
Research Article

Ali Azimi, Rakesh Jana, Mukesh K. Nagar*, and Sivaramakrishnan Sivasubramanian

Four-point condition matrices of edge-
weighted trees

https://doi.org/10.1515/spma-2024-0011
received November 16, 2023; accepted May 19, 2024

Abstract: Formulas for the determinant of distance matrix DT of treeT are known in the unweighted case and
in the case when the edges of T have commuting variable weights. Associated with the four-point condition
(4PC) and a tree T are two matrices, the Max4PCT and the Min4PCT . These are not full rank matrices and their
rank, a basis B, and formulas for the determinant when restricted to the rows and columns of B are known. In
this work, we generalize both these matrices to the case when the edges ofT have commuting variable weights
and determine edge-weighted counterparts of known results.
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1 Introduction

Let ( )=T V E, be a tree on n vertices with edge set { }= −E e e, …, n1 1 . For ≤ ≤ −i n1 1, assign a variable αi on the
edge ei. We assume that the αi’s commute with each other and think of αi as the weight on edge ei. For two
vertices ∈i j T, , define their weighted distance wi j, as the sum of the weights of the variables on the edges in
the unique path between i and j . We will need the unweighted distance di j, between vertices i and j as well in
this work. Recall that di j, is the number of edges on the path between i and j . The weighted distance matrix WD

of T is an ×n n matrix whose ( )i j, th entry is the weighted distance wi j, . Clearly, when we set =α 1i for
≤ ≤ −i n1 1, the matrix WD reduces to the unweighted distance matrix ( )=D di j, of T . The following is a

remarkable result of Graham and Pollak on the distance matrix D of a tree T [15].

Theorem 1. (Graham and Pollak) Let T be a tree on n vertices with unweighted distance matrix D.
Then, ( ) ( )= − −− −D ndet 1 2 1n n1 2 .

Thus, the value of Ddet is independent of the structure of the treeT and only depends on n, the number of
vertices of T . Bapat et al. [6] considered the weighted distance matrix WD of a tree T on n vertices with edge

( )∈e E Ti having weight αi for ≤ ≤ −i n1 1. The following two quantities appear multiple times in this work,
and so for a tree T on n vertices, we define ( ) = ∏ =

−
α αProdT i

n

i1

1 and ( ) = ∑ =
−

α αSumT i

n

i1

1 . With this notation, their
result is the following.
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Theorem 2. (Bapat, Kirkland, and Neumann) Let T be a tree on n vertices. For ≤ ≤ −i n1 1, let edge ( )∈e E Ti

have weight αi, and let WD denote T ’s weighted distance matrix. Then,

( ) ( ) ( )= − ⋅ ⋅− − α αdetWD 1 2 Prod Sum .n n
T T

1 2

Thus, the value of detWD is only a function of n and the edge weights (the αi’s), and does not depend on the
structure ofT . Clearly, setting =α 1i when ≤ ≤ −i n1 1 in Theorem 2 gives us Theorem 1, and hence, Theorem 2
generalizes Theorem 1. These two results have inspired further studies on distances in trees (see, for instance,
[5,7–12,17]).

Given a distance matrix D, a natural question is the following. When will entries of D arise from shortest
path distances on a tree? Answering this, Buneman [14] showed this happens if and only if the distances satisfy
the four-point condition (4PC). The 4PC states that for any four vertices i j k, , , and ℓ inT , the maximum value of
the three terms ℓ+d di j k, , , ℓ+d di k j, , , and ℓ +d di j k, , equals the second maximum value. Buneman mentioned in
his study that the 4PC also holds in the weighted case when the edges have weights.

Let { }=V n1, 2, …, be the set of vertices of T , and let �n be the set of size-2 subsets ofV . Three unweighted
matrices related to the 4PC having rows and columns indexed by �n are known in the literature. These are the
Max4PCT matrix, the Min4PCT matrix, and the 2-Steiner distance matrix D ( )T2 of T .

We describe the three matrices and give known results about them. Let �∈X Y, n with { }=X i j, and
{ ℓ}=Y k , . The entry in row X and column Y in the maximum-4PC (respectively, minimum-4PC) matrix is

denoted as ( )X YMax4PC , (respectively, ( )X YMin4PC , ) and is defined to be the maximum (respectively,
minimum) value among three terms ℓ+d di j k, , , ℓ+d di k j, , , and ℓ +d di j k, , . The Steiner distance between X

and Y is denoted by ( )X YST , and is defined as the number of edges in a minimum size subtree of T that
contains the vertices in ∪X Y . The entry of the 2-steiner distance matrix D ( )T2 in the row indexed by X and
the column indexed by Y is ( )X YST , . Azimi and Sivasubramanian [3] showed that as matrices,

D ( ) ( )= +T
1

2
Max4PC Min4PC .T T2

Thus, for all �∈X Y, n, we have

( ) ( ( ) ( ))= +X Y X Y X YST ,
1

2
Max4PC , Min4PC , . (1)

Bapat and Sivasubramanian [13] studied theMin4PCT matrix for a treeT . The authors determined the rank
of Min4PCT , implicitly gave a basis B for its row space, and also determined its Smith normal form (SNF). Azimi
et al. [2] determined the inverse of the submatrix of Min4PCT when restricted to rows and columns indexed by
this basis B. The Min4PCT matrix is a hollow matrix as studied in Bapat and Kurata [18], and hence, it would be
interesting to see if some of our results hold in the hollow matrix setting.

Azimi et al. [4] studied the matrixD ( )CT2 of a caterpillar tree CT and among other results, determined the
rank of D ( )CT2 . They asked for generalizing their results to all trees. Azimi and Sivasubramanian [3] con-
sidered D ( )T2 for all trees T . The authors determined the rank of D ( )T2 and gave a basis for its row space,
determined the inertia, the determinant, and the inverse of the submatrix of D ( )T2 when restricted to rows
and columns from their basis.

The matrix Max4PCT for a tree T has been recently studied by Azimi et al. [1]. The authors gave a formula
for the rank of Max4PCT , gave an algorithm that outputs a classB of bases for the row space of Max4PCT , and
gave a formula for [ ]B BdetMax4PC ,T for any basis B∈B . The authors also determined the inertia of Max4PCT .

In this article, we consider edge-weighted versions of two of these matrices. Let T be a tree on n vertices
with edge set { }= −E e e e, , …, n1 2 1 , and for ≤ ≤ −i n1 1, let the edge ei have variable weight αi. As remarked
earlier, we assume that the αi’s commute with each other. For �∈U V, n, since the matrix entry indexed by
( )U V, will be a polynomial with several variables (depending on both the treeT and the matrix considered), it
is easy to see that setting =α 1i for ≤ ≤ −i n1 1 would give us the numerical matrices described earlier.
However, we take care not to set negative values to any αi as distances could then become negative and cease
being a metric.

We consider edge-weighted versions of the matrices Max4PCT and Min4PCT and denote them as
WtMax4PCT and WtMin4PCT , respectively. In this multi-variable setting, results on rank follow without major
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difficulties, but a formula for the determinant obtains interesting and proofs tend to become involved. Hence,
our main results in this work are similar to how Theorem 2 generalizes Theorem 1. Among other results, we
mention the following two results on the WtMin4PCT and the WtMax4PCT matrices.

Theorem 3. Let T be a weighted tree on >n 2 vertices with edge set E. For ≤ ≤ −k n1 1, let edge ∈e Ek have
weight αk . Take { }= ∉e i j E, and let { }= ∪B E e . Then, B is a basis for the row space of WtMin4PCT .
Furthermore,

[ ] ( ) ( ) ( ) ( )= − − ⋅ ⋅− −B B d α αdetWtMin4PC , 1 2 1 Prod Sum .T
n n

i j T T
1 2

,
2

In Theorem 3, when { }= ∉e i j E, is chosen with =d 2i j, and { }= ∪B E e , it is easy to see that
[ ]B BdetWtMin4PC ,T is identical to the expression given in Theorem 2. Hence, in this case, the two weighted

matrices [ ]B BWtMin4PC ,T and WD have the same determinant value. We give an unweighted version in
Theorem 6. It is simple to check that setting =α 1i for ≤ ≤ −i n1 1 in Theorem 3 gives Theorem 6. Theorem
3 is proved in Section 2.

We move on to the WtMax4PCT matrix. As mentioned earlier, in [1, Theorem 20], an algorithm for
constructing a familyB of bases was given. By part (a) of Theorem 24, any output B of this algorithm contains
a unique pendant edge ∈e B. The weight of this edge e plays a role in our formula for the weighted case. In
Section 4, we prove the following.

Theorem 4. Let T be a tree on ≥n 3 vertices with p leaves. Let { }= −E e e e, , …, n1 2 1 be its edge set, and for
≤ ≤ −i n1 1, let αi be the weight of edge ei. Let B be a basis for the row space of WtMax4PCT output by [1,

Lemma 9]. Let EB denote the set of non-pendant edges of T that are in B, and let e be the unique pendant edge in B.
Let the weight of e be α. Then,

[ ] ( ) ( ) ∏= − − − −

∈
B B α αdetWtMax4PC , 1 2 .T

n p n p

e E

r
2 1 2 2

r B

Thus, for any pendant edge ∉e Bi , setting αi to any positive real value, setting =α 1, and for any non-
pendant edge ∈e Bj , setting =α 1j , we recover our earlier result [1, Theorem 2] (this result is also quoted as
Theorem 20 in this work).

2 Rank and basis of WtMin4PCT

In this section, we consider the WtMin4PCT matrix for a tree T on n vertices. Bapat and Sivasubramanian [13]
showed for a tree T that the rank of its unweighted Min4PCT matrix is n. Recall that the rank of its usual
distance matrix D is also n. Furthermore, the authors showed that both the matrices D and Min4PCT have the
same non-zero SNF values.

We first present a class B of bases for the row space of both Min4PCT and WtMin4PCT . Additionally, we
give a formula for the determinant of the submatrix of both Min4PCT and WtMin4PCT when we restrict these
matrices to the indices in rows and columns from a basis B∈B .

Bapat and Sivasubramanian [13] showed that the determinant of [ ]B BMin4PC ,T obtained by restricting
Min4PCT to the rows and columns contained in { }= −B e e g, …, ,n1 1 , where ( )∉g E T divides ( )−− n2 1n 2 . We first
ask when such a set B will be a basis for the row space of Min4PCT? We answer this by providing a formula
for [ ]B BdetMin4PC ,T .

Theorem 5. (Bapat and Sivasubramanian [13, Lemma 3, Corollary 7, Theorem 9]) Let T be an unweighted tree on
n vertices and { }= −E e e, …, n1 1 be its edge set. Then, ( ) = nrank Min4PCT and [ ] ( )= −E E J IMin4PC , 2T . Let the
rows and columns of [ ]E EMin4PC ,T be indexed sequentially by −e e e, ,…, n1 2 1. For { }= ∉f i j E, , define a vector

�∈ −vf
n 1 with its coordinates indexed by E as ( ) ( )= [ ]−f e f ev Min4PC , , …, Min4PC ,

f

t
T T n1 1 . Then, we have
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[ ]
( )( )

( )
=

− −
−

−E E
n d

n
v vMin4PC ,

1 1

2 2
.f

t
T f

i j
1

,
2

Our next result describes a class B of bases for the row space of Min4PCT for a tree T . We also give the
determinant of the submatrix of Min4PCT when its rows and columns are restricted to elements of B∈B .

Theorem 6. Let T be a tree on n vertices and { }= −E e e, …, n1 1 be the edge set. Take { }= ∉f i j E, and let
{ }= ∪B E f . Let B denote the collection of such B over all choices of { }i j, . Then, any B∈B is a basis for the

row space of Min4PCT . Furthermore,

[ ] ( ) ( )( )= − − −− −B B n ddetMin4PC , 1 2 1 1 .T
n n

i j
1 2

,
2

Proof. It is easy to see that [ ]B BMin4PC ,T can be written in block form as follows:

[ ]
[ ]

=
⎡

⎣⎢
⎤

⎦⎥
B B

E E v

v
Min4PC ,

Min4PC ,

0
.T

T f

f

t
(2)

Since [ ]E EMin4PC ,T is invertible, by the Schur complement formula for determinants (see Horn and
Johnson [16]), we obtain

[ ] ( [ ] ) ( [ ])

( )( )

( )
( ) ( )

( ) ( )( )

( )= −

= −
− −

−
⋅ − −

= − − −

−

− −

− −

B B E E E E

n d

n
n

n d

v vdetMin4PC , Min4PC , det Min4PC ,

1 1

2 2
1 2 2

1 2 1 1 .

T f

t
T f T

i j
n n

n n
i j

1

,
2

2 1

1 2
,

2

This completes the proof. □

Remark 7. If we choose { }=f i j, in Theorem 6 with =d 2i j, , we obtain [ ] =B B DdetMin4PC , det ,T where D is the
usual distance matrix of T .

We generalize Theorem 6 to edge-weighted trees. Towards this, for a treeT on n vertices with edge weights
αi, define a function ( )TΓ as follows:

( ) ( )( ) ( ) ∑ ∑ ∏= − − − +
⎛

⎝
⎜

⎛

⎝
⎜

⎞

⎠
⎟
⎞

⎠
⎟

=

−

= ≠

−

= ≠

−

T n n α α αΓ 2 5 Prod .T

i

n

i

j j i

n

k k i j

n

k

1

1

2

1,

1

1, ,

1

(3)

Lemma 8. Let T be a tree on n vertices. Let { }= −E e e, …, n1 1 be its edge set, and for ≤ ≤ −i n1 1, let edge ei have
weight αi. Let [ ]= E EWK WtMin4PC ,T . Then, for ∈e Ei , we have ( ) =e eWK , 0i i and for ∈e Ej with ≠i j , we have

( ) = +e e α αWK ,i j i j. Furthermore,

( ) ( )= − − − TdetWK 1 2 Γ .n n2 3

Proof. Let T be a tree on n vertices with edge set { }= −E e e, …, n1 1 and let [ ]= E EWK WtMin4PC ,T . For an
( ) ( )− × −n n1 1 matrix M and for ≤ ≤ −i n1 1, denote the ith column of M as ( )C Mi . Note that WK can be
expressed as a sum of two ( ) ( )− × −n n1 1 matrices, i.e., we can write = +A BWK , where

=

⎛

⎝

⎜
⎜⎜
⋮ ⋮ ⋱ ⋮

⎞

⎠

⎟
⎟⎟

=

⎛

⎝

⎜
⎜⎜

−
−

⋮ ⋮ ⋱ ⋮

⎞

⎠

⎟
⎟⎟

−
−

− − − −

A

α α α

α α α

α α α

B

α α α

α α α

α α α

…

…

…

and

…

…

…

.

n

n

n n n n

1 2 1

1 2 1

1 2 1

1 1 1

2 2 2

1 1 1

For [ ]⊆ −S n 1 , let XS be an ( ) ( )− × −n n1 1 matrix defined by ( ) ( )=C X C Ai S i if ∈i S and ( ) ( )=C X C Bi S i if
∉i S . Note, by the multilinearity of the determinant, that
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[ ]

∑=
⊆ −

XdetWK det .

S n

S

1

(4)

If ∣ ∣ >S 1, then =Xdet 0S , as ( ) ( )=α C X α C Xj i S i j S for some ≠i j . Thus, in (4), we only need to consider those
[ ]⊆ −S n 1 with ∣ ∣ ≤S 1. Let J denote the ( ) ( )− × −n n1 1 all ones matrix, and let I denote the ( ) ( )− × −n n1 1

identity matrix. It is easy to see that

( ) ( ) ( ) ( ) ( )= = − = − −∅
− −X B α J I n αdet det Prod det 2 1 2 3 Prod .T

n n
T

2 2 (5)

If { }=S i , note that ( ) =C X α 1i S i . Let ( )BCofactor denote the cofactor matrix of B. We pull out a factor αi and
evaluate Xdet S along its ith column. This gives us

( ( ( ))){ } =X α C B1det Cofactor .i i
t

i (6)

It is easy to check that

( ( ))

( ) ( )

( ) ( )

∏

∏=

⎧

⎨
⎪

⎩⎪

− − ≠

− − =

− −

≠

−

≠

j C B

α i j

n α i j

th entry of Cofactor

1 2 , when ,

2 4 , when .
i

n n

k j

k

n

k i

k

2 3

3

(7)

By (6) and (7), we have

( ) ( ){ }

{ }

∏ ∑ ∏= −
⎛

⎝

⎜
⎜

− −
⎞

⎠

⎟
⎟

−

=

−

=
≠

−

=
∉

−

X n α α αdet 2 4 .i
n

k

n

k i

k

k i

n

j

j i k

n

j
3

1

1

2

1

1

1

,

1

(8)

Substituting (8) and (5) into (4) and using (3), we obtain

( ) ( ){ }∑= + = −∅
=

−
− −WK X X Tdet det det 1 2 Γ .

i

n

i
n n

1

1

2 3

This completes the proof. □

Remark 9. By setting =α 1i for ≤ <i n1 , we obtain an unweighted tree T . In this case, we obtain
[ ] ( )= = −E E J IWK WtMin4PC , 2T , and ( ) ( )= − −− −WK ndet 1 2 2n n2 1 . Thus, Lemma 8 generalizes [13, Lemma 3].

Lemma 10. Let T be an edge-weighted tree on n vertices with edge set { }= −E e e, …, n1 1 . Let =WK

[ ]E EWtMin4PC ,T . Define a vector �∈ −z n 1, with its coordinates indexed by E. Denote by ( )z ei , the coordinate
of z indexed by ei, and define it as

( ) ( )∏ ∑=
⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜ − −

⎞

⎠
⎟

= ≠

−

= ≠

−

z e α α n α4 .i

j j i

n

j

j j i

n

j i

1,

1

1,

1

Then, ( )=z wTWK Γ , where [ ]= −w α α, …,t
n

t
1 1 .

Proof. The result follows from the fact that

[ ] { }

∣ ∣

∑ ∏ ∑ ∑ ∑ ∏⎜ ⎟
⎛

⎝
⎜

⎞

⎠
⎟ =

⎛
⎝

⎞
⎠=

−

≠ ≠ =

−

⊂ − ⧹
= −

∈
α α α α .

j

n

k j

k

k j

k

j

n

S n j

S n

j

k S

k

1

1

1

1

1

3

2

□

For a tree T on n vertices, ( )TΓ as described in (3) can also be expressed as the following.

( ) ( ( ) )
( )

( )( ) ( )∑ ⎜ ⎟= − ⎛
⎝

⎞
⎠
− − −

=

−

T α α
α

α
n n αΓ Sum

Prod
2 5 Prod .

i

n

T i

T

i

T

1

1

(9)

Four-point condition matrices of edge-weighted trees  5



Lemma 11. Let T be a tree on ≥n 2 vertices with edge set { }= −E e e, …, n1 1 . Then, ( ) ≠TΓ 0, and thus,
[ ]E EWtMin4PC ,T is invertible.

Proof. By (9), it is easy to see that

( ) ( ) ( ) ( ) ( )∑ ⎟⎜=
⎛
⎝

⎞
⎠
− −

=

−

T α α
α

n αΓ Sum Prod
1

3 Prod .T T

i

n

i

T

1

1

2

As αi for ≤ ≤ −i n1 1 are positive, by the ≥AM HM inequality, we obtain

( ) ( )∑ ⎟⎜
⎛
⎝

⎞
⎠
≥ −

=

−

α
α

nSum
1

1 .T

i

n

i1

1

2

Hence, ( ) >TΓ 0 when >n 2. By Lemma 8, we have [ ] ≠E EdetWtMin4PC , 0T . This completes the proof. □

Let T be a tree on n vertices. Let i and j be two nonadjacent vertices in T and { }=e i j, . In our next result,
we analyse the result of Lemma 10 carefully and find the unique solution x to the linear system of equa-
tions ( ) [ ]=x T E eWK Γ WtMin4PC ,T .

Lemma 12. Let T be a tree on n vertices with edge set { }= −E e e, …, n1 1 . For ≤ ≤ −i n1 1, let ei have weight αi. Let
[ ]= E EWK WtMin4PC ,T and { }= ∉e i j E, . Suppose that �∈ −z n 1 is the vector defined in Lemma 10.We define a

vector �∈ −xe
n 1, with its coordinates indexed by E. For ∈f E , denote the entry indexed by f in xe as ( )x fe , and

define it by

( )
( ) ( ) ( )

( ) ( )
=

⎧
⎨
⎩

− − + -
− − -x f

d z f T if f is on the ij path

d z f if f is not on the ij path

1 Γ , ,

1 , .
e

i j

i j

,

,

Then, we have ( ) [ ]=x T E eWK Γ WtMin4PC ,e T .

Proof. Note for = −i n1,…, 1 that

( ) =
⎧
⎨
⎩

− -
+ -e e

w α e ij

w α e ij
WtMin4PC ,

, if is on the path ,

, if is not on the path .
T i

i j i i

i j i i

,

,

(10)

Recall { }= ∉e i j E, . Define �∈ −γ
e

n 1 as the vector with its rth coordinate being 1 if the edge er is on the
ij-path and 0 otherwise. For ∈e Er , it is easy to note that

( )( )
( )

=
⎧
⎨
⎩

+ − -
+ -γ e

w d α e ij

w d α e ij
WK

2 , if is on the path ,

, if is not on the path .
e r

i j i j r r

i j i j r r

, ,

, ,

(11)

By Lemma 10, for ∈e Er , we have

( )( ) ( ) ( ) ( )( )( )= − − +x e d T α T γ eWK 1 Γ Γ WK .e r i j r e r, (12)

Therefore, the result follows by substituting (11) into (12) and using the identity (10). □

We will need the following result to determine both the rank of WtMin4PCT and the determinant of
[ ]B BWtMin4PC ,T , where B is a basis of the row space of WtMin4PCT .

Lemma 13. Let T be a tree with n vertices with edge set E. For ≤ ≤ −i n1 1, let edge ei have weight αi. Let
{ }= ∉a i j E, and { ℓ}= ∉b k E, . Let z and xa be the vectors defined Lemmas 10 and 12, respectively. Then,

( ) ( )=w z α α2Sum Prod ,t
T T (13)

( ) ( ) ( )= − −z T n α and1 Γ 2 3 Prod ,t
T (14)

6  Ali Azimi et al.



[ ] ( ) ( ) ( )( ) ( ) ( )ℓ= + − −xa E T a b d d α αWtMin4PC , Γ WtMin4PC , 2 1 1 Sum Prod ,T b T i j k T T, , (15)

where [ ]a EWtMin4PC ,T is a submatrix of WtMin4PCT restricted to the row indexed by a and the columns indexed
by E.

Proof. It is easy to see that (13) follows from

( ) ( )
{ }

∑ ∑
⎛

⎝
⎜ − −

⎞

⎠
⎟ =

∈ ∈ ⧹
α n α α4 2Sum .

e E e E e

j i T

i j

Furthermore, by (9), we have

( )( ) ( ) ( ) ( ) ( )∑ ∏ ∑=
⎛

⎝
⎜

⎞

⎠
⎟ − − − = − −

=

−

≠ ≠
z α α n n α T n α1 4 1 Prod Γ 2 3 Prod .t

j

n

k j

k

r j

r T T

1

1

Let Pa and Pb denote the i j, -path and ℓk , -path, respectively, in T . Define the vector �∈ −τa
n 1 with entries

indexed by E as follows: ( ) = −τ e αa r r if ∈e Pr a and ( ) =τ e αa r r if ∉e Pr a. Define τb in an identical manner using
Pb instead of Pa. Note that

( ) ( )

( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

∑ ∏ ∑ ∑ ∏ ∑ ∑ ∑

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑

= −
⎡

⎣⎢
⎤

⎦⎥
+

⎡

⎣⎢
⎤

⎦⎥
+ −

⎡

⎣⎢
−

⎤

⎦⎥

=
⎡

⎣⎢
−

⎤

⎦⎥
+ −

⎡

⎣⎢
−

⎤

⎦⎥

= − − − −
⎡

⎣⎢
−

⎤

⎦⎥

= − − − − + −
= − − + −

∈ = ≠

−

= ≠ ∉ = ≠

−

= ≠

−

∉ ∈

∉ = ≠

−

∈ = ≠

−

∉ ∈

∉ ∈

τ z α α α α α α n α α α

α α α n α α α

α α n d n α α α

α α n d n α α n α w

d α α n α w

4 Prod

Prod 4 Prod

Sum Prod 1 2 3 Prod

Sum Prod 1 2 3 Sum Prod 2 3 Prod

2 1 Sum Prod 2 3 Prod .

a

t

e P

r

j j r

n

j

k k r

k

e P

s

j j s

n

j

k k s

n

k T

e P

s

e P

r

T

e P j j s

n

j

e P k k r

n

k T

e P

s

e P

r

T T i j T

e P

s

e P

r

T T i j T T T i j

i j T T T i j

1,

1

1, 1,

1

1,

1

1,

1

1,

1

,

, ,

, ,

r a s a s a r a

s a r a s a r a

s a r a

By (10), we have [ ] = + τE a w 1WtMin4PC ,T i j a, . Note that ( ) ( )ℓ= − − +x z γd T1 Γb k b, , where γ
b
is the vector

defined in the proof of Lemma 12. Clearly, ℓ=γ d1t

b k , . Thus, it follows that

[ ] ( )( ( ) ( ) )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( ) ( )

ℓ

ℓ ℓ ℓ

ℓ ℓ

ℓ

= + − − +
= − − + − − + +

+ − − − − −
= + + − −

x τ z γ

τ γ

τ γ

a E w d T

w d T n w d α T d d T

w d α α n d w α

T w d d α α

1WtMin4PC , 1 Γ

1 Γ 2 3 1 Prod Γ Γ

2 1 1 Sum Prod 2 3 1 Prod

Γ 2 1 1 Sum Prod .

T b i j
t

a

t
k b

i j k i j k T k i j a

t

b

i j k T T k i j T

i j a

t

b i j k T T

, ,

, , , , , ,

, , , ,

, , ,

Let ( )E Pa and ( )E Pb be the set of edges in the paths Pa and Pb, respectively. Note that

( ) ( ) ( ) ( )

∑ ∑= −
∈ ⧹ ∈ ∩

τ γ α α .a

t

b

e E P E P

r

e E P E P

s

r b a s a b

It follows that

( ) ( ) ( ) ( )

∑ ∑+ = +
∈ ⧹ ∈ ⧹

τ γw α α .i j a

t

b

e E P E P

r

e E P E P

s,

r a b s b a

(16)

Furthermore, note that

( )

( ) ( )

( ) ( )

ℓ

ℓ

( ) ( )

∑⎪

⎪

=
⎧
⎨
⎩

+ ∩ = ∅

+ − ∩ ≠ ∅
∈ ∩

a b

w w E P E P

w w α E P E P
WtMin4PC ,

, if ,

2 , if .T

i j k a b

i j k

e E P E P

r a b

, ,

, ,

r a b

(17)

By (16) and (17), we have ( ) = τ γa bWtMin4PC ,T a

t

b
, completing the proof. □
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Our next result generalizes [13, Theorem 9], and it shows that the rank of WtMin4PCT is n, showing that it is
independent of the structure of T and its edge weights.

Theorem 14. Let T be a tree on >n 2 vertices with edge set E. Then, the rank of WtMin4PCT is n.

Proof. Let Ec be the set of edges inT c and define the threematrices [ ]= E EWK WtMin4PC ,T , [ ]= E EWK WtMin4PC ,T
c

1

and [ ]= E EWK WtMin4PC ,T
c c

2 . Note that WtMin4PCT can be written in block form as

=
⎡
⎣⎢

⎤
⎦⎥

WtMin4PC

WK WK

WK WK
.T t

1

1 2

Lemma 11 shows that ≠detWK 0. Applying the Guttman rank additivity formula1 [19, Equation (0.9.2)],
we obtain

( ) ( ) ( )= + − −rank WtMin4PC rank WK rank WK WK WK WK .T
t

2 1
1

1 (18)

Let { }= ∉a i j E, and { ℓ}= ∉b k E, . Let [ ]E aWtMin4PC ,T be the submatrix of WtMin4PCT restricted to
the rows indexed by E and the column indexed by a. Hence, [ ]E aWtMin4PC ,T is an ( )−n 1 -dimensional
column vector. In an identical manner, define [ ]E bWtMin4PC ,T . Denote by ( ) [ ]= E aCol WK WtMin4PC ,a T1 and

( ) [ ]=WK E bCol WtMin4PC ,b T1 the two columns of WK1 indexed by a and b respectively. Let xa and xb be vectors
defined in Lemma 12 that are indexed by a and b respectively. Using Lemma 12, it is simple to check that

( )
( )

=− xWKWK Cola T a
1

1

1

Γ
. Therefore, by Lemma 13,

( ) ( ) ( ) ( )( )ℓ= + − −− b a d d XCol WK WK Col WK WtMin4PC , 1 1 ,b
t

a T i j k1
1

1 , , (19)

where ( ) ( ) ( )= ∕X α α TSum Prod ΓT T .

Define a vector � ( ))(∈ − −
μ

n 1
n

2 whose coordinates are indexed by the element of Ec as follows: for
{ } ( )= ∉e s t E T, define ( ) ( )= −μ e d X1s t, . It is easy to note that

− =− μμWK WK WK WK .
t t

2 1
1

1

Using (18), our proof is complete. □

Corollary 15. We need (19) when =a b. We note that as follows:

( ) ( ) ( )= −− d XCol WK WK Col WK 1 .a
t

a i j1
1

1 ,
2

In our last main result of this section, we describe a classB of bases for the row space of WtMin4PCT and
also give a formula for the determinant of the matrix obtained by restricting WtMin4PCT to the elements with
both row and column indices from B∈B .

Proof of Theorem 3. The result follows by first applying the Schur complement formula to the matrix
[ ]B BWtMin4PC ,T as done in (2), and then using Corollary 15 along with Lemmas 8 and 12. □

3 Rank of WtMax4PCT

In [1, Theorem 1], Azimi et al. showed for a tree T with n vertices and p leaves that ( ) ( )= −n prank Max4PC 2T .
In the course of their proof, they designed an algorithm that outputs a class B of bases for the row space of
Max4PCT . In this section, we extend this result to weighted trees. This shows that the rank of WtMax4PCT is
independent of the edge weights. Thus, our following result generalizes [1, Lemma 3] to weighted trees.



1 The Guttman rank additivity formula is also known as the Schur complement formula for rank.
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Lemma 16. Let T be a tree on n vertices. Let ( )− ∈n n V T1, be such that vertex n is a leaf in T with unique
neighbour −n 1. If u is a vertex of T other than n and −n 1, then for each pair { }i j, of vertices, we have

({ } { }) ({ } { })= − + −u n i j u n i j wWtMax4PC , , , WtMax4PC , 1 , , .T T n n1,

Proof. Denote =−w αn n1, for brevity, and recall ≠ −u n n1, . Clearly, if ( )∈v V T with ≠v n, then the v-n path
must include the vertex −n 1. We thus have

= + = +− −w w α w w αand .v n v n u n u n, , 1 , , 1 (20)

For each pair { }i j, of vertices in T , by the definition of the matrix WtMax4PCT , we obtain

({ } { }) { }= + + + +−u n i j w w α w w w wWtMax4PC , , , max , , .T u n i j u i n j u j n i, 1 , , , , , (21)

We split our proof into two cases: when both i and j are different from n and when either =i n or =j n.
Case 1: This is the case of ≠i n and ≠j n. Substituting (20) into (21), we obtain

({ } { }) { }

({ } { })

= + + + + + +

= − +
− − −u n i j w w α w w α w w α

u n i j α

WtMax4PC , , , max , ,

WtMax4PC , 1 , , .

T u n i j u i n j u j n i

T

, 1 , , 1, , 1,

Our proof is complete in this case.
Case 2: This is the case of =i n or =j n. Without loss of generality, assume =j n, and thus, ≤ −i n 1. By the

triangle inequality, we have

+ ≥ + ≥ +− −w w w w w w αand 2 .u n i n u i u n i n u i, 1 , 1 , , , , (22)

By (22), the entry of WtMax4PCT indexed by the row { }u n, and the column { }i n, is

({ } { }) { }= + = +u n i n w w w w wWtMax4PC , , , max , .T u n i n u i u n i n, , , , ,

Furthermore, if ({ } { })= −k u n i nWtMax4PC , 1 , ,T , then we have

{ }

{ } [ ]

[ ]

({ } { })

= + + +
= + − + + − ( )
= + − ( ) ( )
= −

− −k w w w α w w

w w α w α w w α

w w α

u n i n α

max , ,

max , , by 20

by 20  and 22

WtMax4PC , , , .

u n i n u i u n n i

u n i n u i u n n i

u n i n

T

, 1 , , , 1,

, , , , ,

, ,

Thus, we have proved the result for the second case. Our proof is complete. □

Our next lemma extends [1, Lemma 4] to weighted trees.

Lemma 17. Let T be a tree on n vertices. Let ( )∈y z V T, be such that y is a leaf and z is the quasi-pendant
adjacent to y. Let ( )∈u V T be a neighbour of z other than y and Bu be the connected component of −T z that
contains the vertex u (Figure 1). Then,

({ } { })
({ } { })

({ } { })
=

⎧
⎨
⎩

+ + ∈
+ −y z i j

u z i j w w if i j B

u z i j w w otherwise
WtMax4PC , , ,

WtMax4PC , , , , , ,

WtMax4PC , , , , .
T

T y z u z u

T y z u z

, ,

, ,

Figure 1: Illustrating the setup for Lemma 17.
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Proof. Let i and j be two distinct vertices of T with ∈j Bu. Using triangle inequality, it is simple to see that

≤ + −w w w w .i j u i z j u z, , , , (23)

We first assume ( )∈ ∩i j B V T, u . Clearly, = + +w w w wy v u v y z u z, , , , for each ∈v Bu. Therefore, we have

({ } { }) { }

{ }

{ }

{ } [ ]

({ } { })

= + + +
= + + + + + + +
= − + + + +
= + + + + + ( )
= + +

y z i j w w w w w w

w w w w w w w w w w

w w w w w w w w

w w w w w w w w

u z i j w w

WtMax4PC , , , max , ,

max , ,

max , ,

max , , by 23

WtMax4PC , , , .

T y z i j y i z j y j z i

y z i j u i z j y z u z u j z i y z u z

i j u z u i z j u j z i y z u z

u z i j u i z j u j z i y z u z

T y z u z

, , , , , ,

, , , , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, ,

Now, consider the case when ∉i Bu and ( )∈j V T . First, note that if =i y and ( ) { }∈ −j V T y , then
+ = +w w w wy j u z z j y u, , , , . Combining these with ≤w wz j y j, , gives

({ } { }) { }

{ }

{ }

({ } { })

= + +
= + + − + + −
= + + + + −
= + −

y z y j w w w w w

w w w w w w w w

w w w w w w w w

u z y j w w

WtMax4PC , , , max , ,

max ,

max , ,

WtMax4PC , , , .

T y z y j z j y j y z

u z y j y z u z y j z u y z u z

u z y j y u z j y j z u y z u z

T y z u z

, , , , ,

, , , , , , , ,

, , , , , , , ,

, ,

We split the remaining part of our proof into two cases when { }∉ ∪i B yu with ∈j Bu and when
{ }∉ ∪i B yu with ∉j Bu.

Case 1: This is the case of { }∉ ∪i B yu and ∈j Bu. In this case, it is easy to see that = + +w w w wi j i z z u u j, , , , ,
and so, we obtain

+ = + = + + ≥ −w w w w w w w w w2 .u i z j i j u z u j z i u z i j u z, , , , , , , , , (24)

Therefore,

({ } { }) { } [ ]

{ }

{ } [ ]

({ } { })

= + + + + = +
= + + + − + + +
= + + + + − ( )
= + −

y z i j w w w w w w w w w w

w w w w w w w w w w

w w w w w w w w

u z i j w w

WtMax4PC , , , max , , by

max , ,

max , , by 24

WtMax4PC , , , .

T y z i j y i z j y j z i y i u z u i y z

y z i j u i z j y z u z u j z i y z u z

u z i j u i z j u j z i y z u z

T y z u z

, , , , , , , , , ,

, , , , , , , , , ,

, , , , , , , ,

, ,

Case 2: This is the case of { }∉ ∪i B yu and ∉j Bu. In this case, note that if ≠j y, then + =w wy i u z, ,

+w wu i y z, , and + = +w w w wy j u z u j y z, , , , . Using these, it is easy to see that

({ } { }) { }

{ }

({ } { })

= + + +
= + + − + + − + + −
= + −

y z i j w w w w w w

w w w w w w w w w w w w

u z i j w w

WtMax4PC , , , max , ,

max , ,

WtMax4PC , , , .

T y z i j y i z j y j z i

u z i j y z u z u i z j y z u z u j z i y z u z

T y z u z

, , , , , ,

, , , , , , , , , , , ,

, ,

Finally, if we have =j y, then { }∉ ∪i B yu . In this case, one can check that = + −w w w wy i u i y z u z, , , , . Using
this, we obtain

({ } { }) { }

{ } [ ]

{ }

({ } { })

= + +
= + + − + + − + =
= + + + + −
= + −

y z i y w w w w w

w w w w w w w w w w w

w w w w w w w w

u z i y w w

WtMax4PC , , , max , ,

max , as

max , ,

WtMax4PC , , , .

T y z i y y i y z z i

u z i y y z u z y i y z y z u z z i y z y i

u z i y z i u y u i y z y z u z

T y z u z

, , , , ,

, , , , , , , , , , ,

, , , , , , , ,

, ,

This completes the proof. □

The next result is our main result for this section.

10  Ali Azimi et al.



Theorem 18. Let T be a tree on ≥n 3 vertices with p leaves. Then, ( ) ( )= −n prank WtMax4PC 2T .

Proof. We induct on n, the number of vertices in T . Our base case is when =n 3. The only possible tree is P3, the
path tree on three vertices. Let the two edges of P3 have weights α1 and α2, respectively. Then, it can be verified that

=
⎡

⎣
⎢
⎢

+ +
+ + +
+ +

⎤

⎦
⎥
⎥

α α α α α

α α α α α α

α α α α α

WtMax4PC

2 2

2 2 2 2

2 2

.P

1 1 2 1 2

1 2 1 2 1 2

1 2 1 2 2

3

It is easy to verify that ( ) =rank WtMax4PC 2P3
. Thus, our base case is done.

Thus, assume that the result is true for all trees with −n 1 vertices. Let T be a tree on n vertices. Without
loss of any generality, we assume that n is a leaf adjacent to −n 1. Let  { }= −T T n be the tree obtained from T

by deleting the vertex n from T . We divide the proof into two cases based on the degree of vertex −n 1 in T .
Case 1: This is the case when there exists a quasi pendant vertex −n 1 with degree two. Let −n 2 be the

neighbour of −n 1 other than n. Let =− −w αn n n1, 1 and =− − −w αn n n2, 1 2.
Let �n be the collection of 2-sized subsets of [ ] { }=n n1, 2, …, and � {{ }∣ [ ]}= ∈ −− i n i n, 1n 1 . For listing the

rows and columns of WtMax4PCT , we order the elements of �n as � � �( )= − −,n n n1 1 . For �⊆R C, n, let
[ ]R CWtMax4PC , denote the submatrix of WtMax4PCT induced on the rows in R and the columns in C . With

this notation, let � �[ ]= − −WtMax4PC WtMax4PC ,T n n12 1 1 and � �[ ]= − −WtMax4PC WtMax4PC ,T n n22 1 1 . Then,
WtMax4PCT can clearly be written in the following partitioned form:


=

⎡
⎣⎢

⎤
⎦⎥

WtMax4PC

WtMax4PC WtMax4PC

WtMax4PC WtMax4PC
.T

T

t

12

12 22

In the matrix WtMax4PCT , perform the elementary row operation = − −Row Row Rowu n u n u n, , , 1 and the
column operation = − −Col Col Colu n u n u n, , , 1 for ≤ ≤ −u n1 1. Denoting equivalent matrices by A B~ , Lemma
16 gives us





( )

( )
( ) ( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⋯
⋮ ⋱ ⋮ ⋮

⋯
⋯

⋮ ⋱ ⋮
⋯
⋯

⋮

⋯

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

− ⎛
⎝

⎞
⎠× −

− − ×⎛
⎝

⎞
⎠

− × − −

− −

−

−

− − −

− −

−

−

u

u

u

u

α J

α J α

α α

α

α

α α α

α α

0 1

1

0

WtMax4PC ~

WtMax4PC

2

.

WtMax4PC ~

WtMax4PC

0 0

0 0

0 0

0 0

0

0

0 0 2

,

T

T n
n

n
n

n n n

t
n

t
n

T

T

n

n

n n
n

t
n n

1
2

1
2

2 2 1

1 1

1

1

1 1
1

1 1

n

n

1

2

1

2

where in the second step above, we perform the row operations = − − −Row Row Rowu n u n n n, , 2, 1 and identical
column operations = − − −Col Col Colu n u n n n, , 2, 1 for ≤ ≤ −u n1 2. Recall that the vertex −n 1 is a leaf in the tree
T . Denote the row of a matrix M indexed by r as [ ]M r, : . Thus, by Lemma 16, for all  { }∈ − − −v T n n1, 2 , we
obtain

 ({ } ) ({ } )− = − + −n v n v α 1WtMax4PC 1, , : WtMax4PC 2, , : .T T n
t

2 (25)

Let −n 3 be a neighbour of −n 2 inT and let =− − −w α .n n n3, 2 3 By the definition of WtMax4PCT , it is simple to
see that

({ } { })− − − = + +− − −n n n n α α αWtMax4PC 1, , 1, 3 andT n n n1 2 3 (26)

({ } { })− − − = + +− − −n n n n α α αWtMax4PC 1, , 2, 3 2 .T n n n1 2 3 (27)
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We perform the row operation ( )= − −− − − − − − − −α αRow Row Row Rown n n n n n n n n n2, 2 2, 1 1, 3 2, 3 and an identical column
operation ( )= − −− − − − − − − −α αCol Col Col Coln n n n n n n n n n2, 2 2, 1 1, 3 2, 3 . Using (25)–(27) and the above row and column
operation, we obtain the following matrix that is row and column equivalent to WtMax4PCT .







⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⋯
⋮ ⋱ ⋮ ⋮

⋯

⋯
⋮ ⋱ ⋮

⋯
⋯

⋮

⋯

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢

−

⎤

⎦

⎥
⎥
⎥

− −

− − −

− −

− − −

− −

−

u

u

α α

α α α

α α

α α α

α α

α

0

0 0

0 0 0

0 0

0 0

0 0

0 0 0

0 0

0 0

WtMax4PC ~

WtMax4PC

0 0 0

0 0 0

0 0

0 0

0 0

0

0

2

0 0 2 2

~

WtMax4PC

2

2 2

~

WtMax4PC 0

0

2 0

0 2

.

T

T

n n

t
n n n

T

n n

n n n

T

n n

n

1 2

1 2 1

1 2

1 2 2

1

2
2

2

This completes the proof of Case 1.
Case 2: This is the case when any quasi-pendant vertex inT has degree at least three. Let [v v v, ,…, k1 2 ] be a

maximum length path inT . Hence, its length equals the diameter ofT . Clearly, v1 is a pendant vertex and v2 is a
quasi-pendant vertex in T . Since the degree of v2 in T is at least three, there is another leaf y with y being
adjacent to v2 and ≠y v1. By relabelling, we assume that n and −n 2 are two leaves inT that are both adjacent
to −n 1. Let =− −w αn n n1, 1 and =− − −w αn n n2, 1 2. When ≤ < ≤i j n1 and { }∉ −u n n, 1 , Lemma 16 gives

({ } { }) ({ } { })= − + −u n i j u n i j αWtMax4PC , , , WtMax4PC , 2 , , andT T n 1 (28)

({ } { }) ({ } { })− = − + −u n i j u n i j αWtMax4PC , 1 , , WtMax4PC , 2 , , .T T n 2 (29)

Let vertex −n 3 be adjacent to −n 2 in T , and let =− − −w αn n n3, 2 3. Let −Bn 3 be the connected component of
{ }− −T n 2 that contains the vertex −n 3. By Lemma 17, we have

({ } { })
({ } { })

({ } { })
− =

⎧
⎨
⎩

− − + + ∈
− − + −

− − −

− −
n n i j

n n i j α α i j B

n n i j α α
WtMax4PC 2, , ,

WtMax4PC 3, 2 , , , if ,

WtMax4PC 3, 2 , , , otherwise .
T

T n n n

T n n

1 3 3

1 3

(30)

({ } { })
({ } { })

({ } { })
− − =

⎧
⎨
⎩

− − + + ∈
− − + −

− − −

− −
n n i j

n n i j α α i j B

n n i j α α
WtMax4PC 2, 1 , ,

WtMax4PC 3, 2 , , , if ,

WtMax4PC 3, 2 , , , otherwise .
T

T n n n

T n n

2 3 3

2 3

(31)

Using (28) and (29), we obtain − =− − − − −α 1Row Rown n n n n
t

3, 1 3, 2 2 and combining this with (30) and (31), we
obtain ( ) ( ) ( )− − − = −− − − − − − − − −α α 1Row Row Row Row .n n n n n n n n n n

t
2, 3, 2 2, 1 3, 2 1 2 Furthermore, for all ( )∈i V T with

{ }∉ −i n n, 2 , by (28)–(31), it is simple to check the following:

( ) ( )

( ) ( )

= − − +
= − − +

− − − − − − − −

− − − − − − − −

α α α

α α α

Row Row Row Row Row and

Col Col Col Col Col .

n i n n i n i n n n n n n

n i n n i n i n n n n n n

2 , 2 , , 2 1 3, 1 3, 2

2 , 2 , , 2 1 3, 1 3, 2

Furthermore, note that

( ) ( )

( )( )

( ) ( )

( )( )

= − − −
− − −

= − − −
− − −

− − − − − − − − − − −

− − − − − −

− − − − − − − − − − −

− − − − − −

α α α

α α

α α α

α α

Row Row Row Row Row

Row Row and

Col Col Col Col Col

Col Col .

n n n n n n n n n n n n n

n n n n n n

n n n n n n n n n n n n n

n n n n n n

2 2, 2 2, 3, 2 2 2, 1 3, 2

1 2 3, 1 3, 2

2 2, 2 2, 3, 2 2 2, 1 3, 2

1 2 3, 1 3, 2
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Using the aforementioned row operations and the identical column operations, it is easy to see that the matrix
WtMax4PCT is similar to the following block matrix:

⎡
⎣

⎤
⎦

0

0 0

WtMax4PC
.

T

Thus, Case 2 is proved. This completes our proof. □

The following result is an easy consequence of Theorem 18.

Corollary 19. Let T be a tree on n vertices with >n 3. Suppose there exist two leaves u and v adjacent to the same
vertex. Then, we have

( ) ( ) ( )= =− −rank WtMax4PC rank WtMax4PC rank WtMax4PC .T T u T v

4 Basis for the row space of WtMax4PCT and determinant

LetT be a weighted tree on n vertices with αi being the weight on edge ei for ≤ ≤ −i n1 1. Let WtMax4PCT be its
weighted maximum-4PC matrix. When =α 1i for ≤ ≤ −i n1 1, in [1, Lemma 9], Ali et al. constructed a class B

of bases for the row space of Max4PCT . They also gave a formula for the determinant of [ ]B BMax4PC ,T for all
B∈B . As we will compare our weighted version with the unweighted version, we quote their unweighted

result below.

Theorem 20. [1, Lemma 9 and Theorem 11] Let T be a tree on n vertices, and let Max4PCT be its maximum-4PC
matrix. Let B be the class of bases given in [1, Lemma 9] for the row space of Max4PCT . If p is the number of
leaves in T, then for all B∈B , ∣ ∣ ( )= −B n p2 and [ ] ( ) ( )= − − − −B BdetMax4PC , 1 2 .T

n p n p2 1

For ≤ ≤ −i n1 1, if >α 0i , we first show that each B∈B from Theorem 20, is a basis for the row space of
WtMax4PCT . For proving Theorem 20, an algorithm inspired by depth first search was given. The output of this
algorithm was shown to be a basis for all trees T other than the star trees. Star trees were handled separately.
As there are some choices in listing adjacent blocks, the output of our algorithm is not unique, and so we obtain
a class B with all B∈B being a basis. Thus, B is a class of bases that our algorithm outputs.

We move to our edge-weighted version and again separate star trees from the rest. Let Sn denote the star
tree on n vertices. We start by giving an identical class of bases for the row space of WtMax4PCSn

. We denote
the degree of the vertex u in T as ( )udeg .

Theorem 21. Let Sn be the weighted star tree on vertex set [ ]n and let ( ) = −ndeg 1 1. For < ≤i n1 , let αi be the
weight on the edge { }i1, . Then, ( ) =rank WtMax4PC 2Sn

and for i j, with < < ≤i j n1 , the set of rows indexed by
{ }i1, and { }i j, forms a basis B for the row space of WtMax4PCSn

. Denote byB, the class of such B over the choices
of i j, . Furthermore, [ ] = −B B αdetWtMax4PC ,S j

2

n
for all B∈B .

Proof. From Corollary 19, it follows when ≥n 3 that ( ) ( )= =rank WtMax4PC rank WtMax4PC 2S Sn 3
. To see this,

note that

{ } { } { }

{ }

{ }

{ }

= ⎡

⎣
⎢
⎢

+ +
+ +
+ + +

⎤

⎦
⎥
⎥

α α α α α

α α α α α

α α α α α α

WtMax4PC

1, 2 1, 3 2, 3

1, 2

1, 3

2, 3

2 2

2 2

2 2 2 2

,
S

2 2 3 2 3

2 3 3 2 3

2 3 2 3 2 3

3

and ( ) ( ){ } { } { } { }× − = × −α αRow Row Row Row2 2,3 1,2 3 2,3 1,3 , where { }Row i j, is the row of WtMax4PCS3
indexed by the

pair { }i j, . When the tree is Sn, one can verify that ( ) ( ){ } { } { } { }× − = −α αRow Row Row Rowi i j i j i j j, 1, , 1, for i j, with
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< < ≤i j n1 . Furthermore, if {{ } { }}=B i i j1, , , for some ∈i j S, n, then [ ] = − ≠B B αdetWtMax4PC , 0S j

2

n
when-

ever ≠α 0j . Thus, the rows indexed by { }i1, and { }i j, form a basis for the row space of WtMax4PCSn
. This

completes the proof. □

One can ask when the rows indexed by { }i1, and { }j k, would be linearly independent.

Remark 22. For < ≤ < ≤i j k n1 , the rows indexed by { }i1, and { }j k, are linearly independent if ≠ +α α αi j k ,
since each ×2 2 minor with rows and columns indexed by { }i1, and { }j k, has a factor ( )+ −α α αj k i .

Setting =α 1i for ≤ ≤ −i n1 1, it is easy to see that [1, Lemma 7] is a direct consequence of Theorem 21.

Corollary 23. [1, Lemma 7] Let Sn be the star tree on n vertices with ( ) = −ndeg 1 1. Then, ( ) =rank Max4PC 2Sn

and for < < ≤i j n1 , the rows indexed by { }i1, and { }i j, are linearly independent. LetB the class of bases defined
in Theorem 21. Then, for each B∈B , we have [ ] = −B BdetMax4PC , 1.Sn

We introduce a term “pendant edge” for our next result. In a tree T , an edge is known as a pendant edge if
one of its end points is a leaf (i.e., one of its end points is a pendant vertex). If both end points of an edge e have
degree strictly greater than one, then such an e will be called as a non-pendant edge. In our next result, we
show that the set B output by an algorithm described in [1, Theorem 20] is a basis for the row space of
WtMax4PCT as well.

Theorem 24. Let T be a tree on >n 3 vertices with p leaves. We assume that ≠T Sn and for ≤ ≤ −i n1 1, edge ei

has weight αi. Let B be the collection of bases as described in [1, Theorem 20]. For each B∈B , the following
statements are true.
(a) There exist a unique pendant edge { } ( )= ∈ ∩e u v B E T, such that ( ) =udeg 1 with { } ∈u w B, , where w is a

neighbour of v and ( ) >wdeg 1. Moreover, if ℓ ≠ u is a leaf in T and { ℓ} ( )∈ ∩x B E T, for some ∈x T , then
{ } ( )∈ ∩x y B E T, for some neighbour y of x with ( ) ≠ydeg 1.

(b) The number of elements in B is ( )−n p2 .
(c) The set B forms a basis for the row space of WtMax4PCT .

Proof. The proofs of items (a) and (b) do not involve weights on the edges and so directly follow from [1,
Theorem 11].

Proof of Item (c).We induct on n. When =n 4, if we exclude the star tree, we are left with P4, the path on 4
vertices. Thus, our base case is P4. Suppose P4 has edges {{ } { } { }}1, 2 , 2, 3 , 3, 4 with respective weights α α,1 2 and
α3. If we have B{{ } { } { } { }}= ∈B 1, 2 , 1, 3 , 2, 3 , 3, 4 , then it can easily be verified that [ ] =B BdetWtMax4PC ,P4

≠α α4 01

2

2

2 . Thus, from Theorem 18, the result is true for our base case.
We now assume that the result holds for all trees on −n 1 vertices. Let tree ≠T Sn be a tree on n vertices

with edge set ( )E T . Let B be a collection of sets output by the algorithm described in Theorem 20, and let
B∈B . From part (a), there exist unique triplet of vertices u v, , and w in T such that { } { } ∈u v u w B, , , with

Figure 2: Illustrative figure for the argument above.

14  Ali Azimi et al.



( ) =udeg 1 and { } { } ( )∈u v v w E T, , , . Without loss of generality, we assume that = =u v1, 2, and =w 3. Let the
weight on the edge { }1, 2 be α1. Therefore from Lemma 16, one can see that

[ { }] [ { }]= +B B α 1WtMax4PC , 1, 3 WtMax4PC , 2, 3 .T T 1 (32)

From Item (a), recall that if ℓ ≠ 1 is a leaf in T and { ℓ} ∈v B,1 for some ∈v T1 , then it follows that
{ ℓ} ( )∈v E T,1 and { } ∈v v B,1 2 for some neighbour v2 of v1 other than ℓ. Without loss of generality, assume
that x is a leaf located on a path whose length is the diameter ofT with { } ( )∈x y E T, for some ∈y T . Note that
if there are multiple leaves attached to y, then by the induction hypothesis and applying Corollary 19, it follows
that B is indeed a basis for the row space of WtMax4PCT . We next assume that ( ) =ydeg 2 and { } ( )∈y z E T,

with { } { } ∈x y y z B, , , and with ≠z x . Furthermore, let w be the neighbour of z (other than y) such that
{ } ∈z w B, (Figure 2).

Consider the set B obtained by applying our algorithm as described in Theorem 20 on −T x that makes the
same choices, which resulted in the set B. By the induction hypothesis, B is a basis for the row space of

−WtMax4PCT x . Suppose the weights on { }x y, , { }y z, , and { }z w, are α β, and γ, respectively. Now, we divide the
remaining part of the proof into two cases depending on whether { } ∈y z B, or { } ∉y z B, .

Case 1: This is the case of { } ∈y z B, . From our algorithm given in Theorem 20, it is simple to check that

{ } ∈y w B, . Thus,  {{ } { }}= ⧹B B x y y w, , , . If [ { }]=u B x yWtMax4PC , ,T and [ { }]= −v B y wWtMax4PC , ,T x are the
column vectors of  [ ]B BWtMax4PC ,T indexed by the columns { }x y, and { }y w, , respectively, then, it is easy to
see that the matrix [ ]B BWtMax4PC ,T has the following partitioned form:

 
[ ]

{ } { }

{ }

{ }

[ ]

( )

=
⎡

⎣

⎢
⎢

+ +
+ + +

⎤

⎦

⎥
⎥

− u u

u

v

B B

x y y w

x y

y w

B B

α α β γ

α β γ β γ

WtMax4PC ,

, ,

,

,

WtMax4PC ,

2

2

.
T

T x

t

t

From Lemma 16, one can see that
 [ { }] [ { }]= +− −B y w B z w β1WtMax4PC , , WtMax4PC , , .T x T x

(33)

Furthermore, it is easy to see that

({ } { }) ({ } { })= + + = +z w x y α β γ z w y w β γWtMax4PC , , , 2 and WtMax4PC , , , 2 .T T

Perform the row operation ( ){ } { } { } { } { }= − − −Row Row Row Row Rowy w y w z w

β

α, , , 1,3 2,3
1

and an identical column

operation in [ ]B BWtMax4PC ,T . Using (32) and (33) in addition, we obtain the following:

 

{ } { }

{ }

{ }

[ ]⎡

⎣

⎢
⎢

−
−

⎤

⎦

⎥
⎥

− u

u

x y y w

x y

y w

B B

α β

β

0

0

, ,

,

,

WtMax4PC ,

2 2

2 0

.

T x

t

t

It follows that  [ ] [ ]= − −B B β B BdetWtMax4PC , 4 detWtMax4PC ,T T x
2 . Hence, using the induction hypothesis, B is

a basis for the row space of WtMax4PCT .
Case 2: This is the case of { } ∉y z B, . Using our algorithm from Theorem 20, as done in Case 1, the basis B

for the row space of −WtMax4PCT x can be determined from B. We have  {{ } { }}= ⧹B B y z x y, , , , and the matrix
[ ]B BWtMax4PC ,T can be partitioned as follows:

 
[ ]

{ } { }

{ }

{ }

[ ]=
⎡

⎣

⎢
⎢

+
+

⎤

⎦

⎥
⎥

− w u

w

u

B B

y z x y

y z

x y

B B

β α β

α β α

WtMax4PC ,

, ,

,

,

WtMax4PC ,

2

2

,
T

T x

t

t

where [ { }]=u B x yWtMax4PC , ,T and [ { }]= −w B y zWtMax4PC , ,T x .
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Since { } ∉y z B, , it follows that if ∈i j B, z for each { } ∈i j B, . Thus, by applying Lemma 17, we have

( )= + +u w α β 1. Performing the row operation ( ){ } { } { }
( )

{ } { }= − − −+
Row Row Row Row Rowx y x y y z

α β

α, , , 1,3 2,3
1

and

an identical column operation in [ ]B BWtMax4PC ,T give us the following equivalent form:

 

{ } { }

{ }

{ }

[ ]⎡

⎣

⎢
⎢

−
−

⎤

⎦

⎥
⎥

− w

w

y z x y

y z

x y

B B

β β

β

0

0

, ,

,

,

WtMax4PC ,

2 2

2 0

.

T x

t

t

Thus,  [ ] [ ]= − −B B β B BdetWtMax4PC , 4 detWtMax4PC ,T T x
2 . By induction, we obtain that B is a basis for the row

space of WtMax4PCT , completing the proof. □

We are finally ready to prove Theorem 4.

Proof of Theorem 4. We use induction on n, where again, our base case is when =n 4 and =T P4. Using the
base case of our proof of Item (c) of Theorem 24, we have [ ] =B B α αdetWtMax4PC , 4P 1

2

2

2

4
, where α1 and α2 are

weights of the unique pendant edge ∈e B mentioned in Item (a) of Theorem 24 and of the non-pendant edge of
P4 respectively. Assume that the result is true for all trees with −n 1 vertices. Let ≠T Sn be a tree with n

vertices. Then, the result follows from the proof of Item (c) of Theorem 24 and the induction hypothesis. The
proof is complete. □

Note that Theorem 4 is also true for the star tree Sn. Thus, combining Theorems 21 and 24, we obtain
Theorem 20 by setting each weight =α 1i for all ≥i 1.

Acknowledgements: Some results in this work were in their conjectural form programmed and tested using
SageMath. We thank the authors of SageMath for generously releasing it as a free software. We also would like
to thank the anonymous reviewers for their careful reading and valuable comments which made our article
better.

Funding information: R. Jana expresses deep gratitude to the Indian Institute of Technology Bombay, India,
for the financial support provided via the Institute Post-doctoral Fellowship.

Author contributions: The authors confirm sole responsibility for the following: manuscript preparation;
study conception and design; data collection; analysis and interpretation of results.

Conflict of interest: The authors declare no conflicts of interest.

Data availability statement: No data were used for the research described in the article.

References

[1] A. Azimi, R. Jana, M. K. Nagar, and S. Sivasubramanian, The maximum four-point condition matrix of a tree, Linear Algebra Appl. 691
(2024), 133–150, .

[2] A. Azimi, R. Jana, M. K. Nagar, and S. Sivasubramanian, On the Min4PC matrix of a tree, Amer. J. Combinatorics 3 (2024), 13–21.
[3] A. Azimi and S. Sivasubramanian, The 2-steiner distance matrix of a tree, Linear Algebra Appl. 655 (2022), 65–86.
[4] A. Azimi, R. B. Bapat, and S. Goel, Steiner distance matrix of caterpillar graphsm, Spec. Matrices 10 (2022), 267–284.
[5] R. B. Bapat, R. Jana, and S. Pati, The bipartite distance matrix of a nonsingular tree, Linear Algebra Appl. 631 (2021), 254–281.
[6] R. Bapat, S.J. Kirkland, and M. Neumann, On distance matrices and laplacians, Linear Algebra Appl. 401 (2005), 193–209.
[7] R. B. Bapat, A. K. Lal, and S. Pati, A q-analogue of the distance matrix of a tree, Linear Algebra Appl. 416 (2006), 799–814.

16  Ali Azimi et al.



[8] R. B. Bapat and S. Sivasubramanian, Inverse of the distance matrix of a block graph, Linear Multilinear Algebra 59 (2011), no. 12,
1393–1397.

[9] R. B. Bapat and S. Sivasubramanian, Product distance matrix of a graph and squared distance matrix of a tree, Appl. Anal. Discrete
Math. 7 (2013), 285–301.

[10] R. B. Bapat and S. Sivasubramanian, Product distance matrix of a tree with matrix weights, Linear Algebra Appl. 468 (2014), 145–153.
[11] R. B. Bapat and S. Sivasubramanian, The second immanant of some combinatorial matrices, Trans. Combinatorics 4 (2015), no.

2, 23–35.
[12] R. B. Bapat and S. Sivasubramanian, The Smith normal form of product distance matrices, Spec. Matrices 4 (2016), 46–55.
[13] R. B. Bapat and S. Sivasubramanian, Smith Normal Form of a distance matrix inspired by the four-point condition, Linear Algebra Appl.

603 (2020), 301–312.
[14] P. Buneman, A note on the metric properties of trees, J. Combin. Theory (B) 17 (1974), 48–50.
[15] R. L. Graham and H. O. Pollak, On the addressing problem for loop switching, Bell System Tech. J 50 (1971), 2495–2519.
[16] R. A. Horn and C. R. Johnson, Matrix analysis, Cambridge University Press, Cambridge, 1985.
[17] R. Jana, A q-analogue of the bipartite distance matrix of a nonsingular tree, Discrete Math. 346 (2023), 113–153.
[18] H. Kurata, and R. B. Bapat, Moore-Penrose inverse of a hollow symmetric matrix and a predistance matrix, Spec. Matrices 4 (2016),

270–282.
[19] F. Zhang, The Schur complement and its applications (numerical methods and algorithms), Springer, New York, 2005.

Four-point condition matrices of edge-weighted trees  17


	1 Introduction
	2 Rank and basis of WtMin4PCT
	3 Rank of WtMax4PCT
	4 Basis for the row space of WtMax4PCT and determinant
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


