x) holds for all x ∈ I1 ∩ I2.
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24 3.2. Uniqueness

Remark 3.14 1. It is easy to understand the presence of adjectives local and global in Defini-
tion 3.12 and Definition 3.12 respectively.

2. There is no loss of generality in assuming that the interval appearing in Definition 3.12,
namely Iδlr, is of the form Jδlr := [x0 − δl, x0 + δr]. This is because in any open interval
containing a point x0, there is a closed interval containing the same point x0 and vice versa.

Though it may appear that local and global uniqueness properties are quite different from each
other, indeed they are the same. This is the content of the next result.

Lemma 3.15 The following are equivalent.

1. An IVP has local uniqueness property.

2. An IVP has global uniqueness property.

Proof :
From definitions, clearly (2) =⇒ (1). We turn to the proof of (1) =⇒ (2).

Let y1 and y2 be two solutions of IVP (3.1) defined on intervals I1 and I2 respectively. We prove
that y1 = y2 on the interval I1 ∩ I2; we split its proof in to two parts. We first prove the equality
to the right of x0, i.e., on the interval [x0, sup(I1 ∩ I2)) and proving the equality to the left of x0

(i.e., on the interval (inf(I1 ∩ I2), x0] ) follows a canonically modified argument. Let us consider
the following set

Kr = {t ∈ I1 ∩ I2 : y1(x) = y2(x) ∀x ∈ [x0, t] } . (3.18)

The set Kr has the following properties:

1. The set Kr is non-empty. This follows by applying local uniqueness property of the IVP
with initial data (x0, y0).

2. The equality sup Kr = sup(I1 ∩ I2) holds.
Proof :

Note that infimum and supremum of an open interval equals the left and right end points of
its closure (the closed interval) whenever they are finite. Observe that sup Kr ≤ sup(I1∩ I2)
since Kr ⊆ I1 ∩ I2. Thus it is enough to prove that strict inequality can not hold. On the
contrary, let us assume that ar := sup Kr < sup(I1 ∩ I2). This means that ar ∈ I1 ∩ I2 and
hence y1(ar), y2(ar) are defined. Since ar is the supremum (in particular, a limit point) of
the set Kr on which y1 and y2 coincide, by continuity of functions y1 and y2 on I1 ∩ I2, we
get y1(ar) = y2(ar).

Thus we find that the functions y1 and y2 are still solutions of ODE on the interval I1 ∩ I2,
and also that y1(ar) = y2(ar). Thus applying once again local uniquness property of IVP but
with initial data (ar, y1(ar)), we conclude that y1 = y2 on an interval Jδlr := [ar−δl, ar+δr]
(see Remark 3.14). Thus combining with arguments of previous paragraph we obtain the
equality of functions y1 = y2 on the interval [x0, ar + δr]. This means that ar + δr ∈ Kr

and thus ar is not an upper bound for Kr. This contradiction to the definition of ar finishes
the proof of 2.

As mentioned at the beginning of the proof, similar statements to the left of x0 follow. This
finishes the proof of lemma.

Remark 3.16 1. By Lemma 3.15 we can use either of the two definitions Definition 3.12 and
Definition 3.12 while dealing with questions of uniqueness. Henceforth we use the word
uniqueness instead of using adjectives local or global since both of them are equivalent.
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Chapter 3 : Existence and Uniqueness 25

2. One may wonder then, why there is a need to define both local and global uniqueness prop-
erties. The reason is that it is easy to prove local uniqueness compared to proving global
uniqueness and at the same retaining what we intuitively feel about uniqueness.

Example 3.17 (Peano) The initial value problem

y′ = 3 y2/3, y(0) = 0. (3.19)

has infinitely many solutions.

However there are sufficient conditions on f so that the corresponding IVP has a unique solution.
One such condition is that of Lipschitz continuity w.r.t. variable y.

Lemma 3.18 Assume Hypothes (HIVPS). If f is Lipschitz continuous on R, then we have global
uniqueness.

Proof :
Let y1 and y2 be two solutions of IVP (3.1) defined on intervals I1 and I2 respectively. By

Lemma 3.4, we have

yi(x) = y0 +
∫ x

x0

f(s,yi(s)) ds, ∀x ∈ Ii and i = 1, 2. (3.20)

Subtracting one equation from another we get

y1(x)− y2(x) =
∫ x

x0

{
f(s,y1(s))− f(s,y2(s))

}
ds, ∀x ∈ I1 ∩ I2. (3.21)

Applying norm on both sides yields, for x ∈ I1 ∩ I2

‖y1(x)− y2(x)‖ =
∥∥∥∥
∫ x

x0

{
f(s,y1(s))− f(s,y2(s))

}
ds

∥∥∥∥ (3.22)

≤
∫ x

x0

∥∥f(s,y1(s))− f(s,y2(s))
∥∥ ds (3.23)

Choose δ such that ‖y1(s)−y0‖ ≤ b and ‖y1(s)−y0‖ ≤ b, since we know that f is locally Lipschitz,
it will be Lipschitz on the rectangle R with Lipschitz constant L > 0. As a consequence we get

‖y1(x)− y2(x)‖ ≤ L ‖y1(x)− y2(x)‖ |x− x0| (3.24)
≤ Lδ ‖y1(x)− y2(x)‖ (3.25)

It is possible to arrange δ such that Lδ < 1. From here we conclude that

sup
|x−x0|≤δ

‖y1(x)− y2(x)‖ < sup
|x−x0|≤δ

‖y1(x)− y2(x)‖ (3.26)

Thus we conclude sup
|x−x0|≤δ

‖y1(x) − y2(x)‖ = 0. This establishes local uniqueness and global

uniqueness follows from their equivalence.

Example 3.19 Example of non-Lipschitz function with a unique solution.
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