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Abstract
Reifegerste and independently, Petersen and Tenner studied a statistic drops on per-
mutations inSn . Two other studied statistics onSn are depth and exc. Using descents
in canonical reduced words of elements inSn , we give an involution f A : Sn �→ Sn

that leads to a neat formula for the signed trivariate enumerator of drops, depth, exc in
Sn . This gives a simple formula for the signed univariate drops enumerator inSn . For
the type-B Coxeter group Bn , using similar techniques, we show analogous univari-
ate results. For the type-D Coxeter group, we get analogous but inductive univariate
results. Under the famous Foata-Zeilberger bijection φFZ which takes permutations
to restricted Laguerre histories, we show that permutations π and f A(π) map to the
sameMotzkin path, but have different history components. Using the Foata-Zeilberger
bijection, we also get a continued fraction for the generating function enumerating the
pair of statistics drops and MAD. Graham and Diaconis determined the mean and the
variance of the Spearman metric of disarray D(π) when one samples π from Sn at
random. As an application of our results, we get the mean and variance of the statistic
drops(π) when we sample π from An at random.

Keywords Permutation statistics · Signed enumeration · Descent length · Coxeter
group

Mathematics Subject Classification 05A05 · 05A15 · 05A19

1 Introduction

Let Sn be the set of permutations on [n] = {1, 2, . . . , n}. While studying an opti-
mization problem motivated by a sorting algorithm called straight selection sort,
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Petersen and Tenner in [22] came up with the following statistic they call depth
for elements of Sn and Bn , the hyperoctahedral group. For the permutation group
Sn , they gave a simple alternate expression for depth. Define the excedance set
of π = π1, π2, . . . , πn ∈ Sn as ExcSet(π) = {i ∈ [n − 1] : πi > i}. Define
depth(π) = ∑

i∈ExcSet(π)(πi − i).
Bagno, Biagioli, Novick andWoo in [1] extended the notion of depth to all Coxeter

groups. A closely related statistic onSn was defined by Graham and Diaconis in [8].
For π = π1, π2, . . . , πn ∈ Sn , Graham and Diaconis defined s(π) = ∑n

i=1 |πi − i |
to be its Spearman disarray measure. Knuth in [17, Problem 5.1.1.28] calls s(π) as the
“total displacement” of π . It is clear that for all π ∈ Sn , s(π) = 2 ·depth(π). Though
a generating function for depth does not seem to have a simple form, Petersen and
Guay-Paquet [21] expressed the generating function for depth as a continued fraction.

Define a very similar statistic descent drops, denoted drops(π) as follows. Firstly,
for π = π1, π2, . . . , πn , define DescSet(π) = {i ∈ [n − 1] : πi > πi+1}. Define

drops(π) =
∑

i∈DescSet(π)

(πi − πi+1). (1)

Both these statistics have been studied by Reifegerste in [23]. For π ∈ Sn , define
exc(π) = |ExcSet(π)| and des(π) = |DescSet(π)|. Reifegerste in [23] and Petersen
and Tenner independently in [22], showed that the distribution of the ordered pairs
(depth(π), exc(π)) and (drops(π), des(π)) coincides when summed over Sn . Their
result [23, Proposition 1.1] and [22, Theorem 1.3] is as follows.

Theorem 1 (Reifegerste, Petersen and Tenner) When n ≥ 1, we have

∑

π∈Sn

qdepth(π)texc(π) =
∑

π∈Sn

qdrops(π)tdes(π)

This result in particular shows that when n ≥ 1,
∑

π∈Sn
qdrops(π) =

∑
π∈Sn

qdepth(π). “Mantaci [16, Proposition 1] showed the following identity
for signed enumeration of exc over Sn . [Mantaci] When n ≥ 1, we have∑

π∈Sn
(−1)inv(π)texc(π) = (1− t)n−1. Sivasubramanian in [24] showed that enumer-

ating depth(π) along with its sign overSn gave interesting results. In [24], depth(π)

was termed excedance length of π and denoted ExcLen(π). For π ∈ Sn , define
inv(π) = |{1 ≤ i < j ≤ n : πi > π j }|. He proved the following in [24, Theorem 9].

Theorem 2 (Sivasubramanian) When n ≥ 1, we have

∑

π∈Sn

(−1)inv(π)qdepth(π) =
∑

π∈Sn

(−1)inv(π)qExcLen(π) = (1 − q)n−1.

Thus, a natural question is the signed enumeration of the drops in Sn . Here,
we show that enumerating signed drops in Sn , gives the same result. Even
more surprising is that the signed joint distribution of the three statistics, exc,
depth and drops, factors nicely. For n ≥ 1, define SgnExcDepDropn(t, p, q) =
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∑
π∈Sn

(−1)inv(π)texc(π) pdepth(π)qdrops(π). Our first main result of this paper is the
following.

Theorem 3 For n ≥ 1, we have SgnExcDepDropn(t, p, q) = (1 − tpq)n−1.

This result generalises the results of Mantaci [16, Proposition 1] and Theorem
2 while giving us the following new corollary. For n ≥ 1, define SgnDropn(q) =∑

π∈Sn
(−1)inv(π)qdrops(π).

Corollary 4 When n ≥ 1, we have SgnDropn(q) = (1 − q)n−1.

Ourproof ofTheorem3uses aweight preserving, sign reversing involution fA based
on the idea of canonical reduced words. In Sect. 2, we cover the relevant material
on reduced words in type-A and type-B Coxeter groups. In Sect. 3, we define our
involution and in Sect. 4, we show that our involution preserves the drops statistic.
The famous Foata-Zeilberger bijection from [10] uses the idea of restricted Laguerre
history and maps permutations inSn bijectively to weighted Motzkin paths of length
n. For an introduction to Motzkin paths, we suggest the paper [19] by Oste and Van
der Jeugt and for heights in Motzkin paths, we refer the reader to [3] by Brennan and
Knopfmacher. In Sect. 4.1, we show that our involution f A preserves the shape of the
Motzkin path under the Foata-Zeilberger bijection. Using this observation, we finish
the proof of Theorem 3 and also show that under the Foata-Zeilberger bijection, the
fixed points of our involution f A map to Motzkin paths whose height is at most one.

The connection to Motzkin paths helps us get a continued fraction expression for
the pair of statistics (depth, inv). This form for the continued fraction was observed
and conjectured by Petersen in his email to Zeilberger [20]. In Theorem 29 we give
our proof of this conjecture. Using a bijection of Clarke, Steingrímmson and Zeng [5],
we get a continued fraction expression for the pair of statistics (drops,MAD) overSn

(see Sect. 5 for details).
InSn , as the definition of drops depends on descents, we consider a straightforward

generalization to type-B and type-D Coxeter groups. In Sect. 6, we prove a type-B
counterpart (see Theorem 31) of Corollary 4, where we enumerate type-B drops with
signs, in Bn using very similar ideas on reduced words. Our type-D counterpart is
Theorem 34 and is given in Sect. 7. Our type-D result is not proved using canonical
reduced words but inductively.

Lastly, we give two application of our enumeration results. Among other results,
Graham and Diaconis in [8, Theorem 1] determined the mean and variance of the
Spearman-disarray metric statistic when permutations are sampled randomly from
Sn . In Subsect. 8.1, we determine the mean and the variance of the drops statistic
when permutations are randomly sampled fromAn . In Subsect. 8.2, we show that our
reduced word-based involution gives a matching in the Bruhat order on the type-A
and type-B Weyl groups. Our matching is different from the one given by Jones [15]
for the type-A case.
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2 Canonical reduced words

We briefly cover the relevant material on canonical reduced words in type-A and
type-B Coxeter groups needed for our proof. We point the reader to Humphreys [14],
Stembridge [26] and Garsia [12] as good background and references for this topic.

Let (W , S) be a Coxeter system. As each element w ∈ W can be written
as a product of generators from S, its length is the minimal number of genera-
tors required in any such product. The type-A Coxeter group Sn is generated by
S = {s1, s2, . . . , sn−1} where si is the transposition (i, i + 1). The hyperocta-
hedral group Bn is the type-B Coxeter group consisting of permutations of the
set [±n] = {−n,−(n − 1), . . . ,−1, 1, 2, . . . , n} satisfying π(−i) = −π(i) for
1 ≤ i ≤ n. It is known that Bn is generated by S = {s0, s1, . . . , sn−1} where s0
only switches the sign of the first element. When 1 ≤ i < n, si is an identical trans-
position as in the Sn case. Descents in Coxeter groups are related to reduced words
as follows. Let w ∈ W have length �(w). Then, s ∈ DescSet(w) iff �(ws) < �(w)

(see Björner and Brenti [2]). We will write “w has a descent at position i” to mean
si ∈ DescSet(w).

For both type-A and type-B Coxeter groups, recall that multiplying an element
w = w1, w2, . . . , wn ∈ W (given in one-line notation), by si for i = 1, . . . , n − 1
on the right swaps wi and wi+1. For type-B Coxeter groups, multiplying w by s0 on
the right flips the sign of w1. In both Sn and Bn , we denote the empty word by 1.
To get the reduced word for π , we start from the identity permutation and apply si on
positions get to π .

2.1 Type-A Coxeter groups

Given π ∈ Sn , we start from the identity permutation and mimic an iterative
“reverse sorting" process to get to π and use this to define the canonical reduced
word canon_reduc(π). We have (n − 1) stages which we number from 1 to n − 1 in
increasing order. For 1 ≤ i ≤ n − 1, at the i-th stage, we ensure that the i-th element
from the right agrees with π . At subsequent stages, these elements which are set in
their correct place do not move. It is clear that after performing this for (n−1) stages,
we will get π . Further, it is clear that the factorization obtained for π has length inv(π)

and so we term the concatenated string of factors of this algorithm as canon_reduc(π).
Note that we have started correction from the rightmost element. Alternatively, one
could have started correction from the leftmost element (this is done by Garsia, see
[12, Theorem 1.1.1]).

Example 5 In one-line notation, let π = 4, 1, 5, 2, 3 ∈ S5. We start with π0 = id =
1, 2, 3, 4, 5. Since 3 is the last letter ofπ , wemove the 3 to the last position by applying
r4 = s3s4 (from left to right) to π0. This gives us π1 = 1, 2, 4, 5, 3. Since 2 appears in
the penultimate position ofπ , we apply r3 = s2s3 toπ1 to getπ2 = 1, 4, 5, 2, 3. Since 5
is in its correct position, we apply r2 = 1 toπ2 to getπ3 (in this case π3 = π2). Finally,
we apply r1 = s1 to π3 to get π4 = π . Thus, we get the canonical factorisation of π

as canon_reduc(π) = [r4][r3][r2][r1], that is canon_reduc(π) = [s3s4][s2s3][1][s1].
Square brackets are only given above for added clarity.
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To see the set in which ri belongs, let W 〈i〉 = {1, si , si−1si , . . . , s1s2 · · · si }. By
this reverse sorting process, it is easy to see that for all π ∈ Sn , we will get
canon_reduc(π) = [rn−1][rn−1] · · · [r1] where ri ∈ W 〈i〉.

Remark 6 In Sn , it is easy to see that W 〈1〉 has only elements of length 0 or 1 in it.

2.2 Type-B Coxeter groups

The basic idea is the same in this case as well. The only difference is that now, to get
elements with a negative sign, we need to move it to the first place, apply s0 and move
it back to its correct position. As opposed to the Sn case, we will have n stages as at
the last stage, the first element could possibly get negated. Thus if we use the same
notation as in Subsect. 2.1, we will get factors [rn][rn−1] · · · [r1]. To see where the
factors ri belong, for 1 ≤ i ≤ n, define

W 〈i〉 ={1, si−1, si−2si−1, . . . , s0s1 · · · si−1, s1s0s1 · · · si−1, . . . , si−1 · · · s1s0s1 · · · si−1}.

Note that W 〈1〉 = {1, s0}.
Remark 7 As in the type-A case, note that W 〈1〉 has only elements of length 0 or 1 in
it.

We start from the identity permutation id ∈ Bn and analogously perform oper-
ations to move elements of π = π1, π2, . . . , πn ∈ Bn to the right such that
for 1 ≤ i ≤ n, after i iterations, the i rightmost elements are exactly as they
appear in π . We will get canon_reduc(π) = [rn][rn−1] · · · [r2][r1], where ri ∈ W 〈i〉
and as before, square brackets are only given for clarity. For example, if in one-
line notation, we have σ = 4, 1, 5, 2, 3, then one can check that applying r5 =
s2s1s0s1s2s3s4 to id results in 1, 2, 4, 5, 3. Thus, the rightmost element is in its cor-
rect place. Proceeding in a similar manner, one can check that canon_reduc(σ ) =
[s2s1s0s1s2s3s4][s2s3][s2s1s0s1s2][s1][1].

3 Two sign reversing involutions and some properties

Let W be either Sn or Bn . We look at the indices of the canonical reduced word for
each w ∈ W . This is a sequence of integers of length �(w). For a finite sequence
x = x1, x2, . . . , xt of integers, define its ascent set to be AscSet(x) = {i ∈ [t − 1] :
xi < xi+1}. For w ∈ W , recall canon_reduc(w) is the canonical reduced word of w.
As the generators are denoted by sr where r is an integer, let indx_canon_reduc(w)

be the sequence of these indices of the generators that appear in canon_reduc(w). Let
AscSet(indx_canon_reduc(w)) be the ascent set of the word indx_canon_reduc(w).

Remark 8 In both the type-A and the type-B case, the following is easy to see. Since
all elements of Wi always end with si and start with some s j with j < i , there cannot
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be an ascent in indx_canon_reduc(w) between the last letter of ri and the first letter
of r j when i > j .

By Remark 8, in indx_canon_reduc(w), ascents can appear only between two let-
ters, where both letters are elements of W 〈i〉. Further, all ascents will be between
consecutive numbers. The word consecutive is used with respect to the total order
on the generators. That is, all ascents in indx_canon_reduc(w) = r1, r2, . . . , r�
will be at indices j for some j < �, where r j = a and r j+1 = a + 1. Con-
sider Example 5 and recall π = 4, 1, 5, 2, 3 ∈ S5. We clearly have its indices
indx_canon_reduc(π) = 3, 4, 2, 3, 1 and AscSet(indx_canon_reduc(π)) = {1, 3}.

3.1 Type-A Coxeter groups

We define the involution f A for the type-A case first. For w ∈ Sn , if
indx_canon_reduc(w) has ascents, then let i ∈ AscSet(indx_canon_reduc(w)) be
its largest element. That is, consider the last occurrence of an ascent. From the discus-
sion in the first paragraph of Sect. 3, such an ascent will be of the form a, a + 1 (as
it arises from sasa+1). In w, change sasa+1 to sasa+1sa . As this modified expression
is a product of generators, we get an element w′ ∈ W and define f A(w) = w′. If
indx_canon_reduc(w) does not have descents, then define f A(w) = w.

Alternatively, we could have defined the map f A as follows. Let w ∈ Sn and
let its canonical reduced word be canon_reduc(w) = [rn−1][rn−2] · · · [r2][r1] with
ri ∈ W 〈i〉. Let �(ri ) be the number of s j ’s in ri . Consider the smallest i such that
�(ri ) ≥ 2. If �(ri ) ≥ 2, by Remark 6, i ≥ 2 and the string ri will end with si−1si .
The map f A converts ri to ri si−1 and does not change any other rk’s. As f A(w) is a
product of generator elements, after a possible reduction (using s2i = 1), we will get
an element w′ ∈ W and define f A(w) = w′. If π ∈ Sn is such that �(ri ) ≤ 1 for all
i , then define f A(σ ) = σ . We give an example of the bijection f A below.

Example 9 From Example 5, when π = 4, 1, 5, 2, 3, canon_reduc(π) =
[s3s4][s2s3][1][s1]. Thus, f A(π) = [s3s4][s2s3s2][1][s1] = [s3s4][s2s3][s2][s1] and
so f A(π) = 5, 1, 4, 2, 3.

3.2 Type-B Coxeter groups

For σ ∈ Bn , let canon_reduc(σ ) = [rn][rn−1] · · · [r1]. We differentiate between
the ri ’s using the following definition. For 1 < i ≤ n, define ri ∈ W 〈i〉 as
being nml (short for near-maximal-length) if ri = ui or if ri = vi where ui =
si−1si−2 · · · s0s1 · · · si−1 ∈ W 〈i〉 and vi = si−2 · · · s0s1 · · · si−1 ∈ W 〈i〉.

We define an involution gB on Bn in two parts as follows. First, consider the case
when σ ∈ Bn is such that canon_reduc(σ ) has a factor ri which is nml. In this case, let
i be the largest indexwith ri being nml (that is, ri is the leftmost nml factor).We change
ui to vi and vice versa. That is, if ri = ui , then canon_reduc(σ ) = [rn] · · · [ui ] · · · [r1].
In this case, define gB(σ ) = [rn] · · · [vi ] · · · [r1]. If ri = vi , then, canon_reduc(σ ) =
[rn] · · · [vi ] · · · [r1]. In this case, define gB(σ ) = [rn] · · · [ui ] · · · [r1].
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If σ ∈ Bn does not have nml factors in canon_reduc(σ ), we proceed as done in
the type-A involution f A. In this case, let t be the smallest index with �(rt ) ≥ 2.
As seen before, we can show t ≥ 2. Further, rt will end with st−1. Define gB(σ ) =
[rn] · · · [rt+1][rt st−2][rt−1] · · · [r1]. Lastly, if σ ∈ Bn is such that canon_reduc(σ )

has neither a nml factor, nor a factor ri with �(ri ) ≥ 2, then define gB(σ ) = σ . We
give two examples of our bijection gB below.

Example 10 Let σ = 3, 1, 5, 2, 4 ∈ B5. We have canon_reduc(σ ) =
[r5][r4][r3][r2][r1] where r5 = s3s2s1s0s1s2s3s4, r4 = s2s3, r3 = s2s1s0s1s2, r2 = s1
and r1 = 1. It is easy to see that canon_reduc(σ ) has two nml factors viz r5 = u5
and r3 = v3. Among them, the leftmost nml factor is r5. We replace r5 = u5 by
r5 = v5. Thus, we get gB(σ ) = [s4s3s2s1s0s1s2s3s4][s2s3][s2s1s0s1s2][s1][1], that is
gB(σ ) = 3, 1, 4, 2, 5.

Example 11 Let σ = 6, 1, 5, 3, 4, 2 ∈ B6. Then, canon_reduc(σ ) =
[r6][r5][r4][r3][r2][r1] where r6 = s2s1s0s1s2s3s4s5, r5 = s3s4, r4 = s2s3, r3 = 1,
r2 = s1 and r1 = s0. Since there is no nml factor, we use the type-A style involution
and change r4 = s2s3 to s2s3s2 to get gB(σ ) = [r6][r5][s2s3s2][r3][r2][r1]. Hence, we
get gB(σ ) = 5, 1, 6, 3, 4, 2.

3.3 An intermediate sequence of elements ofW

In this subsection, for W being both the type-A and type-B Coxeter groups, given
w ∈ W , we define a sequence of elements startingwith the respective identity elements
id and ending at w. This sequence will be used in the proof of Lemmas 19 and 33.

LetW have n generators and letw ∈ W have canon_reduc(w) = [rn][rn−1] · · · [r1].
Define wn+1 = id and for 1 ≤ i ≤ n, define wi = ∏i

j=n[r j ]. Since r j is a product of
generators, wi ∈ W . Clearly, w1 = w and we think of the sequence w j as j decreases
from j = n+ 1 to j = 1 as a sequence of elements starting from id and getting closer
to w. It is not necessary for elements w j of this sequence to be distinct (see Example
12). We call elements w j as the sequence of intermediate elements of w. It is clear
from the definition ofwi that canon_reduc(wi ) = ∏i

j=n[r j ]
∏1

j=i−1[1] = ∏i
j=n[r j ].

Example 12 Let w = 3, 1, 5, 2, 4 ∈ B5. Then, as seen in Example 10,
canon_reduc(σ ) = [r5][r4][r3][r2][r1] where r5 = s3s2s1s0s1s2s3s4, r4 = s2s3,
r3 = s2s1s0s1s2, r2 = s1 and r1 = 1. In this case, we have w6 = id,
w5 = [r5] = 1, 2, 3, 5, 4, w4 = [r5][r4] = 1, 3, 5, 2, 4, w3 = 1, 3, 5, 2, 4 and
w2 = w1 = 3, 1, 5, 2, 4 = w.

3.4 A few lemmas

Weprove a few lemmas about themap f A defined above and givewithout proof similar
lemmas about the map gB .

Lemma 13 If w ∈ Sn, then fA(w) perhaps after using the relation s2i = 1 is the
canonical reduced word of some w′ ∈ Sn.
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Proof Let T ⊆ Sn be those elements w ∈ W such that indx_canon_reduc(w) has
no ascents. As T is the set of fixed points of f A, if w ∈ T , then f A(w) = w

and so the lemma trivially follows. Thus, assume that w ∈ W − T . Recall that if
canon_reduc(w) = [rn] · [rn−1] · · · [r2] · [r1], then we modify the last index j such
that �(r j ) ≥ 2. As given in the alternate definition of the map f A, j ≥ 2 and so
j − 1 ≥ 1. Further, �(r j−1) takes only two values 0 or 1 and both values give rise to
canonical reduced words of some elements u, w ∈ W .

We claim that f A swaps the two possibilities for �(r j−1). To see this, suppose
�(r j−1) = 1. Then r j−1 = si−1 and since f A changes r j to r j si−1, after using the
relation s2i−1 = 1, we get that r j−1 = 1, i.e. �(r j−1) = 0. Similarly, if �(r j−1) = 0,
then as f A changes r j to r j s j−1, we will have r j−1 = s j−1. Hence �(r j−1) = 1. Thus,
f A switches these two possibilities for r j−1 and does not change other r j ’s. Hence
f A(w) is also a canonically reduced word, completing the proof. ��
In the next two lemmas, we claim that f A is an involution and that it reverses the

sign on non-fixed points.

Lemma 14 The map fA defined above is an involution. i.e. f A( f A(w)) = w for all
w ∈ W.

Proof Let T be the set defined in the proof of Lemma 13. The lemma is trivial if
w ∈ T . If w ∈ W − T , then, from the proof of Lemma 13 it follows that if j is the
smallest index such that �(r j ) ≥ 2, then f A flips the two possible values 0 and 1 of
�(r j−1). Hence f A( f A(w)) = w, completing the proof. ��
Lemma 15 Let W = Sn and T be the fixed point set of fA defined in Lemma 13. For
w ∈ W − T , inv(w) 
≡ inv( f A(w)) (mod 2).

Proof If canon_reduc(w) is a product of k generators, then by definition, inv(w) ≡ k
(mod 2). By construction, f A(w) is a product of k + 1 or k − 1 transpositions (as
�(r j−1) changes parity). By the Deletion property (see [2, Pg 17]), f A(w) has length
p where p 
≡ k (mod 2). Thus the signs of w and f A(w) are different. ��

An analogous result is true for the involution gB and since the proof is not very
different, we merely state the next result and omit its proof.

Lemma 16 Let W be the type-B Coxeter group and let w ∈ W. Then, gB(w) perhaps
after using the relation s2i = 1 will give a reduced decomposition of some w′ ∈ W.
Further, the map gB is an involution and reverses sign on the set of its non-fixed points.

The following lemma will be needed for our results in Sect. 4.1. Since it involves
the map f A, we present it here.

Lemma 17 If f A(π) 
= π , then there exists a transposition (a, b) such that
(a, b) f A(π) = π . Further, if i is the index where the canonical reduced word decom-
positions of π and fA(π) differ and if wi+1 is the (i + 1)-st intermediate permutation
of π , then a, b are the letters at the positions i, i + 1 in wi+1, respectively.
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Proof Let π = [rn−1] . . . [r1] and f A(π) = [tn−1] . . . [t1] be the canonical reduced
word decompositions of π and f A(π), respectively. Let i be the only index where
they differ. Then, we have ri = si ti . Furthermore, by our involution, l(r j ) ≤ 1 for
all j ≤ i . Let 2 ≤ i ′ < i be the largest index such that ri ′ = 1. Then, for each
i ′ < j < i , r j = t j = s j . Letw j , z j , for 1 ≤ j ≤ n, be the intermediate permutations
of π, f A(π), respectively. Since r j = t j for all j ≥ i + 1, we have w j = z j for
j ≥ i + 1.
Without loss of generality, let ri = 1 and ti = si . Since wi+1 = zi+1,

suppose that wi+1 = x1 . . . xi−1baxi+2 . . . xn . This implies wi+1.ri = wi =
x1 . . . xi−1baxi+2 . . . xn . Since r j = s j for i ′ < j < i , wi ′ = wi

∏

i ′< j<i

s j and

we get wi ′ = x1 . . . xi ′bxi ′+1 . . . xi−1axi+2 . . . xn .
Similarly, since ti = si , we have zi = x1 . . . xi−1abxi+2 . . . xn . zi ′ = zi

∏

i ′< j<i

s j

and so zi ′ = x1 . . . xi ′axi ′+1 . . . xi−1bxi+2 . . . xn . By our choice of i ′, ri ′ = ti ′ = 1
and for 1 ≤ j < i ′, the transpositions r j , t j act only on the subword x1 . . . xi ′ for zi ′
and wi ′ , respectively. Therefore, π and f A(π) differ only by the transposition (a, b)
and a, b are the letters at positions i, i + 1, respectively in wi+1. ��

4 Proof of Theorem 3

Recalling the definition of intermediate permutations from Subsection 3.3, we first
prove the following lemma.

Lemma 18 Let W = Sn and letw ∈ W have intermediate elementswi for i ∈ [n]. For
i ∈ [n], let the one-line notation ofwi bewi = a1, a2, . . . , an. Then, a1 < a2 · · · < ai .

Proof The proof is by reverse induction on i with the base case being when i = n.
As πn = id, the statement of the lemma is satisfied. Let the result be true when
i = k and let canon_reduc(w) = [rn−1][rn−2][r2][r1]. We will prove that the claim
holds when i = k − 1. When i = k, if wk = a1, a2, . . . , an , then by induction,
a1 < a2 < · · · < ak . As wk−1 = wk[rk−1] and since rk−1 ∈ Wk−1, we see that some
element a j where j ∈ [k] comes to position k after moving the block of elements
[a j+1, . . . , ak] one position to the left. Thus, if the one-line notation ofwk−1 iswk−1 =
a′
1, a

′
2, . . . , a

′
n , then this movement clearly does not alter the relative order among the

elements a′
1, a

′
2, . . . , a

′
k−1. Thus a

′
1 < a′

2 < · · · < a′
k−1, completing the proof. ��

Lemma 19 Let W = Sn. For w ∈ W, drops(w) = drops( f A(w)).

Proof If f A(w) = w, the lemma is trivial. Thus, assume f A(w) = z, with
z 
= w. Let canon_reduc(w) = [rn−1][rn−2][r2][r1] and canon_reduc(z) =
[qn−1][qn−2][q2][q1]. Let t be the smallest index such that �(rt ) ≥ 2. We have
seen that t ≥ 2 and that ri = qi for all indices i ∈ [n − 1], i 
= t − 1. For
1 ≤ i ≤ n, recall the intermediate permutations wi of w and zi of z. We have
seen that either �(rt−1) = 1, �(qt−1) = 0 or vice versa. Without loss of generality,
assume that �(rt−1) = 1. Since rt−1 ∈ Wt−1, rt−1 = st−1 and qt−1 = 1. Thus, we
have wt−1 = wt · st−1 and zt−1 = zt . This is depicted pictorially in Fig. 1.
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Fig. 1 Intermediate permutations

We prove the stronger assertion that drops(wi ) = drops(zi ) for all i ∈ [n] by
reverse induction on i . The claim is true when i = n as wn = zn = id. Further, as
ri = qi when n − 1 ≥ i ≥ t , we clearly have wi = zi when n ≥ i ≥ t . Hence
drops(wi ) = drops(zi ) when t ≤ i ≤ n.

Since the canonical reduced word for wt (and zt ) ends in st , position t ∈
DescSet(wt ) and t ∈ DescSet(zt ). In one-line notation, let wt = zt = zt−1 =
x1, x2, . . . , xn and let wt−1 = y1, y2, . . . , yn . Since wt−1 = wt · st−1, we have

xt = yt−1, xt−1 = yt and xt+1 = yt+1. (2)

By Lemma 18 applied to wt , we get x1 < x2 < · · · < xt . Since a reduced word for
wt−1 ends in st−1, position t − 1 is a descent for wt−1 and thus we have yt−1 > yt .
Using (2) we rephrase this as xt > xt−1. Further, as �(rt ) ≥ 2, and as wt+1 · rt = wt ,
the element xt+1 occurred at an index smaller than t − 1 in wt+1 and moved to the
t-th position in wt . During this move, clearly, a block of �(rt ) elements got shifted by
one position to the left and xt+1 took the position t + 1. Applying Lemma 18 to wt+1,
we get

xt+1 < xt−1 < xt . (3)

Note that (3) is about the relative order of elements ofwt . Further, as a reducedword
forwt ends in st , position t will be a descent ofwt . Thus, drops(wt ) = (xt −xt+1)+D
where D = ∑

c∈DescSet(wt )−{t}(xc − xc+1). Since wt · st−1 = wt−1, by Lemma 13,
canon_reduc(wt−1) = [rn−1] · [rn−2] · · · [rt ][rt−1]. Since �(rt ) ≥ 2, rt ends with
st−1st . Since rt−1 = st−1, a reduced word for wt−1 ends with st−1st st−1. Thus, some
reduced word for wt−1 has the form f st−1st st−1 for some f written as a product of
generators.Using theCoxeter relations, this reducedword can be changed to f st st−1st .
Thus, there are two reduced words for wt−1, one which ends with st and another
which ends with st−1. Thus t − 1, t ∈ DescSet(wt−1). Clearly, the other descents of
wt−1 are identical to that of wt . Thus, wt−1 has descents at positions t − 1, t and at
k ∈ DescSet(wt ) − {t}. Thus

drops(wt−1) = (yt−1 − yt ) + (yt − yt+1) + D = (yt−1 − yt+1) + D

= (xt − xt+1) + D = drops(wt ) = drops(zt−1)

where we have used (2) in the last line.
We next show that drops(wt−2) = drops(zt−2). When k > 2, the same argument

will show that drops(wt−k) = drops(zt−k). Since t is the smallest indexwith �(rt ) ≥ 2,
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whenever k ≥ 2, we will have �(rt−k) = 0/1. If �(rt−2) = 0, then rt−2 = 1 and there
is nothing to prove. Thus, we assume that rt−2 = qt−2 = st−2.

Lemma 18 applied to zt gives xt−2 < xt−1. As zt−2 = zt · st−2, these are precisely
the elements swapped in zt to get zt−2. Thus, DescSet(zt−2) = DescSet(zt )∪{t −2}.
Similarly,we claim thatDescSet(wt−2) = DescSet(wt )∪{t−2}. To see this, recall that
as wt = x1, x2, . . . , xn , by (3), we have xt+1 < xt−1 < xt . If wt−2 = y′

1, y
′
2, . . . , y

′
n ,

as wt−2 = wt · st−1 · st−2, we get

y′
t+1 = xt+1, y

′
t−2 = xt , y

′
t−1 = xt−2, and y′

t = xt−1. (4)

Further, if zt−2 = x ′
1, x

′
2, . . . , x

′
n , as zt−2 = zt · st−2, we have x ′

t−2 = xt−1,
x ′
t−1 = xt−2 and x ′

t = xt . Inwt , since position t is a descent, we have xt > xt+1 and let
D = ∑

q∈DescSet(wt )−{t}(xq−xq+1). Recall thatDescSet(zt−2) = DescSet(zt )∪{t−2}
and that DescSet(wt−2) = DescSet(wt ) ∪ {t − 2}. Thus,

drops(zt−2) = drops(zt ) + (x ′
t−2 − x ′

t−1) = drops(zt ) + (xt−1 − xt−2)

= D + (x ′
t − x ′

t+1) + (xt−1 − xt−2) = D + (xt − xt+1) + (xt−1 − xt−2)

= D + (xt − xt−2) + (xt−1 − xt+1) = D + (y′
t−2 − y′

t−1) + (y′
t − y′

t+1)

= drops(wt−2)

where the last line follows from (4). An equivalent argument which we omit shows
that drops(wt−k) = drops(zt−k) for k > 2, completing the proof. ��

4.1 The FZmap and height in Motzkin paths

Before we state our main result of this section, we need some definitions. For a
permutation π ∈ Sn , we call an index 1 ≤ i ≤ n to be

• a cyclic peak denoted as i ∈ CPk(π) if π−1(i) < i > π(i),
• a cyclic valley denoted as i ∈ CVal(π) if π−1(i) > i < π(i),
• a cyclic double ascent denoted as i ∈ Cda(π) if π−1(i) < i < π(i),
• a cyclic double descent denoted as i ∈ Cdd(π) if π−1(i) > i > π(i),
• a fixed point denoted as i ∈ Fix(π) if π(i) = i .

Definition 20 A 2-Motzkin path of length n is a word w = s1s2 . . . sn on the alphabet
{N,S,E, dE} (abbreviations for North, South, East and dotted East, respectively) such
that for each i , the height or level hi (w) of the i th step of w, defined by

hi (w) = #{ j | j < i, s j = N} − #{ j | j < i, s j = S}

is non-negative and is equal to zero when i = n.

Definition 21 A restricted Laguerre history of length n is an ordered pair (s,p), where
s = (s1, s2, . . . , sn) is a 2-Motzkin path of length n and p = (p1, . . . , pn) ∈ N

n

satisfies 0 ≤ pi ≤ hi (s) when si = N,E and 0 ≤ pi ≤ hi (s) − 1 when si = S, dE.
We denote the set of restricted Laguerre histories of length n by LH∗

n .
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We refer to the 2-Motzkin path s of a restricted Laguerre history (s,p), as its shape,
denoted by sh(s,p), and the vector p = (p1, . . . , pn) as the labels of the restricted
Laguerre history, denoted by h(s,p).

Next, we recall the famous Foata-Zeilberger bijection [10] between Sn and LH∗
n

using cyclic statistics. Given σ ∈ Sn , define φFZ (σ ) = (s,p) ∈ LH∗
n where for

i = 1, 2, . . . , n,

si =

⎧
⎪⎪⎨

⎪⎪⎩

N if i ∈ Cval(σ ),

S if i ∈ Cpk(σ ),

E if i ∈ Cda(σ ) ∪ Fix(σ ),

dE if i ∈ Cdd(σ ),

with pi = nesti (σ ) where nesti (σ ) = |{ j | j < i < σ(i) < σ( j) or σ( j) < σ(i) ≤
i < j}|. Define nest(σ ) = ∑n

i=1 nesti (σ ). To determine the cyclic statistics of
f A(π) ∈ Sn , we need a few lemmas.

Lemma 22 For 1 ≤ i ≤ n, if wi are the intermediate permutations of π ∈ Sn, then
wi ( j) ≥ j for 1 ≤ j ≤ i .

Proof This follows from the proof of Lemma 18. ��
We use Lemma 22 to bound the a, b that appear in Lemma 17.

Lemma 23 Let i be the index where π, f A(π) differ in their canonical reduced word
decomposition and let a, b be as in Lemma 17, then a ≥ i + 1 and b ≥ i + 2.

Proof By Lemma 17, we know that a, b are in positions i, i +1, respectively, ofwi+1.
Without loss of generality, assume that a is in position i and b is in position i + 1.
We know that wi+1 = wi+2.ri+1 and l(ri+1) ≥ 2 (by the definition of f A). Since
l(ri+1) ≥ 2, a had to have been in the position i + 1 and b had to be in position i + 2
of wi+2 because a is moved to position i and b moved to position i + 1 in wi+1.
Therefore, by Lemma 22 for wi+2, we get a ≥ i + 1 and b ≥ i + 2. This completes
the proof. ��

With these lemmas in hand, we now prove our main result of this section. If i ∈
CPk(π) (respectively, CVal(π),Cda(π)∪Fix(π),Cdd(π)), thenwewill show that i ∈
CPk( f A(π)) (respectively, CVal( f A(π)),Cda( f A(π)) ∪ Fix( f A(π)),Cdd( f A(π))).
This will prove that the shape of the associated restricted Laguerre histories is the
same.

Proposition 24 Let π ∈ Sn, and fA denote our involution defined in Subsect. 3.1.
Then,

sh(φFZ (π)) = sh(φFZ ( f A(π))).

Proof We show that if i ∈ CPk(π) (respectively, CVal(π),Cda(π) ∪
Fix(π),Cdd(π)), then i ∈ CPk( f A(π)) (respectively, CVal( f A(π)),Cda( f A(π)) ∪
Fix( f A(π)),Cdd( f A(π))). Let a, b be such that (a, b) f A(π) = π . Without loss of
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generality, assume that a appears to the left of b in the one-line notation of π . Thus,
we have

π = π(1), . . . , a, . . . , π(i), b, π(i + 2), . . . , π(n) and

f A(π) = π(1), . . . , b, . . . , π(i), a, π(i + 2), . . . , π(n).

If π−1(a) = i ′, then π and f A(π) are different only at the indices i ′, i + 1. Therefore,
we have the following simple relations. If j /∈ {i ′, i + 1}, then π( j) = f A(π)( j) and
if j /∈ {a, b}, then π−1( j) = f A(π)−1( j). To prove the claim, we only need to check
for the following three cases.

1. Case 1, when j = i + 1 or j = i ′: Let j = i ′, then π( j) = a. Since a ≥ i + 1,
by Lemma 22 and j = i ′ ≤ i , we have j < π( j) = a. If π( j) = a, then
f A(π)( j) = b. We have j < b = f A(π)( j). Since i ′ < a and i ′ < b, j = i ′ is
not equal to either a or b and therefore, π−1( j) = f A(π)−1( j). These produce
the same letters under φFZ .
Let j = i + 1, then π( j) = b. Since j < b, it can be a. If not, we have π−1( j) =
f A(π)−1( j). If a = i + 1 = j , then f A(π)−1(a) = a = f A(π)(i + 1) = a and
i ′ = π−1(a) < i + 1 < π(i + 1) = b, then they both produce the same letters
under φFZ as cyclic double ascents and fixed points both produce the same letter.

2. Case 2, when j = aor j = b: If j = a, then j ≥ i + 1 and we further split into
two cases a = i + 1 and a ≥ i + 2. The former case was covered earlier in Case
1. For the latter case, clearly, the letters π( j) will coincide for π and f A(π) when
j ≥ i + 2. Therefore, we have π(a) = f A(π)(a). Also, π−1(a) = i ′ < i + 1 ≤ a
and f A(π)−1(a) = i + 1 < i + 2 ≤ a. Thus, they produce the same letters under
the map φFZ .
Suppose j = b, then j ≥ i + 2 and the letters π( j) coincide for π and f A(π) for
j ≥ i + 2. Further, π−1(b) = i + 1 < b and f A(π)−1(b) = i ′ < i + 2 ≤ b. Thus,
they produce the same letters under the map φFZ .

3. Case 3, when j = π(a)or j = π(b) (i.e. j = f A(π)(a)or j = f A(π)(b)): Since
a ≥ i + 1, π(a) = f A(π)(a) and thus we have π−1( j) = f A(π)−1( j) = a. If j
is neither i + 1 nor i ′, then, π( j) = f A(π)( j). These j produce the same letters
under φFZ . If we have j = i ′, we then have a > i ′ < a and f A(π)−1(i ′) = a >

i ′ < f A(π)(i ′) = b. Therefore, they produce the same letters.
If we assume j = i+1, either a = i+1 or a > i+1 < a. The case when a = i+1
has been covered earlier inCase 1. If a > i+1, then a > i+1 < f A(π)(i+1) = a.
They both have cyclic valleys at i+1 and, therefore, produce the same letters under
φFZ .
Since b ≥ i + 2, π(b) = f A(π)(b) we have π−1( j) = f A(π)−1( j) = b. If
j is not i + 1 or i ′, then π( j) = f A(π)( j). These j produce the same letters
under φFZ . If we have j = i ′, we have π−1(i ′) = b > i ′ < π(i ′) = a and
f A(π)−1(i ′) = b > i ′ < f A(π)(i ′) = b. Therefore, they produce the same
letters. If we have j = i + 1, then b = π−1(i + 1) > i + 1 < π(i + 1) = b
a ≥ i + 1 < f A(π)(i + 1) = a. However, the case when j = a = i + 1 has been
covered in Case 1. They both have cyclic valleys at i + 1 and, therefore, produce
the same letters under φFZ .
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The rest of the indices have the same values and positions in π, f A(π), by Lemma 17.
This completes the proof. ��

Petersen and Guay-Paquet in [21] defined a map φPet-GP fromSn to the set Motzn
of Motzkin paths of length n that is closely related to the Foata-Zeilberger bijection.
In a Motzkin path we do not differentiate between the E and dE steps unlike a 2-
Motzkin path. LetφPet-GP be themap described by Petersen andGuay-Paquet. Petersen
and Guay-Paquet show that φPet-GP(π) = sh(φFZ (π)) For π ∈ Sn ; they show that
φPet-GP(π) is not injective but is surjective onto Motzn . They used it to get a continued
fraction expression for the generating function of the depth statistic using the shape
of the Motzkin path corresponding to each permutation.

To determine the number of pre-images a Motzkin path has, Petersen and Guay-
Paquet defined the weight of step pi as

ωi =
{
hi if pi = N or pi = S,

2hi + 1 if pi = E,

and the weight of a path p = p1 · · · pn to be the product ω(p) = ω1 · · · ωn . They
showed (see [21, Proposition 4]) that theweight of aMotzkin path p equals the number
of permutations in its preimage φ−1(p).

Proposition 25 (Petersen and Guay-Paquet) Let p ∈ Motzn. Then

ω(p) = |{π ∈ Sn : φPet-GP(w) = p}|

The following is an easy corollary of the previous proposition.

Corollary 26 For p ∈ Motzn, if p hasmaximumheight strictlymore than 1, then, under
the map φPet-GP, there are even number of permutations π ∈ Sn with φPet-GP(π) = p.
If p has maximum height at most 1, there are odd number of permutations π ∈ Sn

with φPet-GP(π) = p.

Next, we give a bijection between the set of Motzkin paths of length n with max-
imum height at most 1 and subsets of [n] with even cardinality. This will imply that
the set of Motzkin paths of length n with maximum height at most 1 has cardinality
2n−1.

Proposition 27 There is a bijection between the number of Motzkin paths of length n
whose height is at most 1 and the number of subsets of [n] whose cardinality is even.
Proof Let S ⊆ [n] be such that |S| is even and let S = {s1 . . . s|S|}< be S with its
elements written in ascending order. For 1 ≤ i ≤ |S|

2 , declare the s2i−1-th step of the
Motzkin path to be ‘N′, the s2i -th step of the Motzkin path to be ‘S′ and the rest of
steps to be ‘E′. This process is clearly reversible and gives us a bijection. ��
Combining all the results above, we conclude that there is a bijection between the
fixed points of f A and Motzkin paths whose maximum height is at most 1.
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Proposition 28 The fixed points of the involution fA get mapped bijectively, under
φPet-GP, to Motzkin paths whose maximum height is at most 1.

Proof We know that the fixed points of the involution f A are permutations whose
reduced words ri satisfy �(ri ) ≤ 1. Clearly, there are 2n−1 such permutations. By
Proposition 24, if the cardinality of the set of permutations that map to a particular
Motzkin path is odd, then it contains at least one permutation that is fixed by f A. There
are exactly 2n−1 such paths and exactly 2n−1 fixed points. Therefore, every fixed point
must map to a different Motzkin path whose maximum height is at most 1. ��

We, now, finish the proof of Theorem 3.

Proof of Theorem 3 Since the involution f A preserves the shape of the 2-Motzkin path
under the Foata-Zeilberger bijection, we have area(φFZ (π)) = area(φFZ ( f A(π)).
Thus depth(π) = depth( f A(π)) because the area under the Motzkin path is the depth
of the permutation. Since the shape is preserved, so is the number of N, dE steps. The
sum of the number of N, dE is exactly the number of iexc (exc of the inverse of the
permutation) of the permutation, and this is also preserved under the involution. In
Lemma 19, we showed that the map preserves drops as well. Denote by FIX( f A) the
permutations fixed under the involution f A. From these three observations, we have

∑

π∈Sn

(−1)inv(π)t iexc(π) pdepth(π)qdrops(π) =
∑

π∈FIX( f A)

(−1)inv(π)t iexc(π) pdepth(π)qdrops(π)

The permutations in FIX( f A) are the ones whose canonical reduced word is of the
form si1si2 · · · sik where n > i1 > i2 > · · · > ik ≥ 1. Clearly, such permutations are
in bijection with subsets L of [n − 1] and thus |Tn−1| = 2n−1. For each si j , the iexc
increases by 1. Since these are adjacent transpositions, the depth and drops increases
by 1. Therefore, if π ∈ FIX( f A), then depth(π) = drops(π) = iexc(π) = inv(π).
Therefore,

∑

π∈FIX( f A)

(−1)inv(π)t iexc(π) pdepth(π)qdropsπ) = (1 − tpq)n−1

Let RC be the reverse-complement bijection. It is easy to check that RC is sign
preserving and

(iexc(π), depth(π), drops(π) = (exc(RC(π)), depth(RC(π)), drops(RC(π))).

Therefore,

∑

π∈Sn

(−1)inv(π)t iexc(π) pdepth(π)qdrops(π)

=
∑

π∈Sn

(−1)inv(RC(π))t iexc(RC(π)) pdepth(RC(π))qdrops(RC(π))

=
∑

π∈Sn

(−1)inv(π)texc(π) pdepth(π)qdrops(π)
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This finishes the proof. ��

5 Continued fractions for (depth, inv) and (drops,MAD)

In this section, we calculate a continued fraction expansion for the pair (drops,MAD).
The MAD statistic was defined and shown to be a Mahonian statistic by Clarke,
Steingrímmson and Zeng [5]. Any π ∈ Sn can be uniquely decomposed into descent
blocks (maximal descending subwords). Denote the first and last letter of each block
B of length at least two by c(B), o(B), respectively. The right embracing number
of π(i) is the number of descent blocks strictly to the right of the block containing
π(i) and for which c(B) > π(i) > o(B). The sum of all right embracing numbers is
denoted by Res(π). Then, MAD(π) := drops(π) + Res(π).

We will get a continued fraction expansion for the pair (depth, inv) via the
Foata-Zeilberger bijection and the theory of continued fractions due to Flajolet [9].
Clarke, Steingrímmson and Zeng showed bijectively that the pairs (drops,MAD) and
(depth, inv) are equidistributed over Sn . Thus, we can recast our results using this
pair. We get a J-type continued fraction expansion where the denominators have lin-
ear and quadratic terms. For some background on continued fractions, we refer the
reader to the book by Goulden and Jackson [13]. Define the (depth, inv)-enumerating
polynomial over Sn as

Fn(x, q) =
∑

w∈Sn

xdepth(w)q inv(w).

Our result of this section is the following. It was conjectured by Petersen in his email
to Zeilberger (see [20]).

Theorem 29 The ordinary generating function of Fn(x, q) has the following Jacobi
continued fraction expansion:

∑

n≥0

Fn(x, q)tn = 1

1 − c0t − b1t2

1 − c1t − b2t2

. . .

1 − cnt − bn+1t2

. . .

,

where cn = xnqn([n]q + [n + 1]q) and bn+1 = x2n+1q2n+1([n + 1]p)2 for n ≥ 0.

Proof For π ∈ Sn , if φFZ (π) = (s,p), then we have the following.

depth(π) = area(φFZ (π)), area(φFZ (π)) =
n∑

i=1

hi (s),
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inv(π) = area(φFZ (π)) + nest(π) =
n∑

i=1

hi (s) + nest(π) =
n∑

i=1

(
hi (s) + pi

)
.

The first two equations are well known in the literature, see [21],[5]. The third equation
was noted by Viennot, de Medicis [6].

Fn(x, q) =
∑

(s,p)∈LH∗
n

xarea(s,p)qarea(s,p)+∑n
i=1 pi

=
∑

(s,p)∈LH∗
n

∏

si=N

xhi qhi+pi
∏

si=S

xhi qhi+pi
∏

si=dE

xhi qhi+pi
∏

si=E

xhi qhi+pi

=
∑

s∈2−Motzn

∏

si=N

xhi qhi [hi + 1]q
∏

si=S

xhi qhi [hi ]q
∏

si=dE

xhi qhi [hi ]q
∏

si=E

xhi qhi [hi + 1]q

where 2-Motzn is the set of 2-Motzkin paths of length n. Therefore, by Flajolet’s
theory of continued fractions [9], we have completed our proof. ��

By the bijection of Clarke-Steingrímmson-Zeng in [5], we know that (depth, inv)
is equidistributed with (drops,MAD). Therefore, we have

Fn(x, q) =
∑

w∈Sn

xdepth(w)q inv(w) =
∑

w∈Sn

xdrops(w)yMAD(w).

As a corollary, we can enumerate the permutations, with respect to depth and inv,
in the pre-image of Motzkin paths under the φPet-GP map.

Corollary 30 Let p ∈ Motzn. Then

∑

w∈φ−1
Pet-GP(p)

q inv(w)xdepth(w) =
∏

si=N

xhi qhi [hi + 1]q
∏

si=S

xhi qhi [hi ]q
∏

si=E or dE

xhi qhi ([hi ]q + [hi + 1]q) (5)

6 Type-B Coxeter groups

For σ = σ1, σ2, . . . , σn ∈ Bn , let Negs(σ ) = {i ∈ [n] : σi < 0} be the set of
indices where σ takes negative values and let NegSum(σ ) = −(

∑
i∈Negs(σ ) σi ) be the

absolute value of the sum of the negative components of σ . Recall the definition of
the number of type-A inversions of σ as invA(σ ) = |{1 ≤ i < j ≤ n : σi > σ j }|.
Here, comparison is done with respect to the standard order on Z. Define the number
of inversions of σ ∈ Bn as invB(σ ) = NegSum(σ )+ invA(σ ). The above definition is
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due toBrenti [4]who also shows that invB(σ ) is the length of σ in theCoxeter-theoretic
sense with respect to the generators s0, s1, . . . , sn−1.

Let σ = σ1, σ2, . . . , σn ∈ Bn . Define σ0 = 0 and define DescSetB(σ ) =
{0 ≤ i < n : σi > σi+1}. This combinatorial definition of descents can be
found in [2]. Recall that dropsB(σ ) = ∑

i∈DescSetB(σ )(σi − σi+1). If σ ∈ Bn ∩
Sn , then clearly dropsB(σ ) = drops(σ ). For n ≥ 1, define SgnDropBn(q) =∑

σ∈Bn

(−1)invB(σ )qdropsB(σ ). Our main result is the following type-B counterpart of

Theorem 4.

Theorem 31 For n ≥ 1, SgnDropBn(q) = (1 − q)n.

We begin with a few lemmas. The following is a type-B counterpart of Lemma 18.
As its proof is similar to the proof of Lemma 18, we omit a proof. The only difference
is that we only claim similar results for the intermediate permutationswn+1, wn . . . w2
and not w1 as r1 could be s0 which flips the sign of the first element.

Lemma 32 LetW = Bn and letw ∈ W have intermediate elementswi , where1 ≤ i ≤
n+1. For2 ≤ i ≤ n+1, let the one-line notationofwi bewi = a0a1, a2, . . . , an,where
a0 = 0. Then, a0 < a1 < a2 · · · < ai−1. Let canon_reduc(w) = [rn][rn−1] · · · [r1]
and let w1 = b0b1, b2, . . . , bn where b0 = 0. If r1 
= s0, then b0 < b1.

The following is a type-B counterpart of Lemma 19.

Lemma 33 For σ ∈ Bn, dropsB(σ ) = dropsB(gB(σ )).

Proof Let Tn = {ψ ∈ Bn : gB(ψ) = ψ}. The lemma is trivial if σ ∈ Tn , and hence,
we assume that σ /∈ Tn . We break the proof into two cases depending on whether
canon_reduc(σ ) has nml factors.

Case 1: (When canon_reduc(σ ) has no nml factors.) The argument is very similar
to the type-A argument. We start from wn+1 = id and note that at the i-th step, the
(n − i)th element from the left gets into its correct place with its correct sign. After
we perform wi+1rn , we get wn and let xi be the (n − i)th element from the left in wi

(that is the element which came into its correct place inwi ). We might get into trouble
only when xi came from lesser than two positions to the left of (n − i) AND if xi is
negative. Otherwise, it can be seen that (2) holds and we are done.

Thus, for all i ∈ [n], we have ri 
= ui and ri 
= vi . Let ψ = gB(σ ) and let t be
the smallest index such that �(rt ) ≥ 2. Recall the intermediate permutations σi and
ψi for 1 ≤ i ≤ n + 1. Let ψi = ψi+1qi . As in the earlier proof, we will show that
dropsB(σi ) = dropsB(ψi ) for 1 ≤ i ≤ n + 1. For t ≤ i ≤ n + 1, we have σi = ψi

and hence dropsB(σi ) = dropsB(ψi ). Recall that σt = σt+1rt , that ψt = ψt+1rt st−2
and that �(r j ) ≤ 1 for j < t . After using the relation s2i = id, we see that either
rt−1 = 1 and qt−1 = st−2 or rt−1 = st−2 and qt−1 = 1. Assume that rt−1 = st−2 and
hence σt = ψt = ψt−1. Further, rt ∈ W 〈t〉 and rt 
= ut , vt . Thus, dropsB(σt−1) =
dropsB(ψt−1). A similar argument shows that dropsB(σi ) = dropsB(ψi ) for 1 ≤ i < t .

Case 2: (When canon_reduc(σ ) has nml factors.) We carry over our notation from
Case 1. Let t be the largest index with rt being nml and without loss of generality let
rt = ut and qt = vt . Let wt+1 · ut = wt and zt+1vt = zt . Note that n ≥ t ≥ 2.
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We first show that dropsB(wt ) = dropsB(zt ). We clearly have wt+1 = zt+1. Let
wt+1 = zt+1 = x1, x2, . . . , xn . Since wt = wt+1ut and zt+1 = ztvt , we have

wt = x1, x2 . . . , xt−1, xt , xt+1, . . . , xn and zt = x1, x2 . . . , xt , xt−1, xt+2, . . . , xn .
We clearly have that the DescSetB(wt ) = DescSetB(wt+1) ∪ {t} and

DescSetB(zt ) = DescSetB(zt+1) ∪ {t}. Thus, we get dropsB(wt ) = dropsB(wt+1) +
xt−1 + xt and dropsB(zt ) = dropsB(zt+1) + xt−1 + xt . As wt+1 = zt+1, we get that
dropsB(wt ) = dropsB(zt ) completing the proof. We next show that dropsB(wt−1) =
dropsB(zt−1). When k ≥ 1, we have rt−k = qt−k . Without loss of generality,
assume that rt−1 
= 1. Therefore, we have wt−1 = x1, x2, . . . , xt−1, α, xt , . . . , xn
and zt−1 = x1, x2, . . . , xt , α, xt−1, . . . , xn , where α = yi > 0 or α = yi for some
1 ≤ i < t .

Subcase (a) (When α = yi ) Since yi < xt−1 < xt , we have a descent at position
t − 2. Let D = ∑

i∈DescSetB(wt )∩[t+1,n−1](xi − xi+1). Then, we have dropsB(wt−1) =
(xt−1 −α)+ (α + xt )+ D and dropsB(zt−1) = (xt−1 −α)+ (α + xt−1)+ D. Clearly,
both are equal.

Subcase (b) (When α = yi ) We have yi > xt−1 > xt and therefore
dropsB(wt−1) = (xt−1 + yi ) + (xt − yi ) + D and dropsB(zt−1) = (xt + yi ) +
(xt−1 − yi )+ D. Clearly, both are equal. An equivalent argument can be used to show
that dropsB(wt−k) = dropsB(zt−k) when k ≥ 2 and is, therefore, omitted. The proof
is complete. ��

With these lemmas in place, we move on to the proof of Theorem 31.

Proof of Theorem 31 Define Tn to be the set of σ ∈ Bn such that indx_canon_reduc(σ )

has no ascents. These are permutations whose canonical reduced word is of the form
si1si2 · · · sik where n > i1 > i2 > · · · > ik ≥ 0. As there are n generators, such
permutations are clearly in bijection with subsets L of [n − 1]0 and thus |Tn| = 2n .
Define Kn = Bn − Tn . Consider the involution f defined in Sect. 3. By Lemmas 16
and 33,

∑
σ∈Kn

(−1)invB(σ )qdropsB(σ ) = 0 and thus
∑

π∈Bn
(−1)invB(σ )qdropsB(σ ) =

∑
π∈Tn (−1)invB(σ )qdropsB(σ ).
For L ⊆ [n − 1]0, L = {i1, i2, . . . , ik}, we write 〈L〉 or {ik, ik−1, . . . , i1}> for the

sequence of elements of L arranged in decreasing order. We write v = ∏
i∈〈L〉 si to

denote the signed permutation σ ∈ Tn whose canonical reduced word is v. Clearly, the
signed permutation σ with canonical reduced word

∏
i∈〈L〉 si has invB(σ ) = (−1)|L|.

Further, if we cluster the elements of L into consecutive elements, then it is easy to
see that dropsB(σ ) = |L|. Thus,

∑

σ∈Tn
(−1)invB(σ )qdropsB(σ ) =

∑

L⊆[n]
(−1)|L|q |L| = (1 − q)n .

The proof is complete. ��

7 Type-D Coxeter groups

Recall that Dn the type-D Weyl group is the subset of signed permutations σ ∈
Bn such that |Negs(σ )| ≡ 0 (mod 2). That is, it is the set of signed permutations
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with an even number of negative elements. For σ ∈ Dn , Brenti [4] showed that its
number of inversions is given by invD(σ ) = invB(σ ) − |Negs(σ )|. When n ≥ 2,
for σ = σ1, σ2, . . . , σn ∈ Dn , define σ0 = −σ2. Define DescSetD(σ ) = {0 ≤
i < n : σi > σi+1}. Define dropsD(σ ) = ∑

i∈DescSetD(σ )(σi+1 − σi ) and define

SgnDropDn(q) = ∑

π∈Dn

(−1)invD(π)qdropsD(π). The main result of this section is the

following.

Theorem 34 For n ≥ 2, SgnDropDn(q) = (1 − q3)(1 − q)n−1.

First, note that the combinatorial definition of invD can be extended to
any signed permutation in Bn without any changes. Define dropz(π) ={
dropsB(π) if π1 > 0,
dropsB(π) − π1 if π1 < 0.

Lemma 35 When n ≥ 2, we have
∑

π∈Bn−Dn

(−1)invD(π)qdropz(π) = 0. Similarly, when

n ≥ 2, we have
∑

π∈Dn

(−1)invD(π)qdropz(π) = 0.

Proof We only prove the first identity and omit a proof of the second as the arguments
are very similar. Let A1 be the elements ofBn −Dn that have n−1 or n − 1 occurring
before n or n and let A2 be the elements of Bn − Dn in which n or n occurs before
n − 1 or n − 1. It is clear that A1 � A2 is a partition ofBn −Dn and |A1| = |A2|. We
define a bijection g : A1 �→ A2. We split into cases here to describe our map g: If

1. If π = σ1, n−1, σ2, n, σ3 where σi , for i = 1, 2, 3 are contiguous subwords, then
set g(π) = σ1, n, σ2, n − 1, σ3. In this case, one can check that invD(g(π)) =
invD(π) + 1 and dropz(g(π)) =

{
dropz(π) if σ3 
= φ,

dropz(π) + 1 if σ3 = φ.

2. If π = σ1, n − 1, σ2, n, σ3, then set g(π) = σ1, n, σ2, n − 1, σ3. In this
case, it can be seen that invD(g(π)) = invD(π) + 1 and dropz(g(π)) ={
dropz(π) if σ3 
= φ,

dropz(π) + 1 if σ3 = φ.

3. If π = σ1, n − 1, σ2, n, σ3, then set g(π) = σ1, n, σ2, n − 1, σ3. In this case, it
can be seen that invD(g(π)) = invD(π) − 1 and dropz(g(π)) = dropz(π).

4. If π = σ1, n − 1, σ2, n, σ3, then set g(π) = σ1, n, σ2, n − 1, σ3. In
this case, we have invD(g(π)) = invD(π) + 1 and dropz(g(π)) ={
dropz(π) if either σ1or σ2 
= φ,

dropz(π) + 1 if σ1, σ2 = φ.

Using g, we get

∑

π∈Bn−Dn

(−1)invD(π)qdropz(π) =
∑

w∈A1

[
(−1)invD(w)qdropz(w) + (−1)invD(g(w))qdropz(g(w))

]
.

On the right-hand side, the only w for which the two terms do not cancel
out are when the last letter is n or n − 1 (by induction, the contribution of
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such permutations is clearly (1 − q)

(
∑

π∈Bn−1−Dn−1

(−1)invD(π)qdropz(π)

)

) and when

the first two letters are n − 1, n (again, inductively, such permutations contribute∑

π∈Bn−2−Dn−2

(−1)invD(π)qdropz(π)). Thus, we get

∑

π∈Bn−Dn

(−1)invD(π)qdropz(π)

= (1 − q)
∑

π∈Bn−1−Dn−1

(−1)invD(π)qdropz(π) + (q2n − q2n−1)

∑

π∈Bn−2−Dn−2

(−1)invD(π)qdropz(π).

When n = 2, it is easy to see that
∑

π∈B2−D2

(−1)invD(π)qdropz(π) = 0. This completes

the proof. ��
Lemma 36 For natural numbers n ≥ 4, we have SgnDropDn(q) = (1 −
q)SgnDropDn−1(q).

Proof Define A1 to be the subset of Dn having permutations with n − 1 or n − 1
occurring before n or n and A2 = Dn − A1. It is straightforward to see that these sets
have the same cardinality. We describe a bijection h : A1 �→ A2. The map onDn that
acts by h on A1 and h−1 on A2 is an involution. We describe how to map these signed
permutations after splitting them into the following cases.

1. If π = σ1, (n − 1), σ2, n, σ3, then set h(π) = σ1, n, σ2, n − 1, σ3.
One can check that invD(h(π)) = invD(π) + 1 and dropsD(g(π)) ={
dropsD(π) if σ3 
= φ,

dropsD(π) + 1 if σ3 = φ.

2. Ifπ = σ1, n − 1, σ2, n, σ3, then seth(π) = σ1, n, σ2, n−1, σ3.One can check that

invD(h(π)) = invD(π) + 1 and dropsD(h(π)) =
{
dropsD(π) if σ3 
= φ,

dropsD(π) + 1 if σ3 = φ.

3. If π = σ1, n − 1, σ2, n, σ3, then set h(π) = σ1, n, σ2, n − 1, σ3. We have

invD(h(π)) = invD(π)−1 and dropsD(h(π)) =
{
dropsD(π) if σ1, σ2 
= φ,

dropsD(π) + 1 if σ1, σ2 = φ.

4. If π = σ1, n − 1, σ2, n, σ3, then set h(π) = σ1, n, σ2, n − 1, σ3. We have

invD(h(π)) = invD(π)+1 and dropsD(h(π)) =
{
dropsD(π) if σ1, σ2 
= φ,

dropsD(π) + 1 if σ1, σ2 = φ.

Using h, we get

SgnDropDn(q) = (1 − q)SgnDropDn−1(q)

+
∑

{π∈A1: π1=n−1,π2=n}

(

(−1)invD(π)qdropsD(π) + (−1)invD(h(π))qdropsD(h(π))

)

+
∑

{π∈A1: π1=n−1,π2=n}

(

(−1)invD(π)qdropsD(π) + (−1)invD(h(π))qdropsD(h(π))

)
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We show that both the second and third terms of the sum above are zero. If π1 =
n − 1, π2 = n, then clearly, π1 = n − 1, n, σ where σ ∈ Bn−2 − Dn−2. Thus,

∑

{π∈A1: π1=n−1,π2=n}

(

(−1)invD(π)qdropsD(π) + (−1)invD(h(π))qdropsD(h(π))

)

=
∑

σ∈Bn−2−Dn−2

(

(−1)invD(π)q2n+dropz(σ ) + (−1)invD(g(π))q2n−1+dropz(σ )

)

= ((−1)2n−2q2n + (−1)2n−3q2n−1)

( ∑

σ∈Bn−2−Dn−2

(−1)invD(σ )qdropz(σ )

)

︸ ︷︷ ︸
=0 (from (35))

Similarly, if π1 = n − 1, π2 = n, then we have π1 = n − 1, n, σ where σ ∈ Dn−2.
Hence,

∑

{π∈A1: π1=n−1,π2=n}

(

(−1)invD(π)qdropsD(π) + (−1)invD(h(π))qdropsD(h(π))

)

=
∑

σ∈Dn−2

(

(−1)invD(π)q2n+dropz(σ ) + (−1)invD(h(π))q2n−1+dropz(σ )

)

= ((−1)2n−2q2n + (−1)2n−3q2n−1)

( ∑

σ∈Dn−2

(−1)invD(σ )qdropz(σ )

)

︸ ︷︷ ︸
=0 (from (35))

Our proof is complete. ��

Proof of Theorem (34) It is easy to see that SgnDropD3(q) = (1 − q3)(1 − q)2.
Applying Lemma 36 completes the proof.

8 Two applications of our results

We cover two applications of our results in this section.

8.1 Mean and variance

GrahamandDiaconis showed thatwhenone samples permutations fromSn at random,
then the distribution of its Spearman’s measure D(π) is asymptotically normal. Their
result is the following.
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Theorem 37 (Graham and Diaconis) Let π be a permutation chosen independently
and uniformly in Sn. Then, as n → ∞,

E(D(π)) = 1

3
n2 + O(n) and var(D(π)) = 2

45
n3 + O(n2) (6)

and D(π) standardized by (6) is asymptotically normal.

Remark 38 It is easy to note that the expected value of the Spearman disarray when
we sample permutations from Sn at random can be evaluated by the linearity of
expectation and thus we have E(D(π)) = n2−1

3 . Therefore, the expected value of the

statistic drops over Sn equals n2−1
6 .

We need the following lemmawhich is implicit in the second proof of [11, Theorem
1.2]. For positive integers n, let Fn(t) = ∑n

k=0 fn,k tk and Gn(t) = ∑n
k=0 gn,k tk

be sequences of polynomials with fn,k, gn,k ≥ 0 for all k. Further, for all positive
integers n, let Fn(1) > 0 and Gn(1) > 0. We will consider the random variable Xn

f

(and Xn
g) which takes the value k with probability

fn,k

Fn(1)
(and

gn,k

Gn(1)
, respectively).

The following form of the Lemma appears in [7, Lemma 8] and gives a condition for
moments of Xn

f and Xn
g to be identical.

Lemma 39 Let Fn(t) and Gn(t) be as described above. Suppose we have a sequence
of polynomials Hn(t), a nonzero real number λ and a sequence of positive integers �n
such that

Fn(t) = λGn(t) ± (1 − t)�n Hn(t). (7)

Then, for r < �n, the r-th moment of Xn
f is identical to the r-th moment of X

n
g.

As a corollary of Theorem 4, Theorem 37 and Lemma 39, we get the following. A
scaling is necessary as for all π ∈ Sn , we have 2 · drops(π) = f (D(π)) where f is
the map used by Reifegerste in [23].

Theorem 40 Letπ be a permutation chosen independently and uniformly inAn. Then,
as n → ∞,

E(drops(π)) = 1

2
· 1
3
n2 + O(n) and var(drops(π)) = 1

4
· 2

45
n3 + O(n2). (8)

8.2 A complete matching on the Bruhat order

In this section, we show that our sign-reversing involution defined in Sect. 3 gives a
matching in the Bruhat order on Sn and Bn . The Bruhat order is a partial order on
permutations π ∈ Sn . There are several definitions of this partial order, and for our
purposes, the most suitable is the following. Let π,ψ ∈ Sn . Define ψ ≤ π if for
some reduced word si1si2 · · · sik of π , there exists a subset S ⊆ [k] such that ∏ j∈S si j
is a reduced word for ψ .
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Fig. 2 The Bruhat order on S4,
taken from page 31 of Bjorner
and Brenti, [2]

Let π ∈ Sn − Tn and let f (π) be its image. Since π is an involution, assume
inv(π) < inv( f (π)) (otherwise exchange the roles of π and f (π)). By Lemma 13,
we have inv(π) = inv( f (π)) − 1. Further, by Lemma 13 and the definition of the
Bruhat order π ≤ f (π) as the canonical reduced word for π is a subword of the
canonical reduced word for f (π).

Thus, we get a matching in the Bruhat order on elements ofSn −Tn . We have seen
that the elements of Tn are in bijection with subsets of [n−1]where simple matchings
exist (say between subsets with and without the element s1 in the reduced word). This
gives a matching on the set Tn and combining these two, we get a matching on the
Bruhat order of Sn .

We illustrate the matching for S4 in Fig. 2. Both end points of blue edges (seen
better on a colour monitor) are elements ofSn − Tn , while both end points of purple
edges are elements in Tn .

Recently Jones [15] gave an explicit matching on arbitrary intervals [u, v] in the
Bruhat order where u ≤ v. His matching depends on a reduced word for the element v
and when specialised to the whole Bruhat order onSn (i.e. the interval [id, w] where
w is the unique permutation with largest inv value) is seen to be different from the one
just described.
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