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(1) Let ψ ∈ E(Rn). Then the following statements about ψ are equivalent.

(i) For every pair α, β of multi-indices, lim|x|→∞
∣∣xα∂βψ(x)∣∣ = 0.

(ii) For every pair α, β of multi-indices, supx∈Rn

∣∣∂α (
xβψ(x)

)∣∣ <∞.

(iii) For every polynomial P (x) and for every partial differential operator L with constant
coefficients, the function P (x)Lψ(x) is bounded in Rn.

(iv) For every integer k ≥ 0, and every multi-index α, the function
(
1 + |x|2

)k
∂αψ(x) is

bounded in Rn.

(v) For every natural number N , and every multi-index α, there exists a positive constant
Cα,N such that

|(∂αψ) (x)| ≤ Cα,N

(1 + |x|)N

(2) Let ψ ∈ S(Rn). Prove that there exists a sequence (φk) in D(Rn) such that φk → ψ in S(Rn).

(3) Prove that S(Rn) ⊂ L1(Rn) and the inclusion map is continuous. Also prove that
S(Rn) ⊂ L2(Rn) and the inclusion map is continuous.

(4) For what l > 0 is the function (1 + |x|)−l
is integrable on Rn? For what l > 0 is the function(

1 + |x|2
)−l

is integrable on Rn? Prove your assertion.

(5) Let f ∈ S(Rn). Compute the Fourier transform of
(

d2

dx2 − x2
)
f in terms of f̂ .

(6) Let f ∈ S(R), and define g(x) = f(|x|) for x ∈ Rn. Show that if f is an even function, then
g ∈ S(Rn). What can be said if f is an odd function?

(7) Let f ∈ S(R2). Define φ by φ(x) = f(x, 0). What is the relationship between f̂ and φ̂?

(8) We know that Fourier transform maps S(Rn) onto S(Rn). What can we say about λ ∈ C
satisfying the eigenvalue equation f̂ = λf for some non-zero f ∈ S(Rn)?


