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Coding Theory has its origins in the problem of information transmission across
what is called a noisy channel. A solution is found by encoding the message by suit-
ably adding redundancies in such a way that errors can be detected and corrected.
In effect, the message may consist of (up to) k symbols from a finite alphabet set @
(for example, Q = {0, 1}) and encoding is simply an injective map Q* — Q, where
n > k. The image of this map thus consists of the codewords, and these constitute
an error correcting code or simply, a code of length n. When @ is a finite field
and the encoding is given by a linear map, the corresponding code is said to be
linear. In these lectures, we shall focus mainly on certain mathematical aspects
of the theory of error correcting codes, especially linear codes which are the most
widely studied classes of codes. For more on information theoretic aspects and the
origins of coding theory, we refer to the first section of [14, Ch. 1] and the references
therein. It may also suffice to glance at the table of contents and over 2000 pages of
this Handbook [14] or the 750 page treatise of MacWilliams and Sloane [13] which
is of an older vintage, to have some idea of the expanse the subject and deduce
an obvious corollary that these notes are only a selective, and not comprehensive,
introduction to the subject.

These notes are meant for limited distribution to participants of the AIS/IST on Grobner Bases
and Their Applications at IIIT Delhi during December 11-23, 2017 as an accompaniment to the
lectures of the author on Grébner Bases and Coding Theory. Much of the material is borrowed
from the informal notes of a series of six lectures given at the Advanced Instructional School on
Algebraic Combinatorics held at the Indian Statistical Institute, Bangalore during June 24—July
13, 2013. Thanks are due to Mrinmoy Datta, Kannappan Sampath and Prasant Singh for taking
and TeXing a preliminary version of the Bangalore notes. These notes will only cover some basic
aspects of coding theory. For connections to Grobner bases, we refer to the notes of Carvalho [5].
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1. BAsic NOTIONS

We begin with the general definition of (possibly nonlinear) codes. Throughout
this section @ denotes a finite set and n a positive integer.

1.1. DEFINITION. A code of length n over @ is a subset of Q™. If C' is a code of
length n, then the number of elements in C' (denoted |C]) is called the size of C.
Further, if ¢ = |Q|, then C is called a g-ary code and k = log, |C| is called the
dimension of C. The ratio k/n is called the rate of transmission of C. Usually, the
elements of () are called alphabets and the elements of C are called codewords. We
often write “C' is a g-ary (n, M)-code over Q" to mean that C is a code of length
n and size M over an alphabet set of size g.

There is a simple, but useful, notion of distance in the ambient space Q™.

1.2. DEFINITION. For z = (z1,22,...,2,) and y = (y1,¥2, .., Yn) in Q", the Ham-
ming distance between x and y is the number of positions where they differ, i.e.,

d(z,y) = {i: 2 # yi}].
It is easy to see that d defines a metric on Q™.

1.3. DEFINITION. Let C be a code of length n over Q. The minimum distance of
C' is denoted by d(C) and defined by

d(C) = min{d(z,y) : z,y € C,xz # y}.
If d = d(C), then the ratio d/n is called the relative distance of C.

Evidently, the rate as well as the relative distance of a code are positive real
numbers < 1. It is usually of interest to construct codes for which the rate as
well as the relative distance are as large as possible. These are often conflicting
requirements, and moreover there are several limitations. The simplest of these is
the following.

1.4. PROPOSITION (Singleton bound). Let Aq4(n,d) denote the maximum possible
size of a q-ary code of length n and minimum distance d. Then Aq4(n,d) < gnTatL,
In other words, for any q-ary code of length n, dimension k and minimum distance
d, we must have k <n —d+ 1 or equivalently, d <n —k + 1.

Proof. Let C' be a code of length n over a set Q with ¢ elements. If d = d(C),
then the projection map C' — Q™41 on the last n — d + 1 coordinates, given by
(w1, ..., %) = (Td, Tdgs1,---,Tn), must be injective. Hence |C| < ¢4+ O

2. LINEAR CODES

By F, we shall denote “the” finite field with ¢ elements. As before, n denotes a
positive integer.

2.1. DEFINITION. A g-ary linear code of length n is a subspace of Fy.
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Note that if C is a g-ary linear code of length n, then the dimension of C is
dimg, C. Henceforth, we will usually write “C'is a [n, k]4- code” to mean that C is
a g-ary linear code of length n and dimension k.

2.2. DEFINITION. For = (x1,...,2,) € Fy, the support of z is the set
supp(z) = {i : x; # 0}
and the Hamming weight of x is the nonnegative integer
wi(z) = [supp(z)| = {i : z; # 0}.
Note that d(z,y) = wa(x — y) for any z,y € F}. Thus for a linear code C,
d(C) = min{wg(x) : € C and z # 0}.

In other words, the minimum distance of a linear code is the minimum weight of
its nonzero codewords. For a linear code C, elements x € C' with wy(z) = d are
called minimum weight codewords of C.

2.3. DEFINITION. A [n, k],-code C is said to be a MDS code or a mazimum distance
separable code if the Singleton bound is met, i.e., if d(C) =n —k + 1.

2.4. EXERCISE. Given positive integers k,n with k& < n determine (i.e., find a
formula for) the number of [n, k],-codes.

2.5. PROBLEM.! Given n, k, ¢ as above, determine the number of [n, k],-MDS codes.
2.6. EXERCISE. Solve the above problem for k =1 and k = 2.

In coding theory, it is customary to regard the elements of Fj; as row vectors of

length n, and we shall do so in the sequel. For z € Fy, we will write 2T to denote
the transpose of z, i.e., the corrsponding column vector.

2.7. DEFINITION. Let C be a [n, k],-code. A k x n matrix G with entries in F, is
called a generator matriz C' if the rows of G forms a basis of C.

Note that if G is a generator matrix of a [n, k],-code C, then G has rank k and
C={uG:uce IE‘Z} Conversely, if G is any k x n matrix over F, of rank k, then
{uG : u e FF'} is a [n, k],-code. Further, if G, G are k x n matrices over F, of rank
k, then G and G are generator matrices of the same code C' if and only if G = EG
for some E € GLg(F,). In particular, a generator matrix G of a [n, k]4-code C' can
be chosen in such a way that it is in reduced row-echelon form; in this case G is
uniquely determined by C. In addition, if the pivotal 1’s are in the first & columns,
then G = [I;|A] for some k x (n — k) matrix A over F, and we then say that G is in
standard form. Here, and hereafter, I,,, denote the m X m identity matrix, where
m is any positive integer. Also for any matrix A, we denote by A7 its transpose.

In the remainder of this section, C' will denote a [n, k]4-code.

LA Problem is an Exercise whose solution is not known. In the case of Problem 2.5, one may
consult [8] for more information. A solution to Exercise 2.6 can also be found there.
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2.8. DEFINITION. A (n —k) x n matrix H with entries in F is called a parity check
matriz of C' if C is its nullspace, i.e., C = {z € Fy : HzT = 0}.

It is clear that the rank of a parity check matrix of a [n, k];-code is n — k.

2.9. LEMMA. If C has a generator matriz G = [Ix|A] in standard form, then H =
[~ AT|I,,_1] is a parity check matriz of C.

Proof. Suppose G = [I;|A] is a generator matrix of C and H = [-AT|I,_]. Then
HG" = —AT + AT = 0. This implies that ¢ C {z € F} : Hz" = 0}. Since
rank(H ) = n—Fk, the linear map H : Fy — F?‘k defined by z — Hz! is surjective.
Consequently, its kernel, i.e., the nullspace of H, has dimension k. It follows that
C={zeF): Hz" =0}. O

2.10. LEMMA. Let H be a parity check matriz of C and t a positive integer. If x € C
with wi(x) = t and supp(x) = {j1,J2,-.-,jt}, then the columns of H indexed by
1572, - - -, Jt are linearly dependent. Conversely if some t columns of H are linearly
dependent, but no proper subset of these columns is linearly dependent, then C
contains a codeword of weight t.

Proof. Let H; denote the j® column of H (1 < j < n). For z = (z1,...,7,) € Fy,
reC«= Ha' =0«= > x;H; =0.

Jj=1

This implies the desired result. (Il
The above lemma leads to a useful characterization of the minimum distance.

2.11. COROLLARY. Let H be a parity check matriz of C' and d be a mnonnegative
integer. Then d = d(C) if and only if every set of d — 1 columns of H is linearly
independent and there exist d columns of H that are linearly dependent.

Proof. Clearly, d = d(C) if and only if wi(y) > d for all y € C and there exists
x € C with wg(z) = d. Thus Lemma 2.10 yields the desired result. O

Note that the Singleton bound for linear codes can also be deduced from Corol-
lary 2.11. Indeed, if H is a parity check matrix of C, then rank(H) = n — k and so
every set of n — k + 1 columns of H is linearly dependent. Hence d(C) <n—k+1,
thanks to Corollary 2.11.

3. DuaLiTY

On Fy, we have a nondegenerate symmetric bilinear form (, ) given by
n

(x,y) = szyz for z = (z1,...,7,) and y = (y1,...,yn) in Fy.
i=1

The dual of a [n, k],-code C'is defined to be the linear code C* of length n given by
ct+ = lyeFy : (z,y) =0forall z € C}.
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3.1. EXERCISE. Show that if C' is a [n, k]4-code, then
(i) dim C*+ =n — k, and (ii) (CH)* = C.

3.2. REMARK. The notion of positive definiteness does not make sense for the bi-
linear form (, ) defined above. Thus it may happen that a a [n, k],-code C satisfies
C C C+ or even C = C*. In the first case, the code C is said to be self-orthogonal
and in the second case it is said to be self-dual. For an interesting connection of
self-dual codes with invariant theory, we refer to the Monthly article of Sloane [15].

3.3. EXERCISE. Show that a (n— k) x n matrix H with entries in Fy is parity check
matrix of [n, k],-code C if and only if the rows of H form a basis of C*.

3.4. EXERCISE. Show that a [n,k],-code C' is self-dual if and only if it is self-
orthogonal and n = 2k.

3.5. EXERCISE. Show that a linear code C' is MDS if and only if C* is MDS.

3.6. DEFINITION. Let C be a [n, k];-code. The weight distribution or the spectrum
of C is given by the sequence (A¢(C), A1(C), ..., A,(C)), where

Ai(C)={z e C :wn(z)=14} fori=0,1,...,n.

A useful way to describe the weight distribution of C' is by means of the homoge-
neous polynomial W (X,Y) in two variables X and Y defined by

n
We(z,y) =Y A(C)X 7yt =Y xnwm(@ywal),
i=0 ceC

This is called the (two variable) weight enumerator polynomial of C.

There is a beautiful relationship between the weight distribution of a code and
of its dual. This is given by the MacWilliams identities, which will be stated and
proved a little later. As a warm-up, consider a [n, k],-code C, and let A; = A;(C)
and B; = A;(C*) for i = 0,1,...,n. Note that Ay = 1 = By and also that

n n
=0 i=0 ceC ceC
wh (z)=1
Next, consider the ¢¥ x n matrix M whose rows are the (coordinates of the) code-
words of C'. The row corresponding to a codeword of weight j has n — j zeros and
there are A; such codewords. Thus

the number of zeros in M = Z(n —J)A;.

=0

On the other hand the j*™ column of M is the zero vector if and only if z; = 0 for
all z € C or equivalently, e; € C*, where e; denotes the j* standard basis vector
of Fy. Now e;’s and its nonzero scalar multiples are precisely the elements in Fy
of weight 1. It follows that the number of j = 1,...,n for which the j*" column
consists only of zeros is B1/(¢ —1). In each of the remaining columns, every scalar
appears exactly ¢"~! times. To see this, note that projection map C' — F, given
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I elements in its kernel. Thus we

by x + z; is a nonzero linear map having ¢*~
conclude that
a B B . n—j
N T 2 U P B k—1 k=1 _  k—1 - ,
Z(n—j)Aqu_lq +(n q—l)q =DB1q" " +ng" " =g¢q Z(n—1>BJ'

=0 =0

We will prove a string of such identities in Section 5. But first let us see some
examples.

4. EXAMPLES

Let r be a positive integer and let n = % = [P"~1(F,)| Let H,(q) bear xn
matrix with entries in F, such that any two columns are linearly independent.
In effect, the columns of H,.(q) are obtained by representatives in Iy of distinct
points of P"(FF,). Observe that the columns of H,.(g) include some nonzero scalar
multiples of the standard basis vectors of F7, and hence the rank of H,.(q) is . This

q
leads to the following example(s).

4.1. EXAMPLE. Define J.(q) to be [n,n — r|,-code with H,(q) as its parity check
matrix and .#,.(q) to be [n,r],-code with H,(¢) as its generator matrix. These are
called Hamming code and simplex code, respectively.

4.2. EXERCISE. Find d(7.(q)) and d(.%,(q)). Also show that J.(q)* = .%.(q) .

4.3. EXERCISE. Determine the weight distribution of .7,.(q) and write its weight
enumerator polynomial.

The next example is the simplest kind of MDS codes, and it is usually meaningful
to consider this when ¢ is large.

4.4. EXAMPLE. Let n,k be positive integers with n > k and ¢ be a prime power
with ¢ > n. Fix distinct elements a1, aa, ..., a, € F; and let

C ={cy = (flar), fa2),..., f(an)) : f(z) € Fylz] with deg f(z) < k}.

Then one can easily verify that C is a [n, k],-code with minimum distance n—k+1.
In other words C is a MDS code. This code C is known as a Reed Solomon code.

The next example is one of the most widely studied classes of codes. Classically,
it was first studied by Reed and Muller in the binary case (when ¢ = 2) by means
of the so called boolean functions; see, e.g., [13, Ch. 13]. Here we adopt a more
general viewpoint.

4.5. EXAMPLE. Let m,v be integers with m > 1 and v > 0, and let ¢ be a prime
power. Denote by F,[Xq,..., X,,]<, is the space of all polynomials in X;,...,X,,
with coefficients in F,, of total degree at most v. Fix a listing P, ..., Pym of elements
of Fy* The image of the evaluation map

Ev:Fy[X1,..., Xnl<, = FL given by f > (f(P1),..., f(Pgm))

is a linear code of length n := ¢ and it is denoted by RM, (v, m). It is called the
(generalized) Reed Muller code of order v and length ¢™.
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4.6. EXERCISE. Show that F,[X,...,X,,]<, is a finite dimensional vector space
over F, and find its dimension. Further, show that if ¥ < ¢ then the map Ev is
injective. Use this to find the dimension of RMy(v, m) when v < q.

To determine the dimension of RM, (v, m) for more general values of v it is
important to understand the distinction between polynomials in m variables over
Fy and their evaluations, i.e., the corresponding functions from Fy* to Fy. Indeed
two polynomials can give rise to the same function; for example, X! and X; take the
same values on Fy". To avoid such situations, one can look at reduced polynomials
that are defined as follows. A monomial X{"* ... X% in F [X1,..., X,,] is said to
be reduced if o; < g — 1 for each ¢ = 1,...,m. A polynomial in Fy[Xq,..., X,,]
is said to be reduced if it is a Fy-linear combination of reduced monomials. Note
that for f € Fq[Xy,...,X,,], the condition deg f < ¢ implies that f is reduced,
but the converse is not true. However, if f € Fy[Xi,...,X,,] is reduced, then
deg f <m(q—1).

We have a natural map from the set of all monomials onto the set of all reduced
monomials in F,[Xq,...,X,,] given by X" ... X% Xfl ... XPn where for
i=1,...,m, the exponent (; is obtained from «; as follows:

B — o if0<a; <qg-—1,
Oy if a; > qgand o; = (¢ —1)s; +r; where r;,8; € Z with 0 <r; < g —1.

This map on monomials extends, by linearity, to Fq[X1, ..., X,,] and the image of
f € Fy[Xi,...,X,,] under the (extended) map is denoted by f. Evidently f is a
reduced polynomial and f(P) = f(P) for all P € Fy'. Now let

Ry(m,v) ={f €Fy[X1,...,Xn] : deg f < v and f is reduced}.

Observe that R, (m,v) is precisely the image of Fy[X1,..., X]<, under the re-
duction map f + f and also that R,(m,v) = R,(m,m(q — 1)) if v > m(q — 1).
In particular, RM, (v, m) = Ev (Ry(m,v)) and RM,(rv,m) = RM, (v,m(q — 1)) if
v > m(qg — 1). With this in view, one usually restricts to 0 < v < m(q — 1) while
considering RM, (v, m).

4.7. EXERCISE. Show that the restriction of Ev to f,(m,v) is injective and find
dimg, Ry (m,v) when 0 < v <m(q—1). Use it to find the dimension of RM, (v, m)
if0<v<m(g—1).

A codeword of RM, (v, m) is an evaluation of a polynomial of degree < v, and its
Hamming weights are determined by the number of zeros of corresponding polyno-
mial. More precisely, for any f € F,[X1,..., Xn]<y,

wi(Ev(f)) =q™ —#Z(f) where Z(f):={PeF;": f(P)=0}.
4.8. EXERCISE. If f € F,[Xy,...,X,] has degree d < ¢, then show that
1Z(f)] < dg™ .

Further show that if d < ¢ and a4,...,aq € F, are distinct, then the polynomial
f=(X1—a1)...(X1 — aq) is an element of Fy[X1,...,X,,] with deg f = d and
|Z(f)| = dg™~!. Deduce that if v < g, then d(RM,(v,¢™)) = (¢ — v)g™ .
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Those who like challenges may also attempt to determine d(RM, (v, ¢")) in gen-
eral, for 0 <v <m(qg—1).

Finally in this section, we outline some of the standard constructions used to
construct new codes from a given linear code. These together with the above
examples furnishes many more examples of linear codes.

Let C be a [n,k]; code and let P C {1,...,n}. For any = = (21,...,2,) € Fy,

—P

let #F denote the element of Fy obtained from z by removing the x;’s for all

i € P. Define
CP ={zF:2e€C} and Cp={2":2e€C withz; =0 forallic P}.

These are linear codes of length n — | P|, called, respectively, the puncturing of C at
P and the shortening of C' at P. There is a nice relationship between puncturing,
shortening, and taking duals.

4.9. PROPOSITION. C be a [n, k], code and let P C {1,...,n}. Then
(")t =(CHp  and  (CH)" = (Cp)*.

Proof. Let z € (C+)p. Then z = y* for some y € C*+ with y; = 0 for all i € P.
Hence (z,2F) = (yF,2F) = (y,2) = 0 for all z € C. Thus (C+)p C (CF)*L.
To prove the other inclusion, suppose z € (CF)1. Extend z to y € Fy by

o Zi ifi¢AP
Zo ifiep
Then, (y,z) = (yF,2F) = (z,2F) = 0 for all x € C. Hence z € (C+)p. This proves
that (C*)L C (CH)p.
Thus (C+)p = (CT)*. Replacing C by C*+, we obtain (C+)F = (Cp)*. O
5. MACWILLIAMS IDENTITIES

As before n, k will always denote positive integers with & < n and ¢ a prime
power. Further, we let [n] denote the set {1,...,n} of the first n positive integers.
The MacWilliams identities alluded to toward the end of Section 3 are as follows.

5.1. THEOREM. Let C be a [n,k|,-code. Let A; = A;(C) and B; = A;(Ct) for
0<i<n. Then, forv=0,1,...,n, we have,

- nij k—v - nij
A — )
3 R S AL
7=0 7=0
Proof. Fix 0 < v < n. Let N, denote the cardinality of the set
{(z,1):x€C, I C[n], I|=vand z; =0 for all ¢ € I}.

For I C [n], let I° := [n] \ I denote the complement of I in [n]. Note that for any
x € Fy, the condition z; = 0 for all i € I is equivalent to supp(x) C I°. Thus

ERNTES SHD SRS 1D DRED DI IS PN () |

supp(x)CI° supp(x)CI°
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On the other hand,

N,=> HzeC:iz=0Viel}|.
IC[n]
[I|l=v
Moreover, z — z!* defines a linear map C' — C!“ and {z € C : 2; =0V i € I} is the

kernel of this map. The cardinality of this kernel is qk_klc where k! C = dimC!".
Consequently, using Proposition 4.9 and noting that the length of C*" is v, we find

Ny= 3 = N = Y (e
IC[n]

c IC[n] IC(n]
[ I|l=v | I|l=v | I|l=v
Now, [(CH)re|=[{y € C*:y; =0Vie I} =|{y € C* : supp(y) C I}|. Hence

PN Y Y

IC[n]  yect
|I|=v supp(y)CI

=2 > 2!
IC[n] j=0 yec+

|T|=v wa (y)=J
supp(y)CI

Il
N
R O3
[
(SRS

Thus, we have:

(5.2) N, =q"" Zn: (n ~ ]> B;.

— \v =

<.

Combining (5.1) and (5.2), we obtain the desired result. O

It may be noted that for j,v € {0,1,...,n}, the binomial coefficient (”;J) van-
ishes if j > n—wv, whereas (Z:j) vanishes if j > v. Thus the MacWilliams identities
in Theorem 5.1 can also be written as

Z (n;J)Aj :qk_”z (Z:Z)Bj forv=0,1,...,n.
j=0 j=0

These identities could be expressed in a more compact form using the two variable
weight enumerator polynomial as follows.
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5.2. COROLLARY (MacWilliams Identity). For any [n, k]q-code C,

1
Vel +(@-Dy.x -v).

In particular, in the binary case, Wi (X,Y) =27 FWe(X +Y, X —Y).

(5.3) Weoe (X,Y) =

Proof. Putting X =Y + Z, we see that (5.3) is equivalent to:

1
Weil (Y +Z,Y) = @WC(Z +qY, Z).
Now,
Wei(Y +2Z,Y)=Y Bj(Y +2Z)"YyJ
j=0

I
M:
i MQ

j>ynjuzu
_ iﬁ( J>j‘ymﬁzu
7=0
= -y AV RE =g
S (X (2],

v=0 \j=0

where the penultimate equality is obtained by interchanging summations and the
last equality is obtained by changing v to n — v. On the other hand,

1
—We(Z+qY, Z) = Aj(Z+qY)" I Zi
< qkz |

C]
_ ! ZA ZnIT gy | Z0
o
j=0

n n—v .
1 n—17 n—vysv
= Z<V>Ajz YV,
v=0 §=0
Thus Theorem 5.1 yields the desired result. (]
5.3. REMARK. Comparing coefficients in (5.3), we obtain, for j =0,1,...,n:

1 O ,
€=
where K;(X) = K"!(X) is the j*" Krawtchouk polynomial defined by:
J
X\ [(n—X o
K00 =30 (3) (2T )@=y

r=0
where for any r € Z, and variable X,

X\ | [XEDXor) e
r) o, if r <0.
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These Krawtchouk polynomials satisfy the following orthogonality relations.
D K OKi(k) = "0k and Y p(i)KG() k() = " (i),
i=0 i=0

where p(i) := (7)(¢ — 1)" and § is the Kronecker delta. We refer to [17, Ch. 1] for
a quick introduction to Krawtchouk polynomials and their properties.

5.4. EXERCISE. Let C' and A;, B; be as in Theorem 5.1. Prove that

= j _ k—v - j n_] v—j _
Z(V>Aj—q Z(—1)3<n_y>(q—l) JB; forv=0,1,...,n.

j=v j=0
(Hint: Put Y = X + Z in (5.3).)

5.5. REMARK. We remark in passing that, (5.3) can be used to obtain Pless power
moment formulae, which express the v! moment Z;'L:o Jj¥A; in terms of the B;’s
and also express >_"_(n — j)VA; in terms of the B;’s. To this end, it suffices to
express the two bases {X7 : j > 0} and {();) :j > 0} in terms of each other (and

this can be done using the so called Stirling numbers of the second kind) and using
Exercise 5.4. For details, we refer to [14, Ch. 1].

6. EQUIVALENCE AND AUTOMORPHISMS OF CODES

6.1. DEFINITION. Let C and C5 be two linear codes of length n. We say that C;
and Cy are permutation equivalent if there exists o € S,, such that
02 = {($o'(1)7 s 7x0'(n)) : (xlv s ,Z‘n) € Cl}
In other words, the map:
fo : By = Fy  defined by  (21,...,20) = (To1),- - To(n))

induces a linear isomorphism of C; — Cs.

Equivalently, two codes C; and Cs of length n are permutation equivalent, if
there exists a permutation matrix P € GL,(F,) such that f,(z) = xP gives a
bijection of C; onto Cs.

6.2. NoTATION. If C7 and Cy are permutation equivalent, we write Cy ~ Cs.

For our next definition, recall that an n X n matrix M is said to be a monomial
matriz if M = PD where P is a permutation matrix and D a diagonal matrix
whose diagonal entries are nonzero.

6.3. DEFINITION. Let Cy and C5 be two linear codes of length n. We say that C
and C5 are (monomially) equivalent if there exists a monomial matrix M € GL,(Fy)
such that x — M gives a bijection of Cy onto Cj.

6.4. NOTATION. We write C; =~ C5 to denote that C; and C3 are monomially
equivalent; we also say that C; ~ Cy via M if the monomial matrix M gives the
bijection C7 — C5 via the map =z +— zM.

6.5. DEFINITION. A map f : Fy — Fy is said to be an isometry if it is bijective and
d(x,y) = d(f(z), f(y)) forall z,y € Fy.
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Clearly, if f : Fy — Fy is linear and bijective, then, f is an isometry if and only

if wy(f(x)) =wpu(z) for all z € Fy.

6.6. PROPOSITION. If f : Fy — [ is a linear isometry, then there exists a mono-
mial matriz M € GLy,(F,) such that f(x) = xM for all x € Fy.

Proof. Suppose f : Fy — Fy is a linear isometry. Let {ey,...,e,} be the standard
basis for IFj. Then for each i = 1,...,n, f(e;) has Hamming weight 1, and hence

flei) = Niegy  for some \; € Fy and o(i) € [n].

Note that o € Sy, since f is a bijection. Let P, be the permutation matrix in
GL,,(F,) associated to o, and let M € GL,,(F,;) be the monomial matrix

MO0 ...0
M =P,D where D= 0 X 0

: o . 0

0 ... 0 M\,

Then f : Fy — Fy is given by f(z) = M for x € Fj;. This proves the assertion. [

6.7. REMARK.

(1) The notions of permutation equivalence and monomial equivalence coincide
for binary code.

(2) If C1 and Cy are (permutation or monomial) equivalent, they have the same
parameters.

(3) Also, if C1 =~ Cs via M, and if Gy is a generator matrix of Cy, then,
Go = G1 M is a generator matrix of Cy. In particular, any linear code is
(permutation) equivalent to a code whose generator matrix is in standard
form.

Equivalences of a code with itself leads to the important notion of automorphism
of a code. In the remainder of this section, C' denotes a [n, k]-code.

6.8. DEFINITION. The permutation automorphism group of C is:
PAut(C) = {0 € Sy : (1), -+ Ton)) € C for all (z1,...,2,) € C}
Clearly, this group is a subgroup of S,,. Also we have the following isomorphism:
PAut(C) ~ {P € GL,(F,) : P a permutation matrix such that xP € C'V z € C},

Thus we may think of the permutation automorphism group as a subgroup of
GL,(F,).

6.9. DEFINITION. The monomial automorphism group of C is:
MAut(C) = {M € GL,(F;) : M a monomial matrix and M € C V¥V z € C}.

Clearly, this is a subgroup of GL,,(F,).

The most general notion of automorphism of a code is given by the following.
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6.10. DEFINITION. The semilinear automorphism group of C' is

TAut(C) = {Mu

M € GL,(F,;) a monomial matrix
p € Aut(F,) such that sMp e C Ve € C

Clearly, T'Aut(C) is a subgroup of the group I'L(n, ¢) of semilinear isomorphisms
of F”'.
q

In general, if Vi, V5 are vector spaces over a field F and p € Aut(F) is an auto-
morphism of F, then a map f : V3 — V5 is said to be p-semilinear if f(x +y) =
f(z)+ f(y) for all z,y € V; and f(az) = p(a)f(x) for all x € V5 and a € F. We say
that f: V4 — Va is semilinear if it is p-semilinear for some p € Aut(F). A bijective
semilinear map whose inverse is semilinear is called a semilinear isomorphism.

In connection with semilinear isomorphisms, we state without proof the following
analogue of Proposition 6.6. A proof can be found, for example, in [4] or [9].

6.11. ProposITION (MacWilliams). Let Cy and Cy be linear codes of length n and
dimension at least 3, and let f : C1 — Cs be a map of Cy into Co. Then f
is a weight preserving bijection that maps r-dimensional subspaces of Cy onto r-
dimensional subspaces of Co for eachr > 0 if and only if f : C1 — Cs is a semilinear
isomorphism.

In the binary case (i.e., when g = 2), we have PAut(C) = MAut(C) = T"'Aut(C),
and we use Aut(C) to denote this group. It can be shown, for example, that
Aut(s£.(2)) = GL(r,2). In general, it is difficult to determine the automorphism
group of a given class of codes. For the determination of the automorphism group
of Reed-Muller codes, we refer to [7, 3, 12].

7. Cycric CODES

Cyclic codes are an important and well-studied class of linear codes. Here we
give a very brief introduction. As before, n denotes a positive integer.

7.1. DEFINITION. A linear code C of length n is said to be cyclic if

(co 1, Cn-1) € C = (Cn-1,¢0,C1,...,Cn—2) € C.

We have used here ¢ = (cg, ¢, - - -, ¢n—1) to denote a typical element of Fy. Thisis
in order to identify ¢ with the polynomial co+c1 X +c2 X2+ -+¢,—1 X" in Fy[X]
or equivalently the image of this polynomial in the ring R, := F,[X]/ (X" —1)
obtained from Fy[X] by “moding out” by the ideal generated by X™ — 1. The
resulting map from Fy to R, will be denoted by w. Clearly, 7 : Fj — R, is a
natural F,-linear isomorphism.

7.2. EXERCISE. Let C' C Fy. Show that C' is a cyclic code of length n if and only
if 7(C) is an ideal of R,,.

Note that F,[X] is a PID and the ideals of R,, correspond precisely to the ideals
of Fy[X] containing (X" — 1). In particular, every ideal of R,, is principal. If I is
an ideal of R,,, then there is a unique monic polynomial, g(X) € F,[X], such that
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g(X) | X™ —1 and I is generated by the image of ¢g(X) in R,. We call g(X) the
generator polynomial of I or of the corresponding cyclic code C' = 7w~ 1([).

7.3. EXERCISE. Let I, g(X) and C be as above. Suppose deg g(X) = n — k. Write
g X)=go+ @1 X+ +gnr X" . Show that dim(C) = k and the k x n matrix:

g0 91 --. Jn—k 0 0

0 g a1 ... gn—r O . 0
G =

o 0 ... 0 90 g1 . Gn—k

is a generator matrix of C. Further if we let

Xn -1
h(X) = =ho+mX +-- +hpXE
( ) g(X) 0+ N1 + + hg 5
then show that the (n — k) x k matrix
hi hi_1 ... ho 0 0
0 hk hk—l go 0 0
H =

0 0 0 hr hr_ ho

is a parity check matrix of C.

8. BouNDs FOR CODES

By a [n, k,d], code we shall mean a [n, k],-code C with d(C) = d.

8.1. THEOREM (Griesmer). Let C' be a [n, k,d]q code. Then
k—1
d
=X |5
i=0

Before proving, we show that, the singleton bound follows as a corollary:
8.2. COROLLARY (Singleton Bound). n >d+k — 1.
Proof of Corollary. We simply note that:

[qcé-‘:d and {%W}lforalli:l,...,k—l.
q

Hence Theorem 8.1 yields the Singleton bound. (]

The proof of Griesmer’s bound involves iterating the construction of a code C’
from a linear code C' and a minimum weight codeword x of C'. The resulting code
C' is sometimes called the residue of the code C at the word z € C. We outline
this construction in the following lemma.
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8.3. LEMMA. Let C be a [n,k,d], code with k > 0 and let x € C be such that
wy(z) = d. If P = supp(z), then C' = CF is a [n—d,k—1,d']-code with d’ > [g—‘.

Proof. By passing to an equivalent code, if necessary, we may assume:
z=(1,...,1,0,...,0) € C.

——

d times
Then P = supp(z) = {d,d + 1,...,n} and the map given by y + y* is a linear
map of C' onto C’ that has x in its kernel. Hence, dim(C") < k — 1. Further, if
dim(C") < k — 1, then, there is y in the kernel such that y # Az for all A € F, and

Ydy1 =+ =Yn =0.

But, then, y — Az is a nonzero codeword of C whose weight is at most d — 1, for
some A € F,. This is a contradiction. So, dim(C’) =k — 1.

Let z € C’ be a nonzero codeword. Then, z = y* for some y = (y1,...,yn) € C.
Look at y1,...,yq. By the Pigeonhole Principle, there exists o € F,; such that at
least [d/q] of the y;s are equal to . Hence

wi(y — az) < d— m (g ym) = d— m T wn(2)

On the other hand, y — ax # 0, by the choice of y, and so wy(y — az) > d. Thus
it follows that w(2) > %—‘. This proves that d’ = d(C") > [g—‘. O
Proof of Theorem. We induct on k. The cases k = 0 and k = 1 are trivial. Assume

that k£ > 1 and that, the result holds for k¥ — 1. Choose x € C such that wy(z) = d
and let C” be as in the previous lemma. By the induction hypothesis,

E=2 k=2 ey
‘dZZM ZZLW :ZM

Thus n > Zf;ol [d/q"], as desired. O
8.4. EXERCISE. Show that the simplex codes meet the Griesmer bound.
Before proving more bounds, we make the following definitions:

8.5. DEFINITION. Let @ be a finite set with ¢ elements. For x € Q™ and t € R, the
(solid) sphere of radius t centered at z is:

St(z) ={y € Q" : du(z,y) < t}.

Clearly, the number V,(n,t) of points in the sphere S;(x) (this is also the volume
of the sphere S;(z) with respect to the counting measure in Q™) is given by:

Vo(n,t) := Et: (ZL) (¢ —1)".

i=0
Note that, this number is independent of the center z € Q™ of the sphere S;(x).

In most applications, ¢ will be the finite field I, and this may be tacitly assumed
when we consider linear codes.
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We now look at the question of how large can a code be, given its desired prop-
erties (some natural constraints on its parameters)? In this context, the following
notation is relevant:

8.6. NOTATION. For a prime power ¢ and integers n,d with n > 1 and d > 0, let

Aq(n,d) := max {|C] : C g-ary code of length n and minimum distance d}, and

By(n,d) := max {|C| : C g-ary linear code of length n and minimum distance d} .

Clearly, By(n,d) is defined only when ¢ is a prime power and in this case,
By(n,d) < A4(n,d). The following theorem gives an upper bound on A,(n,d),
which is obtained by “packing” C' with spheres of radius ¢.

8.7. THEOREM (Hamming Bound/Sphere-packing Bound). Let q,n,d be any posi-
tive integers with d < n. Then

q" d—1
A < , =—.
q(n,d) AT where t { 5 J

Proof. Let C be a g-ary code of length n and minimum distance d. We observe
that, the spheres S;(c) as ¢ varies over C are disjoint. Indeed, if, x € S;(c1) NSi(c2),
where ¢1,cs € C and ¢; # ca, then

d(er,c2) <d(cr,z) +d(x,c2) <2t <d—1<d,

which is a contradiction. Thus, [[.c St(c) C Fy. This shows that

n

q
Vy(n,t)

which yields the desired bound for A,(n,d). O

|C] - V4(n,t) <¢™ and hence |C] <

Recall that, the codes that meet singleton bound were called MDS codes. Here
is yet another notion of a “good” code.

8.8. DEFINITION. A [n,k,d]-code C' that meets sphere packing bound is called a
perfect code.

Evidently, if C is perfect code on an alphabet set ), then,

H St(C) = Qn

ceC

8.9. ExaMPLE. Trivial examples of perfect linear codes include {0} and Fy.
8.10. ExaMPLE. The binary Hamming code J,.(2) is perfect. Here d = 3, so t = 1.

Set n = 2" — 1, the length of J#.(2); and let M = |.7.(2)| = 2"~ ". We compute the
volume of a unit sphere in F3:

(g)((IDOJr <T)(q1)1+n(21)2r
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Now, it is easy to see J#.(2) is perfect:
M.-2"=2"

Il sito=

ceESH(2)
8.11. EXERCISE. Show that #.(q) is perfect for any prime power q.

8.12. REMARK.

(1) Firstly, if C is perfect, C* is not necessarily perfect. For example, the
binary simplex code is not perfect, but the binary Hamming code is.
(2) The Golay Codes

Gas  [23,12,7]2-code
Goy  [24,12,8]5-code
G111 [11,6,5]3-code
Gi2 [12,6,6]3-code

have the property that, Gos and G1; are perfect. It is said, the following
curious observation,

() () (2)+(5) ==

led to the construction of these codes. We note in passing that, Ga3 is a
cyclic code whose generator polynomial is one of the irreducible factors of
the polynomial

X -1

X—-1

The Golay codes are usually defined by describing explicitly their generator
matrices (that happen to be in standard form). For more on these, we refer
to the Handbook [14]. See also the book of Conway and Sloane [6] for Golay
codes, their automorphism groups, and many other fascinating topics.

8.13. THEOREM (Gilbert Bound/Sphere Covering Bound). Let q,n,d be any posi-
tive integers with d < n. Then

n

q
A > ¢
q(ﬂ,d) V:](n,d—l)

Equivalently, log,(Aq(n,d)) = n —log,(Vy(n,d —1).

Proof. Let C = {cy,...,ca} be a code of length n over a finite alphabet set @ with
g elements such that M = A,(n,d).

Since C' is optimal, if z € Q™, then, d(x,¢;) < d for some i (for otherwise, if
d(x,c¢;) = d for all i, then, the code C' U {z} has length n and minimum distance d,
contradicting the optimality of C). Consequently,

M
Q" C | JSa1(ei) andso ¢" <> Vy(n,d—1)=MVy(n,d—1).

i=1 i=1

Thus, M > ¢"/V4(n,d — 1), as desired. O
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For a linear code, we may do slightly better. To do this, we appeal to linear
algebra in the following slightly technical lemma:

8.14. LEMMA. Let n,d be integers with 2 < d < n. If k is a positive integer such
that:

(8.1) Vyn—1,d—2)<q"*
then, there exists a [n, k]q-code C' with d(C) > d.

Proof. We will construct columns hy,...,h, of a (n — k) X n matrix H such that
any d — 1 of these columns are linearly independent. Then, the code C' with H as
its parity check matrix will have the desired property.

The trick is to get the greedy algorithm to work: that is, we show that, we can
satisfy our greed!

First, take h; to be an arbitrary non-zero column in Fg_k. Having chosen
hi,....h; € F;‘_k such that any d — 1 of them are linearly independent and j < n,
we choose hj11 from the complement of the set of all linear combinations of d — 2
of the j vectors hi,...,h;.

We just need to show that, such a choice can always be made: to show this, we
count the number £ of linear combinations of d — 2 of the j vectors hq,..., h;:

ﬁztzj(i)(q—l)isz_:_:(n;1>(q—l)i=%(n—1,d—2)<q”_k

Thus, we can find hj4q € ]FZ*’C which is different from any of these linear combi-
nations. This finishes the proof. O

8.15. COROLLARY (Varshamov Bound). Let g be a prime power and n,d be any
positive integers with d < n. Then

Bq(n,d) > qnfflogq(1+Vq(n71,d72))'|'

Further, the above bound implies the following weaker, but simpler bound:

n—1

q

B > .
a(n,d) 1+ V,(n—1,d—2)

Proof. First, suppose d =1 Then C' = Fy' is evidently a g-ary linear code of length
n with d(C') = 1, and hence By(n,d) > ¢" (in fact, By(n,d) = ¢"), which implies
both the assertions, since V,(n —1,—1) = 0. Now suppose d > 2. Consider

k:=n—Tlog,(1+Vy(n—1,d-2))], ie, n—k=/log, (1+V,(n—1,d-2))].
Note that k is a positive integer < n, since 1 < Vy(n — 1,d — 2) < ¢"7!, ie,
2 <14+Vg(n—1,d=2) < 1+¢" ' < ¢", andso1 < [log, (1 + Vy(n—1,d - 2))] < n.
Further, from the definition of k and the fact that [x] > « for all z € R, we obtain

¢k > g8 (HVan=1d=2) — 1 Ly (n —1,d — 2) > Vy(n —1,d - 2).

Hence by Lemma 8.14, there exists a [n, k],-code C with d(C) > d. We can see that
this code C' can be suitably punctured and extended to obtain a [n, k],-code C with
d(C) = d. Indeed, if d; := d(C) and d; > d, then we may choose z € C with 2 # 0
and wy(z) = dy. Pick a subset P of supp(z) such that |P| = d; — d. Counsider the

map ¢ : C — Fy that associates to ¢ = (c1,...,¢,) € C, then-tuplec = (c1,...,¢,),
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where ¢; = ¢; if i ¢ P and ¢; = 0 if i € P, Evidently, ¢ is a linear map and it is
injective because a nonzero element ¢ € ker(¢) iwould satisfy wy(c) < d; —d < dy,
which is a contradiction. Hence the image of ¢ is a [n, k]4-code, say C. Also for any
nonzero ¢ = ¢(c) € C, it is clear that wy(¢) > w(c) — (di —d) > dy = (dy —d) = d,

~

and moreover, wy(Z) = d. It follows that d(C) = d. This implies that
By(n,d) > ¢* = ¢ Nog (14 Va(n—1,d=2))]

)

and the first assertion is proved. This implies the weaker, but simpler bound, since

g0, 14V (n=1,4-2))] 5 g" _ !
= qlogq(1+Vq(n—1,d—2)) 1 + Vq(n _ 17 d _ 2) 9
where the first inequality follows by noting that [6] < 8+ 1 for all § € R. O

The bounds obtained in this section lead to important asymptotic bounds for
the largest possible rate of a family of ¢g-ary codes having lengths going to oo and
relative distances approaching ¢, that is, for the function

log, Ay(n, |d
a(d) = limsup 08¢ Zg\h LON]) a(n | nJ)
n— oo n

These are not difficult, but rather technical. We thus skip them here, but refer the
interested reader to the Handbook [14] or to [16].

9. GENERALIZED HAMMING WEIGHTS

The notion of generalized Hamming weight, also known as higher weight, is a
natural generalization of the notion of minimum distance of a code. It is closely
connected to questions about intersections of hypersurfaces of a given degree on a
projective algebraic variety over a finite field and also has applications to cryptog-
raphy. We provide some basics of the theory here.

Recall that for any codeword z of a code C, we defined the support of x. We
extend this notion to subcodes, or more generally, subsets of C.

9.1. DEFINITION. Let C be a g-ary linear code of length n. For any D C C, the
support of D is defined by

supp(D) := {i € {1,...,n} : there is x € D with z; # 0},
and the Hamming weight of D is defined by wy (D) := | supp(D)]|.
It is clear that if D is one-dimensional subspace of C spanned by z, then
supp(D) = supp(z) and wy (D) = wh(z).

9.2. DEFINITION. Let C be a [n, k],-code and r be a positive integer < k. The rth
generalized Hamming weight or the rth higher weight of C' is defined by

d(C) := min{wn (D) : D a subspace of C with dim D =r}.
The k-tuple (dy(C),...,di(C)) is called the weight hierarchy of C.

Observe that d1(C) = d(C).

9.3. EXERCISE. Compute the weight hierarchy of the simplex codes.
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If C is any [n, k]s-code, then is clear that di(C) < do(C) < ... < di(C) < n.
Actually, more is true.

9.4. PROPOSITION (Monotonicity). Let C be a [n, k],-code. Then
dl(C) < dQ(C) < ... < dk(C) <n.

Proof. Write d; = d;(C) for 1 < j < k. Fix an integer r with 1 <r < k. Clearly
dr < dry1 < n. Suppose D is a subcode of C of dimension r + 1 such that
wn (D) = dy41, and suppose i € supp(D). Consider E = {x € D: 2; = 0}. Then E
is the kernel of the ith projection map m; : D — F,. Since i € supp(D), the map
7; is nonzero, and hence dim E = r. Moreover, supp(E) C supp(D) \ {i}, and so
WH(E) < WH(D) —1= dr—i—l — 1. It follows that d, < d,«+1. |

9.5. DEFINITION. A [n, k],-code C is said to be nondegenerate if C' is not contained
in a coordinate hyperplane of F or equivalently, if dj (C) =n.

9.6. COROLLARY (Generalized Singleton Bound). Let C be a [n,k]q-code. Then
d.(C)<n—k+r forall<r<k.

Proof. By the monotonicity, di(C) < n = dg_1(C) <n—1= dp_2(C) <n—2,
and so on. In this way, we obtain d,.(C) <n—k+r for 1 <r <k. O

9.7. EXERCISE. Show that if a [n, k],-code C is MDS, then it is a -MDS code, i.e.,
d-(CY=n—k+rforallr=1,2,...k.

9.8. THEOREM (Wei Duality Theorem). Let C be a [n, k]4-code and let d, = d,.(C')
and df = d,(C*) forr=1,2,....,k ands=1,2,...,n— k. Then

{di,dy,....d- Y ={1,2,....n}\{n+1—di,n+1—dy,...,n+1—dy}

For a proof of the above theorem, one may refer to the original paper of Wei [18].
In general, determining the weight hierarchy of a code is difficult. In a remarkable
paper [10], Heijnen and Pellikaan determined the complete weight hierarchy of
Reed-Muller codes. For a more streamlined proof of their result, and in fact, a
more general result, we refer to the recent article [2].
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