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A COMBINATORIAL APPROACH TO THE NUMBER OF
SOLUTIONS OF SYSTEMS OF HOMOGENEOUS POLYNOMIAL
EQUATIONS OVER FINITE FIELDS

PETER BEELEN, MRINMOY DATTA, AND SUDHIR R. GHORPADE

ABSTRACT. We give a complete conjectural formula for the number
er(d, m) of maximum possible Fg-rational points on a projective alge-
braic variety defined by r linearly independent homogeneous polynomial
equations of degree d in m + 1 variables with coefficients in the finite
field F, with g elements, when d < ¢. It is shown that this formula holds
in the affirmative for several values of r. In the general case, we give
explicit lower and upper bounds for e,(d, m) and show that they are
sometimes attained. Our approach uses a relatively recent result, called
the projective footprint bound, together with results from extremal com-
binatorics such as the Clements—Lindstrém Theorem and its variants.
Applications to the problem of determining the generalized Hamming
weights of projective Reed—Muller codes are also included.
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1. INTRODUCTION

Fix a prime power ¢ and positive integers r, d, m. Let F, denote the finite
field with ¢ elements and Fy[zo, ..., ] the polynomial ring in m + 1 variables
2o, T1, - . ., Ty With coefficients in F,. For any homogeneous polynomials Fy, ..., F;
in Fylzo, ..., xm], let V(F1, ..., F,) denote the closed subvariety of the projective
m-space P (over an algebraic closure of Fy) given by the vanishing of Fi, ..., F},
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and let V(F, ..., F.)(F,) be the set of its Fy-rational points, i.e., the set of all
F,-rational common zeros in P™ of F7, ..., F,. Define
er(d, m) := max |V(F1,..., F})([F,)l, (1)
Fy,...,F.
where the maximum is over all possible families {Fy, ..., F,.} of r linearly inde-
pendent homogeneous polynomials of degree d in F,[zo, ..., z,,]. Note that the
condition on linear independence implies that r can be at most (m+d). Note also

that an obvious upper bound for e, (d, m) is py,, where for j € Z, by p; we denote
|PI(F,)|, e, pji=¢ +¢ '+ +q+1if j>0,and p; :=01if j <O0.

Explicit determination of e,.(d, m) is an open problem, in general, and it has been
of some interest for about two decades. While it is easy to see that e,.(1, m) = pp—»
forr<m+1lande.(d, 1) =d—r+1forr<d+1< g (seefor example [9, §2.1]),
the case of r = 1 is rather nontrivial. Here it was conjectured by M. Tsfasman that

e1(d, m)=dg™ ' 4+ ppm_o ford<q. (2)

This was subsequently proved by Serre [18] and, independently, by Segrensen [19]
in 1991. In the general case, an intricate formula for e,(d, m) for d < ¢ — 1 was
conjectured by Tsfasman and Boguslavsky (cf. [6], [10]), and this was proved in
the affirmative by Boguslavsky [6] in 1997 for » = 2. The case of r > 2 remained
open for a considerable time. Eventually, it was proved in [9] and [10] that the
conjectural formula of Tsfasman and Boguslavsky is true if » < m + 1, and it can
be false if r > m + 1. In [9], a new conjectural formula for e,.(d, m) was proposed
for many (but not all) values of r, namely for r < (m;_d; 1). We will refer to this as
the incomplete conjecture. To state it, let us first define an important combinatorial
quantity whose genesis lies in the work of Heijnen and Pellikaan [12] related to an

affine counterpart of the problem of finding e,.(d, m). For 1 < r < (m;d), we define
m
H.(d, m):= Zaiqm_’, where (ay, ..., ) is the ' element of QZq4,
i=1

and where Q,; denotes the collection, ordered in descending lexicographic order,
of all m-tuples (51, ..., Bm) of integers satisfying 0 < 5; < g fori =1,...,m
and B; + -+ + Bm < d. For example, if d < ¢, then Hy(d, m) = dg™ ! and
H(m;d) (d, m) =0, since (d, 0, ..., 0) and (0, 0, ..., 0) are clearly the first and the

last m-tuples of di in descending lexicographic order. As a convention, we set

Ho(d, m):=¢™ ford,m>0 and Hi(d,m):=0ifd=0orm=0. (3)
In this way, H,.(d, m) is defined for all nonnegative integers r, d, m with r < (m;d).
The “incomplete conjecture” of [9] can now be stated as follows.

m+d-—1

e-(d, m)=H.(d—1,m)+ pm-1 for1§r<< d-1

) and 1 <d<gq. (4)
For example, if » = 1, then this says that e;(d, m) = (d — 1)¢™ ! + p,,_1, which
agrees with the Serre-Sgrensen formula (2). Note also that (4) holds trivially when
d=1or m = 1. Results of [9] prove (4) in the affirmative if r < m+1and d < ¢—1.
The validity of (4) was extended further in [1] to r < (m;2) and 1 < d < g. This,
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then, is currently the best known general result as far as an explicit determination
of e.(d, m) is concerned. Apart from this, the last few values of e.(d, m) were
determined in [3] using the connection with coding theory (explained in Section 7)
and the work of Sgrensen [19]; more precisely, it was shown in [8, Thm. 4.7] that

€(m;—d)7t(d, m)=t fort=0,1,...,d. (5)
We are now ready to describe the main results of this paper. First, we extend

(4) to a conjectural formula for e.(d, m) for all permissible values of r, d, m with
d < q. To state this “complete conjecture”, let us first observe that

() () ) e G) e

and that for any positive integer r < (m;d), there are unique integers ¢, j such that
m+d—1 m+d—1i m+d—i—1

= ] <i<m,and 0 <y .
r < J-1 >+ +< d1 >+j7 0<?t<m,and 0 j<< do1 )

m+dd:1ifl) -1

when r = (m;d). With ¢ and j thus defined (for a given value of r), the “complete
conjecture” states that

By convention, and in accordance with (6), we set i :=m and j := (

m+d

er(d, m) =H;(d—1, m—1i)+pm—i—1 f0r1<r<< d

)and1<d<q. (7)

Note that if r < (m;ltdl_l)7 then ¢ = 0 and 7 = r, whereas if r = (m;fll_l), then
i=1and j =0. Thus (7) reduces to (4) in this case, thanks to our conventions. In
particular, from [4, Thm. 5.3], we see that (7) holds in the affirmative if r < (m2+2).
We provide further evidence for the “complete conjecture” in this paper by showing

that it holds in the affirmative for an additional md values of r, namely for

1 .
T:<m;-d1 >+...+(m;d1 Z)—t, where 1 <i<mand 0<t<d—1;

in fact, for r as above, we obtain e,(d, m) = p;,—; + t. These results are also valid
when ¢ = m + 1, but in view of (6), this case is already covered by (5). In the
general case, we show that the conjectural formula is always a lower bound even
when d = ¢, that is,

d
er(d,m) > Hj(d—1, m—14) 4+ pm_i—1 for 1 <r< <m;— )andlgdgq. (8)

The conjectural formula (7) as well as the lower bound (8) for e.(d, m) can be
described by the alternative formula

Psg—d + [ T+ [P 4 [T,

where s1, ..., sq are unique integers satisfying the d-binomial expansion

m+d Sd Sd—1 S1
o s > 0.
( p ) r <d>+(d1>+ +(1> and  sq>sq-1 >+ >520
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We also find in this paper an explicit upper bound for e,(d, m) using methods
from extremal combinatorics and a projective counterpart of H,.(d, m), which we
denote by K,.(d, m). More precisely, we show that for 1 < r < (m;d) and1 <d<gq,

e-(d, m) < K,(d, m), where K,(d, m):= Zaipm_i_l, (9)

i=0
and where (ag, a1, ..., an,) is the r-th element, in descending lexicographic order,
of the set of all (m + 1)-tuples (bg, b1, ..., by) of nonnegative integers satisfying

bo+0b1+---+b, =d. It is also shown that this upper bound is attained for several
values of r. In turn, this plays a crucial role in ascertaining the validity of (7) for
the additional md values of r mentioned earlier.

The determination of e,.(d, m) is directly related to the determination of the gen-
eralized Hamming weights (also known as higher weights) of the projective Reed—
Muller codes PRM,(d, m), which go back to Lachaud [15]. This connection was
explained in [8, §4] when d < gq. We elucidate it further in Section 7 by noting that
in general (when d can be larger than ¢), it is more natural to consider a variant
of e.(d, m), called €,(d, m), wherein one takes into account the vanishing ideal of
P™(F,). This also brings to the fore a basic notion of projective reduction, which
was enunciated in [5]. We remark that the affine counterpart of the problem of de-
termining €,(d, m) corresponds to determining the generalized Hamming weights
of Reed-Muller codes RM,(d, m), and this has been solved by V. Wei [20] when
g = 2, and by Heijnen and Pellikaan [12], in general. (See also [3].)

The methods used in proving the main results of this paper differ significantly
from those in our earlier works such as [9] and [4]. Here we adopt a combinatorial
approach and the groundwork for this has been laid in [5], where a projective foot-
print bound for the number of I -rational points of arbitrary projective algebraic
varieties defined over I, was obtained. This groundwork is combined in this paper
with methods from extremal combinatorics and a culmination of ideas such as the
Kruskal-Katona Theorem, a lemma of Wei [20, Lem. 6], the Clements—Lindstrom
Theorem, and a theorem of Heijnen [13, Appendix A] (see also [12, Thm. 5.7] and
[3, Thm. 3.8]). These feed into the results in Sections 4, 5 and 6, which form the
technical core of this paper. For a leisurely introduction to extremal combinatorics
and some of the classical results mentioned above, one may refer to the book of
Anderson [1].

2. A LOwWER BOUND AND A CONJECTURE

In this section, we shall prove the lower bound (8) and formally state our “com-
plete conjecture” concerning e, (d, m). Recall that e,.(d, m) is defined by (1) for
positive numbers r, d, m with r < (m;d). One can extend the definition to include

the trivial cases when r or d or m is zero, or simply, set the following convention.

eo(d, m) :=ppm ford, m>0 and ei(d, m):=0ifd=0or m=0. (10)
Thus e,.(d, m) is defined for all nonnegative integers r, d, m satisfying r < (m;'d).
In the remainder of this section, m denotes a positive integer and, as usual, F,

denotes the finite field with g elements.
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2.1. Zeros of affine varieties over finite fields. Let r, d be any nonnegative

integers. Given any polynomials fi, ..., f, € Fy[x1, ..., 5], we shall denote by
Z(f1, ..., fr)(Fy) the set of all Fy-rational points of the affine algebraic variety in
A™ (over an algebraic closure of F;) defined by fi, ..., fr; in other words,

Z(frs - fr)Be) ={(ar, ..., am) €F": fi(ar, ..., am)=0forall j=1,..., 7}

Note that if » = 0, then Z(f1, ..., fr)(Fq) = F;*. We shall now define a natural

affine analogue of e,.(d, m). For 0 < r < (mjd), we define

ehd,m) = max |Z(fi, .. £)(F,))

where the maximum is taken over families of r linearly independent polynomials
fi, ..., fr of degree < d in Fylzq, ..., ).

As explained in [4, §2.1], the result of Heijnen and Pellikaan [12, Thm. 5.10]
in the case d < ¢ can be stated as follows. Here H,(d, m) is as defined in the
introduction, including the conventions given in (3).

Theorem 2.1 (Heijnen—Pellikaan). If0 < d<q and 0 < r < (m:{d), then

eﬁ(dv m) - Hr(dv m)

A more general version of this result will be discussed later (in §6.1).

2.2. A lower bound for e,.(d, m). We begin by noting a simple and well-known
fact whose proof is outlined for the sake of completeness.

Lemma 2.2. Let d be a positive integer. Then

("5 -2 (73) w

Moreover, for any nonnegative integer r < (m;d), there are unique integers i, j

with

i d— d—i—1
r:j+2(m;1a)7 0<i<m, and 0<j<<m+d1Z ) (12)
a=1

Proof. The identity in (11) follows easily from induction on m. If 0 < r < (m+d),

. d
then the largest nonnegative integer i such that 3., ("+%®) < r clearly satisfies

0 < i < m, thanks to (11). Thus (12) holds with j :=r — 30 _, ("+4%). O

We remark that although m is assumed to be a fixed positive integer, the identity
in (11) holds trivially also when m = 0, and this fact may be tacitly assumed in
the sequel. Our next result is a general lower bound for e,.(d, m) when d < q.

Theorem 2.3. Let d, r be positive integers with d < q and r < (m;d), and let i, j

be as in (12) if r < (m;d), while i :== m and j := (m+j:f71) =1ifr= (m;d).
Then
67‘(d7 m) 2 H](d - 17 m — 7’) + Pm—i—1-
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Proof. Ifr = (m;d)7 then clearly, e,.(d, m) = 0 and Hy(d—1, m—m)+pm-m—1 = 0,
as per the conventions in equation (3). Now assume that r < (m;d), and let
i, j be as in (12). We shall prove the desired inequality by producing a set B
of r linearly independent polynomials in Fy[xo, ..., m]q with the property that
V(B)(F,)| = H,(d— 1, m—i) + pru_i_1.

First, for each positive integer a < 4, let B, be a basis of the F,-vector space
Tm—at+1Fq[To, - -y Tm—at1]d—1; for instance, B, can be the set of monomials of
degree d in xq, ..., T;m_qr1 that are divisible by x,,_441. Clearly, the sets B, are
disjoint and |B,| = (m+d ) for 1 < a < i. Note that

V( QlBa)(Fq) ={lap::am] EP™(Fy): am =+ = am—it1 = 0},

Next, since d—1 < ¢, by Theorem 2.1, we obtain j linearly independent polynomi-
als f1, ..., fj each of degree at most d—1 in the polynomial ring F [z, ..., Zm—i—1]
such that |Zm—i(f1a ceey f])( )‘ = H](d — 1, m — Z), where Zm—i(fla ceey f]) de-
notes the set of common zeroes of fi, ..., f; in the (m — ¢) dimensional affine
subspace of P™ given by {[ag : -+ : @m]: @m—i =1, as =0 for m —i < s < m}. Let
Fy, ..., Fj be the polynomials obtained, respectively, by homogenizing f1, ..., f;
to degree d with respect to the variable z,,_;. Clearly, the polynomials F1, ..., Fj
lie in Fy[zo, ..., Tm—i]qs and they are linearly independent. Also, it is clear that
Fylzo, ..., Tm—s) N B, is empty for each a = 1, ..., i. Consequently, B is a linearly
independent subset of Fy[zo, ..., zm]q and

m+d—a i
|B—j+Z( ):r, where B := {F}, ...,Fj}U(aLZJlBa>,

with the convention that the relevant sets are empty if j = 0 or ¢ = 0. Further, by
intersecting V(B) = V(Fy, ..., F; )ﬂV(Ua 1 Bo) with the affine patch {z,,,—; = 1}
and the hyperplane {z,,—; = 0} of P, we see that |V (B)(F,)| equals

1 Zm—i(f1s -y [))EDI+ Hlao o -+ 1 am] € P™(Fg): @ = -+ = ay—i = 0},
which is H;(d — 1, m — i) 4+ pp—i—1, as desired. O

We remark that when d = ¢, the lower bound in Theorem 2.3 is not attained, in
general. This is shown in [4, § 6], where the exact values of e, (¢, m) are obtained
for1<r<m-+1.

2.3. The “complete conjecture”. It appears plausible that the lower bound in
Theorem 2.3 is attained when d < g. More precisely, we conjecture the following.

Conjecture 2.4. Let d, r be integers with 1 < d < q and 1 < (mjd), and let
i, j be as in (12) if r < (m;d), while i := m and j = (m+d - 1) ifr = (m+d).
Then

er(d,m)=H;(d—1, m—1i)+ pm—i—1.

As noted in the introduction, if 1 < r < (mdﬁj; 1), then Conjecture 2.4 reduces
o [9, Conjecture 6.6]. The case d = 1 of Conjecture 2.4 holds trivially, while the
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case d = 2 follows from the work of Zanella [21]. Further, it was shown in [4] that
Conjecture 2.4 holds when 2 < d < ¢ and r < (m;r2).

We will now describe an alternative formulation of Conjecture 2.4 deduced from
the alternative description of H,.(d, m) given in [2]. Before stating it, let us recall

that given any positive integer d, we can express every nonnegative integer N as
d s
N = E ( a) for unique s, € Z with sq > sq_1 > --- > s1 = 0.
a
a=1

This is called the d-binomial representation of N or the d-th Macaulay representa-
tion of N. We will find it convenient to consider m, := s, —a for 1 < a < d so as
to write the above expansion for N as

d
N = Z (ma + a) for unique mg, € Z with mg > mgq_1 > --- > my > —1. (13)
a
a=1

We may refer to (myg, ..., m1) as the Macaulay d-tuple corresponding to N. Ob-
serve that if M is any nonnegative integer, then
M+d
O<N<( ;>:>M—1>md>md1>~-~>m1>—1. (14)

The following result is a direct consequence of the proof of [2, Thm. 3.1] and we
remark that its proof does not use the theorem of Heijnen—Pellikaan (Theorem 6.4).

Lemma 2.5. Assume that 1 < d < q and 0 < r < (m;d), Suppose the Macaulay

d-tuple corresponding to (mjd) —ris (mg, ..., my). Then

d
H,(d, m) =Y [¢"].
a=1

Proof. Ifr = 0, then H,.(d, m) = ¢™, in accordance with our convention (3). On the
other hand, the Macaulay d-tuple corresponding to (m;rd) is clearly (m, —1, ..., —1).
So the desired equality holds when r = 0. For 1 < r < (m+d), the desired equality is

d
a special case of [2, Thm. 3.1] and its proof, since for d < ¢, the dimension p,(d, m)
of the Reed-Muller code RM,(d, m) is ("]9). O
Corollary 2.6. Assume that1l <d<qandl <r < (mjd). Let i, j be as in (12) if
r< (m;d), while t :==m and j := (m+j:f_1) if r= (m;d). Also let (mg, ..., mq)

be the Macaulay d-tuple corresponding to (m;d) — 1. Then

d—1
Hi(d—1,m—14)+ Ppm—i—1 = Pmy + ZLqm“J.

a=1

Proof. First, note that if d = 1, then ¢ = r and j = 0, and so in view of (3),
Hij(d—1,m—14)4pm-i—1 =¢" "+ Pm—r—1 = Pm—r. Also, the Macaulay 1-tuple
corresponding to m+ 1 —r is clearly (m —r). Thus the desired equality holds when

d = 1. Likewise, if ¢ = m, then clearly j is 0 or 1 and (m;d) —ris 1 or 0, thanks
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to (11); in this case, m, = —1 for 1 < a < d, whereas my is 0 or —1 according as j
is 0 or 1. Hence, in view of (3), the desired equality also holds when i = m.

Now suppose d > 1l and 0 <t <m. Thenl <d—-1<gqgand 1 <r < (m;d).
Using the equality in (12) together with (11), we can write

m-+d m+d—i—1 , 2 imtd—i—a—1
(") = () e ()

a=1

_(md—is1y, (mbd—io1)
- d d—1 I

where the last equality follows from (11) with m replaced by m — i — 1. In case
7 = 0, the last expression is simply (m+dd_z), and in this case mq = m — ¢ while

mg = —1 for 1 < a < d. Thus, in view of (3), we see that when j = 0,
d—1
Hij(d—1,m—1i) +Pm—i—1 = ¢" "+ Pm—i—1 = Pm—i = Pm, + ZLqm“L

a=1

as desired. Now suppose 0 < j < (m‘tf__f_l). By (14) and Lemma 2.5, it follows
that if (ug—1, ..., p1) is the Macaulay (d—1)-tuple corresponding to (mtid:f*l) -7,

thenm —4—12> pug_1 > --- > p1, and further,

<m+dd_f_l>—j=§<“”:a> and Hj(d—l,m_i):dz_i_quaj_ (15)

a=1 a=1

Substituting this in the expression obtained earlier for (m;d) —r, we see that

) d—1
m+d m+d—1—1
—r = + Lqﬂaj .
d d
a=1
This together with the uniqueness of Macaulay d-tuples implies that mg =m—i—1
and mg = g for 1 < a < d. Consequently, (15) yields the desired equality U

In view of Corollary 2.6, the lower bound in Theorem 2.3 and the conjectural
formula for e,.(d, m) in Conjecture 2.4 can be written as

d—1
pmd + Z I_qmaJ ?
a=1

where (mg, ..., mp) is the Macaulay d-tuple corresponding to (m;d) — 7.

3. PROJECTIVE REDUCTION, SHADOWS AND FOOTPRINTS

In this section, we review some preliminary notions and results, which will be
useful to us in the remainder of the paper. Throughout this section, m denotes a
positive integer and [, the finite field with g elements.
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3.1. Projective reduction. Recall that a monomial y € Fylzq, ..., 2] given
by p = 27 a%m is said to be reduced if 0 < a; < g—1foralli=1,...,m
and a polynomial F' € Fy[zy, ..., ] is said to be reduced if it is an F,-linear
combination of reduced monomials. It is well-known (see for example [141, Ch. 2] or
[11]) that the set of all reduced monomials gives rise to a basis of the Fg-vector
space Fqlz1, ..., xm]/I(A™(F,)), where I(A™(F,)) denotes the ideal consisting
of all polynomials in Fy[z1, ..., x,,] vanishing at every point of A™(F,). More
precisely, any element of Fgy[z1, ..., z,]/I(A™(F,)) can be written uniquely as
f+ I(A™(F,)) for some reduced polynomial f.

A projective analogue of the above notion and result is given in [5, § 2]. We recall
this below. Here, and hereafter, we denote by M the set of all monomials in the
m + 1 variables xq, ..., Tm.

Definition 3.1. For a nonnegative integer a, let @ be the unique integer satisfying

0 ifa=0,

0<a<q and a=4¢_ | N
a ifa>0anda=a(modg— 1), where 0 <

a<qg—1.
Let p € M. If p # 1, then we may write u = x3°---x;*, where 0 < £ < m and
ao, - - -, ag are nonnegative integers with a, > 0. Define

= axl0 x?ﬂ?x?ﬁz?gé(dﬁ@).

If w =1, then we define & = 1. Note that @ € M with degpi = degu. We call @
the projective reduction of p. Any polynomial F' € F,[xzo, ..., &) can be written
uniquely as F' = Y7 | ¢;u;, where ¢; € F, \ {0} and p; € M. We define F, the
projective reduction of F, as F = >oi ¢ift;. A monomial p € M (resp. polynomial
F € Fylxo, ..., xm]) is said to be projectively reduced if i = pu (vesp. F = F).

It is easy to see from the definition that a reduced polynomial is projectively
reduced. In particular, a polynomial of degree d < ¢ — 1 is necessarily reduced and
hence projectively reduced. A polynomial of degree ¢ is not necessarily reduced but
is always projectively reduced. Clearly, a polynomial of degree d > ¢ may not even
be projectively reduced. It is easy to see that if F' € Fy[xo, ..., ], then

F(co, -y em) = Fl(co, ..., c) forall (co, ..., cm) € IE‘ZTH, (16)
For further properties of projective reduction and projectively reduced polynomials
we refer to [5, Proposition 2.2].

Throughout this article, we denote by M the set of projectively reduced monomi-
als in m+1 variables xg, ..., x,,. Further, for any nonnegative integer e, we denote
by M, the set of all projectively reduced monomials in M of degree e. Clearly, M
equals the disjoint union [, M.

Let I(P™(FF,)) denote the ideal of Fy[zo, ..., 2.,] generated by the homogeneous
polynomials that vanish at all points of P™(F,). It was shown by Mercier and
Rolland [16] that this ideal is equal to the ideal I'y(F,) of Fy[xo, . .., &) generated
by {zfxz;—z;af: 0 <i < j < m}. It was further proved in [5, Theorem 2.8] that the
set {zfx; — x;21: 0 < i < j < m} forms a universal Grobner basis for I'y(F,). To

J
conclude this subsection, we note that the projectively reduced monomials give rise
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to a basis of the F,-vector space Fylxo, ..., 2m]|/I(P™(F,)). More precisely, any
element of Fy[xzo, ..., ]/ I(P™(F,)) can be written uniquely as f + I(P™(F,)),
where f is a projectively reduced polynomial. For a proof, see [5, Corollary 2.10].

3.2. Shadows and footprints. Given S C M and a nonnegative integer e, define
Ve(S) :={u €M,: v|pfor some v € S} and A.(S):=M,\ V.(S).
The set V.(S) is called the shadow of S in M., while the set A.(S) is known as

the footprint of S in M.
Recall that by a term order on M, one means a total order < on the set M of

all monomials in g, ..., Z,, such that (i) 1 < u for all p € M, and (ii) pv < p'v
whenever p, p/', v € M are such that u < /. Let < be any term order on M for
which zg = z; > ... > x,,. For example, we can take < to be the lexicographic

order <e defined by

bm
m

xQ% T <ex xg(’ ---x,m < the first nonzero entry of b — a is positive, (17)

where b — a denotes the difference tuple (by — ag, ..., by, — am). Other examples
of such term orders are also possible. For now, we just fix a term order < on M
for which zg = x1 > ... > x,,. For a nonzero polynomial F' € F,[zo, ..., z,,], we
denote by lm~(F) or simply Im(F), the leading monomial of F, i.e., the largest
monomial (w.r.t <) appearing in F' with a nonzero coefficient. For any set S of

nonzero polynomials in Fy[xo, ..., 2,,] and any nonnegative integer e, we define
Im(S) :={Im(F): F € S}, V(S):=V(Im(S)) and A.(S):=A.(Im(S)).
The following important result from [5] relates footprints in M, to the number

of F,-rational points of projective algebraic varieties defined over IF;,. Here, and
hereafter, for an assertion depending on a nonnegative integer e, the expression
“for all e > 0” means that the assertion holds for all large enough values of e, i.e.,
there is a nonnegative integer eg such that the assertion holds for all e > eg.

Theorem 3.2 (projective F,-footprint bound). Let S = {F}, ..., F,.} be a set of
nonzero, projectively reduced homogeneous polynomials in Fylxo, ..., xm]. Write
X =V/(S) for the corresponding algebraic variety in P™. Then

|[X(F )| < |A(S)| for all e > 0.

Proof. Since Fy, ..., F, are projectively reduced, Im(S) € M. Thus the notion of
footprint A.(S) defined above coincides with that of projective F,-footprint A.(S)
defined in [5, Def. 3.10]. So the desired result follows from [5, Thm. 3.12]. O

We can decompose M into disjoint subsets by considering the last variable ap-
pearing in a given monomial. Thus, following [5], we define

M©® ={22:a>0} andfor1<l<m, M® .= {z8.. 20* € M :a; > 0}.

Further, for any integers e, £ with e > 0 and 0 < £ < m, define Mff) =M® NM,.
Evidently, M = [[;-, M® and M. = ][}, M. Tt is easy to see that

M| =¢* fore>l(g—1)+1 and hence |[M.|=p, fore>m(qg—1)+1.

We refer to [5, Section 2.1] for more details.
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The sets Mg) help us in decomposing the shadows or footprints into several
disjoint components. To this end, we define

VOS) =V (S)NMY and AW(S) := A (S)NMY. (18)

For any S C M and any nonnegative integer e, it is clear that

=> " |IVI(S)| and =y |1Al(s (19)
£=0 £=0
Given a nonnegative integer £ < m, by specializing the variables z¢y1, ..., Tm

to 1, we can associate to a subset of M, a set of projectively reduced monomials in
g, ..., X as follows.

Definition 3.3. Let S ¢ M. For 0 < £ < m, we define
S = {2g® -2y € S:0< a; < qgforall j <t}

Note that if 0 < ¢ < m and if p € S\ S, then either (i) z; | for some i > ¢,

or (ii) u = xg° m;” with a; > ¢ for some j < £. In either case, it is easily seen

that Vg)(u) = &. This shows that

VO(S) =vH(S®) and hence ANV(S) =AY (S®) foranye>0. (20)

€ €

The following reformulation of Theorem 3.2 will be useful to us later.

Corollary 3.4. Let Fy, ..., F,. be any nonzero projectively reduced homogeneous
polynomials in Fylxo, ..., zw], and let X = V(Fy, ..., F,) be the corresponding
projective variety in P™. Also, let S = {lm(F1), ..., lm(F,)}. Then

m

X (Fy)| < Y 1AD(S)] for all e > 0.
(=0

Proof. From equation (20) and the second part of equation (19), we see that

=>_|A(sM) (21)
=0
Thus the desired result follows from Theorem 3.2. O

4. AFFINE COMBINATORICS

In this section, we will consider some results from extremal combinatorics to-
gether with their generalizations and variants that will be useful for us later. These
results are mainly concerned with sets of monomials in ¢ variables that are reduced
in the usual (or the affine) sense. Throughout this section, m will be a fixed positive
integer and ¢, d as well as a;, b; denote nonnegative integers with ¢ < m.
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4.1. Shadows and footprints in the hypercube. For 0 < ¢ < m, define
HO = {x8°~ox%’f: 0<a;<g—1forall j=0,...0—1}.

Note that the “exponent map” given by z(®---z;“," — (ag, ..., ar—1) lets us

identify the set H(®) with Q¢, where Q := {0, 1, ..., ¢ — 1}, and thus we may refer
to H® as the (f-dimensional) hypercube. We remark that when g = 2, elements of
H® can be identified with subsets of {0, ..., £— 1}, whereas in general, they may
be viewed as multisets formed by the elements of {0, ..., £ —1}. We will, however,
stick to viewing H® as the set of reduced monomials in ¢ variables Loy -y To_q.

Divisibility of monomials gives a natural partial order on H, which corre-
sponds, via the exponent map, to the “product order” <p on Q! defined by
(CL(), ceey CLg_l) gp (bo, caey bg_l) if and only if a; < bz for all ¢ = O, ey {—1.
On the other hand, the usual lexicographic order on Q° corresponds to the total
order on H®, which we denote, as in (17), by <jex. Note that if p, v € H® are
such that v | p, i.e., v divides u, then v <jex .

As before, for a nonnegative integer d, we define

Hgf) ={peHY: degp=d} and Hg[)i ={peHY: degp < d}.

The sets H(ﬁi, H(ﬁi and H(f()i are defined analogously.

We will now define shadow and footprint in the context of the hypercube H(®.
To avoid confusion with the notions defined in Section 3.2, we will use a different
notation.

For any 7 C H®, the shadow and footprint of T in H) are denoted by SH(@(T)
and FPY (T), respectively, and defined by
SHO(T) := {p e H®: v|p for some v € T} and FPO(T):= H® \ SHO(T).
For a nonnegative integer d, we also define,

FPY(T) = FPO(T)NHY and FPY)(T) := FP(T) nHY),

The sets FP(f()i(’T), FP(;;('T) and FP(>€()1('T) are defined analogously. Moreover, the
corresponding subsets of SH(E)(T) are also defined in a similar manner.

Definition 4.1. Let ¢, d, p, p' be integers satisfying 0 < d < (¢ — 1), 0 < £ < m,
0<p< |Hg()i|, and 0 < p' < |Hg)|. Define

Mile) (p) := the set of first p elements of H(ézi in descending lexicographic order,

ﬁff) (p') := the set of first p’ elements of Hg) in descending lexicographic order.

Note that if £, p, p' are positive and d < ¢, then both M&Z)(p) and E&e) (")

contain xd, which is the largest element of Hg; as well as Hgf)

in lexicographic
order. Also, for a fixed d > 0, the set H(Qi is finite and <ex is a total order on
it. Consequently, a set of the form Mgf)(p) can be characterized as a subset T of

Hg()i that is upwards closed, which means that u € T whenever pu, p/ € ]Hl(é()j with
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1 <1ex p and p' € T. Similarly, sets of the form L'ff)(p’ ) can be characterized as

upwards closed subsets of H((f).

4.2. Extremal combinatorics. We will now discuss some combinatorial results
that help us determine the subsets of H((f) (resp. Hg?i) of a given cardinality that
have footprint of the maximum possible size. We begin with a result due to Heijnen
and Pellikaan [12, Prop. 5.9]. Its formulation below is as in [3, Lem. 4.2], where
the result is proved in a more general setting.

Pr0p051t10n 4.2. Let £, d, p be integers satisfying 1 < £ <m, 0<d < l(g—1),
and 1 < p < |H(<d|. Also, let a be the p*™ element OngZH i.e., the smallest element
of ./\/ly) (p) in lexicographic order. Then
SHOMP (p) = (1 € HO : o Sex 1},

Consequently, SH® (M(Z)(p)) N H(fzi = M(z) (p).

Corollary 4.3. Let ¢, d, p be integers satisfying 1 <€ <m, 1< d<¥l(qg—1), and
0<p< \Hgd| Then SH(Z) (M(e) (p )) E(z)( ") for some nonnegative integer p'.
Moreover, if p is positive, then so is p'.

Proof. If p = 0, then /\/l(e) 1(p) is empty, and hence so is its shadow in H®. Thus we

can take p’ = 0 in this case. Now suppose p > 1. First, note that SH(Z (./\/l((i )l(p))
is nonempty. Indeed, d — 1 < £(g — 1) and so we can write d — 1 = ](q - 1) +a;
for umque integers j, a; with 0 < j </ —1and 0 < a; < ¢—1. Since p > 1, the
set Md—1( ) contains v := x{ o x? ix] , being the largest element of this set in
lexicographic order. Now g := vay_1 is clearly in SH(E) (Mgf ().

To complete the proof, it suffices to show that SH([) (M(Z) (p)) is upwards closed.
Assume the contrary. Then there exist u, ' € H( ) such that TS SH(Z (MEZ )1(p))
and p' <jex i, but p & SH(Z)(M(Z) (p)). Let v € ./\/l([) 1(p) be such that v|p'.

Then v <jex /. Also, let v/ be the least element of M dfl( ) in lexicographic order.
Then v/ Xjex ¥ and v <ex 1/, since v | /. Consequently, 1/ <jox . By the previous

proposition, p € SHg) (Mgf_)l(p)), which is a contradiction. O

The following result is due to Clements and Lindstréom [7, Cor. 1] (see also [3,
Thm. 3.1]). The case ¢ = 2 of it is equivalent to the Kruskal-Katona theorem.

Theorem 4.4 (Clements—Lindstrom). Let T C ]HIEIZ) with |T| = p'. Then
l ¢ (¢ ¢ ¢ 4 l
SH (£ () € £42,(SHE ,(T)) and hence |FPE) (T)] < [FPY) (£ ()],

As in [3, Cor. 3.2], the following corollary can be deduced easily from the above
theorem by using induction on e.

Corollary 4.5. Let T C H ) with |T| = p', and let e be an integer > d. Then
SHO(LY (p) € LO(SHO (T)));  in particular, [SHO (LY ()] < |SHL(T)].
Consequently, |FPO(T)| < |FPY (,C((f)(p’))| and hence |[FPY (T)| < |FP(€)(£&Z (|-
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The following theorem can be traced back to Wei [20, Lemma 6] and it gives an

analogue of the last inequality for subsets of Hg()i.

Theorem 4.6 (Wei). Let T C ngl be a subset with |T| = p. Then

FPOT)| < [FPOMP (o))

Strictly speaking, Lemma 6 of Wei [20] proves the above theorem for the special
case when ¢ = 2. A general version is stated in Heijnen and Pellikaan [12, Thm. 5.7],
although in a slightly different way. A detailed proof appears in Appendix A of
Heijnen’s thesis [13]. We refer to [3, Thm. 3.8] for a similar result in a more
general setting. We conclude this subsection by proving the following common
generalization of the results of Clements—Lindstrém (Corollary 4.5) and of Wei and
Heijnen—Pellikaan (Theorem 4.6). Indeed, Corollary 4.5 corresponds to the case
p' = p, while Theorem 4.6 corresponds to the case p’ = 0.

Theorem 4.7. Assume that L, d, p are positive integers with £ <m, d < £(qg— 1),
and p < |H(<Z()1| Let T C H wzth Tl =p. If p :=1|T N H((f)|, then
¢ ¢

PP < IFPOW),  where U =L (9) UMD, (p— ).
Proof. Let p' := |T N HEIZ)| and U = ,CEIZ)(p') U Mg)l(p p'). Tt suffices to show
that |SH ()| < |SH® (T)|. We will do this by distinguishing two cases.

¢ ¢ ¢

Case 1: £ (') € SHY (M, (p = p)).

Let € SH® (). Then there is v € U such that v|u. Suppose v € ,C((f)(p’).
Since Ly)( ) C SHEf (M&Ql(p —p')), there is v’ € ./\/lg 1(p—p') such that v/ |v,
and hence v/ | p. This shows that SH) (/) = SH® (M&Z)l(p p")). Consequently,

ISHOW)| = [SHOMEP (o~ p))] < [SHO(T nHYE),_ )| < [SHO(T)],
where the penultimate inequality is a consequence of Theorem 4.6 (applied to shad-
ows instead of footprints), while the last inequality follows since 7 N Hg{A cT.

¢ ¢ ¢
Case 2: £ (p) € SHY (M, (0 p)).
By Corollary 4.3, SH(Z (/\/ld (p=p")) = L’l(f)(p”) for some nonnegative integer

. Hence E ( N4 ﬁ(e (p”) and this implies that p’ £ p”, i.e., p” < p'. It follows
that SHEIZ)(MS)l(p p')) € E(z)( "). Consequently,

SHO ) = SHO(LY (o) USHOME [ (p — ) = SHEL (2P (o). (22)

On the other hand, SHY) () = SHY, (M, (p—p)) = SHOM (p—p)) nHY),
and so by Proposition 4.2. we see that

l 4
SHO,w) = ML (p— ). (23)
Using equations (22) and (23), we obtain
ISHO W) = p— o' +ISHLL ()] < p— o'+ ISHOT nHD)),
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where the last inequality follows from Corollary 4.5. Now since |7 N H(le =p—7,

ISHO )| < [SHE(T nHY)| + |SHO (T nHY)).
Hence [SH )| < [SHY,(T)| + ISHE)(T)| = ISHO(T)], as desired. O

5. SPECIALIZATIONS AND EXPANDERS

In order to effectively relate the two notions A, and FP of footprint considered
in the previous two sections, we will introduce two maps, denoted o> and ¢, on
the space of projectively reduced monomials in zg, ..., x,, and prove some of their
properties. Throughout this section, m is a fixed positive integer, while ¢, d, e
denote nonnegative integers satisfying £ < m.

5.1. Specialization. For any nonnegative integer £ < m, we define

o o ap | 001 f — 00, ag—1_.ap
o M—-MU{0} by o@():= %o Te-1 1 H=T0 T T
0 if p g Fylzo, ..., x4,

with the usual convention that an empty product equals 1. We may refer to o(*) as
the specialization map at level £, since it corresponds to specializing the variables

(Te, Tog1y ooy Tm) to (1,0, ..., 0).

Proposition 5.1. Let ¢, d, e be nonnegative integers such that e = d + m(q — 1)
and ¢ < m. Suppose p € MygNF,lzo, ...,z and v € M. Then

plv & o).

Proof. We can write ,u =xp° -2y and v = mg" . xz 3 w?" for some nonnegative
integers a;, b; for 0 < € such that b; < ¢—1for all j <¢—1 and by > 0. Note
that (¥ (u) = z3° x{zz 7' and O'(Z)( ) =abo . xlge -

If u| v, then a; < b; for 0 < i < £, and this readily implies that o(® ()| o (v).
To prove the converse, suppose 0(4)( ) o®(v). Then a; < b; < q—1for0<i<
¢ — 1. Since Zf:o a; = d and Zf:o b; = e, we obtain

bg—ag:e—d—i-Z(ai—bi)>m(q—1)—€(q—1)>0.

This shows that u|v. O

Remark 5.2. Suppose 0 < d < ¢. Then o(™) gives a bijection of Mgy = My onto
Hg;). Indeed, if p = xf°--- 2% € My, then clearly, 0 < a; < d < ¢ — 1 for
0 <i< m;alsoayg+ -+ an-1 < d Moreover, a,, = d—ag — -+ — Gm—1,
and so p is determined by o™ (p) = z3° ...z € H(m) A similar reasoning
shows that o("™) preserves lexicographic order, i.e., for any u, v € My, we have
 <1ex V< 0™ (1) <1ex 0™ (v).

The following result gives a useful relation between the two notions of footprint.
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Theorem 5.3. Let d, e be any nonnegative integers such that e > d+m(q—1) and
let S € My. Then

IAO (S = [FPO (aO(SE))|  for all nonnegative integers £ < m,

and consequently,
S)| =Y [FPO (s (s%))).
£=0

Proof. Fix a nonnegative integer ¢ < m. It is clear from Definition 3.3 that
o (S®) C H®. From Proposition 5.1, we see that the map

A (SO - FPO () (s<f>)) defined by p— o9 ()

is well-defined. Moreover, since e > d + m(q — 1), this map is easily seen to be a
bijection. This yields the first assertion in the theorem. Consequently, we obtain
the last assertion from equation (21). O

5.2. Footprint expander. In this subsection, we consider a degree-preserving
map ¢ on sets of projectively reduced monomials in xg, ..., x,, such that ¢ is
injective and has the property that |A.(S)| < |Ac(¢(S))| for any S € M and
e > 0. For this reason, ¢ may be referred to as an expander map.

Definition 5.4. Let S C M. If y = z{¢ - - - x%m € S, then define
{ux;"‘l if gl 2t 4 S and g 41 < g,

m—2“m—1

I otherwise.

Note that if i,, = 0, then x{0 - - - x:,?_’; J:i,?_’lﬁi’" = € §. Hence, in the first case
of the definition, we must have 7, > 0. In particular, ¢(u) is always a monomial,

and we obtain a well-defined map ¢: S — M which preserves degrees.
Proposition 5.5. Let S C M. Then the map ¢ : S — M is injective and it satisfies
Sl = (st C ¢(8) Y and  (ST™) = ()™,

Proof. Tt is easy to see that ¢ is injective. Also, as noted earlier, ¢(u) = p in case
p e S This implies that S<T_”_1> = p(Sm=1) C ¢(S){m=1). To prove that
P(S{™) = ¢(S)™, suppose pu =z - xim € S™ . Theni; < gfor 0 < j <m—1.
In case ¢(u) = u, then clearly, ¢(u) € ¢(S)™. In particular, if 4,, 1 = ¢ — 1, then
d(11) € ¢(S)'™ because in this case, i,,_; + 1 = ¢ and s0 ¢(u) = p. On the other
hand, if 4,—1 < ¢ — 1 and ¢(u) # u, then ¢(u) = xf ~-~xl”"1+1xm_1. Since

m 1
im_1+1 < q, we obtain ¢(u) € ¢(S)™. This shows that H(Sm™) C $(S)™. In
order to prove the reverse inclusion, we take p € ¢(S)™. Since u € ¢(S), there
exists p' € § such that ¢(p') = p. It is trivial to see that // e simh, O

We now give a series of lemmas and a proposition leading to the result that ¢
does not decrease footprints in M. for all large enough e.

Lemma 5.6. Let S be a finite subset of M. Then A™ (8) C Agm)(qﬁ(S)) for all
e> 0.
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Proof. Tt suffices to show that ng)((b(S)) C ng)(S) for all e > 0. To this end, let
vE Vém)((b(S)). Then v € M™ and there exists i € ¢(S) such that p|v. If p € S,

then v € V™ (S). Suppose p € S. Since p € ¢(S), it follows from Definition 5.4
that px,,/tm—1 € S. In particular, z,,—1 | p and (@/xm—1) | v. Further, since v €

MS”), we see that deg, v > 0 for all e > 0, whereas deg, u is bounded since S
is finite. Consequently, (p@m,/Tm—1)|v, and so v € Vém)(S) for e > 0. O

Lemma 5.7. Let S C M. Then Agmfl)(¢(8)) C A.(gmfl)(S) for all e > 0.

Proof. Fix a nonnegative integer e. We will show that vim= (8) C ng_l)(¢(8)).

Let v € ngfl)(S). Then v € M"Y and there exists p € S such that p|v. In
particular, deg, p <deg, v =0, and so ¢(u) = p. It follows that p € ¢(S) and

so v e VY (¢(S)). O

Lemma 5.8. Let S C M and let e be a nonnegative integer. Suppose v € Agm_l) (S)
and p € M satisfy p|v. Then p ¢ Sm=1).

Proof. Since Agm_l)(S) = Aém_l)(8<m_1>), this follows directly. O

Lemma 5.9. Let S C M and let e be a nonnegative integer. Suppose there exists
ve A"(S) \ A.(gmfl)(¢(8)), ie., v e VI (g(S)) \ ngil)(S). Then the set
{peS:deg,  n<qandp|(vr,)} is nonempty.

Proof. Since v € ng_l)(qﬁ(S)) = V(em_l)(qS(S)(m*D), there exists ji € ¢(S){m—1
such that fi|v. Moreover, v ¢ Vﬁm_l)(S) implies i ¢ S. Hence x,,,—1| i and
ATm/Tm—1 € S. Let p := [z, /xm-1. Note that u is projectively reduced since
p € S. Further, deg, p > 0 since ¢(u) # p. This implies that deg,  p < q.
Also, since fi | v, we see that fi/x,,—1 divides v and so p| (V). O

Proposition 5.10. Let S C M be a finite set. Then
[ATDE) N AT ($(8))] < [AI($(S)) \ AI(S)] - for all e > 0.

Proof. For a nonnegative integer e and v € AS"‘”(S) \ Aém_l)((b(S)), define
S, ={pn€eS: deg,  p<gqandu|(val,) for some j > 0}.

By Lemma 5.9, the set S, is nonempty. Moreover, since S is a finite set, we see
that

k, :=min{deg,  p:p€S,} and E:=max{deg, u:pcS}
are well-defined, and

S, ={peS:deg,  p<gandp|(vzh)}
For e > 0, consider the map : Aém_l)(S) \ Agm_l)(gﬁ(S)) — M, given by
Clearly, the map v is injective and to prove the proposition, it is enough to show
that the image of 1 is contained in AU™ (4(S)) \ AU™(S), provided e > 0.
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Let us fix e > 0 and v = 20 --- 2"~} € Agmfl)(S) \ Agmfl)(qb(S)). Also, for
simplicity, let us write £ = k,. From Lemma 5.9, we see that £k < ¢. By the
definition of k, there exists p* € S with deg, , p* =k such that p* | (vak). Now
since v € MS@’”*”, we see that ¢; < ¢ for 0 < j < m—1, whereas i,,_1 > 0ife > 0.
Hence E < iy,—1 — k if e > 0. This implies that p* |4 (v) whenever e > 0. Since
p* € 8, we conclude that ¥ (v) ¢ Al (8). We now prove that ¢(v) € AS")(¢(S))
for e > 0 by distinguishing two cases.

CASE 1: k=q—1.

Since v € ng_l)(d)(S)), there exists yu € ¢(S) such that p|v. Let it € S be
such that g = ¢(ft). Then either i = p or i = uZp/Tm—1. If i = p, then
ve ngfl)(S), which is a contradiction. Thus fi = py,/Tm—1. Since p| v, clearly
i| (vey,). Hence i € S,. From the assumption that & = ¢ — 1, we conclude
that deg, (i) = q — 1. But then p = ¢(ji) = fi, which is again a contradiction.
Therefore, the case k = ¢ — 1 can not occur.

CASE 2: k< qg—1.
Suppose, if possible, ¥(v) € ng)(¢>(8)). Then there exists p € ¢(S) such that

ple(v). Write p = zp’ —--xfm. Then jo < do, -y jm—2 < im—2 and jp1 <
k < q—1. Note that #° - .- z/m=227m=1*™ |, whenever e > 0. This implies that

2l a2 It 4 S since v € Aém_l)(S). Choose i € S such that ¢(ji) = p.

m—2“m—1

If /i = p, then by the definition of ¢ and the fact that z7° - - cgdm 2 dm et 4 S e

m—2“m—1

conclude that ju,—1 > ¢—1, which is a contradiction. Therefore /i # p. This implies
that i =z} - ~xfn"”’11_1x¥;;"+1 € 8. Furthermore, ji | va), whenever j > j,, + 1 and

e > 0. Thus g € S,. But then deg, i = jm-1—1 < jm—1 < k, and this
contradicts the minimality of & if e > 0. Hence ¢ (v) € Agm)(qb(S)) fore>0. O
Theorem 5.11. Let S C M be a finite set. Then |A.(S)| < |Ac(¢(S))| for e > 0.

Proof. Since ¢(u) = p for all p € S with deg, p = 0 and since deg,  é(u) >0
if (u) # p, it is clear that SV = ¢(S)4) for j =0, ..., m — 2. Hence

AD(S) = AV(SY)) = AL (4(S)V)) = AL (4(S)) forall j =0, ..., m —2.
Thus it is enough to show that
AT (S)] + AT D(S)] < AT (8(8))| + AT (4(S))].

This follows directly from Proposition 5.10 in view of Lemmas 5.6 and 5.7. (]

6. NUMBER OF SOLUTIONS OF EQUATIONS OVER FINITE FIELDS

Throughout this section, m denotes a fixed positive integer, while d, r are non-
negative integers. Recall that e,.(d, m) has been defined by (1) and the conventions
(10) whenever r < (mjd). In this section, we shall prove our main results concern-
ing e,(d, m) and a related quantity, called €,(d, m), that we shall define shortly.
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6.1. Projectively reduced equations. As in Section 3.1, let I'y(F,) denote the
ideal of Fy[zg, ..., x| generated by {z{z; — ;27: 0 < i < j < m}. Evidently,
I',(F,) is a homogeneous ideal and if we let I'y(F,)q denote its d*® homogeneous
component, then its vector space dimension is known, e.g., from [16, Thm. 5.2],
namely

j—2

e R mA I\ (A4 (i + 1)(g— 1) — jg +m
”'_dlmF"rq(Fq”_;(_l)< j )2( d+(i+1)(g—1) — >(24)

for any d > 0. As noted in Section 3.1, the space of projectively reduced polynomi-
als in Fy[zo, ..., Zn] can be identified with Fylxo, ..., 2m]/T¢(F,). In particular,
rq < (m;d) and the dimension of this space of projectively reduced polynomials in

Fqlzo, ..., Tmla is (m;d) — rq for any nonnegative integer d. This also shows that

— d
M| = (m;— ) —rq forany d > 0. (25)

Using this or otherwise (see for example [16, p. 237]), we readily see that

1
rg=0ifd <q, rey1 = <m;— ), and rg = (m;d>—pm iftd>m(g—1). (26)

Definition 6.1. For any d > 0 and 1 <r < (m;d) — rg, we define

e-(d, m):= max |V(Gq, ..., G.)(F,)l, (27)

GGy
where the maximum is taken over all possible sets {Gy, ..., G,-} of r linearly inde-
pendent, projectively reduced polynomials in Fy[zo, ..., Tm]q. As a natural con-

vention, we set €q(d, m) := 0.

It is clear that €,.(d, m) < e,(d, m) for alld > 0 and 1 < r < (m;d) —rq. A
more precise relationship is given by the following.

Theorem 6.2. Let d, r be nonnegative integers such that r < (m;d) —rq. Then
Crirg (da m) - ET(da m)

In particular, e.(d, m) =¢€.(d, m) if d < q.

Proof. Fix a basis {®1, ..., ®,,} of the F,-vector space I'y(F,)q. We will show that

ertr,(d, m) 2 €.(d, m) and e,4,,(d, m) < e.(d, m).

Let Gi, ..., Gr € Fylzo, ..., Tm]q be linearly independent and projectively re-
duced polynomials such that |V (Gy, ..., G)(Fq)| = €.(d, m). Then every nontriv-
ial linear combination of Gy, ..., G, is projectively reduced and therefore it does
not belong to I'y(F,)4. Consequently, the polynomials Gy, ..., G, @4, ..., ®,, are

linearly independent. Since @4, ..., ®,, vanish everywhere on P™(F,), we see that
V(Gi, ..., Gr)(Fy) =V (Gh, ..., Gr, 1, ..., &,,)(F,). It follows that

erary(d, m) 2 |V(Gy, ..., Gy, ©1, ..., @) (Fy)]
=|V(Gy, ..., Gy)(Fy)]
e.(d, m).



584 P. BEELEN, M. DATTA, AND S. R. GHORPADE

To prove the other inequality, suppose Fi, ..., F.1,, are linearly independent
polynomials in Fy[zo, ..., Zm]q such that [V (F1, ..., Fryr,)(Fy)| = €ryr,(d, m).
Let V,4,, denote the F,-linear span of Fi, ..., Fy4y,. Then
Vidra Fq(Fq)d

Fq(Fq)d
So we can find F{, ..., F € Vo4, + I'q(F,)q that are linearly independent (mod
I, (F,)a). Let Gi = F] denote the projective reduction of F/. Then G}, ..., G,
are linearly independent and projectively reduced polynomials in F,[zo, ..., Zm]q-
Hence as in the previous paragraph, we see that GY, ..., G.., ®1, ..., ®,, are lin-
early independent. Also, F] — G, € T'y(F,) for all i =1, ..., r. It follows that
e?”Jer(dv m) 2 ‘V( /17 R G;ﬂ (I)lv ) (I)rd,)(Fq”

= ‘V( l17 EKR) G;)(Fq”

= ‘V<F1/7 EER) F;)(Fqﬂ

2 ‘V(Fh ce FT"I""d)(Fq)‘

= €r4ry (dv m)

dimp, > dimg, Viyp, —dimp, ['y(Fg)a = (r +714) —7a =17

Consequently, equality holds throughout, and in particular,
ET(dv m) > ‘V( ,17 EE) G;)(Fq” = 6T+Td(d’ m)

This proves that e,i,,(d, m) = €.(d, m). Finally, if d < ¢, then r4 = 0, and
therefore e,.(d, m) = €,(d, m) in this case. O

Remark 6.3. As noted in [9, Rem. 6.2], one has e,(d, m) = pp, if 0 < r < rg.
Indeed, it is clear that for any r > 0 one has e, (d, m) < |[P™(F,)| = py,, while for
r < rq, one may choose linearly independent polynomials G1, ..., G, € T'((Fq)q
and deduce that e,(d, m) > |V(G1, ..., G;)([Fy)| = pm.

The vanishing ideal of A™(FF,) is easy to determine; it is precisely the ideal of
Fylz1, ..., xp,] generated by {af —x;: 1 <i < m}. It is not difficult to see (using,
e.g., the principle of inclusion-exclusion) that the dimension of the F -vector space
of polynomials of degree < d in this vanishing ideal is given by

Pd = z:(—l)j*1 (m> (m * d_]q> for all d > 0.

= J d—Jjq

In case d < ¢, one can directly see that pg = 0. Since the dimension of the [F -vector
space of polynomials of degree < d in Fy[z1, ..., z,] is clearly (m;d), we see that
Pd < (mdﬂl) for all d > 0.

We have seen in Section 2.1 an affine analogue of e,.(d, m), namely, e®(d, m).

m+d)

Here is a natural affine analogue of €,.(d, m). For 0 < r < ( 1) — pa, we define

e (d,m) = max |Z(gr, ., 9)(Fy)l,

where the maximum is taken over r linearly independent and reduced polynomials
g1, ..., gr of degree < d in Fy[zq, ..., @,,). Arguing similarly as in the proof of
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Theorem 6.2, we see that

d
e;ﬁ_pd(d, m)=e*(d, m) forl<r< <m:lr ) — pd-

Moreover, e2(d, m) = e*(d, m) if d < q, whereas e2(d, m) = ¢™ if r < pq.

The result of Heijnen and Pellikaan [12] that was alluded to in the introduction
solves the problem of determining e2(d, m). A special case of this (when d < q)
was stated earlier (Theorem 2.1). Here is the general version.

Theorem 6.4 (Heijnen—Pellikaan). Let d be a nonnegative integer. Then

ei(d, m) = H.(d, m) forl1<r< (m;d) — pd-
6.2. An upper bound. In this subsection we will use the combinatorial results
in Sections 4 and 5 to obtain an upper bound for e,.(d, m) when d < ¢q. As we
have seen in the last subsection, when d < ¢, the quantities e,.(d, m) and e,.(d, m)
coincide. Thus, we will work with €,.(d, m), and we begin by relating it with the
“maximal footprint” defined as follows.

Definition 6.5. Given any nonnegative integers d, r and e with 1 < r < [My], i.e.,
1<r < ("™ —rg, define

d
A (d, m; e) = max{|A.(S)|: S C My with |S| =r}.

The relation between A,.(d, m; e) and €,(d, m) is given by the lemma below. In
the remainder of this section, we consider the lexicographic order <oy on the set M
of all monomials in zg, ..., . For 0 # F € Fy[xo, ..., ], the largest monomial
(w.r.t. <iex) appearing in F' (with a nonzero coefficient) will be denoted by Im(F).

Lemma 6.6. Let d, r be nonnegative integers with 1 < r < (m;d) —rq. Then

e-(d, m) = R [V(Fy, ..., E)(F,)],

where the mazimum is over all possible sets {Fy, ..., F,.} of linearly independent
and projectively reduced polynomials inFy[zo, ..., Tm]q such that their leading mon-
imials Im(Fy), ..., lm(F,) are distinct. Consequently,

e-(d, m) < A.(d, m;e) foralle>> 0.

Proof. If Gy, ..., G, € Fy[zo, ..., Tm]q are linearly independent and projectively
reduced, then we can easily obtain F, ..., F,. € Fylzo, ..., £n]q that are linearly
independent and projectively reduced such that lm(Fy), ..., Im(F,.) are distinct and
V(F, ..., F.)=V(Gy, ..., G.). For example, we can obtain them recursively by
taking Fy := G7 and for 1 < i < r, taking F; :=G; —c1Fy — - -+ — ¢;j_1F;_1, where
€1, ..., ¢i—1 € Fy are chosen in such a way that none among Im(F), ..., Im(F;_1)
appear in F;. This proves the first assertion. The second assertion follows from the
first using the projective F4-footprint bound (Theorem 3.2). O

The following result could be viewed as a projective analogue of Theorem 4.6,
which in turn arose from the works of Clements—Lindstrom [7], Wei [20] and
Heijnen—Pellikaan [12], [13]. For any integers d, r with d > 0 and 1 < r <
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(m;d) — rq, we denote by Mg(r) the set of first r elements of My in descend-

ing lexicographic order, and for any d > 0, we set Mg4(r) to be the empty set if
r=0.

Theorem 6.7. Let d, r be integers with 1 < d < q and 1 < r < (m;d) —rq. Then
A(S)] < |Ac(Ma(r))|  for alle >0 and S € My with |S| =r. (28)
Consequently, A,(d, m; e) = |Ac(Mgy(r))| and €.(d, m) < |Ac(My(r))| for e > 0.

Proof. We prove (28) by induction on m. Suppose m =1 and & = {p1, ..., pr} C
Mg. We may assume, without loss of generality, that pq >jex ... ™lex fr. Since
the set M consists of xg = lex l’g_ll‘l lex « - - ™lox :cil, we obtain deggCO U <00 <
degg, fu1-

Now observe that if e > 0, then Aéo)(S) = @ if 2d € S, whereas AL (S) ={z§}
if 2§ ¢ S. Also, if i := deg,, pr and e > i—1, then Agl)(S) = {ai et a5,
and so |Agl)(8)| = deg,, ttr. Consequently, if z§ € S, then deg, p, < d—r+1 and

1A(S)| = |AD(S)| + [AN(S)| = 0+ deg,, pur <d—7+1 foralle>0,
whereas if g ¢ S, then deg,, 1r < d — 7 and
1A:(S)] = |AD/(S)| + [AD(S)| = 1 + deg,, pr <d—7+1 forall e > 0.

On the other hand, My(r) = {zd, 28 z1, ..., 28" 277!} and a similar reason-
ing shows that |A.(Mgy(r))| =d —r+1 for all e > 0.

Next suppose m > 1 and (28) holds for all values of m smaller than the given
one. Consider any S € My with |S| = 7 and let ' := |S(™~1|. By Theorem 5.3,

Ac(8)] =D 1AL(S) =D IFPO (e (S)).
=0 =0
Moreover ™ = S, since d < ¢q. This implies that |S| = |0 (S{™)| = r and
om(stm)y ng). Hence by Theorem 4.7,
AL (S)] = [FPU™ (08| < [FPU™(T)),
where T = Egm) (r")u M&T)l (r —7'). Now define

T = E&m)(r') UzpmMg_1(r—1"),

where z, Mg_1(r —7") = {&pmp: p € Mg_1(r —r')}. Since d < ¢, we readily see
that T C My, |T| =r, and 0™ (T) = T. Therefore by Theorem 5.3,

AI(S)] < [FPU (o)) = [AI(T)]-

On the other hand, by the induction hypothesis,

=

m—

m—1
AL (S < Y 1AD(T)].
{=0

£=0
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Consequently, from equation (19) and the definition of T, it follows that
= 2 1AV < MO = AL () UM (r =) (29

With this in view, we can replace S by E((im)(r’) UZmMg—1(r —r"). Thus, to prove
(28), it suffices to show that |A.(S)| < |Ae(T)] for all e > 0, where we now take

S := E&m) (MY UzmMa_1(r—r") and T := My(r).

In view of Remark 5.2, ¢(™)(T) = ,/\/lg”) (). Also clearly, 7(m=1 = E&m)(s’) and
TN\T Y =2, Mg_1(r — &) for some s’ > 0. Now we distinguish two cases.

CASE 1: 1’ < §.

Let a be the (' + 1) element of Hg”). Since r’ < s, we see that « € ££lm)(s’)
and a ¢ E((im)(r’). In particular, o € T\ S. We claim that there exists § € S
such that 8 <ex @. Suppose, if possible, the claim is false. Then « <y S for every
B €S. Since « € T and T = Mgy(r), this will imply that 8 € T for all § € S.
Thus, S C 7. Further, the fact that |S| = |T| = r implies that S = 7. But thisis a
contradiction since o € T\S. Hence the claim is true. Note that if 5 € S is such that
B <lex @, then o & E((im) (r') implies that (3 & £l(im) (r'), and so 8 € zp Ma_1(r—1").
Now choose 7 = - - - xim to be the largest (in lexicographical order) element of
S such that v <jex «@. Then, as noted above, v € z,, M4_1(r — r’). Consider
U= YTm—1/Tm. Since vy € T,y Mg_1(r —1') and d < q, we see that u € M.
Moreover, i >1ox v and in fact, u is the immediate successor of v in My in the
lexicographic order. Hence v <jex « implies that u <jex @. In case x,, |y, then
€ pmMg_1(r —1') because p =10x v and z,, Mg_1(r — ') is upwards closed in
2, Mg_1. But then p € S, and this contradicts the maximality of v. Thus z,, { i,
ie., iy, =1 and p € S. In particular, since d < ¢, we see that i,,_1 +1 < ¢ and
gl glme2gtm it — g S Hence by Definition 5.4, u = ¢(y) € ¢(S)™m—1)
even though v ¢ S{™~1). On the other hand, if v € S™~1  then clearly, ¢(v) = v,
and so v € ¢(S)™~1V. This shows that " := [p(S)™ V| > [Sm=D| = 4/
Moreover, by Theorem 5.11, |[A.(S)| < |Ac(¢(S))]. Now, if #”” < &', then we iterate
the procedure by replacing S with ¢(S). Else we proceed to the next case.

CASE 2: ' > ¢,
In this case, for £ =0, ..., m — 1,

AD(S) = ADL™ () € AL LI (5')) = AD(T)  for all e > 0.
Moreover, o™ (T) = M&m) (r) and so by Theorem 4.6,
AL(8)] = [FPU (o™ (8))| < [FPU) (a™/(T)| = [AI™(T)] - for all e > 0.

Hence from equation (19), we obtain [A.(S)| < |A(T)| for all e > 0, as desired. O
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We are now ready to obtain an upper bound for e,(d, m) mentioned in the

introduction. For any integers d, r withd > 0 and 1 < r < (m;‘d) —rg4, let us define
m—1
Kr(dv m) = Z AjiPm—1—7,
j=0
where (ag, ..., @) denotes the r** element, in lexicographic order, of the set of
(m + 1)-tuple (bo, ..., by,) of nonnegative integers such that by + - - - + b,,, = d, or
in other words, ag, ..., an, are unique nonnegative integers such that z° - - - % is

the smallest monomial in M () in lexicographic order.

Theorem 6.8. Let d, r be integers such that 1 < d < q and 1 <r < (m;d). Then
A (d, m; e) = K,.(d, m) for all e > 0. Consequently,

er(da m) < Kr(dv m)

Proof. Let x3° -+ - xz%m be the smallest monomial in Mg(r) in lexicographic order.
In view of Theorem 6.7, it suffices to show that

m—1

|A5(Md(’l“))| = Z AjiPm—1—j for all e > 0.

§=0
We will prove this by induction on m. The case m = 1 is easy, since we have already
noted in the proof of Theorem 6.7 that |A.(My(r))| =d—r+1= (d—r+1)py and
2871271 is the smallest monomial in Mg(r) in lexicographic order if m = 1.

Now suppose that m > 1 and the result holds for all values of m smaller than

the given one. In view of Remark 5.2, (™) (My(r)) = Mgm) (r) and therefore from
equation (20) and Theorem 5.3, we see that

m—1
|A§’”)(Md(r))\ _ ||:P(m) (Mgm)(r)” — Z aqu—l—j for all e > 0,
=0

where the last equality follows from [12, Prop. 5.9] (see also [3, Lem. 4.2]). On the
other hand, from equations (19) and (20), we see that

A M| = AP M) + 3 1AD (M)
7=0

= A (Mg(r)] + |Ac(Mg(r)™ )| for all e > 0,

Am—2 am—-1+am

Note that the smallest monomial in Mg(r)™=1 equals x0° -2l 220

Hence using the induction hypothesis, we obtain

m—1 m—2 m—1
[Ac(Mq(r))| = Z ajq™ I+ Z ajPm—2—j = Z a;pm—1—; for all e > 0.
j=0 Jj=0 Jj=0
This completes the proof. O

As an application of Theorem 6.8, we show below that Conjecture 2.4 holds (in
the affirmative) for some “large” values of r.
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. . . i d—
Lemma 6.9. Let d be a positive integer with d < q and let r =Y . _, (m;;l ) for
some positive integer i < m+ 1. Then Conjecture 2.4 holds and

er(da m) = Pm—i-

Proof. If i = m + 1, then by equation (11), r = (m;d’), and in this case it is clear
that e,(d, m) = 0 = p;—;. Now suppose i < m so that r < (m;d). We claim that
the (r + 1) monomial of M in descending lexicographical order is given by x¢.
This is clear if 4 = m, and the general case follows by decreasing induction on ¢ if
we note that for ¢ < m, the monomials p € M, that satisfy zf.l Flox 1 >lex xgﬂ
are precisely the monomials of degree d in the m — i + 1 variables z;, ..., x,, that
are divisible by z;, and the number of such monomials is clearly (m_diff_l), ie.,

(m+(2:(1i+1)) )

descending lexicographical order is given by z; ;2% 1. Hence Theorem 6.8 implies
that e.(d, m) < ppm—1-(i—1) = Pm—i, while Theorem 2.3 shows that

From the above claim, it follows that the 7" monomial of My in

er(d, m) = pm_i—1+ Ho(d—1,m—14) = pm—i-1+ """ = pm_i.
This proves the lemma. O

In the next section, we use a little trick from coding theory and results proved
in this section to prove the validity of Conjecture 2.4 for some more values of r.

7. CONNECTION WITH PROJECTIVE REED—-MULLER CODES

We begin by recalling some basics about linear codes and the notion of general-
ized Hamming weight that is relevant for us. We will then consider the projective
Reed—Muller codes, and show that the determination of their generalized Hamming
weights is intimately related to the problem considered in this paper. As before, m
will denote a fixed positive integer. Moreover, n, k are positive integers with k < n.

7.1. Generalized Hamming weights and projective Reed—Muller codes.
Recall that a g-ary [n, k] (error-correcting linear) code is defined as a k-dimensional
[F,-linear subspace of Fy. If C'is a g-ary [n, k] code, then the parameters n and k
are known, respectively, as the length and the dimension of C. For any D C Fy,
we define the support of D to be the subset

Supp(D) = {i € {1, ..., n}: ¢; # 0 for some (cy, ..., ¢,) € D}

and the support weight of D, denoted wg (D), to be the cardinality of Supp(D).
Let C be a g-ary [n, k] code. For 1 < r < k, the r*® generalized Hamming weight
(also known as the r*' higher weight) of C is defined to be

d,(C) := min{wg (D): D subspace of C' with dim D = r}.

Note that d;(C) is the minimum distance of C'. The notion of generalized Hamming
weights was introduced by Wei [20] and he showed that for any g-ary [n, k] code C,

Also, it is clear that di(C) = n if C is nondegenerate, i.e., C is not contained in a
coordinate hyperplane of Fy.
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We now recall the projective Reed—Muller codes, introduced by Lachaud [15].
Let P1, ..., P,, besome fixed representatives in ]FZ]”‘Irl for the p,, points of P™(F,),
e.g., we could represent each point of P (F,) by an (m+ 1)-tuple of elements of F,,
not all zero, such that the last nonzero coordinate is 1. Consider the linear map

ev: Fy[zo, ..., o] = Fim  given by ev(F) = (F(P1), ..., F(B,,))-

The d*™ order projective Reed—Muller code, denoted by PRM,(d, m), is defined as
the image of the space of homogeneous polynomials of degree d in g, ..., z,, with
coefficients in F,, under the map ev, i.e., PRM,(d, m) := ev(Fy[zo, ..., Tm]a)-
Note that PRM,(d, m) is a nondegeneate linear code of length p,,. A formula for
the dimension of PRMg(d, m) can be deduced from the observations in Sections 3.1
and 6.1. Indeed, these observations show that the kernel of the map ev restricted
to Fylzo, - -, Tmla is precisely T'y(F,)q; consequently, in view of equations (24) and
(25), and with rq as in (24), we see that

PRM, (d, m) & el 2 Tmld o i R (d, m) = (M| = <m + d) o

Fq(Fq)d d
Thus we see that the dimension, say kq(d, m), of PRMy(d, m) is given by

m+1 j—2 . .
aom = (") = (M (T D,
= i )= + i+ g —1)—jq
In view of (26), this formula simplifies to (m;d) ifd < g and to py, if d > m(g—1)+1.
In fact, if d > m(q—1)+1, then PRM,(d, m) = Fp. Thus projective Reed-Muller
codes are of interest only when d < m(q —1). The following result of Sgrensen [19,
Thm. 1] gives an alternative formula for the dimension and an explicit formula for
the minimum distance of projective Reed—Muller codes of an arbitrary order.

Theorem 7.1 (Sgrensen). Suppose 1 < d < m(q —1). Then the projective Reed—
Muller code PRM,(d, m) is a nondegenerate linear code with

d jlasy (m+1\ [t—j9+m
(i) dimPRMy(d, m) = Y _ Z(—1)J( ‘ ) ( Ry ) :
t=1 §=0 J —Jd
t=d (mod g—1)
(ii) d1(PRMy(d, m)) = (q — s)g™*=1, where s and t are unique integers such

thatd—1=t(¢g—1)+s and 0 <s<q— 1.

7.2. Connection with homogeneous equations over finite fields. It was
noted in [10, §4.2] that if d < ¢, then d,(PRM,(d, m)) = pm — er(d, m) for each

positive integer r < (mjd). We observe that there is a more general relation.

Lemma 7.2. Let d, r be any integers with d > 1 and 1 < r < (m+d) —1rq. Then

d
d(PRM,(d, m)) = pm — €-(d, m). (31)
Proof. Clearly, for any r-dimensional subspace D of PRM,(d, m), there exist  lin-
early independent, projectively reduced polynomials F, ..., F. € Fy[zo, ..., Zm]d
such that D is the F,-linear span of ev(Fy), ..., ev(F;), and moreover,

wg (D) =pm — [{i: Fj(P;) =0forall1 <j<r} =pm—|V(Fi, ..., F)F,y)|



COMBINATORIAL APPROACH TO EQUATIONS OVER FINITE FIELDS 591

This yields the desired equality. O

Corollary 7.3. Let d be an integer satisfying 1 < d < q. Then

e1(d, m) > ea(d, m) > -+ > e(mid) (d, m)=0.

Proof. By Theorem 6.2, if d < ¢, then €.(d, m) = e.(d, m) for 1 < r < (m;d).
So the desired inequalities follow from equation (30) and Lemma 7.2. Tt is obvious

from the definition that e(mtay (d, m) = 0, or alternatively, it follows from noting
that PRM,(d, m) is always a nondegenerate code. O

The following result generalizes Lemma 6.9 as well as [10, Thm. 4.7], and extends
the validity of Conjecture 2.4 for some additional values of r.

Theorem 7.4. Suppose 1 < d < q and r = Zfz:l (m;_dl_a

integer i < m+ 1. and nonnegative integer t < d. Then

) —t for some positive

er(d, m) =pm—i +t and consequently, d,.(PRM,(d, m)) = pm — Pm—i — t-

Proof. By Lemma 6.9, e,4.(d, m) = py,—;. In particular, the result holds if ¢t = 0.
Now assume that 1 <t < d. As in the proof of Lemma 6.9, we observe that the rth
monomial of M in descending lexicographical order is given by z; 2!, ;x4 17t
Hence Theorem 6.8 implies that e,.(d, m) < py—; +t, whereas Corollary 7.3 implies
that e,.(d, m) >t + e;44(d, m) =t + py—;. This yields the desired results. O

Example 7.5. Suppose m = 2 and d = 4. Assume that g > 4. First, we know from
[4, Thm. 5.3] that equation (4) is valid for all r < (m;Q). Thus we know e,(d, m)

for 1 < r < 6. Next, Lemma 6.9 covers the values r = 10, 14 and 15 = (214), since

10 = (3), while 14 = (3) + (5) and 15 = (3) + (3) + (3). The remaining values
are taken care of by Theorem 7.4. Consequently, we can write down the complete
set of generalized Hamming weights of PRM,(4, 2) for ¢ > 5. A similar conclusion

holds when (m, d) = (2, 3) and ¢ > 4.

Finally, we remark that since €,(d, m) = e,.(d, m) when d < ¢, it is clear from
(31) that the results and conjectures about e,(d, m) in Section 6 can be easily
reformulated in terms of d,(PRM,(d, m)). As a sampling of one such result, we
give below a reformulation of Theorem 6.8 in the spirit of that in [12, Thm. 5.10].
Proposition 7.6. Let r, d be positive integers with d < q and r < (m;d). Further,
let Q7 = {(ag, ..., am) € QT3> a; = (m+ 1)(q — 1) — d}, where as
in Section 4.1, Q := {0, 1, ..., ¢g—1}. If (Bo, - .., Bm) is the r'® element of QT in
ascending lexicographic order, then

m—1

dr(PRM,(d, m)) > m+ 1+ Y Bipm-1-;.
=0
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Proof. Let x3° -+ xz%m be the smallest monomial in Mg(r) in lexicographic order.
Then Lemma 7.2 and Theorem 6.8 imply that

m—1
d (PRM(d, m)) = pm — Y a;Pm—1-;
=0

m—1 m—1
=mA1+ > (= Dpm1-j— Y @GPm1-;
7=0 7=0

m—1

=m+1+ ) (¢—1—a;)pm-1-4

j=0
The result now follows by noting that the (m+1)-tuple (¢4—1—aq, ..., g—1—an)
is the 7** element of Q! in ascending lexicographic order. O
Remark 7.7. In a recent work, Ramkumar, Vajha, and Vijay Kumar [17] have

determined all the generalized Hamming weights of what they call the “binary pro-
jective Reed—Muller code”. However, the code they consider is not PRMs(d, m)
as defined above (and studied by Lachaud [15], Sgrensen [19], and others), but,
in fact, a puncturing of a subcode of PRMs(d, m). Indeed, they consider eval-
uations at points of P™(Fy) (which, in this case, is just Fy™'\ {(0, ..., 0)}) of
polynomials in Fao[xg, ..., z;,]q that are reduced in the affine sense. The resulting
code is degenerate, in general, and so they puncture it suitably so as to obtain a
nondegenerate code, say Cy(d, m) for 1 < d < m. The length of PRMa(d, m) is
2m+1 _ 1 while that of Cy(d, m) is 2™+ — 39} (""). Likewise, the dimension of
PRMa(d, m) is (m;2), while that of Ca(d, m) is (mg'l). Evidently, the generalized
Hamming weight d,.(C2(d, m)), for which a formula is given in [17], provides an
upper bound for d,.(PRMz(d, m)) when 1 < r < (m2+1)7 but the equality does not
hold, in general.
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