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1. Let L/K be a field extension of degree n.

(a) Define the discriminant DL/K(α1, . . . , αn) of n elements α1, . . . , αn of L.

(b) Compute the following discriminants: (i)DQ(
√

3)/Q(1,
√

3), (ii)DQ(ζ4)/Q(1, ζ4),

and (iii) DQ(ζ27)/Q(1, ζ27, ζ
2
27, . . . , ζ

18
27 ). Here ζn denotes a primitive nth root

of unity (in C). [4 marks]

2. Let v be a discrete valuation of a field K. If Rv := {x ∈ K : v(x) ≥ 0} and
Mv := {x ∈ K : v(x) > 0}, then show that Rv is a subring of K and Mv is the
unique maximal ideal of Rv. Further show that if K contains Q as a subfield,
then Rv contains Z as a subring, and Mv ∩ Z is a prime ideal of Z. (Note that
as per usual conventions, v(0) =∞ and ∞ > 0.) [3 marks]

3. Determine all the discrete valuations of Q. Justify your answer. [3 marks]

4. Determine explicitly the ring of (algebraic) integers of the quadratic field K
when (i) K = Q(

√
7), and (ii) K = Q(

√
17). [3 marks]

5. Let p be an odd prime number and ζ be a primitive pth root of unity (in C).
Show that the ideal generated by p in the ring Z[ζ] is not prime. Further, give
an example of a prime ideal of Z[ζ] lying above pZ. [3 marks]

6. Let α be a root of the irreducible cubic polynomial X3 + 2X + 1 in Q[X]
and let K = Q(α). Compute DK/Q(1, α, α2). Is it possible that the integral
closure of Z in K is generated as a Z-module by elements β1, β2, β3 such that
Z[α] ( Zβ1 + Zβ2 + Zβ3? Justify your answer. [4 marks]

Bonus Problems

1. Prove that every quadratic field is a subfield of a cyclotomic field.

2. Determine all the discrete valuations of C(X). Justify your answer.


