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an exact formula for this signed enumerator in &, and show that this polynomial depends
on the value of n (mod 4). If R,(t) is the polynomial enumerating alternating runs in &,
Wilf showed that (1+t) divides R, (t) and determined the exponent of (1 +t) that divides
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Symmetric groups Wilfs result when n=2,3 (mod 4). When n=0,1 (mod 4), we show that the exponent
Enumeration is one short of what Wilf obtains.

Central limit theorems As applications of our results, we get moment type identities involving the coefficients of

Rni(t), refinements to enumerating alternating and unimodal permutations in A,, &, — Ay
and Central Limit Theorems about alternating runs in A, and &, — Ajy. Similar results are

obtained for type B Coxeter groups.
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1. Introduction

For a positive integer n, let [n] = {1, 2, ..., n}. Let &, be the symmetric group on [n]. For 7 € &, with m = w1, 7y, ..., Ty,
let Peak(w) ={2 <i<n—1:m_1 <m > w41} be its set of peaks and Valley(w) ={2 <i<n-—1:m_1 > m; < mi+1} be
its set of valleys. Let pk(;r) = |Peak(;r)| and val(;r) = |Valley(sr)|. For an index i with 2 <i <n — 1, we say that & changes
direction at i if i € Peak(sr) U Valley(sr). Further, we say that s has k alternating runs denoted by altruns(w) =k if &
changes directions at k—1 indices. Thus, for 7 € &, we have altruns(sr) = pk(;r) +val(;r) + 1. For example, the permutation
w=2,3,1,4,6,7,5 has 2 peaks, 1 valley and hence 4 alternating runs. Define the alternating runs polynomial in &, as
follows:

n—1
Ru(t) = Z taltruns(n) — Z Rn,ktk- (1)
e, k=1
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The polynomial R (t) is well studied and we refer the reader to Béna's book [4] for a nice introduction. The earliest
reference we know for the polynomial R, (t) is by André [3]. More recently, R, (t) has been studied by Canfield and Wilf [8],
Chow and Ma [10], Ma [21], Ma et al. [22], and Stanley [29].

A simple recurrence exists for R,(t) and hence for Ry, the coefficient of tX in R,(t). However, a nice formula for
Ru(t) does not seem to exist. Several formulae for R, exist, but all of them are complicated and involve a non-trivial
summation. Stanley in [29], Canfield and Wilf in [8] and later Ma in [21] presented explicit formulae for R, . Closely
related to alternating runs is the number of up-down runs in permutations (see the paper by Gessel and Zhuang [18] for
definitions). Gessel and Zhuang in [18] gave plethysm based formulas for the number of up-down runs and other statistics
in &;.

We are interested in enumerating alternating runs in the alternating group A, € &,,. Thus, we study the alternating runs
polynomial in &; with sign taken into account. For w € &, with w =7, 72, ..., 7, letinv(m) = [{1 <i< j<n:m > m;}|
denote the number of inversions in 7. It is well known that the sign of m € &, equals (—1)I"™), Signed enumeration
of several statistics over various Coxeter groups and some of their subsets is well-known. Désarménien and Foata in [12]
enumerated descents with sign in &, and Reiner in [26] enumerated signed descents for types A, B and D Coxeter groups.
Mantaci in [23] enumerated excedances with sign in &, and Adin et al. in [1] enumerated signed mahonians in Coxeter
groups. Motivated by such results, we define two signed versions of (1):

SgnAltrun, (f) = ) | (=1)!™ e gltrunstn), (2)

TeSy

Our results actually go through with the more general bivariate version defined below:

SgnAltrun,(p, q) = Z (—1)ivCm) pPk(T) gyal(m) 5)

T1eSy

Pan and Zeng in [24] considered a five variable generalization of the Eulerian polynomial with the exponents being the
statistics inv(sr), pk(sr), val(rr), double descents dd(;r) and double ascents da(sr). Enumerating the four variables other
than inv(sr) gives a generalized Eulerian polynomial. Pan and Zeng gave a g-exponential generating function enumerating
this generalized Eulerian polynomial. Though their result involves more variables, it does not seem possible to get our result
from theirs. The first main result of this paper is the following neat formula that depends on the value of n (mod 4).

Theorem 1.1. For positive integers k, let n = 4k and n = 4k + 1. Then,

SgnAltrung(p. q) = SgnAltrunge,; (p.q) = 2(1 — p)(1 — q)(1 — pg)**~ 1.

When n = 4k + 2 and n = 4k + 3, we have
SgnAltrung 5 (p, ) = SgnAltrunge,3(p, q) =0.

We generalize our results to the type B Coxeter Groups. Let [+n] = {£1, £2, ..., £n} and B, denote the group of signed
permutations o on [+n] that satisfy o (—i) = —o (i) for all i € [n]. Chow and Ma in [10] considered the alternating run
polynomial over 9B,. The alternating group, which we denote by A,, is the subgroup consisting of the permutations of &,
with an even number of inversions. Like &,, 98, is a Coxeter group and hence comes with a length function on its elements,
which we denote by invg. The positive part in B, is defined as its subset containing elements with even length (that is
with even invg value). In this work, we also enumerate the signed bivariate peak-valley polynomial over type B Coxeter
groups. Our main result is Theorem 5.3. Recall that A, € &, is the Alternating group. For ease of writing statements later,
we let & = A, and &;; = &, — Ay. Define

n—1 n-1
+ It + ¢k - It — ¢k
Ri@)= Y M= "RE and Ry @)= Y SO =N RSk (4)
TeA, k=1 rTeS—Ap k=1

It is clear that Rn(t) = R;F(t) + R, (t). We use the notation R,f(t) and Rnik when we refer to both polynomials or their
coefficients. Using Theorem 1.1, we trivially get a formula for the univariate version defined in (2). Wilf in [32] showed the
following about the exponent of (1 + t) that divides R;(t).

Theorem 1.2 (Wilf). For positive integers n > 4, the polynomial Ry (t) is divisible by (1 +t)™, where m = | (n — 2)/2].

Wilf's proof was based on the relation between the Eulerian polynomials and R, (t). Later, B6na and Ehrenborg in [G]
gave an inductive proof of Theorem 1.2. Recently, Béna in [5] gave a proof of Theorem 1.2 based on group actions. Using
Theorem 1.1, we show the following.
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Theorem 1.3. For positive integers n > 4, let m = [(n — 2)/2]. When n = 0,1 (mod 4), the polynomials R,ﬂf(t) are divisible by
(1+ 0™ 1. Whenn=2,3 (mod 4), the polynomials R (t) are divisible by (1 + t)™.

Recall that R,(t) = R;F (t) + R, (t). Thus, when n=2,3 (mod 4), Theorem 1.3 clearly refines Theorem 1.2. When n=0, 1
(mod 4), Theorem 1.3 falls short of a refinement of Theorem 1.2 as the exponent is lesser by one. However, Example 4.5
shows that our result is the best possible in this case. In Theorem 5.5, we show counterparts of Theorem 1.3 when alter-
nating runs are summed up over the elements with positive sign in type B Coxeter groups. We move on to applications of
our signed peak-valley polynomial enumeration.

1.1. Moment-type identities involving R,fk

Moment-like identities involving the Rjx’s were given by Comtet [11]. Chow and Ma in [10] deduced their identity
from Theorem 1.2. For positive integers n, k, note that Rik =0 whenever k > n. Using Theorem 1.3, we have the following
refinement when n=2,3 (mod 4) and near refinement when n=0,1 (mod 4).

Theorem 1.4. For positive integersn = 0,1 (mod 4) and positive integers k with n > 2k + 6, we have
2P+ D Ry =D 2P+ 2 Ry . (5)
p>0 p>0

For positive integers n = 2,3 (mod 4) and positive integers k with n > 2k + 4, we have

2P+ DRI =D 2P+ 2 Ry 0. (6)
p>0 p>0

For positive elements in Type B Weyl groups, we get a similar identity. This is presented as Corollary 5.6.
1.2. Alternating and unimodal permutations in fo

A permutation 7 =y, 7, -, 7Ty € Gy is said to be alternating if 711 > 7y <73 > 74 < - -+, that is, 7; < w41 for even
indices i and 7; > 741 for odd indices i, and is said to be unimodal if there exists an index j for which m1 <m <--- <
Tj > Mjpq > --- > . We refer the reader to the survey by Stanley [30] for alternating permutations and to the paper by
Gannon [17] for unimodal permutations.

Let En, E;f, and E; denote the set of alternating permutations in &,, A,, and &, — A, respectively. Similarly, let
Upn, Ui, U, denote the number of unimodal permutations in &y, A, and &, — A, respectively. From the univariate version
of Theorem 1.1 (Corollary 4.4), we prove the following:

Lemma 1.5. For positive integers n > 2, we have

1 ifn=4k,
Ef —E;=1-1 ifn=4k+2, (7)
0 ifn=4k+1orn=4k+ 3.

For positive integers n > 2, we have U;f = U, =272,

e n
. . . . X
André [2] proved that the exponential generating function of Ej is E E,«,—y =secx + tanx. When n =0, we set Ear =1
n!
n=0
and E; =0. Using Lemma 1.5, in subsection 4.3, we show the following refinement.

Theorem 1.6. The exponential generating functions of E,;—L are as follows:

X"
Z EXZ = (secx+tanxj:cosxj:x> (8)

Steingrimsson in [31] gave results for coloured permutations which includes an exponential generating function (egf
henceforth) for the type B alternating permutations. In Theorem 5.9, we give our type B counterpart of Theorem 1.6.

3
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1.3. Central limit theorems about alternating runs in &

Consider sampling permutations 7 uniformly at random from a non-empty S € &;. Thus, each 7w € S is selected with
probability 1/|S|. For any statistic stat : S, — Z >0, consider the random variable Xy that takes the value stat(w) of the
sampled 7. In this work, we consider S =&, S = G,f and then move to the type B case. Let Asrar,s(t) =D ;s £51atm) de-
note the ordinary generating function of stat(z) over S. When we write that “the coefficients of Agae s(t) are asymptotically
normal”, we mean that the random variable Xg.¢ has a Central Limit Theorem (CLT henceforth) when 7 is sampled from S.
This means that when n is “large enough”, the distribution of X, is approximately normal.

When stat = altruns, a CLT for Xajrups i known (see Knuth [19, Page 46] and Brockwell and Davis [7, Page 37]). For
the statistic stat(sr) = pk(;r), Ma in [20] showed that the random variable X, has a CLT. Thus, the coefficients of the peak
polynomial are asymptotically normal. Fulman, Kim and Lee in [15] gave similar CLT results for X, when 7 is sampled
from a conjugacy class of Gj,.

In Subsection 4.4, using the CLT for Xgjtuns Over &, and our signed enumeration results, we show that when permuta-
tions are sampled from G, we get similar CLT results. Our type A result is the following.

Theorem 1.7. The distribution of the coefficients of R,f(t) is asymptotically normal as n — oo. When n > 3, the random variable
Xaltruns Over 6;7“ has mean (2n — 1)/3 and when n > 6, has variance (16n — 29)/90.

Our type B counterpart of Theorem 1.7 is Theorem 5.13 and is given in Subsection 5.4.
2. Preliminaries

We partition &, based on the type of the first and the last pairs. Either pair could be an ascent or a descent. When
n > 3, we get the following four sets:

Gnaa={T €Gy:m <2, Tn_1 <M}, Gpnada=1{T €Gy:m <2, Tp_1> Tn},
Gnda={T €Gn:m1 >72, Tn_1<7n}, Gpda=1{7€Gy:m1 > 2, Tn_1> Tn}.

We will enumerate the contribution to SgnAltrun,(p, q) from each of the four sets. Hence, we define the following alternat-
ing runs enumerator polynomial SgnAltrun, , ,(p,q) = Z (—1)Inv0D) ppkm) gval()
7e€Gnaa
In an identical manner, define SgnAltrun, , 4(p,q), SgnAltrun, 4, and SgnAltrun, 44 over the sets &y g4, Spg,q and
Gn.a.4 Tespectively. To keep track of the case when 7 € A4;, define

Anaga={T € Ap: T <72, Tn_1 <7},  Anad=1{7T € Aq: 71 <72, Tn_1 > Tn},
Anda={T € Ay 11 > 72, Th1 <M}, Andd =1{7T € Ap: 11 > 72, Tn_1 > T}

It is easy to see when 7 € &4 and when 7 € &, 4 4, we have pk(r) =val(;r). On the other hand, when 7 € &y 4,
we clearly have pk(w) =1+ val(r) and when 7w € &, 44, we have val(;r) = pk(sr) + 1. Thus, for all 7, we have |pk(r) —
val(m)| < 1.

For m € &;, let =’ be obtained from 7 by deleting the letter n. It is easy to see that there exists w € A, such that
' € Ay_1 and also there exists w € A, such that 7’ € G,_1 — An_1. In particular, if 7 € A, with 71, =n, then 7’ € A,_1
and if 7 € A, with 7,_1 =n, then 7’ € &,_1 — A,_1. An identical statement holds when 7 € &, — A,. We will use
induction and hence add the letter n to permutations in G,_1. We need to keep track of the position of the letter n in 7 as
we want to take the sign of the permutations into account. Let 7w’ =1, 72, ..., Tp_1 € G,_1. We term the position before
7r1 as the initial or the 0-th gap of 7’ and the position after 7,1 as the final or (n — 1)-th gap of /. For 1 <i <n—2, we
denote the gap between 7r; and 7j 1 as the i-th gap of 7r’. For 7’ € G,_1, we call the i-th gap of 7’ to be even if n —1—i
is even and the i-th gap of 7’ to be odd if n — 1 —1i is odd. It is easy to see that if n is added in an odd gap of 7/, then 7
and 7’ have opposite signs and if n is added in an even gap of 7/, then m and 7" have the same sign. The following remark
is easy to see. Since the set of gaps is {0,1,...,n— 1}, define [n — 1]y ={0,1,2,...,n—1}.

Remark 2.1. If 7’ € &,_; with n — 1 being even, the total number of gaps of 7’ is n which is odd. One can check that in
7/, the number of even gaps is |n/2] +1 and the number of odd gaps is |1n/2]. On the other hand, if 7’ € &,_1 withn—1
being odd, the total number of gaps is n which is even. Here, in 7/, we will have n/2 even and n/2 odd gaps.

2.1. Two easy bijections and some properties

In this subsection, we mention two easy bijections which we will use several times in this work. Let, 7 =m1,..., 7, €
&y. Define the complementation bijection Compl : &, — &, by Compl(;r1, 72, ..., Tp) =n+1—m,n+1—my,...,n+1—m,.
Define the reverse bijection Rev : &, — &, by Rev(mw1, 72, ..., Ty) = Tn, Tn-1, ..., T1.

4
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Remark 2.2. The bijection Compl has the following properties:
P1: For m € &, we have Valley(;r) = Peak(Compl(;r)) and Peak(sr) = Valley(Compl(sr)). Thus, val(r) = pk(Compl(r)) and
pk(rr) = val(Compl(m)).

P2: Let m € Ajy. Then, Compl(r) € A, if and only if n=0,1 (mod 4). Similarly, if 7 € &, — Ay, then Compl(7) € &,, — A,
if and only if n=0,1 (mod 4).

Proof. It is easy to see that the peak and the valley sets switch when we complement the permutation . Thus, P1 is
proved. For the second part, we note that inv(rr) + inv(Compl (1)) = (3). As (5) is even if and only ifn = 0,1 (mod 4), inv(r) and
inv(Compl(sr)) have the same parity if and only ifn = 0,1 (mod 4). This completes the proof of P2. O

Lemma 2.3. For positive integersn=0,1 (mod 4), the following hold.

SgnAltrun, , 4(p, q) = SgnAltrun,, 4 ,(q, p), 9)
SgnAltruny, 4 (p, q) = SgnAltrun, 4 4(p, q). (10)

Proof. Consider (9). When n=0,1 (mod 4), by Remark 2.2, Compl is a map from A, to Aj. Further, it is clear that Compl
is a bijection from Ay 4 to Ap g4 that swaps the peak set and the valley set. It is also easy to see that if 7 € & 44 then
pk(zr) = val(r) + 1. This proves (9). The proof of (10) is similar. We note that if 7 € Gy g4 U &y 4,4, then, pk(rr) = val(m).
Thus, there is no need to swap p and q. This completes the proof. O

We next move onto similar properties of the reversing bijection.

Remark 2.4. The bijection Rev has the following properties.

R1: For w € &,, we have val(;r) = val(Rev(;r)) and pk(;r) = pk(Rev(m)).
R2: Let w € A;. Then, Rev(rr) € A, if and only if n=0,1 (mod 4).

We omit a proof of Remark 2.4 as it follows easily. Using the map Rev, we get the following.

Lemma 2.5. For positive integersn = 2,3 (mod 4), the following hold.

SgnAltrun,, , 4(p, q) = 0 and SgnAltrun,, 4 ,(p,q) =0, (11)
SgnAltrun, , ,(p, q) = —SgnAltrun, 4 4(p, q). (12)
SgnAltrun, (p, q) = 0. (13)

Proof. We first consider (11). When n=2,3 (mod 4), by Remark 2.4, Rev is a bijection from A, to &, — A,. Further, by
Remark 2.4, Rev is a bijection from Ay 44 t0 G4 — Anaa Which preserves the number of peaks and valleys. A similar
argument shows (12). Summing (11) and (12) gives (13). O

Remark 2.6. Consider the bijection Compl : &, — &;. It is easy to note that ¥ and Compl(;r) have the same number of
alternating runs. Thus, when n > 2, each coefficient of R,(t) is even.

Remark 2.7. Let n’ = 71,73, ...,Th_1 € &1 with Peak(w’) = {ky,k3,...,k:}. Then, for 1 <i <r, both y; = mq, 72, ...,
=1, N, gy - .., Tp—1 and Yrp = 1, 72, ..., W1, ;- N, - .., Tp—1 have the same number of peaks and valleys but have
different signs as inv(y1) =inv(r’) +n —k; and inv(y,) = inv(z’) +n —k; — 1.

3. Recurrences for the signed bivariate polynomials

We want to give recurrences for SgnAltrun,_;q4(p,q), SgnAltrun,_;4,(p,q), SgnAltrun, ;,,(p,q) and lastly
SgnAltrun,_; 4 4(p, @).

We observe that for n > 3, inserting n at any gap in 7’ € &,_1 g 4 cannot give w € &, 4 4 and likewise, inserting n at any
gap in w’ € Sp_1 44 cannot give w € Sy 4 4. Similarly, inserting n at any position in 7’ € Gp_1,4,4 cannot give w € S, 4.4
and inserting n at any position in 7’ € &,_1 4 4 cannot give 7 € &y ¢ 4.

We bifurcate the remaining part into two cases based on the parity of n.

5
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3.1. Whenn is odd

Theorem 3.1. For odd positive integers n, we have
ngnAltrunnfl,a,d(P, q) = pSgnAltrunnde,a(Pv q).

Proof. When n is odd, n —1=0/2 (mod 4). If n —1=0 (mod 4), consider the bijection Compl from &,_1 44 to Sn_1,4,4-
We have pk(rr) = val(Compl(7r)) and val(rr) = pk(Compl(;r)). Moreover, if m € &;_1 44, then pk(r) =val(w) + 1 =
pk(Compl(sr)) + 1. Similarly, we get val(;r) = pk(sr) — 1 = val(Compl(r)) — 1. Thus, if 7 € &,_1 44, then,

qx ppk(n)qval(n) =px ppk(Compl(n))qval(Compl(n)). (]4)
As equation (14) is true for all 7 € &,_1,4,4, Summing over elements of &,_1 44 completes the proof.

If n—1=2 (mod 4), then both SgnAltrun,_, 4 4(p,q) =0 and SgnAltrun,_; 4 ,(p,q) =0 by the map Rev. The proof is
complete. O

From Lemma 2.3 and Lemma 2.5, we know that instead of getting a recurrence for the four polynomials, it suffices to
get a recurrence for just the two polynomials SgnAltrun, , 4(p,q) and SgnAltruny, 4 ,(p, ).

Theorem 3.2. For odd positive integers n > 3, the following recurrence relations hold:

SgnAltruny, ; 4(p, q) = —pqSgnAltrun,_ 4 4(p, q) — pSgnAltrun,_; 4 ,(p, q)

—pSgnAltrun,_q 4 4(p, q), (13)

SgnAltruny, o 4(p, q) = qSgnAltrun, 4 4 4(p, q) — pSgnAltrun,_; 4 (p, q)
+SgnAltrun,_; o ,(p, q) (16)
= SgnAltrun, 1 o 4(p, q). (17)

Proof. We first prove (15). Note that SgnAltrun,, , 4(p, ) is the sum of only the following three polynomials:

SgnAltrun, o 4(p, q) = Z (—1)iveD) pPk(m) gual() Z (—1)InvD) pPk(T) gval(m)
eSSy ad, T €S 144 €S ad T €Sn-14,a
+ Z (_Dinv(n)ppk(n)qval(n) ]

€Sy qd. 7' €Gn_1,d,d

We consider the contribution from each of the three terms to SgnAltrun, , 4(p,q) separately.

1. Suppose ' € &,,_1 4.4 and we want to get all w € &, 44 by inserting n in different gaps of 7r’. We claim that we cannot

insert n in the initial or final gap, as by such an insertion, we will not get w € &, 4 4. By inserting n in all other gaps of
7/, we will get w € &, 4. Let kq,ka, ..., k- be the peaks of 7’. By Remark 2.7, inserting n at the (k; — 1)-st and k;-th
gaps gives permutations with equal number of peaks and valleys but with different sign. Therefore, inserting n at the
gaps k1 —1,ky, ko —1,ka ..., k- — 1,k contributes 0 in total.
The remaining gaps are A=[n—1]g — {0, k1 — 1,ky,ky — 1,ka, ..., k; —1,k;,n — 1}. It is easy to see that inserting n at
any of the gaps from the set A increases both the number of peaks and valleys by 1. Moreover, by Remark 2.1, the total
number of even and odd gaps are |n/2] + 1 and |[n/2] respectively. As n — 1 is even, both 0 and n — 1 are even gaps.
Hence, the number of even gaps available in the set A is [n/2] +1— (r +2). Similarly, the number of odd gaps available
in the set A is [n/2] —r. Thus, A has one more odd gap than even gaps. Hence, the contribution from 7’ € &,_1 44 to
the sum SgnAltrun, o 4(p, ) is (—pq) x (—1)WVCT) ppPk@T) gual(e’)

2. To get m € & 44 from 7’ € Gp_1,4,4, there is only one choice: insert n at the (n — 2)-nd gap. By inserting n at the
(n —2)-nd gap in 7/, the number of peaks will increase by 1. Further, the number of inversions will also increase by 1.
As inv(r) =inv(m’) +1, = and 7’ are of opposite sign. Thus, the contribution from 7" € G_1,q,4 to SgnAltrun, , 4(p, q)
is (_p) x (_1)inv(7r’)ppk(n’)qval(n")_

3. To get w € Sp g4 from 7’ € &,_1 g4, there is again only one choice: insert n at the first gap. By this, the number of
peaks will increase by 1. Further, the number of inversions will increase by n — 2 which is odd. Hence 7 and 7’ are of
opposite sign. Thus, the contribution from 7' € G,_1,4.4 to SgnAltrun, , 4(p,q) is (—p) x (—1)MVT) pPkE) gual(r),

With these, the proof of (15) is complete. We now consider (16). The polynomial SgnAltrun, , ,(p, q) can be written as
a sum of the following three polynomials.



H.K. Dey and S. Sivasubramanian Discrete Mathematics 348 (2025) 114439

SgnAltFUﬂn,a,a(p, q) = Z (_1)inv(n)ppl<(7r)qval(rr) + Z (_1)inv(n)ppk(ﬂ)qval(n)
7€ a,a,7'€6n 1,00 T€Gnaa ' €6 1,04
+ Z (_l)inv(n)ppk(n)qval(n)

ﬂegn,a,a,ﬂlesn—l,d,a

We again consider the contribution to SgnAltrun, , ,(p,q) from each of the three terms.

1. Suppose 7’ € G144 and we want to get all 7 € S 44 by inserting n in different gaps of ’. We clearly cannot insert

n in the initial or the penultimate gap, as then the resulting = ¢ Gy q,4. Inserting n at the final gap of 7’ € G144
does not change the number of peaks and valleys. Let ki, ka, ...,k be the peaks of r. By Remark 2.7, the sum of the
contribution of the permutations obtained by inserting n at ky — 1,k1,ka — 1,k2...,k — 1, k, equals 0.
The remaining gaps are A=[n—1]o — {0, k1 — 1,ky,ky —1,ko, ..., kr — 1,k,,n — 2,n — 1}. Again, it is easy to see that
inserting n at any gap from the set A increases both the number of peaks and valleys by 1. By Remark 2.1, the number
of even gaps is [n/2] + 1 and the number of odd gaps is |n/2]. Moreover, 0 and n — 1 are even gaps and n — 2 is an
odd gap. Hence, the number of even gaps available in the set A is |[n/2] 4+ 1 — (r 4+2). Similarly, the number of odd gaps
available in the set A is [n/2] — (r+1). Thus, the number of odd and even gaps in A are equal. Hence, only the insertion
at the final gap contributes to SgnAltrun, , ,(p,q) Clearly, the contribution from 7’ € G_1 4,4 to SgnAltrun, , ,(p, q) is
(_1)inv(n’)ppk(n/)qval(ﬂ’)_

2. To get a permutation of &,4, from a permutation 7’ of &,_1 44, there is only one choice: insert n at the end
of 7’. Clearly, doing this increases the number of valleys by 1. Further, the number of inversions remains un-
changed and therefore w and 7’ have same sign. Thus, the contribution from 7’ € &,_1,44 to SgnAltrun, , ,(p, q)
is qx (_-1)inv(n’)ppk(ﬂ’)qval(n’). '

3. To get a permutation of &, 4, from a permutation ' of &,_1 44, there is again only one choice: insert n at the first
gap. Clearly, doing this increases the number of peaks by 1. Clearly, the number of inversions increases by n — 2 which
is odd and hence 7 and 7’ are of opposite sign. Thus, the contribution from 7’ € &,_1 44 to SgnAltrun, o ,(p,q) is
(—=p) x (_1)inv(n’)ppk(n/)qval(71’).

The proof of (16) is complete. Theorem 3.1 and (16), give (17). The proof of our theorem is complete. O

3.2. Whenn is even

When n is even, we have the following counterpart of Theorem 3.2.

Theorem 3.3. For even positive integers n > 2, we have:

SgnAltrun, 4 4(p, q) = —pSgnAltrun,,_; 4 4(p, q) + pSgnAltrun,_; 4 4(p, q) (18)
SgnAltrun,, ; ,(p, q) = (1 + pq)SgnAltrun,_; , .(p, q) + gSgnAltrun,_; , 4(p,q)
+pSgnAltrun,_; 4,(p,q) (19)

Proof. The moves we make in this proof are similar to those in the proof of Theorem 3.2. Thus, we are a little brief in our
proofs of (18) and (19). Clearly, we have

SgnAltrunn’a,d(p, q) = Z (_1)inv(7f)ppk(ﬂ)qval(n) + Z (_l)inv(ﬂ)ppk(n)qval(n)
T€Syqd. 7' €Gn_1,44d €Sy 04,7 €G- 1,aa
+ Z (_Dinv(n)ppk(n)qval(n)

s 66n,a.dai’T/EGn—l.d,d

We just state the contribution to SgnAltrun, 4 4(p,q) from the three terms below and omit its proof as it is very similar
to our earlier proof. The contribution from 7’ € &,_1,44 to SgnAltrun, , 4(p,q) is 0. The contribution from 7’ € Gp_1,44
to SgnAltrun,, 4 4(p, q) is (—p) x (=1)W) pPkE)gual™) The contribution from 7’ € Gp_1,4,4 to SgnAltrun, 4 4(p,q) is p x
(=1 pPk@Hgvalr) This completes the proof of (18). We now prove (19). Note that SgnAltrun, 4 (p,q) is the sum of
the following three polynomials:

SgnAltrunn,a,a(p, q) — Z (_1)inv(7r)ppk(n)qval(n) + Z (_1)inv(rr)ppk(n)qval(n)
TeGna,a, 7' €Gn-1,0,a ”EGn,a,a»ﬂ/GGn—La.d
+ Z (_Dinv(ﬂ)ppk(n)qval(n)

ﬂEGn.a,aaﬂ/EGn—l,d.a
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We record the contribution to SgnAltrun,,.(p,q) from these three terms without proof below. The contribution
from 7' € Gp_1,44 to SgnAltrun, ,,(p,q) is (1 + pq) x (=)@ pPkEHvICT) The contribution from 7’ € Gp_1 g4
to SgnAltrun, o o(p,q) is g x (=)™ Pk The contribution from 7’ € Gy 140 to SgnAltrun, ,4(p,q) is
p x (=1)iv@@) ppk)gval(m’)  combining these, completes the proof of (19). O

4. Proof of Theorem 1.1
Towards proving Theorem 1.1, we prove the following.
Theorem 4.1. For positive integers n = 4k, the following hold

SgnAltruny,  o(p, ) = SgnAltrung ¢ 4(p, q) = (1 + pg)(1 — pg)**= 1,
SgnAltruny . 4(p, ¢) = —2p(1 — pg)**=, SgnAltruny 4 ,(p, ) = —29(1 — pq)
SgnAltrung(p,q) =21 - p)(1 —q)(1 — pq)z(l‘_l).

2(k—1)

Proof. We use induction on k. When k = 1, the four statements can easily be verified. We assume all the four statements
to be true for k =m and prove them for k =m + 1. Let n = 4m + 4. We prove a seemingly digressive result first. We claim
that
SgnAltrungy, 1 (P, q) = SgNAltrungy, ¢ «(p, q), SgnAltrungy, 4 g 4(p, q) = SgnAltrungy, 4 4(p, q), (20)
SgnAltrungy, 1 4 ¢(P, q) = SgnAltrung, 4 4(p. q), SgnAltrungm, 1 q.4(p,q) = SgnAltrungy, 4 4(p, q). (21)

We note that both relations in (20) follow from Theorem 3.2. By Theorem 3.2, we have

SgnAltrungp1,q,4(p. @) = (—pq) X SgnAltrungy q 4(p. q)
—p x SgnAltrung, 4 (P, q) — p x SgnAltrung, 4 4(p, q)
= (=pg)(=2p)(1 = p@)*™ ™V = 2p(1 + p)(1 — pg)* ™"V
= (=2p)(1 — pq)*™" V) = SgnAltrungy . 4(p. 9. (22)
The second equality above follows by induction. Thus, the first part of (21) holds. As the proof of the second part of (21) is
identical, we omit it. We now consider n = 4m + 4. We have
SgNAItrUN gy 44,6,4(P, @) = (1 + pg)SENAItTUNy 3 ¢ (P, q) = (1 + pq)SgNAItrungy 3 4 4 (P, )
= (1+ pg)[(1 + pq)SgnAltrung, ;1 4 o(P. 9)
+qSgnAltrungm, 1 ¢ 4(p. ) + pSgNAltrung, 1 4 o(p. q)]
= (1+ pg)[(1 + pq)SgnAltruny, ¢ o(p. q)
+qSgnAltrungy, ¢ 4(p, q) + pSNAItrungy, ¢ o(p, 9]
= (1+p[(1+pg)(1 + pg)(1 — pg)*™ Y
+q(=2p)(1 = p9* ™~V + p(=2)(1 = p9*™ V] = (1 + pg)(1 — p)*™. (23)
The first equality follows by Theorem 3.3 and Lemma 2.5. The second equality uses Theorem 3.2. In the third equality we
again use Theorem 3.3. The fourth equality follows from (20) and (21). The fifth equality uses the induction hypothesis with
n = 4m. Similarly, we get
SgnAltrungyy, 4 4.4(p, q) = (—p)SgnAltrung, 3  4(p, q) + pSgnAltrungy, 3 4 4(p, q)
= —2pSgnAltrungy 3 4 (P, q) = —2pSgnAltrungy, 5 4 (P, q)
=—2p(1 - p°™. (24)
Here too, the first equation follows from Theorem 3.3. The second line uses Lemma 2.5 and Theorem 3.2. The last line uses
the fact that SgnAltrungg, 5 4 4(p, @) = (1 — pq)?™ which we already computed while proving (23). In a similar way one can
show that
SgnAltrungy 4.44(P.9) = —2q(1 — pg)*™. (25)
Summing up (23), (24) and (25) we get
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SgnAltrungy, 4(p, ) = 25gnAltrungy, 4 4 o (P, q) + SgnAltrungy, 4 ¢ 4(P, @) + +SgnAltrung, 4 4 (P, q)
=2(1-p)(1—q@)(1 - pg)*™. (26)

The proof is complete. O
From the proof of Theorem 4.1, we get the following corollary.
Corollary 4.2. For positive integers k, when n = 4k + 1, we have

SENAItrungy 41 q,0(P, q) = SgnAltrung 4 ¢(p, q) = (1+ pg)(1 — pg)**~ ",
SgnAltrungq ¢.a(p, @) = —2p(1 — pg)**= ., SgnAltruny 1 4.o(p,q) = —2q(1 — pq)
SgnAltrunge,1(p.q) = 2(1— p)(1 —q)(1 — pg)** V.

2(k—1)

Proof of Theorem 1.1. The proof follows directly from Lemma 2.5, Theorem 4.1 and Corollary 4.2. 0O
From Theorem 1.1, we immediately have the following corollary.

Corollary 4.3. For positive integers n, we have

Z (_-l)inv(yr)ppk(n) —0= Z (_-l)inV(n)qval(JT)' (27)

TeSy TeSy

It is easy to see that peaks and valleys are equidistributed over &;. By Corollary 4.3, we get that they are equidistributed
over A, and &, — A,.

4.1. Multiplicity of (1 +t) as a factor of R;T“(t)

Before we get the multiplicity of (1 +t) as a factor of the univariate polynomial R,f(t), we get the signed univariate
polynomial. The following corollary has five results. The one on SgnAltrun,(t) has appeared as [14, Theorem 5.5], but the
others are new.

Corollary 4.4. For positive integers k, the following hold. When n = 4k and n = 4k + 1, we have:

SgnAltrun, 4 4 (t) = SgnAltrun, 4 4(t) = t(1 +t2)(1 — t%)%2,
SgnAltrun, 4 4(t) = SgnAltrun, 4 o(t) = —2t2(1 — t)%2, SgnAltrun, (t) = 2t(1 — )% (1 + )% 2.

When n = 4k + 2 and n = 4k + 3, we have SgnAltrun,, , 4(t) =0, SgnAltrun, 4,(t) =0,
SgnAltrun, o o(t) = —SgnAltrun, 4 4(¢) = t(1 — t*)?*, SgnAltrun,(t) =0.
Proof. As SgnAltrun, () = tSgnAltrun, (p, q)|p=¢—¢, the proof follows from Theorem 1.1. O

We are now in a position to prove Theorem 1.3.

Rn(t) £2t(1 — )2k (1 4 £)2k—2
) N n(® ( )7 +H when n = 4k, 4k + 1. )
Proof of Theorem 1.3. We claim that R, (t) = Ru(0) 2 For getting the
— when n = 4k +2, 4k + 3.

above, we have used Corollary 4.4 above. Recall thatzm = |(n —2)/2]. Hence, when n = 4k, 4k + 1, we have m =2k — 1. By
Theorem 1.2, the polynomial R, (t) is divisible by (1+t)"~! and by Remark 2.6, the polynomial R, (t) is divisible by 2. Thus,
the polynomial 2(1 4 t)™ divides the polynomial Ry, (t) but 2(1 + t)™! divides SgnAltrun,(t). Therefore, the polynomial
2(1 + )™ divides R,jf(t) when n=0,1 (mod 4). Similarly, when n = 2,3 (mod 4), the polynomial 2(1 +t)™ divides the
polynomials R;(t). This completes the proof. O

Example 4.5. When n =4 and n =5, one can check that (1 +t) divides R4(t) and R5(t), but it does not divide the polyno-
mials R} (t), Ry (t), R¥(t) and R5 (0).
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Ra(t) =2t4+12t24+103.  Rs(t) =2+ 28t2 +58t3 4+ 32t%,
RI® =2t+4t% +665. R¥@®  =2+12¢ +308 + 1664
Ry =82 +4. RS () =16t +28t3 + 16t

4.2. Moment-type identities

In this subsection, we prove Theorem 1.4. This refines a result from Comtet [11, page 261]. For our proof, we use the
proof of the following result of Chow and Ma [10, Corollary 2]. We have paraphrased their result, but from their proof, this
change of form will be clear.

Lemma 4.6 (Chow and Ma). If (1 4+ 6)™ divides f(t) = Zl —0 fit! (with the convention that fp =0 when p > n), then for positive

integers k <m — 1, we have Z(Zp + 1)"f2p+1 Z(Zp +2) f2p+2.
p=0 p=0

Proof of Theorem 1.4. The proof now follows from Theorem 1.3 and Lemma 4.6. 0O

4.3. Alternating permutations in Gni

Let [t]f(t) denote the coefficient of t¥ in the polynomial f(t). Moreover, let [1]f(p, q) denote the constant term in the
polynomial f(p,q) and [p]f(p,q) denote the coefficient of p in the polynomial f(p,q).

Proof of Lemma 1.5. We at first consider the alternating permutations. Alternating permutations in &, clearly have n — 1
alternating runs. For even positive integers n, any 7 € Alt; must be in &, 44. In this case, we have Ef — E; =
[t"*l]SgnAltrunn,dVd(t). Similarly, for odd positive integers n, any m € Alt; must be in &,44. In this case, we have
Ef —E; = [t”—l]SgnAltrunn‘d’a(t). The proof of the first part of the lemma is now complete by using Corollary 4.4.

We also see that any unimodal permutation has no valley and has at most 1 peak. Thus, we have U} — U, =
[1]1SgnAltrun,(p, q) + [plSgnAltrun,(p, q). Therefore, by Theorem 1.1, we have U;" — U, = 0. Moreover, it is well-known
that U, =2""1 (see [17]). Thus, U} = U, = 2"2. This completes the proof. O

With this preparation, we can now prove Theorem 1.6.
Proof of Theorem 1.6. We have
> X 1
+ +
ZEn = an + - Z(E —E, )— = - (secx + tanx = cosx £ ).
n=0
This completes the proof. O
4.4. Central limit theorems
The following result about mean and variance of alternating runs is known, see [19, Page 46] and [7, Page 37].

Theorem 4.7. Let permutations be sampled uniformly from &,,. When n > 2, the random variable X,j¢runs has mean pun = (2n —1)/3
and when n > 4, it has variance (7,12 = (16n — 29)/90. Thus, the distribution of the coefficients of R, (t) over &, is asymptotically
normal.

For positive integers n, let F,(t) = Z',:zo f,,,kt" and G,(t) = ZZ:O gn,ktk be sequences of polynomials with f,k, gk >0
for all k. Further, for all positive integers n, let F,(1) > 0 and Gp(1) > 0. We will consider the random variable X" and

Xg which takes the value k with probability f, /Fn(1) and g, /Gn(1) respectively. The following lemma follows from the
proof of [16, Proposition 3.2] of Fulman, Petersen, Kim and Lee. It provides a condition for the moments of X? and Xg to
be identical. It appears in this form in [13, Lemma 8].

Lemma 4.8 (Fulman, Petersen, Kim and Lee). Let F,,(t) and G(t) be as described above. Suppose we have a sequence of polynomials
Hy(t), a non-zero real number A and a sequence of positive integers £, such that

Fr(t) = AGn(t) = (1 = )" Hy (0).

Then, for r < €, the r-th moment ofXSl is identical to the r-th moment of Xg.

We can now prove our asymptotic normality results for Xjuns When sampled uniformly over A, and &, — A,.

10
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Proof of Theorem 1.7. From the proof of Theorem 1.3, for n > 1, we clearly have

Rn(t) £ 2t(1 — )2 (1 +£)%—2
+
Re®=1 roo 2
2
Thus, by Lemma 4.8, the first [(n — 1)/2] moments of Rni(t) are identical to the first [(n — 1)/2] moments of Ry(t).
Since R;(t) is asymptotically normal, by the method of moments, Rni(t) is also asymptotically normal. Further, they have
the same expected value as R, (t) when n > 3 and the same variance as R, (t) when n > 6. The proof is complete. O

when n = 4k, 4k + 1.

whenn =4k + 2, 4k + 3.

5. Type B Coxeter groups

For m = my,m3, ...,y € By, define Negs(ir) = {m; :i > 0,7; < 0} as the set of elements which occur in m with a
negative sign. As defined in Petersen’s book, [25, Page 294], define

invg(@m)={1<i<j<n:m>m}|+|{1<i<j<n:—m>m;}|+ |Negs(m)| (28)

We refer to invg(rr) alternatively as the length of m € Bp. Let B, € B, denote the subset of elements of B, with even
length and let B, =B, —B;. For 7 = 1, 72, ..., Ty € By, let 7o = 0 and define its set of type B peaks and type B valleys
to be Peakg () ={ie[n—1]:m_1 <m; > w41} and Valleyg(wr) ={i € [n— 1] : ;1 > 7; < w41} respectively. Let pkg () =
|Peakp (7)| and valg (;r) = |Valleyy (77)| be the cardinality of these sets. For 7w € 9B,, we say that 7 changes direction at index
i if i € Valleyg (;r) U Peakg (71). We say that m € 8, has k type B alternating runs, denoted as altrunsg(;r) =k if it changes
direction a total of k — 1 times. For example, the permutation 5,1,4,3,6,2 € B¢ has pkg(;r) = 2, valp(;r) = 2 and hence
has altrunsg (7) = 5. Define RE(t) = D s, galtrunsp () — > ket Rf!kt". As done for &, we are interested in enumerating the
following:

SgnBAltrun, (p, q) = Z (—1)InV (™) pPkp () gvalp () (29)
TeBy

Recall that we had partitioned S, into four sets. We similarly partition 5, into the following two sets: B, _ s = {7 €
B Tp—1 < 7p} and By, _ 4 ={w € By : wtp—1 > 7} Define the following polynomials:

SgnBAltrun, _ ,(p,q) = Z (—1)inVB (™) pPks (1) gvals (1) (30)
TeEBn _qa

SgnBAltrun, _ 4(p,q) = Z (—1)invs () ppkp (1) gvals () (31)
TeBn _d

We start with the following type B counterparts of Lemma 2.3 and Lemma 2.5 and connect the following polynomials
SgnBAltrun, _ ,(p,q) and SgnBAltrun, _ 4(p, ).

Lemma 5.1. For positive integers n, we have

SgnBAltrun, _ ,(p,q) = —SgnBAltrun, _ 4(q, p) when n is odd. (32)
SgnBAltrun, _ ,(p, q) = SgnBAltrun, _ 4(q, p) whenn is even. (33)

Proof. Let w =7y, 73, ..., my € By. Define the map FlipSgn: B _ ¢ — By _ 4 by

FlipSgn(w) =71, ..., 72, ..., Ty.

Clearly, FlipSgn is a bijection from B, _ 4 to B, _ 4. It is easy to see that flipping the sign of a single 7r; changes the parity
of invp (for example, see [27, Lemma 3]). Therefore, the map Comply preserves the parity of invp if and only if n is even.
Moreover, it is easy to see that pkg () = valg(Complg (7)) and valg(;r) = pkg (Complg (;7)). As the remaining portion of the
proof is similar to the proof of Lemma 2.3 and Lemma 2.5, we omit the details. The proof is complete. 0O

We now consider the identity permutation id=1,2,...,n—1,n € 8, and the set B,(id) = {wr € B, : || = id}. Moreover,
let By, — q(id) = Bpn,— o N Bu(id) and By, _ 4(id) = By, _ g N By (id). It is clear that B, (id)| = 2".

Lemma 5.2. For positive integers n, we have Z (=1)InvB (D) pPks () gvals () — 0. Moreover,
B\ By (id)

Z (_l)ian(n)ppkB (n)qvalg(n) =0, and Z (_1)ian(n)ppkB(n)qvalB(n) —0.
T€DBn,—a\Bn,— q(id) TeBy _ ¢\ Bp,— 4(id)

11
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Proof. Let w =my,..., 7y € By \ By(id)). As 7 ¢ By (id), there exists 1 < j <n such that |7;| # j. Let 1 <k <n be the
smallest index such that |my| #k. Let || = k. Thus 1 <r. Further, as w € B, \ B,(id), we also have r <n. We define f by
flipping the sign of 7, in 7. Thus, define f : (B, \ Bn(id)) — (By \ Br(id)) by

FT1, e 1, T, Tt o+, ) = T01, oo, 1, T, W1 - -+ T

In other words, f(m); =m; for i # r. Moreover, if 7, =k, we have f (), =k and if 7, =k, we have f(7), =k.

For example, if 7 =1,2,3,5,4, then 4 is the smallest k with |7r4| # 4. Here, |75| = 4. So, we flip the sign of 75 in 7
to obtain f(). Thus, f(;r) =1,2,3,5,4. For = € B,, it is easy to check that invg () # invg(f(;r)) (mod 2). That is, the
map f flips the parity of the type B length (see [27, Lemma 3]). Recall r is the index with || = |k|. Note that r — 1 is a
peak (valley, respectively) of 7 if and only if r — 1 is a peak (valley, respectively) of f (). When r #n, as |mr11| > k, we
have 7,41 >k if and only if 741 > k. Thus, the map f preserves the number of peaks and valleys and is a sign-reversing
involution. This completes the proof of the first part of the theorem. For the second part, we observe that the map f is
invariant on the sets B, _ 4 and B, _ 4. The proof is complete. O

Theorem 5.3. For positive integers n > 2, the following recurrence relations hold:

SgnBAltrun, _ ,(p, q) = (1 — pq)SgnBAltrun,_, _ ,(p,q), (34)
SgnBAltrun, _ 4(p,q) = (1 — pq)SgnBAltrun,_, _ 4(p, q). (35)

Therefore, we have

(1—q)(1 — p)*~' whenn = 2k is even,

SgnBAltrun, _ ,(p.q) =
g noaP D=0 gk when n = 2k + 1 is odd.

(1—=p)(1 —pq)*~1 whenn =2k is even,

SgnBAltrun,, _ ,q) =
g n,—.d(®, D —(1 - po)¥ whenn = 2k + 1 is odd.

2—p—q)(1—pg*—' whenn=2kiseven,

SgnBAltrun,(p, q) =
g n(P: Q) 0 when n is odd.

Proof. We first consider (34). By Lemma 5.2, we have

SgnBAltrun, _4(p.q@)= Y (=1)™s00) pPra(m)guals(m)
7B _ q(id)

Let w € By _ 4(id). From definition of the set B, _ 4(id), we have that 7; € {i,i} for i € [n — 1] and 7, = n. Thus, one
of the following two possibilities can occur: (1) 7,1 =n—1 and 7, =n, (2) mp—1 =n—1 and 7, =n. Thus, to compute
Zﬁe%n_ivﬂ(id)(—1)i“"B(”)ppkB(”)q"alB(”), one can inductively get all permutations in B, _ 4(id) by insertingn—1,norn—1,n
at the end of the permutations of B, (id).

Let 71, ...,Tn_2 € By_a._q(id). Then, 71,...,mn_2.n — 1,n € By, _4(id) and 71,..., 2,1 —1,n € By _ 4(d). It is
easy to see that pkp(my,...,mn—2,n — 1,n) = pky(my,...,Tn—3), valg(ry,...,mp—2,n — 1,n) = valg(my,...,Tp—3) and
invg(my,...,mp—2,n—1,n) =invp(my, ..., Tp—2). Moreover, we also have pkg (w1, ...,mn—2,n —1,n) =pkg (1, ..., Th_2) +
1, valg(y, ..., my_2,n —1,n) = valg(y, ..., my_2) + 1 and invg(my, ..., Ty_2,n — 1,n) % invg(7y, ..., Ty_2) (mod 2) by
[27, Lemma 3].

We now consider m1,...,my—2 € By_p _ 4(id). Again, we have mq,...,m2,n — 1,n € By _4(d) and 71, ..., Th_2,
n—1,ne B, _4(d). In this case, we have pkg(my,...,mq_2,n — 1,n) = pkg(y, ..., Tp_2), valg(Ty,..., Tn_2,n —1,n) =
valg(my,...,mp—2) +1 and invp(my, ..., Tp_2,n—1,n) =invp(my, ..., Th—3); and pkg (w1, ..., mp—2,n —1,n) = pkg(my, ...,
Tn_2), valg(mrq, ..., T2, n —1,n) =valg(my, ..., my_2) + 1 and invg(rq, ..., Tu_2,n — 1,n) #invg (T, ..., Ty_2) (mod 2).
Thus, we have

Z (_1)ian(n)ppkB(n)qvalB(n) =(1-pgq) Z (_1)ian(n)ppkB(n)qvalB(n)
TeBy, _ q(id) weBy_o _ q(id)

+(q _ q) Z (_1)ian(n)ppkB(n)qvalB(n)
TEBp_ — 4(id)
= (1 — pq)SgnBAltrun,_, _ 4(p,q)

This completes the proof of (34). The proof of (35) follows from (34) by using the FlipSgn map. The following base cases
are also easy to see. When n =1, we have SgnBAltrun, _ ,(p,q) =1 and SgnBAltrun, _ 4(p,q) = —1. Similarly, when n =2,
we have SgnBAltrun, _ ,(p,q) = (1—q) and SgnBAltrun, _ 4(p,q) = (1— p). Using the recurrences (34), (35) and Lemma 5.1,
the proof is complete. O
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5.1. Exponent of (1 + t) that divides R,’f’i(t) and moment type identities

Setting p =q =t in Theorem 5.3 and multiplying the result by t, we get the following.
Corollary 5.4. For positive integers n, we have

2t(1 — t)(1 — t2)*=1  when n = 2k is even,
SgnBAltrun, (t) = ( ) ) .
when n is odd.
Zhao in [33] considering the following polynomial Ry (t) = Y ; cos, i, 0 M8 = 30 Rg”ft"' and in [33, Theorem

4.3.2], Zhao proved that for positive integers n, the polynomials Rf’>(t) and hence R,’f(t) are divisible by (1 +t)™ where
m=[(n—1)/2]. From Corollary 5.4, we get the following refinement. As its proof is very similar to the proof of Theorem 1.3,
we omit it.

Theorem 5.5. For positive integers n, both polynomials Rﬁ‘i(t) are divisible by (1 + t)™ wherem = |(n — 1)/2].

From Lemma 4.6 and Theorem 5.5, the following is straightforward.

Corollary 5.6. For positive integers n and k withn > 2k + 3, Z(Zp + 1)" R, 2p+1 = Z(Zp + 2)"
p=0

n 2p+2

5.2. Alternating and unimodal permutations in ‘B,}—L

A permutation w = 1,72, -, T, € By is called alternating if w1 > my <73 > w4 < ---, that is, ; < iy for i even,
and m; > miyq for i odd. Let, AltB and be the set of alternating permutations in 9B, and let EB |AltB| The following
counterpart of André’s result is due to Steingrimsson [31, Theorem 34].

s n
— P X
Theorem 5.7 (Steingrimsson). For positive integers n, we have E E,f i sec 2x + tan 2x.
n=0 :

Define EE”L = |Alt,’13 N$B;7| and E5‘7 = |Alt,§ N B, |. A permutation 7w € By is called unimodal if there exists an index j
for which 71 <72 <--- <mj > mjy1 > --- > my. Moreover, let UB UB + and U ~ denote the unimodal permutations in
Bn, B, and B, respectlvely Chow in [9 Theorem 2.3] proved that UB 2211 We start with the following Lemma.

Lemma 5.8. For positive integers n, we have E Ef ~ and UB + Uf’f.
Proof. Let, 7 =71, 72, ...,7Tj =X, ..., Ty € AltE N B;" where |x| = 1. Define f:AltZ N B} — Alt? N B, by

f@,my, . =X, ..., Ty) =71, T2,...,Tj =X, ..., Tp.

That is, f flips the sign of the smallest element in absolute value. Clearly, f is a bijection. When 7 is an alternating
permutation, it is easy to note that f(m) is also an alternating permutation. Moreover, f(w) € B; iff 7 € B . Therefore,
E§‘+ = Ef’f = EE/Z. The map f also shows that the number of unimodal elements in 87 and B, are equinumerous. With
these maps, the proof is complete. O

Using the convention Eg'+ =1 and Eg" =0, and combining Lemma 4.8, and Lemma 5.8, we immediately get the
following. As its proof is easy, we omit it.

Corollary 5.9. We have the following exponential generating functions: Z Ep B+ X o = (sec2x + tan2x + 1)/2. We further have
n=0
Upt=Up~ =222,

13
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5.3. Springer permutations in %ni

A snake of type B is a signed permutation 1,7y, -+, T, € By such that 0 < m > My <73 > ---. Let, Snakef be the
set of snakes in B, and let S,‘f = |Snake,§|. The numbers S,‘f are also called Springer numbers. Springer in [28] derived the
X" 1

following generating function S(x) = Z S,’f = cosx—sinx’

n>0
Define Snake,lf’+ = Snakef N B, to be the set of positive type B snakes and let SE”L = |Snakef’+|. Similarly, let
Snake? ~ = Snake? N B, and let SE = |SnakeZ~|. We start by proving the following lemma. Let B = {7 € B, : 71 > 0}.
1 ifn=0,1 d 4),
Lemma 5.10. For positive integers n, we have S5+ — s8.— = l,fn (mod 4)
—1 ifn=2,3 (mod 4).

Proof. Let id =1,2,3,4,....,n — 1,n € B, be the identity permutation. Consider the set B, (id) = {7 € B, : 71 =
1 and |mr;| =i for i > 1}. For positive integers n, clearly, |8, (id)| = 21 letm =mq,ma,...,Tn € Snakef‘+ al (%n —%;(id)).
As 7 ¢ *B; (id), there exists j <n such that |m;| # j. Let k be the smallest index such that |m| # k. Let r > k be
the index with |m;| = k. Note that r > 2 and r < n. As k is the smallest non-fixed point in absolute value, we have
|il =1 for 1<i<k-—1. As 2 <r <n, both 7,1 and my; exist and we have |m,_1| > k and |m;41| > k. Define
f:SnakeZ+ n (%n -5 (id)) — Snake?—n (%n — %;(id)) by

fr, ...ty =k, ..., W) =11, 2, ..., Tr =k, ..., Tp.

When 7 is snake, it is easy to observe that f(;r) is also a snake. Further, as 7w € 8,7, we have f(r) € B, . Thus f is a well
defined map and is clearly a bijection. Therefore, we have |Sn::11<ef’+ Al (%n — B, (id))| = |Snake5” Al (%n - %;(id)) |. Thus,

SEF — 5B~ = |snakel T N B (id)| — |SnakeP~ N B (id)).

We now count the number of snakes in the set B, (id). Let 7 be a snake in B, (id). We have 71 = 1. As 7 is a snake in
B, (id), we have my < 1. As 3 € {2, 2}, mp = 2. Similarly, r3 = 3. Continuing in this way, = must have 7; = when r is odd
and mr =T when r is even. Thus, for any positive integer n, the set B8, (id) has only 1 snake, namely 7 = 1,2,3,4,5,6,....
The permutation 7 € B} if and only if 7 has even number of negative entries which happens if and only if n is 0,1
(mod 4). The proof is complete. 0O

With initial values S§* =1, S¢

it.

"~ =0, we get the following consequence of Lemma 5.10. As the proof is easy, we omit

Theorem 5.11. We have the following exponential generating functions:

o0 n 2 o0 n .2
ZSB’JrX*: cos®x ZSB’_X—: sin® x

" n!' cosx—sinx’ " nl cosx—sinx
n=0 n=0

5.4. Central limit theorems
In this Subsection, we give type B analogues of Theorem 1.7. The following result is due to Zhao [33, Proposition 4.5.1].

Theorem 5.12 (Zhao). The distribution of the coefficients of RE(t) is asymptoticaly normal as n — oo. The random variable Xaltrunsg
over B, has mean (8n + 5)/12 for n > 2 and variance (64n — 71) /360 for n > 4.

Combining Lemma 4.8 with Theorem 5.12 gives us the following. As its proof is similar to the proof of Theorem 1.7, we
omit it.

Theorem 5.13. The distribution of the coefficients of R,lf 'i(t) is asymptoticaly normal as n — oo. The random variable Xjjtryns, over
%ni has mean (8n + 5)/12 for n > 3 and variance (64n — 71) /360 for n > 5.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

14



H.K. Dey and S. Sivasubramanian Discrete Mathematics 348 (2025) 114439

Acknowledgement

The authors thank the reviewers for the comments and suggestions that helped in the improvement of the paper. The
first author acknowledges SERB-National Post Doctoral Fellowship (File Number PDF/2021/001899) and NBHM Post Doctoral
Fellowship (File Number 0204/10(10)/2023/R&D-11/2781) and profusely thanks the Science and Engineering Research Board,
Govt. of India and National Board of Higher Mathematics, India for the funding.

Data availability
No data was used for the research described in the article.

References

[1] RM. Adin, .M. Gessel, Y. Roichman, Signed Mahonians, ]. Comb. Theory, Ser. A 109 (1) (2005) 25-43.
[2] D. André, Développement de sec x and tg x, C. R. Math. Acad. Sci. Paris 88 (1879) 965-979.
[3] D. André, Etude sur les maxima, minima et séquences des permutations, Ann. Sci. Ec. Norm. Supér. (3) 1 (1884) 121-134.
[4] M. Bona, Combinatorics of Permutations, second ed., Discrete Mathematics and its Applications (Boca Raton), CRC Press, Boca Raton, FL, 2012.
[5] M. Béna, Generating functions of permutations with respect to their alternating runs, Sémin. Lothar. Comb. 85 (2020-2021) B85b, 5.
[6] M. Béna, R. Ehrenborg, A combinatorial proof of the log-concavity of the numbers of permutations with k runs, J. Comb. Theory, Ser. A 90 (2) (2000)
293-303.
[7] PJ. Brockwell, R.A. Davis, Introduction to Time Series and Forecasting, second ed., Springer Texts in Statistics, Springer-Verlag, New York, 2002. With 1
CD-ROM (Windows).
[8] E.R. Canfield, H.S. Wilf, Counting permutations by their alternating runs, J. Comb. Theory, Ser. A 115 (2) (2008) 213-225.
[9] C.-0. Chow, Counting involutory, unimodal, and alternating signed permutations, Discrete Math. 306 (18) (2006) 2222-2228.
[10] C.-O. Chow, S.-M. Ma, Counting signed permutations by their alternating runs, Discrete Math. 323 (2014) 49-57.
[11] L. Comtet, Advanced Combinatorics, enlarged ed., D. Reidel Publishing Co., Dordrecht, 1974.
[12] ]. Désarménien, D. Foata, The signed Eulerian numbers, Discrete Math. 99 (1-3) (1992) 49-58.
[13] HK. Dey, S. Sivasubramanian, Eulerian central limit theorems and Carlitz identities in positive elements of classical Weyl groups, J. Comb. 13 (3) (2022)
333-356.
[14] Y. Dong, Z. Lin, Counting and signed counting permutations by descent-based statistics, ]. Algebraic Comb. 60 (1) (2024) 145-189.
[15] J. Fulman, G.B. Kim, S. Lee, Central limit theorem for peaks of a random permutation in a fixed conjugacy class of S,, Ann. Comb. 26 (1) (2022) 97-123.
[16] J. Fulman, G.B. Kim, S. Lee, T.K. Petersen, On the joint distribution of descents and signs of permutations, Electron. ]. Comb. 28 (3) (2021) 3.37, 30.
[17] T. Gannon, The cyclic structure of unimodal permutations, Discrete Math. 237 (1-3) (2001) 149-161.
[18] LM. Gessel, Y. Zhuang, Plethystic formulas for permutation enumeration, Adv. Math. 375 (2020) 107370, 55.
[19] D.E. Knuth, The Art of Computer Programming, vol. 3, second ed., Addison-Wesley, Reading, MA, 1998.
[20] S.-M. Ma, Derivative polynomials and enumeration of permutations by number of interior and left peaks, Discrete Math. 312 (2) (2012) 405-412.
[21] S.--M. Ma, An explicit formula for the number of permutations with a given number of alternating runs, J. Comb. Theory, Ser. A 119 (8) (2012)
1660-1664.
[22] S.-M. Ma, J. Ma, Y.-N. Yeh, David-Barton type identities and alternating run polynomials, Adv. Appl. Math. 114 (2020) 101978, 19.
[23] R. Mantaci, Binomial coefficients and anti-exceedances of even permutations: a combinatorial proof, J. Comb. Theory, Ser. A 63 (2) (1993) 330-337.
[24] Q. Pan, ]. Zeng, A g-analogue of generalized Eulerian polynomials with applications, Adv. Appl. Math. 104 (2019) 85-99.
[25] T.K. Petersen, Eulerian Numbers, Birkhduser Advanced Texts: Basler Lehrbiicher (Birkhduser Advanced Texts: Basel Textbooks), Birkhduser/Springer, New
York, 2015.
[26] V. Reiner, Descents and one-dimensional characters for classical Weyl groups, Discrete Math. 140 (1-3) (1995) 129-140.
[27] S. Sivasubramanian, Signed excedance enumeration in the hyperoctahedral group, Electron. J. Comb. 21 (2) (2014) 2.10, 16.
[28] T.A. Springer, Remarks on a combinatorial problem, Nieuw Arch. Wiskd. (3) 19 (1971) 30-36.
[29] R.P. Stanley, Longest alternating subsequences of permutations, Mich. Math. J. 57 (2008) 675-687.
[30] R.P. Stanley, A survey of alternating permutations, 165-196.
[31] E. Steingrimsson, Permutation statistics of indexed permutations, Eur. . Comb. 15 (2) (1994) 187-205.
[32] H. Wilf, Real zeroes of polynomials that count runs and descending runs, unpublished manuscript, 1999.
[33] A. Zhao, The combinatorics on permutations and derangements of type B, Ph.D. dissertation, Nankai University, 2011.

15


http://refhub.elsevier.com/S0012-365X(25)00047-0/bibD4076D3512DF5B69EA9825D9C30B3581s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib900344A02C26CD6EEFBD493E5A3E5646s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib7C75D17AE6EE0B2F0CEC40426B2A78FBs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibB6B138CF82B8EEEF8C5DCE9A497E8001s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib28B2348616D686F5E7CEA4F9A8713B19s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibCD9DF1F0C31B366C16192A94966164D3s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibCD9DF1F0C31B366C16192A94966164D3s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibDBE9DDDC8C49737F3E2E7981108F630As1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibDBE9DDDC8C49737F3E2E7981108F630As1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibCE1EF1A3808D574D071829F047890729s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibD14642D4D3DB3AE65DDB66B8080061C4s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib9CA55E96C7D9EF8C9794163EB5F6306Cs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibF2652288B2A119F01B1A2F5F71279B47s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib0A60D6B4FE5E36EE0B5526E658F3027Bs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib4F42FB6ACC4F304919C5C864978F9F52s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib4F42FB6ACC4F304919C5C864978F9F52s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib910A08283CADBD51776CE1F47DCCA6CDs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibBE2AD3470A53181C67DC9550BED057E6s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib8EDD034CE68EED54E283B9BCA448116Ds1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib90B9E5DC8E8BE3496428AB30ABF3B309s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibF84E0D9B726D983D8F97A8052D7CD3C6s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib7ADA4EC80E9EDA77F57F101686B935F2s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibB9B3B33E2A3FC8B87160B89CE0887FB7s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibCDF008D2C6C3379B03F0D7E4B27101D4s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibCDF008D2C6C3379B03F0D7E4B27101D4s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibEC2C14F9672780BEE3994C5253F3D2E7s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib431CF0EE743A4DF1CCC3DAD58EF8BDEBs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibD84A069FAA10A47AB2DB8C3F9F2A18ECs1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib3E3C9CABC160F9957FC8CFA690163F80s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib3E3C9CABC160F9957FC8CFA690163F80s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib44A61E803CCA32F6751F689EE61A180As1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibEDA0455C5478B43F671AEB1AA1877B30s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib7039162254367ACD03E6980B734DA4F8s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib72C9CFFE77D6D8097B36AE27AB078DA7s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bib4A434E878FEB8274A36AFF6C1FED1FC5s1
http://refhub.elsevier.com/S0012-365X(25)00047-0/bibB96C58C5BC1FFC50988B4BC7D17F98C2s1

	Enumerating alternating-runs with sign in Type A and Type B Coxeter groups
	1 Introduction
	1.1 Moment-type identities involving R±n,k
	1.2 Alternating and unimodal permutations in S±n
	1.3 Central limit theorems about alternating runs in S±n

	2 Preliminaries
	2.1 Two easy bijections and some properties

	3 Recurrences for the signed bivariate polynomials
	3.1 When n is odd
	3.2 When n is even

	4 Proof of Theorem 1.1
	4.1 Multiplicity of (1+t) as a factor of R±n(t)
	4.2 Moment-type identities
	4.3 Alternating permutations in S±n
	4.4 Central limit theorems

	5 Type B Coxeter groups
	5.1 Exponent of (1+t) that divides RB,±n(t) and moment type identities
	5.2 Alternating and unimodal permutations in B±n
	5.3 Springer permutations in B±n
	5.4 Central limit theorems

	Declaration of competing interest
	Acknowledgement
	Data availability
	References


