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1. Introduction and Statements of Results

Let n and k be positive integers such that k ≤ n, and let V be an n–dimensional
vector space over Fq, a finite field with q elements. Fix a basis of V so that its
elements can be identified with their “co-ordinates”. Recall that an (n, k)–linear
code over Fq is simply a k–dimensional subspace of V . Given such a code C, the
minimal distance of C is defined by

d(C) = min{d(x, y) : x, y ∈ C, x 6= y},

where d(x, y) denotes the Hamming distance between x and y, viz., the number of
nonzero co-ordinates of x−y. The minimal distance always satisfies the “Singleton
bound”:

d(C) ≤ n− k + 1.

Codes C with d(C) = n−k+1 are called maximal distance separable (MDS) codes.

Since a code with d(C) = d corrects
[
d− 1

2

]
errors, MDS codes are clearly of con-

siderable interest. Some examples of MDS codes are: binary repetition code with
q = 2 and k = 1, Reed–Soloman codes (which have n = q − 1), and Goppa codes
corresponding to nonsingular projective curves of genus zero having “sufficiently
many” Fq–rational points. Some of the earlier results on MDS codes include Sin-
gleton’s characterization [8] of an (n,k)–MDS code with k = 2 as a set of n − 1
pairwise orthogonal Latin squares, and a result of Goethals [4] showing the exis-
tence of MDS codes when q ≥ n > k. For more on these lines, see, for instance, [2]
or [9]. In this note, we consider the more general problem of determining

N(n, k; q) = the number of all (n, k)–MDS codes over Fq.

Explicit determination of N(n, k; q) is still an open problem. However, we show
that using some elementary techniques in the algebraic geometric study of grass-
mannians, useful information about N(n, k; q) can be obtained. In greater detail,
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we show that a lower bound for N(n, k; q) is given by

m =
(
n

k

)
qk(n−k) −

[(
n

k

)
− 1
]
gk(n),

where gk(n) is the Gaussian binomial coefficient, given by

gk(n) =
(qn − 1)(qn − q) . . . (qn − qk−1)
(qk − 1)(qk − q) . . . (qk − qk−1)

.

We also recover the “obvious” upper bound M = qk(n−k) for N(n, k; q). Further,
we show that the lower bound m is asymptotically given by

m = qδ +
[
1−

(
n

k

)] [
qδ−1 + 2qδ−2 +O(qδ−3)

]
, where δ = k(n− k).

This formula may be compared with the following asymptotic result due to G.
Lachaud.

N(n, k; q) = qδ +
[
1−

(
n

k

)]
qδ−1 +O(qδ−2).

Thus it is seen that m is a reasonably good approximation to N(n, k; q) and that
the inequality N(n, k; q) ≥ m implies the existence of MDS codes for a wide class
of parameter values (n, k, q), and, in particular, for all large enough q.

2. Proofs

Let C be an (n, k)–MDS code over Fq and H be its parity check matrix [i.e.,
an (n − k) × n matrix whose rows form a basis of the dual of C in V ]. Then it is
well-known and easy to see that the minimal distance of C can be characterized as
follows.

Lemma 1. Given any positive integer d, we have d = d(C) if and only if H
has d linearly dependent columns and any set of d − 1 columns of H is linearly
independent. 2

Observe that the inequality d(C) ≤ n−k+1 is an immediate consequence of the
above lemma. Now let r = n− k and let Gr,n denote the grassmannian consisting
of all r–dimensional subspaces of V . It is not difficult to observe (cf. [1] or [5], for
example) that

|Gr,n| = gr(n) = gk(n) =
(qn − 1)(qn − q) . . . (qn − qk−1)
(qk − 1)(qk − q) . . . (qk − qk−1)

.(1)

It is well-known (see [6] or [7]) that Gr,n can be embedded in the projective space
P

(nk)−1 over Fq via the Plücker embedding. Specifically, the Plücker embedding
identifies an r–dimensional subspace W of V with the point p = (pα) of P(nk)−1,
indexed by

I(r, n) = {α = (α1, . . . , αr) : 1 ≤ a1 < · · · < αr ≤ n},
such that pα is the r × r minor of A formed by the columns of A with indices
α1, . . . , αr, where A is an r × n matrix whose rows give a basis of W . Thus, from
the above lemma, it is clear that the set of all (n, k)–MDS codes is in one-to-one
correspondence with the set

E = {p = (pα) ∈ Gr,n : pα 6= 0, for all α ∈ I(r, n)}.
In order to estimate |E|, we shall use a fundamental property of the Plücker coor-
dinates p = (pα), which is stated below. This essentially appears as Proposition 2
in [7]. It may be noted that although in [7] it is assumed that the ground field is
C, the argument therein works in arbitrary characteristic.
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Lemma 2. Fix some α ∈ I(r, n). Then there is a natural one-to-one corre-
spondence between the points of {p ∈ Gr,n : pα 6= 0} and the points of k(n − k)–
dimensional affine space (over Fq) of r×nmatrices (tij) such that the r×r submatrix
(tiαj ) is the identity submatrix.

Corollary. Given α ∈ I(r, n), let Eα = {p ∈ Gr,n : pα = 0}. Then |Eα| =
gk(n)− qk(n−k).
Proof. Follows from (1) and Lemma 2. 2

Theorem 1. With m and M as in the Introduction, we have m ≤ N(n, k; q) ≤M .
Proof. From Lemma 2, it is clear that N(n, k; q) = |E| ≤ qk(n−k) = M . Next,
using the notation and the conclusion of the above Corollary, we see that∣∣∣∣∣∣

⋃
α∈I(r,n)

Eα

∣∣∣∣∣∣ ≤
∑

α∈I(r,n)

|Eα| =
(
n

k

)[
gk(n)− qk(n−k)

]
.

Now since E = Gr,n \ ∪αEα, it follows that

N(n, k; q) = |E| ≥ gk(n)−
(
n

k

)[
gk(n)− qk(n−k)

]
= m. 2

From classical combinatorics, we recall that gk(n) is a polynomial in q with
positive integral coefficients. In fact,

gk(n) =
δ∑
i=0

γi q
i

where δ = k(n− k) and for 0 ≤ i ≤ δ,
γi = the number of partitions of i into at most k parts, each at most n− k

= |{(j1, . . . , js) : j1 + · · ·+ js = i, s ≤ k, and n− k ≥ j1 ≥ · · · ≥ js ≥ 1}| .
Alternately, one can describe these in terms of paths in an k × (n − k) rectangle.
See [1] for details. There is also a topological description (cf. [3, p. 292]), namely,
γi = dimH2i(Gk,n;C). At any rate, we can easily deduce that

gk(n) = qδ + qδ−1 + 2qδ−2 +O(qδ−3).

In view of this, Theorem 1 implies the following asymptotic result.

Theorem 2. For the lower bound m defined in the Introduction, we have

m = qδ +
[
1−

(
n

k

)] [
qδ−1 + 2qδ−2 +O(qδ−3)

]
, where δ = k(n− k). 2

We conclude with the following

Remark. It is clear that the inequalities we have used in estimating |E| are
fairly crude. Yet, the bounds obtained are reasonably good. It seems evident that
a deeper analysis of the number of points on the sections of grassmannians by
coordinate hyperplanes, should give more precise information about N(n, k; q).
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