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3.4 Global Existence theorem

In this section we give some sufficient conditions under which every local solution of an IVP is
global. One of them is the growth of f wrt y. If the growth is at most linear, then we have a
global solution.

Theorem 3.34 Let f : I × Rn → Rn be continuous. Assume that there exist two continuous
functions h, k : I→ R+ (non-negative real-valued) such that

‖f(x, y)‖ ≤ k(x)‖y‖+ h(x), ∀ (x, y) ∈ I× Rn. (3.47)

Then for every initial data (x0, y0) ∈ I× Rn, IVP has at least one global solution.

3.5 Continuous dependence

In situations where a physical process is described (modelled) by an initial value problem for a
system of ODEs, then it is desirable that any errors made in the measurement of either initial
data or the vector field, do not influence the solution very much. In mathematical terms, this is
known as continuous dependence of solution of an IVP, on the data present in the problem. In
fact, the following result asserts that solution to an IVP has not only continuous dependence on
initial data but also on the vector field f .

Exercise 3.35 Try to carefully formulate a mathematical statement on continuous dependence of
solution of an IVP, on initial conditions and vector fields.

An honest effort to answer the above exercise would make us understand the difficulty in formu-
lating such a statement. In fact, many introductory books on ODEs do not address this subtle
issue, and rather give a weak version of it without warning the reader about the principal diffi-
culties. See, however, the books of Wolfgang [32], Piccinini et. al. [22]. We now state a result on
continuous dependence, following Wolfgang [32].

Theorem 3.36 (Continuous dependece) Let Ω ⊆ Rn be a domain and I ⊆ R be an interval
containing the point x0. Let J be a closed and bounded subinterval of I, such that x0 ∈ J. Let
f : I × Ω → Rn be a continuous function. Let y(x;x0,y0) be a solution on J of the initial value
problem

y′ = f (x,y) , y(x0) = y0. (3.48)

Let Sα denote the α-neighbourhood of graph of y, i.e.,

Sα :=
{
(x,y) : ‖y − y(x;x0,y0)‖ ≤ α, x ∈ J}. (3.49)

Suppose that there exists an α > 0 such that f satisfies Lipschitz condition w.r.t. variable y on
Sα. Then the solution y(x;x0,y0) depends continuously on the initial values and on the vector
field f .

That is: Given ε > 0, there exists a δ > 0 such that if g is continuous on Sα and the inequalities

‖g (x,y)− f (x,y) ‖ ≤ δ on Sα, ‖ζ − y0‖ ≤ δ (3.50)

are satisfied, then every solution z(x;x0, ζ) of the IVP

z′ = g (x, z) , z(x0) = ζ. (3.51)

exists on all of J, and satisfies the inequality

‖z(x;x0, ζ)− y(x;x0,y0)‖ ≤ ε, x ∈ J. (3.52)
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Remark 3.37 (i) In words, the above theorem says : Any solution corresponding to an IVP
where the vector field g near a Lipschitz continuous vector field f and initial data (x0, ζ)
near-by (x0, y0), stays near the unique solution of IVP with vector field f and initial data
(x0, y0).

(ii) Note that, under the hypothesis of the theorem, any IVP with a vector field g which is only
continuous, also has a solution defined on J.

(iii) Note that the above theorem does not answer the third question we posed at the beginning of
this chapter. The above theorem does not say anything about the function in (3.3).

Gronwall’s Lemma

Lemma 3.38 Let h be a real-valued continuous function on an interval [a, b], be such that

h(x) ≤ α+ β

∫ x

a

h(s) ds, on [a, b] with β > 0. (3.53)

Then
h(x) ≤ α eβ(x−a), on [a, b]. (3.54)

Proof :
Denote the RHS of inequality (3.53) by ψ(x). Note that ψ′(x) = βh(x). Since h(x) ≤ ψ(x),

we get ψ′(x) ≤ βψ(x). That is,
(
e−βxψ(x)

)′ ≤ 0.
Hence e−βxψ(x) is decreasing, and therefore

e−βxψ(x) ≤ e−βaψ(a) = αe−βa.

From the last inequality, we get

h(x) ≤ ψ(x) ≤ αeβ(x−a).

3.6 Well-posed problems

A mathematical problem is said to be well-posed (or, properly posed) if it has the EUC property.

(1) Existence: The problem should have at least one solution.

(2) Uniqueness: The problem has at most one solution.

(3) Continuous dependence: The solution depends continuously on the data that are
present in the problem.

Theorem 3.39 Initial value problem for an ODE y′ = f(x, y), where f is Lipschitz continuuos
on a rectangle containining the initial data (x, y0), is well-posed.

Example 3.40 I read somewhere that solving Ax = b is not well-posed. Think why it could be
true.

3.7 Case of higher order scalar equations

One needs to re-understand the concept of equivalence of an nth order equation in normal form with
a first order normal system via d’Alembert’s transformations as in Lemma 1.9. The equivalence
there meant one could obtain a solution of one from another even for IVP. However this equivalence
does not extend to all properties of either of the system. This is expected since the solution of scalar
problem is only the first component of that of ‘equivalent system’ and the are other components
determine the behaviour of solutions of system.
The following examples illustrate this.
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