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THE COMPUTATION OF HILBERT FUNCTIONS OF LADDER
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Abstract. We outline the computation of an explicit formula for the Hilbert
function of the ladder determinantal varieties defined by the vanishing of all

minors of a fixed size of a rectangular matrix with indeterminate entries such

that the indeterminates in these minors are restricted to lie in some ladder
shaped region of the rectangular array. Finding such a formula is equivalent

to enumerating the set of monomials of a fixed degree such that the support
of these monomials is a subset of a ‘ladder’ and satisfies a certain “index

condition”. We also describe applications of this formula for estimating the

dimension of ladder determinantal varieties.

1. Introduction

Typically, a ladder is a subset of a rectangle which looks as follows.

•

•

•
•

•

Figure 1

Given a rectangular matrix with indeterminate entries, the algebraic variety defined
by all minors of a fixed size within a ladder shaped subset of the rectangle, is
usually called a ladder determinantal variety. These varieties are intimately related
to Schubert varieties in flag manifolds (cf. [21], [22]). Motivated partly by this
connection, the ladder determinantal varieties (and, in fact, more general varieties
of this kind) were introduced by Abhyankar [1]. It is known that such varieties are
irreducible (cf. [1], [23]), Cohen-Macaulay (cf. [12]) and normal (cf. [5], [19]). Some
of these properties can also be deduced using the connection with Schubert varieties
from the work of Ramanathan [25] (see also [3], [17], [18], [24] [26]). Using [25] or
otherwise (cf. [7], [11]) one knows also that most of these varieties have rational
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singularities. Other properties such as Gorensteinness as well as the determination
of the divisor class group have also been investigated (cf. [5], [6], [20]).

We consider in this paper the problem of finding an explicit formula for the
Hilbert function of ladder determinantal varieties. More precisely, we consider an
m(1)×m(2) matrix X = (Xij) whose entries are independent indeterminates over
a field K, and a subset L of the rectangle {(i, j) : 1 ≤ i ≤ m(1), 1 ≤ j ≤ m(2)}
such that L is like a (one-sided) ladder as in Fig. 1 or, more generally, a ‘biladder’
or a two-sided ladder (See Section 2 for precise definitions). Let K[L] denote the
ring of polynomials in the indeterminates {Xij : (i, j) ∈ L} with coefficients in K.
Let Ip(L) denote the ideal of K[L] generated by all p× p minors of X in K[L].

From a combinatorial viewpoint, the problem of finding the Hilbert function of
Ip(L) is equivalent to enumerating a set of monomials in K[L] satisfying a certain
‘index condition’ and of a fixed degree. Indeed, from the work of Abhyankar [1], we
know that such “indexed monomials” form a K-basis for the graded components of
the residue class ring K[L]/Ip(L). In fact, this equivalence is a basic starting point
for the arguments in [2], [15], [16] and in this paper as well. The connection with
indexed monomials is explained in details in Section 2.

The problem of finding explicitly the Hilbert function of the residue class ring
K[L]/Ip(L) or of the corresponding projective variety Vp(L) was first studied by
Kulkarni in his 1985 thesis [15] (see also [16]). There he obtained a nice formula
in the first nontrivial case of p = 2. It may be noted that in the degenerate
case when L is the entire rectangle [1,m(1)]× [1,m(2)], the ideal Ip(L) reduces to
the classical determinantal ideal Ip(X) that arises frequently in Algebraic geometry
and Invariant Theory. In the case of Ip(X), the Hilbert function is explicitly known
from the work of Abhyankar [1]. In particular, the Hilbert function of K[X]/Ip(X)
coincides with the Hilbert polynomial of Ip(X) for all nonnegative integers; ideals
with this property are called hilbertian. For a survey of Abhyankar’s work, see [8]
and for a short proof of a formula for the Hilbert function of K[X]/Ip(X), see [4] or
[9]. Returning to ladders, it was shown in 1989 by Abhyankar and Kulkarni [2] that
the ideals Ip(L) are also hilbertian for any p > 1 and any biladder L; in fact, this
result is applicable to sets more general than biladders, called generalized ladders
or saturated sets (see Section 2 for details). Ladder determinantal ideals such as
Ip(L) were considered from the viewpoint of Gröbner bases and lattice paths by
Herzog and Trung [12]. They showed that one can describe the Hilbert function
of K[L]/Ip(L) in terms of the f -vector of the associated simplicial complex. While
this would also prove the Hilbertianness of Ip(L), there still remains the problem
of finding explicitly the Hilbert function of K[L]/Ip(L). To this end, Conca and
Herzog [4] conjectured a ‘remarkable formula’ for the Hilbert series (that is, the
generating function for the sequence of values of the Hilbert function) in the case
of one-sided ladders. Recently, Krattenthaler and Prohaska [14] have established
this Conjecture using the so called ‘two-rowed arrays’.

Our main result is an explicit (albeit, complicated!) formula for the Hilbert
function of K[L]/Ip(L) for any biladder L and any p > 1. This may be viewed as a
natural extension of the results of Kulkarni [16] and a refinement of the technique
used by Abhyankar and Kulkarni [2] to prove that Ip(L) is hilbertian. A detailed
proof of this result shall appear in a forthcoming paper [10]. For this paper, we
have a modest two-fold aim. First, to outline some of the main ideas involved in
the proof and give the statements of the main lemmas and theorems. Second, to
describe applications of the Hilbert function formula for determining, or estimating,
the dimension of ladder determinantal varieties. It is hoped that this would make
[10], which appears to be a rather long and technical paper, a little more accessible.

This paper is organized as follows. The next section sets up some notation and
preliminary notions that we shall use. We consider the case of I2(L) in Section 3 and
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the general case in Section 4. Finally, in Section 5, we give results for estimating the
degree of the Hilbert function or equivalently the dimension of ladder determinantal
varieties. This last section is disjoint from [10] and thus, unlike in the previous
sections, complete proofs are given.

2. Preliminaries

By Z,N, and N+ we denote the sets of all integers, nonnegative integers, and
positive integers respectively. Given any a, b ∈ Z, we define the closed and semi-
closed integral intervals [a, b], [a, b), (a, b] in the obvious way; for example,

[a, b) = {c ∈ Z : a ≤ c < b}.

Fix a pair m = (m(1),m(2)) of positive integers, a field K and an m(1) × m(2)
matrix X = (Xij) whose entries are independent indeterminates over K. Given
any subset Y of the rectangle

[1,m(1)]× [1,m(2)] = {(i, j) : 1 ≤ i ≤ m(1), 1 ≤ j ≤ m(2)},

let K[Y ] denote the polynomial ring in the indeterminates {Xij : (i, j) ∈ Y } with
coefficients in K. Given any p ∈ N, we let Ip(Y ) denote the ideal of K[Y ] generated
by all p× p minors of X in K[Y ].

Given any h ∈ N+, by a ladder generating bisequence (LGB) of length h, we
mean a map S : [1, 2]× [0, h]→ N such that

1 = S(1, 0) ≤ S(1, 1) < S(1, 2) < · · · < S(1, h) = m(1)

and

m(2) = S(2, 0) > S(2, 1) > · · · > S(2, h− 1) ≥ S(2, h) = 1.

The positive integer h may be denoted by len(S). We shall find it convenient to also
consider the empty bisequence, which we declare to be the unique LGB of length
0. Given any LGB S of length h, we define

L(S) =
len(S)⋃
k=1

[S(1, k − 1), S(1, k)]× [1, S(2, k − 1)],

and

L(S)o =
len(S)⋃
k=1

[S(1, k − 1), S(1, k))× [1, S(2, k − 1)).

We call L(S) to be the ladder corresponding to S and L(S)o to be the interior of
L(S). Note that if h > 0, then

L(S)o⊂
6=
L(S) ⊆ [1,m(1)]× [1,m(2)].

In case h = 0, we have L(S) = L(S)0 = ∅, whereas if h = 1, then we have
L(S) = [1,m(1)] × [1,m(2)]. We shall denote by ∂S or by ∂L(S) the boundary
of L(S), which is defined by ∂S = L(S) \ L(S)o. Points (S(1, k), S(2, k)), where
1 ≤ k ≤ h − 1, are called the nodes of S or of the ladder L(S) and we denote by
N (S) the set of all nodes of S.

Given any LGB’s S′ and S such that len(S) 6= 0 and L(S′) ⊆ L(S), we define

L(S′, S) = L(S) \ L(S′) and L(S′, S)o = L(S)o \ L(S′).

We call L(S′, S) to be the biladder corresponding to S′ and S while L(S′, S)o to be
the interior of L(S′, S). Note that since we allow L(S′) = ∅, a ladder is a special
case of a biladder. Pictorially, a ladder looks as in Fig. 1 above and a biladder
looks as in Fig. 2 (a) or, more generally, as in Fig. 2 (b) below.
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•

•

•

•

Figure 2 (a) Figure 2 (b)

It may be remarked that in these pictures, we adopt the ‘matrix notation’ rather
than that of Coordinate Geometry to represent points. Thus in Fig. 1, the bullet
on the top left hand corner indicates the point (1, 1) while the other bullets indicate
the ‘nodes’ (S(1, k), S(2, k)) , 1 ≤ k < h. In Fig. 2 (a) and Fig. 2 (b), we have only
marked the points (1,m(2)) and (m(1), 1) corresponding to h = 0 and h = 1.

Given any biladder L = L(S′, S), we shall denote by ∆(S′, S) the intersection
of the boundaries of L(S) and L(S′), and by N (S′, S) the set of common nodes of
N (S′) and N (S), that is,

∆(S′, S) = ∂S′ ∩ ∂S and N (S′, S) = N (S′) ∩N (S).

It may be noted that ∆(S′, S) = ∂S ∩ L(S′).
Observe that ladders as well as biladders are subsets Y of [1,m(1)] × [1,m(2)]

with the property that whenever (i1, i2), (j1, j2) ∈ Y with i1 < i2 and j1 < j2, we
have that (i1, j2) ∈ Y and (j1, i2) ∈ Y . Sets Y with this property may be called
generalized ladders or saturated sets. Some authors simply refer to them as ladders.
It is not difficult to see that if a generalized ladder is ‘connected’, then it must be
a biladder.

Given any Y ⊆ [1,m(1)]× [1,m(2)], we let mon(Y ) denote the set of all maps of
Y → N. Given any θ ∈ mon(Y ), we let

supp(θ) = {(i, j) ∈ Y : θ(i, j) 6= 0}
denote the support of θ and

Xθ =
∏

(i,j)∈Y

X
θ(i,j)
ij

denote the corresponding monomial in K[Y ]. Following Abhyankar [1], we define
the index of any subset T ⊆ [1,m(1)]× [1,m(2)] by

ind(T ) = max{p ∈ N : ∃ (i1, j1), (i2, j2), . . . , (ip, jp) in T with
i1 < i2 < · · · < ip and j1 < j2 < · · · < jp}.

For a monomial θ ∈ mon(Y ), the index is defined by putting

ind(θ) = ind(supp(θ)).

For every p ∈ N we let

mon(Y, p) = {θ ∈ mon(Y ) : ind(θ) ≤ p}
and, restricting attention to monomials of a specified degree, for every p ∈ N and
V ∈ N we let

mon(Y, p, V ) = {θ ∈ mon(Y, p) :
∑
y∈Y

θ(y) = V }.
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We now recall a basic result of Abhyankar [1, Thm. 20.10] (see also [8, Thm. 6.7]),
which was alluded to in the Introduction.

2.1. Theorem. Let Y ⊆ [1,m(1)] × [1,m(2)] be any generalized ladder and let
p ∈ N. Given any V ∈ N, the set {Xθ : θ ∈ mon(Y, p, V )} forms a free K-
basis of the V -th homogeneous component K[Y ]V /Ip+1(Y )V of the residue class
ring K[Y ]/Ip+1(Y ). Consequently, the Hilbert function of the residue class ring
K[Y ]/Ip+1(Y ) or the corresponding projective variety Vp+1(Y ) is given by

H(V ) = |mon(Y, p, V )|, (V ∈ N).

Following Kulkarni [15], we consider the so called radicals and skeletons, which
are defined as follows. Fix some Y ⊆ [1,m(1)]× [1,m(2)]. A subset R ⊆ Y is called
a radical if ind(R) ≤ 1, and it is called a skeleton if for any two distinct elements
(i1, i2) and (j1, j2) of R, we have

either: i1 < j1 and i2 > j2 or: i1 > j1 and i2 < j2.

The set of all radicals (resp: skeletons) in Y is denoted by rad(Y ) (resp: skel(Y )).
Note that skel(Y ) ⊆ rad(Y ). More generally, given any p ∈ N , we let radp(Y )
denote the set of all R ⊆ Y such that ind(R) ≤ p. Elements of radp(Y ) may be
called p-fold radicals. Finally, we set for any p ∈ N and d ∈ N,

radp(Y, d) = {R ∈ radp(Y ) : |R| = d} and skel(Y, d) = {R ∈ skel(Y ) : |R| = d}.

3. Radicals and Skeletons

It is easy to see that the problem of counting the desired set of monomials can
be reduced to the problem of enumerating the p-fold radicals of a given size.

3.1. Lemma. Given any Y ⊆ [1,m(1)]× [1,m(2)], p ∈ N and V ∈ N , we have

|mon(Y, p, V )| =
∑
d≥0

(
V − 1
V − d

)
|radp(Y, d)|,

where the summation on the right is essentially finite (that is, all except finitely
many summands are zero).

Fix any biladder L = L(S′, S), and let Lo denote its interior. Let h = len(S)
and h′ = len(S′). Also let

δ0 = |∆(S′, S)| = |∂S′ ∩ ∂S|.

Given any (k, k′) ∈ [1, h]× [1, h′], we let

µL(k, k′) = card([S(1, k − 1), S(1, k)) ∩ [S′(1, k′ − 1), S′(1, k′)))

and
νL(k, k′) = card([S(2, k), S(2, k − 1)) ∩ (S′(2, k′), S′(2, k′ − 1)]).

Note that these numbers are completely (and easily) determined by L.
As a preliminary step towards calculating |radp(L, d)|, we shall restrict our at-

tention to the case of p = 1 so as to determine |rad(L, d)|. To this end, we use
techniques similar to [16] except that now instead of ladders we consider the more
general biladders, and so one has to be a little more careful, especially since we are
allowing overlaps (as in Fig. 2 (b)) of smaller ladder L(S′) with the bigger ladder
L(S). As in [15], we reduce the problem to skeletons by constructing two maps

λ : rad(L)→ skel(Lo) and µ : skel(Lo)→ rad(L)

such that λ is surjective, µ is injective and moreover, µ is the inverse of the restric-
tion of λ to maximal subsets of rad(L). This leads to the following.



6 SUDHIR R. GHORPADE

3.2. Theorem. Let M = m(1) +m(2)− 1. Given any d ∈ N, we have

|rad(L, d)| =
∑
`≥0

(
M − δ0 − `

d− `

)
|skel(Lo, `)|,

where the summation on the right is essentially finite (that is, all except finitely
many summands are zero).

To describe an explicit formula for the number of skeletons in the interior of a
biladder, we need some notation.

Given any ` ∈ N, let Mh,h′(N, `) denote the set of all h×h′ matrices with integral
entries such that the sum of all the entries is `. Note that this is a finite set. Given
any α = (αkk′) ∈Mh,h′(N, `) and any (i, j) ∈ [1, h]× [1, h′], we let

σi(α) =
i∑

k=1

h′∑
k′=1

αkk′ and τj(α) =
h∑
k=1

h′∑
k′=j

αkk′ .

Given any ` ∈ N and α, β ∈Mh,h′(N, `), we define

σ(β) ≤ σ(α) to mean that σi(β) ≤ σi(α) for all i ∈ [1, h]

and
τ(β) ≤ τ(α) to mean that τj(β) ≤ τj(α) for all j ∈ [1, h′].

Finally, for any ` ∈ N, we define

S(Lo, `) =
∑

α, β ∈Mhh′ (N, l)
σ(β) ≤ σ(α), τ(β) ≤ τ(α)

∏
1 ≤ k ≤ h

1 ≤ k′ ≤ h′

(
µL(k, k′)
αkk′

)(
νL(k, k′)
βkk′

)
.

3.3. Theorem. Given any ` ∈ N, we have

|skel(Lo, `)| = S(Lo, `).

As a consequence of the above results, we obtain the following formula, which
may be viewed as an extension of Kulkarni’s formula [16, Thm. 11]

3.4. Theorem. The Hilbert function as well as the Hilbert polynomial of I2(L) in
K[L] is given by

F (V ) =
∑
`≥0

(
V +M − δ0 − 1− `

M − δ0 − 1

)
S(Lo, `)

where M = m(1) +m(2)− 1 and S(Lo, `) is given by the formula above.

4. General Case

As in Section 3, we fix a biladder L = L(S′, S), and let Lo denote its interior.
Let h, h′, δ0 and ν be as defined in Section 3. Also, let M = m(1) +m(2)− 1.

Given any LGB S∗, we shall write S∗ ≤ S to mean that L(S∗) ⊆ L(S). Further,
given any p ∈ N+, we letDp(L) denote the set of all (p−1)-tuples S = (S1, . . . , Sp−1)
of LGB’s such that

len(Si) 6= 0 and ∆(Si−1, Si) = ∆(Si−1, S), for 1 ≤ i ≤ p− 1,

and
S′ = S0 ≤ S1 ≤ · · · ≤ Sp−1 ≤ Sp = S.

Observe that Dp(L) is nonempty since it always contains the (p−1)-tuple (S, . . . , S).
The following basic result allows us to tackle the general case recursively by

applying the results of Section 3. The map Γ mentioned in the theorem below can
be described quite explicitly and it yields a decomposition of rad(L), which may be
viewed as a refinement of the superskeleton decomposition of [2, Thm. 10].
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4.1. Theorem. Let p ∈ N+ and L be as above. Then there exists a LGB S∗ such
that S′ < S∗ ≤ S and there exists an injective map

Γ : radp(L)→ rad(L)× radp−1(L∗),
where L∗ denotes the biladder L(S∗, S).

The map Γ is not surjective, in general. But its image can be characterized
reasonably well. This leads to the following enumerative result.

4.2. Theorem. Given any d ∈ N and any p ∈ N+, we have

|radp(L, d)| =
∑
S∗

∑
d1+d2=d

(
M − δ0 − ν∗

d1 − ν∗

)
|radp−1(L∗, d2)|,

where the first sum is taken over all LGB’s S∗ such that

S′ ≤ S∗ ≤ S, len(S∗) 6= 0 and ∆(S′, S∗) = ∆(S′, S),

and the second sum is over all nonnegative integer pairs (d1, d2) such that d1 + d2 = d,
and where ν∗ = |N (S∗) \ N (S) ∩N (S∗)| and L∗ denotes the biladder L(S∗, S).

Successive applications of the above result yields the following.

4.3. Theorem. Given any d ∈ N and any p ∈ N+, we have

|radp(L, d)| =
∑

S∈Dp(L)

∑
`≥0

(
pM − δ(S)− ν1 − · · · − νp−1 − `

d− ν1 − · · · − νp−1 − `

)
S(Lop−1, `)

where given any S = (S1, . . . , Sp−1) ∈ Dp(L), we have put

δ(S) =
p−1∑
i=0

δi , where δi = |∆(Si, S)| = |∂Si ∩ ∂S|, for 0 ≤ i ≤ p− 1

(with the convention that S0 = S′ and Sp = S), and νi = |N (Si) \ (N (Si)∩N (S))|
for 1 ≤ i ≤ p− 1, and Lp−1 = L(Sp−1, S).

Given S = (S1, . . . , Sp−1) ∈ Dp(L) and u ∈ N, we let

Fu(S) =
∑
`≥0

(
ν1 + · · ·+ νp−1 + `

u

)
S(Lop−1, `),

where νi and Lp−1 are as in Theorem 4.3. The main result of [10] is as follows.

4.4. Theorem. Let p ∈ N+ and L be as above. The Hilbert function as well as
the Hilbert polynomial of K[L]/Ip+1(L) is given by

F (V ) =
∑
u≥0

∑
S∈Dp(L)

(−1)uFu(S)
(
V + pM − δ(S)− 1− u
pM − δ(S)− 1− u

)
where δ(S) is as in Theorem 4.3. In particular, Ip+1(L) is a Hilbertian ideal.

4.5. Remarks. 1. The first two theorems in this section may motivate the use
of biladders although one may only be interested in (one-sided) ladders. Indeed,
even if L were a ladder to begin with, the L∗ that one obtains in Theorem 4.1 is
necessarily a biladder. Thus it makes sense to have the results of Section 3 in the
general case of biladders.

2. The formulae in Theorem 4.3 and Theorem 4.4 are no doubt complicated and
perhaps they may seem unworthy of being called ‘explicit’, in view of the rather
unwieldy summation over Dp(L). Nevertheless, they can be used to deduce some
interesting information about the variety associated to Ip+1(L). For example, it is
shown in the next section that one can derive fairly simple estimates for the degree
of the Hilbert polynomial. Also, as Krattenthaler and Prohaska [14, Sec. 7] seem
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to suggest, it appears unlikely that an elegant and simple formula for the Hilbert
function of Ip+1(L) can be found.

5. Degree Computations

It is well-known that if H(V ) is the Hilbert polynomial of a projective variety,
and if

H(V ) =
e

d!
V d + c1V

d−1 + · · ·+ cd with e, c1, . . . , cd ∈ Z and e 6= 0,

then the degree d of H(V ) is the dimension of that projective variety and the
‘normalized leading coefficient’ e is its order or the multiplicity. Note that the
dimension d can also be read off from the Hilbert series; indeed, we have

∞∑
V=0

H(V )tV =
P(t)

(1− t)d+1
, where P(t) ∈ Z[t] with P(1) 6= 0.

Moreover, d + 1 is the (Krull) dimension of the corresponding homogeneous coor-
dinate ring. With this in view, we now attempt to extract some information about
the degree as well as the leading coefficient of the Hilbert polynomial F (V ) of the
ladder determinantal variety Vp+1(L). First, we need some notation.

Fix some p ∈ N+ and a biladder L = L(S′, S). Let M , δ(S) and F (V ) be as
defined in Section 4. Further, we let

δ∗(L) = min{δ(S) : S ∈ Dp(L)}
and

D∗p(L) = {S ∈ Dp(L) : δ(S) = δ∗(L)}.

5.1. Proposition. The degree of the Hilbert polynomial F (V ) of Vp+1(L) equals

pM − δ∗(L)− 1 = p(m(1) +m(2)− 1)− δ∗(L)− 1

and the normalized leading coefficient equals∑
S∈D∗p(L)

|skel(Lop−1)| =
∑

S∈D∗p(L)

∑
`≥0

S(Lop−1, `)

where for S = (S1, . . . , Sp−1) ∈ Dp(L), by Lp−1 we denote the biladder L(Sp−1, S).

Proof. From Theorem 4.4, we see that F (V ) is a sum of terms of the form

(−1)uFu(S)
(
V + pM − δ(S)− 1− u
pM − δ(S)− 1− u

)
where the coefficients (−1)uFu(S) are independent of V . Clearly, the binomial
coefficient above is a polynomial in V of degree pM − δ(S)− 1− u, and this degree
is maximum when u = 0 and δ(S) = δ∗(L). The corresponding leading coefficient

1
(pM − δ∗(L)− 1)!

∑
S∈D∗p(L)

F0(S) =
∑

S∈D∗p(L)

∑
`≥0

S(Lop−1, `)

is clearly positive since Dp(L) is nonempty.

It is not difficult to get a simple upper bound for the degree of F (V ). To this
end, we begin with some elementary observations concerning the boundary of a
ladder.

5.2. Proposition. If S∗ is a LGB with len(S∗) 6= 0, then

|∂S∗| = M = m(1) +m(2)− 1(1)

and moreover, we can write ∂S∗ = {P1, P2, . . . , PM} where

P1 = (1,m(2)), PM = (m(1), 1); Pj − Pj−1 = (1, 0) or (0, 1) for 1 < j ≤M.(2)
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Proof. From the definitions of a ladder and its interior, we easily see that

∂S∗ = L(S∗) \ L(S∗)o = {P1} ∪ L1 ∪ L2

where P1 = (S∗(1, 0), S∗(2, 0)) = (1,m(2)) and

L1 =
h∐
k=1

(S∗(1, k − 1), S∗(1, k)]× {S∗(2, k − 1)}

and

L2 =
h∐
k=1

{S∗(1, k)} × [S∗(2, k), S∗(2, k − 1)).

This readily implies (1) and (2).

5.3. Lemma. Given any S = (S1, . . . , Sp−1) ∈ Dp(L), we have

δi = |∂Si ∩ ∂S| ≥ min{δ0 + 2i,M}, for 1 ≤ i ≤ p− 1,(3)

and consequently, if t = max{i ∈ [1, p] : δ0 + 2(i− 1) ≤M}, then

δ(S) =
p−1∑
i=0

δi ≥ tδ0 + t(t− 1) + (p− t)M.(4)

Further, if we assume that p < (M − δ0 + 1)/2, then we have

δ∗(L) ≥ pδ0 + p(p− 1) and dimVp+1(L) ≤ p(m(1) +m(2)− p− δ0)− 1.(5)

Proof. We prove (3) by induction on i. The case of i = 0 being trivial, assume that
i ≥ 1 and that δi−1 ≥ min{δ0 + 2i− 2,M}. Now since ∂Si ∩ ∂Si−1 = ∂Si−1 ∩ ∂S,
we have ∂Si ∩ ∂S ⊇ ∂Si−1 ∩ ∂S, and so δi ≥ δi−1. Thus in case δi−1 ≥ M ,
we have δi ≥ M ≥ min{δ0 + 2i,M}. Suppose δi−1 ≤ M − 1. Then, by (1),
|∂Si∩∂Si−1| ≤ |∂Si−1|−1, and so we can write ∂Si = {P1, P2, . . . , PM} where Pj ’s
are as in (2), and further, we can find r ∈ [1,M ] such that

Pr 6∈ ∂Si−1 but Pj ∈ ∂Si−1 for 1 ≤ j < r.(6)

Also, let us write

∂Si−1 = {Q1, Q2, . . . , QM} and ∂S = {R1, R2, . . . , RM}.

where Qj and Rj satisfy the conditions in (2). Using (2) and (6), we see that
Pj = Qj for 1 ≤ j < r. Moreover, since ∂Si ∩ ∂Si−1 = ∂Si−1 ∩ ∂S, we have
Pj = Rj for 1 ≤ j < r. Now Pr 6= Qr and Pr−1 = Rr−1, and thus in view of (2),
we have that Pr 6∈ ∂Si−1 and further, Rr = Pr or Rr = Qr. But if Rr = Qr, then
Qr ∈ ∂Si−1 ∩ ∂S ⊆ ∂Si, and this forces that Qr = Pr, which is a contradiction.
Thus Rr = Pr and so

δi = |∂Si ∩ ∂S| ≥ |∂Si−1 ∩ ∂S|+ |{Pr}| = δi−1 + 1.

In particular, if δi−1 = M − 1, then δi ≥ M , and hence (3) holds. Now suppose
δi−1 < M − 1. Then we can also find some s ∈ [1,M ] such that r < s < M and

Ps 6∈ ∂Si−1 but Pj ∈ ∂Si−1 for s < j ≤M.

Arguing as in the case of Pr, we obtain that Ps = Rs, and thus

δi = |∂Si ∩ ∂S| ≥ |∂Si−1 ∩ ∂S|+ |{Pr, Ps}| = δi−1 + 2.

Hence, using the induction hypothesis, we obtain δi ≥ δ0 + 2i. This proves (3).
Next, if t is as defined in the Lemma, then by (3), we have

δ(S) =
p−1∑
i=0

δi ≥
t−1∑
i=0

(δ0 + 2i) +
p−1∑
i=t

M = tδ0 + t(t− 1) + (p− t)M.
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Thus (4) is proved. To prove (5) consider the quadratic function

q(t) = tδ0 + t(t− 1) + (p− t)M.

Its derivative with respect to t equals 2(t− t0), where t0 = (M − δ0 + 1)/2. Hence
q(t) is strictly decreasing for t < t0, and thus if p < t0, then we have q(t) ≥ q(p)
for all t ∈ [1, p]. This yields (5).

5.4. Remark. It may be noted that the condition p < (M − δ0 +1)/2 in Lemma 5.3
is not restrictive. Indeed, the intersection ∂S′ ∩ ∂S of the boundaries of L(S) and
L(S′) can be split into ‘horizontal overlaps’ and ‘vertical overlaps’ (see Fig. 2 (b));
if δh is the cardinality of the former and δv is the cardinality of the latter, then we
have δ0 = |∂S′∩∂S| ≤ δh+δv. Moreover, in order that that a (p+1)×(p+1) minor
of X has its entries in L = L(S) \ L(S′), the columns should avoid the horizontal
overlaps and the rows should avoid the vertical overlaps. Thus p+1 ≤ m(2)−δh and
p+1 ≤ m(1)−δv. This implies that 2p < m(1)+m(2)−(δh+δv) ≤ m(1)+m(2)−δ0,
and so p < (M − δ0 + 1)/2.

5.5. Corollary. Let L = L(S) be the ladder corresponding to S. Assume that
p+ 1 ≤ min{m(1),m(2)}. Then dimVp+1(L) ≤ p(m(1) +m(2)− p)− 1.

Proof. Apply Lemma 5.3 with S′ as the empty LGB, and note that in this case
δ0 = 0 and t = p.

5.6. Remark. The upper bound for dimVp+1(L) in the Corollary above is, in fact,
the dimension of the classical determinantal variety defined by the ideal Ip+1(X)
generated by the (p + 1) × (p + 1) minors of X (see, e.g., [1, Thm. 20.15]). In
this particular case of (one-sided) ladders, the same bound also follows from the
expression for the Hilbert series in [14, Thm. 2]. However, this bound need not be
attained, in general. For instance, in the Example considered in [14, p. 1022], the
(projective) dimension is seen to be 103 whereas the value predicted by the above
bound as well as by [14, Thm. 2] is 124.

Finally in this section, we illustrate how in some cases the actual value of
dimVp+1(L) can be determined.

5.7. Examples. 1. Consider the most trivial case when L = ∅. This corresponds to
taking S′ = S. Hence in this case

S = (S1, . . . , Sp−1) ∈ Dp(L)⇐⇒ Si = S ∀i =⇒ νi = 0 ∀i and δ(S) = pM.

Further, Lp−1 = ∅, and so S(L0
p−1, `) = 1 if ` = 0, and 0 otherwise. Hence,

Fu(S) =
∑
`≥0

(
l

u

)
S(L0

p−1, `) =
{

1 if u = 0
0 if u > 0.

Consequently, for any V ∈ N, we have

F (V ) =
(
V + pM − δ(S)− 1
pM − δ(S)− 1

)
=
(
V − 1
−1

)
= 0.

Of course, this is to be expected since Ip+1(L) is the zero ideal and K[L]/Ip+1(L)
is the trivial ring.

2. Suppose L is the full rectangle [1,m(1)]× [1,m(2)], which corresponds to the
case when S′ is the empty LGB and S is the unique LGB of length 1; also suppose
p < min{m(1),m(2)}. More generally, let L be a ladder L(S) (so that S′ is the
empty LGB) where S is a LGB of length h > 0 with S(1, 1) ≥ p and S(2, h−1) ≥ p.
In this case, by (4), we have

δ∗(L) = min{δ(S) : S ∈ Dp(L)} ≥ p(p− 1).
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Moreover, if we take S = (S1, . . . , Sp−1), where Si’s are the ‘hook-like’ LGB’s
determined by the conditions

len(Si) = 2 and (Si(1, 1), Si(2, 1)) = (i, i), for 1 ≤ i ≤ p− 1,

then it is easy to see that for 1 ≤ i ≤ p− 1, we have

∂Si∩∂Si−1 = {(1,m(2)), . . . , (i−1,m(2)), (m(1), 1), . . . , (m(1), i−1)} = ∂Si−1∩∂S,
and therefore S ∈ Dp(L) and δi = |∂Si ∩ ∂S| = 2i for 0 ≤ i ≤ p − 1; hence
δ(S) = p(p− 1). It follows that δ∗(L) = p(p− 1), and therefore,

dimVp+1(L) = p(m(1) +m(2)− p)− 1.

3. Let L be a ladder with one corner missing, i.e, S′ is the empty LGB and
L = L(S), where S is any LGB of length 2. Assume that p < min{m(1),m(2)}.
Let (S(1, 1), S(2, 1)) = (a, b). Then we have

δ∗(L) =


p(p− 1) if a ≥ p and b ≥ p
p(p− 1) + (p− a)(m(2)− b) if a < p and b ≥ p
p(p− 1) + (p− b)(m(1)− a) if a ≥ p and b < p
m(1)(p− b) +m(2)(p− a) + ab− p if a < p and b < p

(7)

and consequently,

dimVp+1(L) =


pM − 1 if a ≥ p and b ≥ p
pM − 1 + (a− p)(m(2)− b) if a < p and b ≥ p
pM − 1 + (b− p)(m(1)− a) if a ≥ p and b < p
bm(1) + am(2)− ab if a < p and b < p.

(8)

To see this, note that when a ≥ p and b ≥ p, the result follows from the preceding
example. In the remaining cases, we can argue as in Lemma 5.3 and the preceding
example. Thus, for instance, if a < p and b ≥ p, then for any S ∈ Dp(L), we must
have

δi ≥ 2i for 0 ≤ i < a and δi ≥ 2i+ (m(2)− b) for a ≤ i ≤ p− 1.

Moreover, there exists a configuration S ∈ Dp(L) for which the above inequalities
are equalities. Alternatively, we can directly prove (8) in the last three cases from
the following simple observations. If a < p and b ≥ p, then Vp+1(L) is a cylinder over
the determinantal variety Vp+1(Y ), where Y is the m(1)× b rectangular submatrix
of X obtained by taking the first b columns of X. The case when a ≥ p and b < p
is similar. Lastly, when a < p and b < p, we have Ip+1(L) = (0).

5.8. Remarks. 1. The observation about the dimension of dimVp+1(L) in the sec-
ond example above may perhaps explain why in Kulkarni’s formula for the Hilbert
function of V2(L), the degree is the same as that in the case of V2(X). Indeed,
when p = 1, the conditions S(1, 1) ≥ p and S(2, h− 1) ≥ p always hold.

2. In the case L is the full rectangle [1,m(1)] × [1,m(2)], Proposition 5.1 gives
a curious formula for the multiplicity of the classical determinantal ideal Ip+1(X).
It may be interesting to compare this with the more elegant formulae described in
[12, p. 17].
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