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Abstract

Reifegerste and independently, Petersen and Tenner studied a statistic drops on per-
mutations in &,.. Two other studied statistics on G, are depth and exc. Using descents
in canonical reduced words of elements in G,,, we give an involution f4 : &, — G,
that leads to a neat formula for the signed trivariate enumerator of drops, depth, exc in
G,,. This gives a simple formula for the signed univariate drops enumerator in G,,. For
the type-B Coxeter group B, using similar techniques, we show analogous univari-
ate results. For the type-D Coxeter group, we get analogous but inductive univariate
results. Under the famous Foata-Zeilberger bijection ¢z which takes permutations
to restricted Laguerre histories, we show that permutations 7w and f4 (77) map to the
same Motzkin path, but have different history components. Using the Foata-Zeilberger
bijection, we also get a continued fraction for the generating function enumerating the
pair of statistics drops and MAD. Graham and Diaconis determined the mean and the
variance of the Spearman metric of disarray D(;r) when one samples 7 from &, at
random. As an application of our results, we get the mean and variance of the statistic
drops(;r) when we sample 7 from .4, at random.

Keywords Permutation statistics - Signed enumeration - Descent length - Coxeter
group
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1 Introduction

Let G, be the set of permutations on [n] = {1, 2, ..., n}. While studying an opti-
mization problem motivated by a sorting algorithm called straight selection sort,
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Petersen and Tenner in [22] came up with the following statistic they call depth
for elements of G,, and ‘B,,, the hyperoctahedral group. For the permutation group
G, they gave a simple alternate expression for depth. Define the excedance set
of 1 = my,m,..., 1, € 6, as ExcSet(w) = {i € [n — 1] : m; > i}. Define
depth(7) = 3 cxeset(n) (i = 1)-

Bagno, Biagioli, Novick and Woo in [1] extended the notion of depth to all Coxeter
groups. A closely related statistic on &, was defined by Graham and Diaconis in [8].
For n = my, mo, ..., m, € 6, Graham and Diaconis defined s(7) = Z?:l | — i
to be its Spearman disarray measure. Knuth in [17, Problem 5.1.1.28] calls s () as the
“total displacement” of . It is clear that for all m € &,,, s(;r) = 2 -depth(sr). Though
a generating function for depth does not seem to have a simple form, Petersen and
Guay-Paquet [21] expressed the generating function for depth as a continued fraction.

Define a very similar statistic descent drops, denoted drops(rr) as follows. Firstly,

form = my, ma, ..., m,, define DescSet(w) = {i € [n — 1] : m; > m;i4+1}. Define
drops(r) = ) (m —miq1). 6
ieDescSet ()

Both these statistics have been studied by Reifegerste in [23]. For 7 € &,,, define
exc(mw) = | ExcSet(mr)| and des(r) = | DescSet(r)|. Reifegerste in [23] and Petersen
and Tenner independently in [22], showed that the distribution of the ordered pairs
(depth (), exc(ir)) and (drops(), des(;r)) coincides when summed over G,,. Their
result [23, Proposition 1.1] and [22, Theorem 1.3] is as follows.

Theorem 1 (Reifegerste, Petersen and Tenner) When n > 1, we have

Z qdepth(n)texc(n) — Z qdrops(n)tdes(n)
JTEG,l 7766}1

This result in particular shows that when n > 1, Y .o qdropstm - —
D ores, q4Pthm - “Mantaci [16, Proposition 1] showed the following identity
for signed enumeration of exc over G,. [Mantaci] When n > 1, we have
>ox cs, (— )inv(m)gexe(m) — (1 — )"~ Sivasubramanian in [24] showed that enumer-
ating depth(sr) along with its sign over &,, gave interesting results. In [24], depth(sr)
was termed excedance length of m and denoted ExcLen(wr). For 7 € &,,, define
inv(m) = {1 <i < j <n:m > n;}|. He proved the following in [24, Theorem 9].

Theorem 2 (Sivasubramanian) When n > 1, we have

Z (_l)inv(n)qdepth(n) _ Z (_1)inv(n)qucLen(n) =(1- q)nfl'

e, eSS,

Thus, a natural question is the signed enumeration of the drops in &,. Here,
we show that enumerating signed drops in &,, gives the same result. Even
more surprising is that the signed joint distribution of the three statistics, exc,
depth and drops, factors nicely. For n > 1, define SgnExcDepDrop, (¢, p,q) =
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Y e, (— D)MW exeln) pdepth(m) 4 dropstr) - Our first main result of this paper is the
following.

Theorem 3 Forn > 1, we have SgnExcDepDrop, (¢, p, q) = (1 — tpq)”*l.

This result generalises the results of Mantaci [16, Proposition 1] and Theorem
2 while giving us the following new corollary. For n > 1, define SgnDrop, (¢) =
Z (_l)inv(n) drops ()

Ted, q .

Corollary 4 When n > 1, we have SgnDrop,,(¢) = (1 —q)" ..

Our proof of Theorem 3 uses a weight preserving, sign reversing involution f4 based
on the idea of canonical reduced words. In Sect.2, we cover the relevant material
on reduced words in type-A and type-B Coxeter groups. In Sect.3, we define our
involution and in Sect.4, we show that our involution preserves the drops statistic.
The famous Foata-Zeilberger bijection from [10] uses the idea of restricted Laguerre
history and maps permutations in &, bijectively to weighted Motzkin paths of length
n. For an introduction to Motzkin paths, we suggest the paper [19] by Oste and Van
der Jeugt and for heights in Motzkin paths, we refer the reader to [3] by Brennan and
Knopfmacher. In Sect. 4.1, we show that our involution f4 preserves the shape of the
Motzkin path under the Foata-Zeilberger bijection. Using this observation, we finish
the proof of Theorem 3 and also show that under the Foata-Zeilberger bijection, the
fixed points of our involution f4 map to Motzkin paths whose height is at most one.

The connection to Motzkin paths helps us get a continued fraction expression for
the pair of statistics (depth, inv). This form for the continued fraction was observed
and conjectured by Petersen in his email to Zeilberger [20]. In Theorem 29 we give
our proof of this conjecture. Using a bijection of Clarke, Steingrimmson and Zeng [5],
we get a continued fraction expression for the pair of statistics (drops, MAD) over G,,
(see Sect. 5 for details).

In &,,, as the definition of drops depends on descents, we consider a straightforward
generalization to type-B and type-D Coxeter groups. In Sect.6, we prove a type-B
counterpart (see Theorem 31) of Corollary 4, where we enumerate type-B drops with
signs, in B, using very similar ideas on reduced words. Our type-D counterpart is
Theorem 34 and is given in Sect.7. Our type-D result is not proved using canonical
reduced words but inductively.

Lastly, we give two application of our enumeration results. Among other results,
Graham and Diaconis in [8, Theorem 1] determined the mean and variance of the
Spearman-disarray metric statistic when permutations are sampled randomly from
G,,. In Subsect. 8.1, we determine the mean and the variance of the drops statistic
when permutations are randomly sampled from A,,. In Subsect. 8.2, we show that our
reduced word-based involution gives a matching in the Bruhat order on the type-A
and type-B Weyl groups. Our matching is different from the one given by Jones [15]
for the type-A case.
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2 Canonical reduced words

We briefly cover the relevant material on canonical reduced words in type-A and
type-B Coxeter groups needed for our proof. We point the reader to Humphreys [14],
Stembridge [26] and Garsia [12] as good background and references for this topic.

Let (W, S) be a Coxeter system. As each element w € W can be written
as a product of generators from S, its length is the minimal number of genera-
tors required in any such product. The type-A Coxeter group &, is generated by
S = {s1,82,...,5,—1} where s; is the transposition (i,i + 1). The hyperocta-
hedral group B, is the type-B Coxeter group consisting of permutations of the
set [£n] = {—n,—(n — 1),...,—1,1,2,...,n} satisfying 7(—i) = —n(i) for
1 < i < n.Itis known that B, is generated by S = {so, 51, ..., S,—1} Where sg
only switches the sign of the first element. When 1 < i < n, s; is an identical trans-
position as in the G,, case. Descents in Coxeter groups are related to reduced words
as follows. Let w € W have length £(w). Then, s € DescSet(w) iff £(ws) < £(w)
(see Bjorner and Brenti [2]). We will write “w has a descent at position i” to mean
s; € DescSet(w).

For both type-A and type-B Coxeter groups, recall that multiplying an element
w = wy, w,..., w, € W (given in one-line notation), by s; fori = 1,...,n — 1
on the right swaps w; and w;1. For type-B Coxeter groups, multiplying w by so on
the right flips the sign of w;. In both &,, and ®B,,, we denote the empty word by 1.
To get the reduced word for 7, we start from the identity permutation and apply s; on
positions get to 7.

2.1 Type-A Coxeter groups

Given m € &,, we start from the identity permutation and mimic an iterative
“reverse sorting" process to get to 7w and use this to define the canonical reduced
word canon_reduc(;r). We have (n — 1) stages which we number from 1 ton — 1 in
increasing order. For 1 <i < n — 1, at the i-th stage, we ensure that the i-th element
from the right agrees with . At subsequent stages, these elements which are set in
their correct place do not move. It is clear that after performing this for (n — 1) stages,
we will get . Further, it is clear that the factorization obtained for 7 has length inv(sr)
and so we term the concatenated string of factors of this algorithm as canon_reduc ().
Note that we have started correction from the rightmost element. Alternatively, one
could have started correction from the leftmost element (this is done by Garsia, see
[12, Theorem 1.1.1]).

Example 5 In one-line notation, let 7 = 4,1,5,2,3 € &5. We start with 79 = id =
1,2, 3,4, 5. Since 3 is the last letter of r, we move the 3 to the last position by applying
ra = 5354 (from left to right) to g. This gives us 71 = 1, 2, 4, 5, 3. Since 2 appears in
the penultimate position of 7, we apply r3 = sas3tomytogetmy = 1,4, 5, 2, 3. Since 5
is in its correct position, we apply ro = 1 to 7> to get 773 (in this case 73 = 7). Finally,
we apply r; = s to w3 to get m4 = . Thus, we get the canonical factorisation of
as canon_reduc(sw) = [ra4][r31[r2][r1], that is canon_reduc(;w) = [s354][s253]1[1]1[s1]-
Square brackets are only given above for added clarity.
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To see the set in which r; belongs, let wi = {1, s, 8i—18i,...,5182---8i}. By
this reverse sorting process, it is easy to see that for all 7 € &,, we will get
canon_reduc(w) = [rn_11[rn-11-- - [r1] where r; € Wi}

Remark 6 In G,,, it is easy to see that W) has only elements of length O or 1 in it.

2.2 Type-B Coxeter groups

The basic idea is the same in this case as well. The only difference is that now, to get
elements with a negative sign, we need to move it to the first place, apply so and move
it back to its correct position. As opposed to the G,, case, we will have n stages as at
the last stage, the first element could possibly get negated. Thus if we use the same
notation as in Subsect. 2.1, we will get factors [r,][r,—1]- - - [r1]. To see where the
factors r; belong, for 1 <i < n, define

w ) ={1, 81, Si—2Si—1s-v-sSOST " Si1sS1SOST ***Sie1ls---sSi—1 " -S1S0S1 """ Si—1}-

Note that W) = {1, so}.

Remark 7 As in the type-A case, note that W*!) has only elements of length 0 or 1 in
it.

We start from the identity permutation id € ‘B, and analogously perform oper-
ations to move elements of 7 = my,m,..., 1, € ‘B, to the right such that
for 1 < i < n, after i iterations, the i rightmost elements are exactly as they
appear in . We will get canon_reduc(w) = [ry][rn—1]-- - [r21[r1], where r; € w
and as before, square brackets are only given for clarity. For example, if in one-
line notation, we have ¢ = 4, 1,5,2,3, then one can check that applying r5s =
$2515051525354 to id results in 1, 2, 4, 5, 3. Thus, the rightmost element is in its cor-
rect place. Proceeding in a similar manner, one can check that canon_reduc(c) =
[s2515051525354][s253][s251 5051521511 1].

3 Two sign reversing involutions and some properties

Let W be either &,, or B,,. We look at the indices of the canonical reduced word for
each w € W. This is a sequence of integers of length £(w). For a finite sequence
X = x1, X2, ..., x; of integers, define its ascent set to be AscSet(x) = {i € [t — 1] :
Xi < Xj+1}. For w € W, recall canon_reduc(w) is the canonical reduced word of w.
As the generators are denoted by s, where r is an integer, let indx_canon_reduc(w)
be the sequence of these indices of the generators that appear in canon_reduc(w). Let
AscSet(indx_canon_reduc(w)) be the ascent set of the word indx_canon_reduc(w).

Remark 8 In both the type-A and the type-B case, the following is easy to see. Since
all elements of W; always end with s; and start with some s; with j < 7, there cannot
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be an ascent in indx_canon_reduc(w) between the last letter of r; and the first letter
of rj wheni > j.

By Remark 8, in indx_canon_reduc(w), ascents can appear only between two let-
ters, where both letters are elements of W ). Further, all ascents will be between
consecutive numbers. The word consecutive is used with respect to the total order
on the generators. That is, all ascents in indx_canon_reduc(w) = ri,7r2,...,7¢
will be at indices j for some j < ¢, where r; = a and rjy; = a + 1. Con-
sider Example 5 and recall 7 = 4,1,5,2,3 € Gs5. We clearly have its indices
indx_canon_reduc(rr) = 3, 4, 2, 3, 1 and AscSet(indx_canon_reduc(rr)) = {1, 3}.

3.1 Type-A Coxeter groups

We define the involution f4 for the type-A case first. For w € &, if
indx_canon_reduc(w) has ascents, then let i € AscSet(indx_canon_reduc(w)) be
its largest element. That is, consider the last occurrence of an ascent. From the discus-
sion in the first paragraph of Sect. 3, such an ascent will be of the form a, a + 1 (as
it arises from s,5,41). In w, change s;5,41 t0 $454+154. As this modified expression
is a product of generators, we get an element w’ € W and define fa(w) = w'. If
indx_canon_reduc(w) does not have descents, then define f4(w) = w.

Alternatively, we could have defined the map f4 as follows. Let w € &, and
let its canonical reduced word be canon_reduc(w) = [r,—1][rn—2]---[r21[r1] with
rio€ W Let £(r;) be the number of s;’s in r;. Consider the smallest i such that
L(r;) = 2. If £(r;) = 2, by Remark 6, i > 2 and the string r; will end with s;_1s;.
The map f4 converts r; to r;s;—1 and does not change any other r;’s. As fa(w) is a
product of generator elements, after a possible reduction (using si2 = 1), we will get
an element w’ € W and define f4(w) = w'. If 7 € &,, is such that £(r;) < 1 for all
i, then define f4(0) = o. We give an example of the bijection f4 below.

Example 9 From Example 5, when w = 4,1,5,2,3, canon_reduc(wr) =
[s354][s253][11[s1]. Thus, fa(r) = [s3541[s253521[11[s1] = [s354][s253][s21[s1] and

so fa(m) =5,1,4,2,3.

3.2 Type-B Coxeter groups

For o0 € B,, let canon_reduc(o) = [r,]llrn—1]---[r1]. We differentiate between
the r;’s using the following definition. For 1 < i < n, define r; € W) as
being nml (short for near-maximal-length) if r; = u; or if r; = v; where u; =

Si1Si_2 5081 -Si—1 € W\ and v; = s;_o---s087 -+ -5i_1 € W,

We define an involution gp on B, in two parts as follows. First, consider the case
when o € 98B, is such that canon_reduc (o) has a factor r; which is nml. In this case, let
i be the largest index with r; being nml (that is, 7; is the leftmost nml factor). We change
u; to v; and vice versa. That is, if r; = u;, then canon_reduc(c) = [r,]-- - [u;]---[r1].
In this case, define gg(o) = [r,,]- - - [vi]- - - [r1]. If r; = v;, then, canon_reduc(c) =
[rn]- - [vi]- - - [r1]. In this case, define gg (o) = [ry]--- [u;]-- - [r1]-
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If o € 9B, does not have nml factors in canon_reduc(o’), we proceed as done in
the type-A involution f4. In this case, let # be the smallest index with £(r;) > 2.
As seen before, we can show ¢ > 2. Further, r; will end with s;_1. Define gp(0) =
[ra]- - [re+1]lresi—21lri—1] - - - [r1]. Lastly, if o € B, is such that canon_reduc(o)
has neither a nml factor, nor a factor r; with £(r;) > 2, then define gg(0) = 0. We
give two examples of our bijection gp below.

Example 10 Let 0 = 3,1, 5,2,4 ¢ Bs. We have canon_reduc(oc) =
[r51[r4llr3]lr2]lr1] where rs = $352515051525354, 4 = 5253, 13 = $281505152, 12 = §1
and r; = 1. It is easy to see that canon_reduc(o) has two nml factors viz r5 = us
and r3 = v3. Among them, the leftmost nml factor is r5. We replace rs = us by
rs = vs. Thus, we get gp(0) = [545352515051525354][s253][s251505152][s1][1], that is
gp(o)=3,1,4,2,5.

Example 11 Let 0 = 6,1,5,3,4,2 ¢ Be. Then, canon_reduc(o) =
[r6llrs]lrallrsllrallr1] where r¢ = s251508152838485, 5 = §384, 14 = 5253, 13 = 1,
r, = s1 and r; = sp. Since there is no nml factor, we use the type-A style involution
and change r4 = 5253 to 525352 to get gp (o) = [rellrs]ls2s3s2]1[r3][r21[r1]. Hence, we
get gp(0) =5,1,6,3,4,2.

3.3 An intermediate sequence of elements of W/

In this subsection, for W being both the type-A and type-B Coxeter groups, given
w € W, we define a sequence of elements starting with the respective identity elements
id and ending at w. This sequence will be used in the proof of Lemmas 19 and 33.
Let W have n generators and letw € W have canon_reduc(w) = [ry][rn—1]-- - [r1].
Define w41 = id and for 1 <i < n, define w; = l_[lj:n [r;]. Since r; is a product of
generators, w; € W. Clearly, w; = w and we think of the sequence w; as j decreases
from j = n+1to j = 1 as a sequence of elements starting from id and getting closer
to w. It is not necessary for elements w; of this sequence to be distinct (see Example
12). We call elements w; as the sequence of intermediate elements of w. It is clear

from the definition of w; that canon_reduc(w;) = H;:n [ril H}:i_l[l] = ]_[;:n [r;].

Example 12 Let w = 3, 1,3, 2,4 ¢ B5. Then, as seen in Example 10,
canon_reduc(o) = [rs][rallr3]lr21[r1] where rs = $350815051528354, ¥4 = 8253,
r3 = 8251505182, r2 = 1 and r; = 1. In this case, we have wg = id,

ws = [r5] = 1,_2,3,_5,71, wy = [rsllral = 1,3,5,2,4, w3 = 1,3,5,2,4 and
wy =w; =3,1,5,2,4=w.

3.4 A few lemmas

We prove a few lemmas about the map f4 defined above and give without proof similar
lemmas about the map gp.

Lemma13 If w € S, then fa(w) perhaps after using the relation si2 = 1 is the
canonical reduced word of some w' € &,

@ Springer



972 Journal of Algebraic Combinatorics (2024) 60:965-989

Proof Let T C S,, be those elements w € W such that indx_canon_reduc(w) has
no ascents. As T is the set of fixed points of f4, if w € T, then fa(w) = w
and so the lemma trivially follows. Thus, assume that w € W — T. Recall that if
canon_reduc(w) = [r,] - [rn—1]---[r2] - [r1], then we modify the last index j such
that £(r;) > 2. As given in the alternate definition of the map fa, j > 2 and so
J — 1 = 1. Further, £(r;_1) takes only two values O or 1 and both values give rise to
canonical reduced words of some elements u, w € W.

We claim that f4 swaps the two possibilities for £(r;_1). To see this, suppose
L(rj—1) = 1. Then rj—1 = s;—1 and since fa changes r; to rjs;_1, after using the
relation sl.27] =1, wegetthatr; | = 1,ie. £(rj—1) = 0. Similarly, if £(r; 1) = 0,
then as f4 changesr;tor;s;j_1, wewillhaver;_; = s;j_1. Hence £(rj_1) = 1. Thus,
fa switches these two possibilities for 7;_; and does not change other r;’s. Hence
fa(w) is also a canonically reduced word, completing the proof. O

In the next two lemmas, we claim that f4 is an involution and that it reverses the
sign on non-fixed points.

Lemma 14 The map fa defined above is an involution. i.e. fo(fa(w)) = w for all
weW.

Proof Let T be the set defined in the proof of Lemma 13. The lemma is trivial if
weT. IfweW —T,then, from the proof of Lemma 13 it follows that if j is the
smallest index such that £(r;) > 2, then f4 flips the two possible values 0 and 1 of
£(rj—1). Hence fa(fa(w)) = w, completing the proof. ]

Lemma 15 Let W = G,, and T be the fixed point set of fa defined in Lemma 13. For
we W —T,inv(w) # inv(fa(w)) (mod 2).

Proof If canon_reduc(w) is a product of k generators, then by definition, inv(w) = k
(mod 2). By construction, f4(w) is a product of k 4+ 1 or k — 1 transpositions (as
£(r;j_1) changes parity). By the Deletion property (see [2, Pg 17]), fa(w) has length
p where p # k (mod 2). Thus the signs of w and f4 (w) are different. O

An analogous result is true for the involution gp and since the proof is not very
different, we merely state the next result and omit its proof.

Lemma 16 Let W be the type-B Coxeter group and let w € W. Then, gp(w) perhaps
after using the relation sl-2 = 1 will give a reduced decomposition of some w' € W.
Further, the map gp is an involution and reverses sign on the set of its non-fixed points.

The following lemma will be needed for our results in Sect.4.1. Since it involves
the map f4, we present it here.

Lemma 17 If fa(mw) # =, then there exists a transposition (a,b) such that
(a, b) fa(w) = . Further, if i is the index where the canonical reduced word decom-
positions of m and f(w) differ and if w1 is the (i + 1)-st intermediate permutation
of , then a, b are the letters at the positions i,i + 1 in w;41, respectively.
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Proof Let m = [r,—1]...[r1] and fa(wr) = [ty—1]...[t1] be the canonical reduced
word decompositions of 7 and f4 (), respectively. Let i be the only index where
they differ. Then, we have r; = s;f;. Furthermore, by our involution, /(r;) < 1 for
all j < i.Let2 < i’ < i be the largest index such that r;; = 1. Then, for each
i'<j< i,rj =tj =s;.Letwj, zj,for 1 < j < n,be the intermediate permutations
of 7, fa(m), respectively. Since r; = t; for all j > i + 1, we have w; = z; for
j=>i+1.

Without loss of generality, let ; = 1 and #; = ;. Since wjy1 = zit1,
suppose that w41 = Xxi...xj—1baxijyy...x,. This implies wjy1.r; = w; =
X1...xi—1bhaxiys...x,. Since r; = s; for i< j o< i,wpy = w; l_[ s; and

i'<j<i

we get Wy = X1 ... XpbXjrqy ... Xi—1aXi42 ... Xp.
Similarly, since t; = s;, we have z; = x1...x;_1abxjyy...Xy. 2y = Z; 1_[ sj
i'<j<i
and sO zjy = X1...Xpaxpyq...xXi—1bxiy2 ... x,. By our choice of i’, ryy =ty = 1
and for 1 < j < i/, the transpositions rj, tj act only on the subword xy ... x;s for z;/
and w;r, respectively. Therefore, w and f4(;r) differ only by the transposition (a, b)
and a, b are the letters at positions i, i + 1, respectively in w;1. O

4 Proof of Theorem 3

Recalling the definition of intermediate permutations from Subsection 3.3, we first
prove the following lemma.

Lemma 18 Let W = S, andlet w € W have intermediate elements w; fori € [n]. For
i € [n], let the one-line notation of w; be w; = ay, aa, ..., a,. Then,a; < az --- < a;.

Proof The proof is by reverse induction on i with the base case being when i = n.
As m, = id, the statement of the lemma is satisfied. Let the result be true when
i = k and let canon_reduc(w) = [r,—1][rn—21[r21[r1]. We will prove that the claim
holds when i = k — 1. When i = k, if wx = ay, az, ..., a,, then by induction,
ay <ap < --- < ag. As wy_1 = wi[rr—1] and since ry_; € Wk=1 we see that some
element a; where j € [k] comes to position k after moving the block of elements

[aj41, ..., ax] oneposition to the left. Thus, if the one-line notation of w1 is wx—1 =
ajy, dj, ..., a,, then this movement clearly does not alter the relative order among the
elements aj, aj, ..., a;_,. Thusaj < a) < --- < a;_,, completing the proof. O

Lemma19 Let W = G,,. For w € W, drops(w) = drops(fa (w)).

Proof If fs(w) = w, the lemma is trivial. Thus, assume f4(w) = z, with
z # w. Let canon_reduc(w) = [ry—1]lrn—21[r2][r1] and canon_reduc(z) =
[gn—11[gn—21[g21[g1]- Let ¢ be the smallest index such that £(r;) > 2. We have
seen that + > 2 and that r; = ¢g; for all indices i € [n — 1], i # t — 1. For
1 < i < n, recall the intermediate permutations w; of w and z; of z. We have
seen that either £(r,—1) = 1, £(q;—1) = 0 or vice versa. Without loss of generality,
assume that £(r,—1) = 1. Since r;_| € W=l r_ = s, and qi—1 = 1. Thus, we
have w;—1 = wy - sy—1 and z;_1 = z;. This is depicted pictorially in Fig. 1.
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Fig.1 Intermediate permutations

We prove the stronger assertion that drops(w;) = drops(z;) for all i € [n] by
reverse induction on i. The claim is true when i = n as w, = z, = id. Further, as
ri = q; whenn — 1 > i > ¢, we clearly have w; = z; whenn > i > ¢t. Hence
drops(w;) = drops(z;) whent <i < n.

Since the canonical reduced word for w; (and z;) ends in s;, position ¢t €
DescSet(w;) and ¢ € DescSet(z;). In one-line notation, let w; = z; = 7,1 =
X1,X2, ..., Xy and let w;—1 = y1, y2, ..., Yu. Since wy;_1 = w; - §;—1, we have

Xp = Y1, %1 =Yrand X; 1 = yry1. (2)

By Lemma 18 applied to w;, we get x1 < x2 < --- < x;. Since a reduced word for
w;_1 ends in s;_1, position ¢ — 1 is a descent for w,_; and thus we have y,_| > y;.
Using (2) we rephrase this as x; > x,_;. Further, as £(r;) > 2, and as w41 -1, = wy,
the element x;1 occurred at an index smaller than # — 1 in w;4; and moved to the
t-th position in w;. During this move, clearly, a block of (r;) elements got shifted by
one position to the left and x; 41 took the position ¢ + 1. Applying Lemma 18 to w; 1,
we get

X+l < Xp—1 < X;. 3)

Note that (3) is about the relative order of elements of w;. Further, as a reduced word
for w; ends in s;, position ¢ will be a descent of w;. Thus, drops(w;) = (x; —x;41) + D
where D = ZceDescSet(w,)—{z}(xc — X¢+1). Since wy - §;—1 = w;—1, by Lemma 13,
canon_reduc(w;—1) = [ru—1] - [rn—21---[r¢]llri—1]. Since £(r;) > 2, r; ends with
Sy_18¢. Since r;_1 = s;_1, a reduced word for w;_ ends with s;_1s;5;_1. Thus, some
reduced word for w;_1 has the form fs;_1s;s;—1 for some f written as a product of
generators. Using the Coxeter relations, this reduced word can be changed to fs;s;—1.;.
Thus, there are two reduced words for w;_1, one which ends with s; and another
which ends with s;_1. Thus t — 1, t € DescSet(w;_1). Clearly, the other descents of
w;_ are identical to that of w,. Thus, w,_; has descents at positions ¢t — 1, ¢ and at
k € DescSet(w;) — {t}. Thus

drops(w;—1) = (yr—1 — Y1) + (r — yr+1) + D = (yr—1 — yr+1) + D
= (xr — xt+1) + D = drops(w;) = drops(z;—1)

where we have used (2) in the last line.
We next show that drops(w;_») = drops(z;—2). When k > 2, the same argument
will show that drops(w;_x) = drops(z;—k). Since ¢ is the smallestindex with £(r;) > 2,
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whenever k > 2, we will have €(r;—;) = 0/1. If £(r;—2) = 0, then ;> = 1 and there
is nothing to prove. Thus, we assume that 7;_» = g;—> = ;3.

Lemma 18 applied to z; gives x;—2 < x;—1. As z;—2 = Z; - S;—2, these are precisely
the elements swapped in z; to get z;_». Thus, DescSet(z;—2) = DescSet(z;) U {t —2}.
Similarly, we claim that DescSet(w;_») = DescSet(w;)U{r—2}. To see this, recall that
as wy = X1,X2,..., Xy, by 3), wehave x; 1 < xi—1 < xp. fwi o =y, 5, ..., yps
as Wy_p = Wy + S - Sy, We get

/ / / /
Vit1 = X415 Ve = Xt Y1 = Xt-2, and Vi = X¢—1- “)

Further, if z; 5 = x{,X5,....,x,, as 2,2 = z; - 2, We have x/_, = x;_1,
x{f1 = x;— and x; = x;.In w,, since position 7 is a descent, we have x; > x4 and let
D= quDescSet(w,)—{t}(xq —x4+1)-Recall that DescSet(z;—2) = DescSet(z,)U{tr—2}
and that DescSet(w;_7) = DescSet(w;) U {t — 2}. Thus,

drops(z;—2) = drops(z;) + (x;_, — x;_;) = drops(z;) + (x;—1 — X¢—2)
=D+ (x; —x/ )+ =1 —x—2) = D+ (xy — x;41) + (=1 — X—2)
=D+ (x —x—2) + -1 —x41) =D + (yt/_z - yt/_l) + (y,/ - yt/+1)
= drops(w;—2)

where the last line follows from (4). An equivalent argument which we omit shows
that drops(w;—_x) = drops(z;—x) for k > 2, completing the proof. O

4.1 The FZ map and height in Motzkin paths

Before we state our main result of this section, we need some definitions. For a
permutation 7 € &, we call anindex 1 <i < ntobe

a cyclic peak denoted as i € CPk () ifr=10) <i > (@),

a cyclic valley denoted as i € CVal(w) if 7~1() > i < (i),

a cyclic double ascent denoted as i € Cda(n) if 7~1() <i < (i),
a cyclic double descent denoted as i € Cdd(z) if 71 (i) > i > 7 (i),
a fixed point denoted as i € Fix(w) if w(i) = i.

Definition 20 A 2-Motzkin path of length n is a word w = 5157 .. . s, on the alphabet
{N, S, E, dE} (abbreviations for North, South, East and dotted East, respectively) such
that for each i, the height or level /; (w) of the i'” step of w, defined by

hi(w) =#{jlj <i,s; =N} —=#{j|j <i,s; =S}
is non-negative and is equal to zero when i = n.

Definition 21 A restricted Laguerre history of length n is an ordered pair (s, p), where
s = (s1,52,...,5,) is a 2-Motzkin path of length n and p = (p1,..., py) € N*
satisfies 0 < p; < h;(s) whens; = N,Eand 0 < p; < h;(s) — 1 when s; = S, dE.
We denote the set of restricted Laguerre histories of length n by L.
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We refer to the 2-Motzkin path s of a restricted Laguerre history (s, p), as its shape,
denoted by sh(s, p), and the vector p = (p1, ..., pn) as the labels of the restricted
Laguerre history, denoted by h(s, p).

Next, we recall the famous Foata-Zeilberger bijection [10] between &, and L}
using cyclic statistics. Given o € &,, define ¢prz(c) = (s,p) € LH, where for
i=1,2,...,n,

N ifi € Cval(o),
S ifi € Cpk(o),
E ifi € Cda(o) UFix(o),
dE if i € Cdd(o),

S =

with p; = nest; (o) where nest; (o) = [{jl|j <i <o() <o(j)oro(j) <o(i) <
i < j}|. Define nest(o) = Y i, nest;j(0). To determine the cyclic statistics of
fa(r) € &,, we need a few lemmas.

Lemma22 For 1 <i < n, if w; are the intermediate permutations of 1 € S, then
wi(j) = jforl <j<i

Proof This follows from the proof of Lemma 18. O

We use Lemma 22 to bound the a, b that appear in Lemma 17.

Lemma 23 Let i be the index where 1, fa(w) differ in their canonical reduced word
decomposition and let a, b be as in Lemma 17, thena > i + 1 and b > i + 2.

Proof By Lemma 17, we know that a, b are in positions i, i + 1, respectively, of w; 1.
Without loss of generality, assume that a is in position i and b is in position i + 1.
We know that w; 1 = wj4o.ri41 and [(r;4+1) > 2 (by the definition of f4). Since
I(ri+1) = 2, a had to have been in the position i 4+ 1 and b had to be in position i 4 2
of w;4o because a is moved to position i and b moved to position i + 1 in w;4q.
Therefore, by Lemma 22 for w; 12, we geta > i + 1 and b > i + 2. This completes
the proof. O

With these lemmas in hand, we now prove our main result of this section. If i €
CPk () (respectively, CVal(rr), Cda(w) UFix(r), Cdd(m)), then we will show thati €

CPK(fa(m)) (respectively, CVal(f4 (1)), Cda(fa(m)) U Fix(fa(r)), Cdd(fa(m))).
This will prove that the shape of the associated restricted Laguerre histories is the
same.

Proposition24 Let 1 € G,, and f4 denote our involution defined in Subsect. 3.1.
Then,

sh(¢rz(m)) = sh(grz(fa(m))).
Proof We show that if i € CPk(w) (respectively, CVal(x),Cda(w) U

Fix(mr), Cdd()), then i € CPk(fa(rr)) (respectively, CVal(f4(m)), Cda(fa(m)) U
Fix(fa(m)), Cdd(fa(m))). Let a, b be such that (a, b) f4(r) = m. Without loss of
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generality, assume that a appears to the left of b in the one-line notation of 7. Thus,
we have

m=nx(),...,a,...,7({),b,7(i +2),...,7(n) and
fa@)=n),....b,...,w(0),a, 7w +2),...,7(n).

If 7=!(a) = i’, then  and f, () are different only at the indices i’, i + 1. Therefore,
we have the following simple relations. If j ¢ {i’, i 4+ 1}, then 7(j) = fa(7)(j) and
if j ¢ {a, b}, then n_l(j) = fa (rr)_l(j). To prove the claim, we only need to check
for the following three cases.

1. Casel,when j =i+ 1lor j=i":Letj =i,then7(j) =a.Sincea > i+ 1,
by Lemma 22 and j = i’ < i, we have j < 7 (j) = a. If 7(j) = a, then
fa@)(j) =b. Wehave j < b = fa(m)(j).Sincei’ <aandi’ < b, j =iis
not equal to either a or b and therefore, prA ( Jj) = fa ()~ I( j). These produce
the same letters under ¢rz.

Let j =i+ 1, then w(j) = b. Since j < b, it can be a. If not, we have 71 (j) =
fa@) V(). Ifa=i+1=j,then fa(wr) (@) =a = fa(m)(i+1) = a and
/=nYa) <i+1<n@+1) =b, then they both produce the same letters
under ¢rz as cyclic double ascents and fixed points both produce the same letter.

2. Case 2, when j = aor j = b: If j = a, then j > i 4+ 1 and we further split into
twocasesa =i + 1 and a > i + 2. The former case was covered earlier in Case
1. For the latter case, clearly, the letters 7 (j) will coincide for 7 and f4 (7r) when
j =i+ 2. Therefore, we have m(a) = fa(r)(a). Also, M a)=i'<i+1<a
and f4 (M) @) =i+1<i+2 <a. Thus, they produce the same letters under
the map ¢rz.

Suppose j = b, then j > i + 2 and the letters 7 (j) coincide for 7 and f4 (;r) for
j > i+2. Further, 77 '(b) =i+ 1 < band fa(w) ' (b) =i’ <i+2 < b.Thus,
they produce the same letters under the map ¢rz.

3. Case 3, when j = w(a)or j = n(b) (i.e. j = fa(mw)(a)or j = fa(mw)(D)): Since
a>i+1,7(a) = fa(w)(a) and thus we have 7 ~1(j) = fu(m)~1(j) = a. If j
is neither i + 1 nor i/, then, 7w (j) = fa()(j). These j produce the same letters
under ¢rz. If we have j = i’, we thenhave a > i’ < a and fa(7)'(i") =a >
i’ < fa(@) (") = b. Therefore, they produce the same letters.

If we assume j =i+ 1,eithera =i+1ora > i+1 < a.Thecase whena =i+1
has been covered earlierin Case 1. Ifa > i+1,thena > i+1 < fa(m)(i+1) = a.
They both have cyclic valleys at i + 1 and, therefore, produce the same letters under
drz.

Since b > i + 2, w(b) = fa(w)(b) we have 7 1(j) = fa(m)"1(j) = b. If
jisnoti + 1 ori’, then 7(j) = fa(w)(j). These j produce the same letters
under ¢rz. If we have j = i/, we have 7~1(i’) = b > i’ < 7(i’) = a and
fa@)~'G@") = b > i’ < fa(w)(i’) = b. Therefore, they produce the same
letters. f we have j = i + 1, thenb = 7'+ 1) >i+1 <a(i+1) =b
a>i+1< fa(@)(@+ 1) = a. However, the case when j = a =i + 1 has been
covered in Case 1. They both have cyclic valleys at i + 1 and, therefore, produce
the same letters under ¢r .
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The rest of the indices have the same values and positions in 7, f4 (), by Lemma 17.
This completes the proof. O

Petersen and Guay-Paquet in [21] defined a map ¢per.gp from &, to the set Motz,,
of Motzkin paths of length n that is closely related to the Foata-Zeilberger bijection.
In a Motzkin path we do not differentiate between the E and dE steps unlike a 2-
Motzkin path. Let ¢pet-gp be the map described by Petersen and Guay-Paquet. Petersen
and Guay-Paquet show that ¢pe.gp(r) = sh(¢prz(r)) For 1 € G,,; they show that
dper-gp (77) is not injective but is surjective onto Motz,. They used it to get a continued
fraction expression for the generating function of the depth statistic using the shape
of the Motzkin path corresponding to each permutation.

To determine the number of pre-images a Motzkin path has, Petersen and Guay-
Paquet defined the weight of step p; as

/’li ifp,'ZNOI‘piZS,
w; =
"7 |2ni +1 ifp; =E,
and the weight of a path p = p;--- p, to be the product w(p) = w; - - - w,. They
showed (see [21, Proposition 4]) that the weight of a Motzkin path p equals the number
of permutations in its preimage ¢! (p).

Proposition 25 (Petersen and Guay-Paquet) Let p € Motz,. Then

w(p) ={r € &, : pper.gp(w) = p}|
The following is an easy corollary of the previous proposition.

Corollary 26 For p € Motzy, if p has maximum height strictly more than 1, then, under
the map Pper.gp, there are even number of permutations w € S,, with ¢per.gp(r) = p.
If p has maximum height at most 1, there are odd number of permutations m € S,
with ¢per.gp(T) = p.

Next, we give a bijection between the set of Motzkin paths of length n with max-
imum height at most 1 and subsets of [n] with even cardinality. This will imply that
the set of Motzkin paths of length n with maximum height at most 1 has cardinality
2=

Proposition 27 There is a bijection between the number of Motzkin paths of length n
whose height is at most 1 and the number of subsets of [n] whose cardinality is even.

Proof Let S C [n] be such that |S| is even and let S = {s1...s)5/}< be S with its
elements written in ascending order. For I <i < ‘—;l, declare the s5;_1-th step of the
Motzkin path to be ‘N’, the so;-th step of the Motzkin path to be ‘S’ and the rest of

steps to be ‘E’. This process is clearly reversible and gives us a bijection. O

Combining all the results above, we conclude that there is a bijection between the
fixed points of f4 and Motzkin paths whose maximum height is at most 1.
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Proposition 28 The fixed points of the involution fa get mapped bijectively, under
dper-Gp, to Motzkin paths whose maximum height is at most 1.

Proof We know that the fixed points of the involution f4 are permutations whose
reduced words r; satisfy £(r;) < 1. Clearly, there are 2"~! such permutations. By
Proposition 24, if the cardinality of the set of permutations that map to a particular
Motzkin path is odd, then it contains at least one permutation that is fixed by f4. There
are exactly 2" ~! such paths and exactly 2"~ fixed points. Therefore, every fixed point
must map to a different Motzkin path whose maximum height is at most 1. O

We, now, finish the proof of Theorem 3.

Proof of Theorem 3 Since the involution f4 preserves the shape of the 2-Motzkin path
under the Foata-Zeilberger bijection, we have area(¢prz(r)) = area(dprz(fa(m)).
Thus depth(;r) = depth(f4(;r)) because the area under the Motzkin path is the depth
of the permutation. Since the shape is preserved, so is the number of N, dE steps. The
sum of the number of N, dE is exactly the number of iexc (exc of the inverse of the
permutation) of the permutation, and this is also preserved under the involution. In
Lemma 19, we showed that the map preserves drops as well. Denote by FIX(f4) the
permutations fixed under the involution f4. From these three observations, we have

Z (_1)inv(n)tiexc(n)pdepth(ﬂ)qdrops(n) — Z (_l)inv(rr)tiexc(n)pdepth(n)qdrops(n)
e, 7 €FIX(fa)

The permutations in FIX(f4) are the ones whose canonical reduced word is of the
form s;,s;, - - - 55, where n > i; > ip > --- > iy > 1. Clearly, such permutations are
in bijection with subsets L of [n — 1] and thus |7,,—| = 2"=1 For each s; i the iexc
increases by 1. Since these are adjacent transpositions, the depth and drops increases
by 1. Therefore, if 1 € FIX(f4), then depth(w) = drops(w) = iexc(w) = inv(mw).
Therefore,

Z (_1)inv(n)tiexc(7r)pdepth(n)qdropsn) =(1- lpé])n_l
7 eFIX(fa)

Let RC be the reverse-complement bijection. It is easy to check that RC is sign
preserving and

(iexc(m), depth(sr), drops(ir) = (exc(RC(r)), depth(RC(r)), drops(RC(7))).

Therefore,

Z (_ 1)inv(n)tiexc(n)pdepth(ﬂ)qdrops(ﬂ)

TeS,
— Z (_ l)inv(RC(n))tiexc(RC(ﬂ))pdepth(RC(ﬂ))qdrops(RC(ﬂ))
eSS,
— Z (_ 1)inv(n)texc(n)pdepth(n)qdrops(n)

e,
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This finishes the proof. O

5 Continued fractions for (depth, inv) and (drops, MAD)

In this section, we calculate a continued fraction expansion for the pair (drops, MAD).
The MAD statistic was defined and shown to be a Mahonian statistic by Clarke,
Steingrimmson and Zeng [5]. Any 7 € G,, can be uniquely decomposed into descent
blocks (maximal descending subwords). Denote the first and last letter of each block
B of length at least two by c(B), o(B), respectively. The right embracing number
of (i) is the number of descent blocks strictly to the right of the block containing
7 (i) and for which c(B) > (i) > o(B). The sum of all right embracing numbers is
denoted by Res(r). Then, MAD(rr) := drops() + Res().

We will get a continued fraction expansion for the pair (depth, inv) via the
Foata-Zeilberger bijection and the theory of continued fractions due to Flajolet [9].
Clarke, Steingrimmson and Zeng showed bijectively that the pairs (drops, MAD) and
(depth, inv) are equidistributed over G,,. Thus, we can recast our results using this
pair. We get a J-type continued fraction expansion where the denominators have lin-
ear and quadratic terms. For some background on continued fractions, we refer the
reader to the book by Goulden and Jackson [13]. Define the (depth, inv)-enumerating
polynomial over G,, as

F,(x, 6]) — Z xdepth(w)qmv(w)_
wes,

Our result of this section is the following. It was conjectured by Petersen in his email
to Zeilberger (see [20]).

Theorem 29 The ordinary generating function of F,(x, q) has the following Jacobi
continued fraction expansion:

F,(x,g)t" = ,

n=0 1 —cot —
0 b2t2

1—cit—

bn+1t2

1—cyt —

where c, = x"q"([nlq + [n + 11y) and b, = x2n g2ty l]p)zforn > 0.
Proof For w € G, if ¢prz() = (s, p), then we have the following.
n
depth(r) = area(¢rz(w)),  area(prz(m)) = Y _ hi(s),
i=1
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n

inv(r) = area(¢rz (7)) + nest(w) = Zhi(s) + nest(w) = Z (hl-(s) + pi).

i=1 i=1

The first two equations are well known in the literature, see [21],[5]. The third equation
was noted by Viennot, de Medicis [6].

Fax.q)= ) x¥eapgureaGtdip
(s,p)eLH;
= Y [t Hxh mtre T xhegheer T xtigh+r
(s,p)eLH si=N s;=dE si=E

= > Hx +10, []x"q" hily T *"q" 1hily
se2—Motz, s;= si=S si=dE
hi Jhirg,.
[ ["q" i + 11,
si=E

where 2-Motz, is the set of 2-Motzkin paths of length n. Therefore, by Flajolet’s
theory of continued fractions [9], we have completed our proof. O

By the bijection of Clarke-Steingrimmson-Zeng in [5], we know that (depth, inv)
is equidistributed with (drops, MAD). Therefore, we have

Fn(x,q) — Z xdepth(w)qinv(w) — Z xdrops(w)yMAD(w)'

weS, weS,

As a corollary, we can enumerate the permutations, with respect to depth and inv,
in the pre-image of Motzkin paths under the ¢pe.gp map.

Corollary 30 Let p € Motz,,. Then

Z qinV(W)xdepth(w) — 1_[ xhiqh[ [hi + l]q l_[xhiqhi [hi]q

wEPptp(p) =N 5=

[T "q" hily +1hi + 119 )

s;=E or dE

6 Type-B Coxeter groups

For 0 = 01,02,...,0, € B,, let Negs(o) = {i € [n] : 0; < 0} be the set of
indices where o takes negative values and let NegSum(c) = — (3 ieNegs(o) o;) be the
absolute value of the sum of the negative components of o. Recall the definition of
the number of type-A inversions of o asinva(o) = {1 <i < j <n:o; > o}l
Here, comparison is done with respect to the standard order on Z. Define the number
of inversions of o € B, asinvg(c) = NegSum(o) +inva (o). The above definition is
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due to Brenti [4] who also shows that invg (o) is the length of o in the Coxeter-theoretic
sense with respect to the generators sq, S1, ..., Sp—1.

Let o = 01,07,...,0, € B,. Define o9 = 0 and define DescSetg(c) =
{0 < i < n : o0, > o0j+1}. This combinatorial definition of descents can be
found in [2]. Recall that dropsg(c) = ZieDescSetB(a)(Ui —oiy1). If o € B, N
G, then clearly dropsg(o) = drops(c). For n > 1, define SgnDropgp,(g) =
Z (—1)invB(@) 4 dropss(@) - Oyr main result is the following type-B counterpart of

oe’B,
Theorem 4.

Theorem 31 Forn > 1, SgnDropg,,(¢) = (1 — ¢)".

We begin with a few lemmas. The following is a type-B counterpart of Lemma 18.
As its proof is similar to the proof of Lemma 18, we omit a proof. The only difference
is that we only claim similar results for the intermediate permutations w;, 41, Wy, . .. wa
and not wy as r; could be so which flips the sign of the first element.

Lemma32 LetW = B, andletw € W have intermediate elements w;, wherel <i <
n+1. For2 < i < n+1, let the one-line notation of w; be w; = apay, az, . .., a,, where
ag = 0. Then, ap < a1 < ar--+ < aj_1. Let canon_reduc(w) = [ry]lrn—1]---[r1]
and let wy = boby, by, . .., by, where bg = 0. If r1 # so, then by < by.

The following is a type-B counterpart of Lemma 19.
Lemma 33 For o € B, dropsg(c) = dropsg(gp(0)).

Proof Let T, = {Y/ € B, : gp(¥) = ¥}. The lemma is trivial if o € T,;, and hence,
we assume that o ¢ T,. We break the proof into two cases depending on whether
canon_reduc(o) has nml factors.

Case 1: (When canon_reduc(o’) has no nml factors.) The argument is very similar
to the type-A argument. We start from w,1 = id and note that at the i-th step, the
(n — i)th element from the left gets into its correct place with its correct sign. After
we perform w;1r,, we get w, and let x; be the (n — i)th element from the left in w;
(that is the element which came into its correct place in w;). We might get into trouble
only when x; came from lesser than two positions to the left of (n — i) AND if x; is
negative. Otherwise, it can be seen that (2) holds and we are done.

Thus, for all i € [n], we have r; # u; and r; # v;. Let ¥ = gp(o) and let ¢ be
the smallest index such that £(r;) > 2. Recall the intermediate permutations o; and
Y forl <i <n+ 1. Let ¢ = ¥it1q;. As in the earlier proof, we will show that
dropsg(o;) = dropsg(¢;) for 1 <i <n+ 1.Fort <i <n+ 1, we have o; =
and hence dropsg (0;) = dropsg (). Recall that o, = o417, that ¥y, = Yy 17:8,-2
and that £(r;) < 1 for j < t. After using the relation si2 = id, we see that either
rr—i=1andg;_y =s;_porr;_| =s;—pand g;_; = 1. Assume that r,_; = s;_» and
hence o; = Y, = Y¥;_1. Further, r; € W and r, # uy, v;. Thus, dropsg(o;—1) =
dropsp (¥/;—1). A similar argument shows that dropsg (0;) = dropsg (¢;) for1 <i < ¢.

Case 2: (When canon_reduc(o’) has nml factors.) We carry over our notation from
Case 1. Let ¢ be the largest index with r; being nml and without loss of generality let
rr = u; and g; = v;. Let wyyq - uy = wy and z;41v; = z;. Note thatn > ¢ > 2.
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We first show that dropsg(w;) = dropsg(z;). We clearly have w;y+; = z,41. Let

Wit] = Zr+1 = X1, X2, . . ., Xp. Since wy = wyy1uy and z;4+1 = z; Vs, We have
Wy :x]5x2"‘7x[71’x_.l’xl+l7 ceenXp anle = X1, X2 ooy Xty Xp— 15 Xt 425 - - o5 X
We clearly have that the DescSetg(w;) = DescSetg(w;+1) U {t} and

DescSetg(z;) = DescSetp(z;41) U {t}. Thus, we get dropsg(w;) = dropsg(w;+1) +
Xx¢—1 + x; and dropsg(z;) = dropsp(zs+1) + X1—1 + Xr. AS wy41 = 7441, We get that
dropsg (w;) = dropsg(z;) completing the proof. We next show that dropsg(w;—1) =
dropsg(z;—1). When k > 1, we have r,_y = g;—r. Without loss of generality,

assume that r;_1 # 1. Therefore, we have w;—; = x1,X2, ..., X—1,0, Xz, ..., Xp
and z;—1 = X1, X2, ..., X¢, O, Xg—1, ..., Xn, Where « = y; > 0 or « = y; for some
1<i<t.

Subcase (a) (When o = y;) Since y; < x;—1 < x;, we have a descent at position
t—2.Let D =} pescSets (wy)nir+1.n—1]¥i — Xi+1). Then, we have dropsp (w;—1) =
(x,—1 —a) + (¢ +x;) + D and dropsg (z;—1) = (x,—1 —a) + (¢ +x;-1) + D. Clearly,
both are equal.

Subcase (b) (When « = Yy;) We have 3; > X;—; > Xx; and therefore
dropsg(w;—1) = (x;—1 + yi) + (x; — yi) + D and dropsg(z;—1) = (x; + yi) +
(xs—1 — yi) + D. Clearly, both are equal. An equivalent argument can be used to show
that dropsp (w;—x) = dropsp(z;—x) when k > 2 and is, therefore, omitted. The proof
is complete. O

With these lemmas in place, we move on to the proof of Theorem 31.

Proof of Theorem 31 Define T}, to be the setof o € B,, such that indx_canon_reduc(o)
has no ascents. These are permutations whose canonical reduced word is of the form
8iySiy + -+ 8, where n > i1 > ip > .-+ > iy > 0. As there are n generators, such
permutations are clearly in bijection with subsets L of [n — 1]g and thus |T,,| = 2".
Define K,, = ®8,, — T),. Consider the involution f defined in Sect.3. By Lemmas 16
and 33, ZoeKn (_l)inVB(O')quOPSB(O') — 0 and thus Zne%n (_l)inVB(U)quOPSB(U) —
ZneT,, (_ l)ian (a)qdropsB (a).

For L C[n—1]o, L ={i1,i2,...,ir}, we write (L) or {ig, ix_1,...,i1}> for the
sequence of elements of L arranged in decreasing order. We write v = [[;c (7, si to
denote the signed permutation o € T, whose canonical reduced word is v. Clearly, the
signed permutation o with canonical reduced word ]—L» (L) Si has invg (o) = (=D)L
Further, if we cluster the elements of L into consecutive elements, then it is easy to
see that dropsg (o) = |L|. Thus,

Z (_l)ian(o)qdropsB(o) — Z (_l)lL\q\LI =(1-q).

oeTy, LC[n]

The proof is complete. O

7 Type-D Coxeter groups

Recall that ©, the type-D Weyl group is the subset of signed permutations o €
B, such that | Negs(o)| = 0 (mod 2). That is, it is the set of signed permutations
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with an even number of negative elements. For o € ©,,, Brenti [4] showed that its
number of inversions is given by invp(c) = invg(c) — | Negs(o)|. When n > 2,
for o = o1,02,...,0, € ®,, define 69 = —oy. Define DescSetp(c) = {0 <
i < n:o; > oi41}. Define dropsp(o) = ZieDescSetD(a)(oi+1 — 0;) and define
SgnDropp,(q) = Y. (—=1)™p()gdropsp(™)  The main result of this section is the

TED,
following.

Theorem 34 Forn > 2, SgnDropp,,(¢) = (1 —¢*)(1 —¢)"~\.

First, note that the combinatorial definition of invp can be extended to
any signed permutation in ‘B, without any changes. Define dropz(w) =
drops g () ifry >0,
{dropsB(n) —m ifm; <O.

Lemma 35 Whenn > 2, we have > (—l)i“"D(”)qdmpz(”) = 0. Similarly, when
TeB,—D,
n > 2, we have Y (—1)inVD(”)qdr°pZ(”) =0.

TED,

Proof We only prove the first identity and omit a proof of the second as the arguments
are very similar. Let A be the elements of B, —®,, thathave n — 1 orn — 1 occurring
before n or 77 and let A, be the elements of 9B, — ©,, in which »n or n occurs before
n—1orn — 1.1Itis clear that A| L A5 is a partition of B, —®, and |A{| = |A2]. We
define a bijection g : A| > Az. We split into cases here to describe our map g: If

1. If 1 = o01,n—1, 02, n, 03 where o;, fori = 1, 2, 3 are contiguous subwords, then
set g(w) = o1,n,02,n — 1, 03. In this case, one can check that invp(g(w)) =
dropz () if o3 #£ ¢,
dropz(w) + 1 if 03 = ¢.
2. If # = o1,n—1,02,n,03, then set g(wx) = o1,n,02,n — 1,03. In this
case, it can be seen that invp(g(mw)) = invp(w) 4+ 1 and dropz(g(w)) =
dropz(rm) if o3 # ¢,
{ dropz(w) + 1 if 03 = ¢.
3. Ifm = o1,n — 1,09, 7, 03, then set g(w) = o1,n,02,n — 1, 03. In this case, it
can be seen that invp(g(7)) = invp(mr) — 1 and dropz(g(rr)) = dropz ().
4. If 7 = o1,n—1,00,7, 03, then set g(m) = oy,n, oa,n—1, 03. In
this case, we have invp(g(w)) = invp(wr) + 1 and dropz(g(w)) =
dropz(mr) if either ojor oy # ¢,
{ dropz(w) + 1 if o1, 09 = ¢.

invp () + 1 and dropz(g (7)) = {

Using g, we get

Z (_l)invD(ﬂ)qdropz(n) — Z [(_l)invD(w)qdropz(w) + (_1)invD(g(w))qdropz(g(w))].
neB,—Dp wEA]

On the right-hand side, the only w for which the two terms do not cancel
out are when the last letter is n or n — 1 (by induction, the contribution of
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such permutations is clearly (1 — q)< > (—1)invo (T )qdmpz(”))) and when
7€By_1-Dy—1
the first two letters are n — 1, n (again, inductively, such permutations contribute

> (—1)invp () 5 dropz(m)y Thys, we get
776%}172_©r172

Z (_l)invD(n)qdropz(ﬂ)

neB,—D,
=(-gq) Z (_l)invD(ﬂ)qdropz(ﬂ) + (q2n _ an—l)
7eB,_1—Dy_1
Z (_l)invD(n)qdropz(n)_
7eB, -0, 2

Whenn = 2, itiseasy tosee that Y.  (—1)Vp(™)gdropz(™) — (0 This completes
TeBr—D)
the proof. O

Lemma36 For natural numbers n > 4, we have SgnDropp,(qg) = (1 —
¢) SgnDropp,, ().

Proof Define A; to be the subset of ©,, having permutations with n — 1 or n — 1
occurring before n or and Ay, = ®, — Aj. It is straightforward to see that these sets
have the same cardinality. We describe a bijection 2 : A; > Aj. The map on D, that
acts by h on Ay and h~! on A5 is an involution. We describe how to map these signed
permutations after splitting them into the following cases.
1.If = = o1,(n — 1),00,n,03, then set h(x) = oy,n,op,n — 1,03.
One can check that invp(h(w)) = invp(w) + 1 and dropsp(g(w)) =
dropsp () if o3 # ¢,
{ dropsp(m) + 1 if 03 = ¢.
2. Ifmr =o1,n—1,09,n, o3, thenseth(wr) = o1, n, 02, n—1, 03. One can check that
drops () if o3 # ¢,
dropsp () + 1 if o3 = ¢.
3. If # = o1,n — 1,03, n,03, then set h(wr) = o1,n,0p,n — 1,03. We have
dropsp () if 01,00 # ¢,
dropsp () + 1 if 01, 02 = ¢.
4. If 7 = o1,n— 1,09, 7, 03, then set h(mr) = o1,n, o0, n —1,03. We have
dropsp () if 01,00 # ¢,
dropsp () + 1 if 01, 02 = ¢.

invp(h(m)) = invp () + 1 and dropsp (h()) = {

invp(h(m)) = invp(sr)—1 and dropsp (h(w)) =

Pr———

invp(h(m)) = invp ()41 and dropsp (h(w)) =

Pr———

Using h, we get

SgnDropp,,(¢) = (1 — ¢g) SgnDropp,,_(¢)

. ) <(_1)inVD(n)qdr0psD(rr) n (_l)invD(h(n))qdropsD(h(n)))

{reAy: my=n—1,my=n}

+ Z (71)inVD(n)qdr0psD(7r) + (7l)invD(h(n))qdropsD(h(n)))

{reAy: my=n—1,m=n}
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We show that both the second and third terms of the sum above are zero. If 71 =
n—1,m =n, then clearly, 7y =n — 1,7n, 0 where o € 9B,,_» — D, . Thus,

Z <(_1)inVD(ﬂ)qdropsD(n) + (_1)invD(h(n))qdropsD(h(rr)))
{meAy: my=n—1,m=n}
— Z (_1)invD(ﬂ)q2n+dropz(a) + (_l)invD(g(n))an1+dr0pz(o)>

0e€B, 2D, 2
— ((_1)2}’1—2q2n + (_1)2n—3q2n—1) ( Z (_DinvD(a)qdropz(a))
0eB, -0, 2

=0 (from (35))

Similarly, if 11 = n — 1, 1y = i, then we have 1y = n — 1,71, 0 where 0 € ©,_».
Hence,

(_ 1)inVD(n)qdropsD(7r) + (_l)inVD(h(n))qdropsD (h(n)))

{reAy: mi=n—1,mr=n}

Z (_l)invD(n)q2n+dropz(d) + (_1)invD(h(n))QZn—l+dropz(a)>

0ED 2
= ((_I)Zn—Zan 4 (_1)2}1—3q2n—l) ( Z (_1)inv1)(o)qdr0pz(a))
0€D 2
=0 (from (35))
Our proof is complete. .

Proof of Theorem (34) 1t is easy to see that SgnDropp;(q) = (1 — ¢*)(1 — ¢)°.
Applying Lemma 36 completes the proof.

8 Two applications of our results

We cover two applications of our results in this section.

8.1 Mean and variance
Graham and Diaconis showed that when one samples permutations from &,, atrandom,

then the distribution of its Spearman’s measure D (i7) is asymptotically normal. Their
result is the following.
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Theorem 37 (Graham and Diaconis) Let w be a permutation chosen independently
and uniformly in G,,. Then, as n — 00,

E(D(7)) = %;ﬂ + O(n) and var(D(r)) = %IP +0®n?) (6)

and D(m) standardized by (6) is asymptotically normal.

Remark 38 1t is easy to note that the expected value of the Spearman disarray when

we sample permutations from &, at random can be evaluated by the linearity of

n’—1
’g

expectation and thus we have E(D(r)) =

.. 21
statistic drops over &, equals "¢

. Therefore, the expected value of the

We need the following lemma which is implicit in the second proof of [11, Theorem
1.2]. For positive integers n, let F,(1) = Y j_, foxt® and G, (1) = Yo gn itk

be sequences of polynomials with f;, x, g,.k > O for all k. Further, for all positive
integers n, let F,,(1) > 0 and G, (1) > 0. We will consider the random variable X ’f’

fn,k (and 8n.k

: . Fu(D) Gy (1) g
The following form of the Lemma appears in [7, Lemma 8] and gives a condition for

moments of X ? and X Z to be identical.

(and X g) which takes the value k with probability

, respectively).

Lemma 39 Let F;,(t) and G, (t) be as described above. Suppose we have a sequence
of polynomials H, (t), a nonzero real number A and a sequence of positive integers £,
such that

Fu(t) = 4G (t) £ (1 — )" Hy (1). (N

Then, for r < £,, the r-th moment of X’}- is identical to the r-th moment of Xg.

As a corollary of Theorem 4, Theorem 37 and Lemma 39, we get the following. A
scaling is necessary as for all 7 € &,,, we have 2 - drops(r) = f(D(r)) where f is
the map used by Reifegerste in [23].

Theorem 40 Let 7w be a permutation chosen independently and uniformly in A,. Then,
asn — 09,

11, I 2 4 2
E(drops(m)) = 3 gn + O(n) and var(drops(m)) = — - —n” + O(n”). (8)

8.2 A complete matching on the Bruhat order

In this section, we show that our sign-reversing involution defined in Sect.3 gives a
matching in the Bruhat order on G,, and 8,,. The Bruhat order is a partial order on
permutations w € &,,. There are several definitions of this partial order, and for our
purposes, the most suitable is the following. Let &, ¥ € &,. Define ¢ < m if for
some reduced word s;, s;, - - - 5;, of 7, there exists a subset S C [k] such that [ | Si;
is a reduced word for .

jes
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Fig.2 The Bruhat order on Gy,
taken from page 31 of Bjorner
and Brenti, [2]

Let m € G, — T, and let f () be its image. Since 7 is an involution, assume
inv(w) < inv(f(r)) (otherwise exchange the roles of 7 and f(;r)). By Lemma 13,
we have inv(sr) = inv(f(mr)) — 1. Further, by Lemma 13 and the definition of the
Bruhat order w1 < f () as the canonical reduced word for 7 is a subword of the
canonical reduced word for f ().

Thus, we get a matching in the Bruhat order on elements of G,, — T;,. We have seen
that the elements of 7}, are in bijection with subsets of [n — 1] where simple matchings
exist (say between subsets with and without the element s1 in the reduced word). This
gives a matching on the set 7, and combining these two, we get a matching on the
Bruhat order of G,,.

We illustrate the matching for G4 in Fig.2. Both end points of blue edges (seen
better on a colour monitor) are elements of &,, — T;,, while both end points of purple
edges are elements in 7},.

Recently Jones [15] gave an explicit matching on arbitrary intervals [u, v] in the
Bruhat order where u < v. His matching depends on a reduced word for the element v
and when specialised to the whole Bruhat order on G,, (i.e. the interval [id, w] where
w is the unique permutation with largest inv value) is seen to be different from the one
just described.
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