Finite Element Galerkin Methods for Equations of
Motion Arising in the Kelvin-Voigt Model

Thesis
Submitted in Partial Fulfillment of the Requirements
for the Degree of

Doctor of Philosophy
by
Saumya Bajpai
(07409304)
Supervisor

Professor Amiya K. Pani

Co Supervisor

Professor Neela Nataraj

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF TECHNOLOGY BOMBAY
2012



Acknowledgment

With the grace of Almighty and blessings of my parents and pedagogues, I have reached
to the culmination of this thesis. I wish to express my deep and sincere gratitude to
my supervisor, Professor Amiya K. Pani, whose wide knowledge and unflinching attitude
encouraged me at all the stages of my research. His paternal advices buttressed me to
conduct my work comfortably.

Words are short to express my deep sense of gratitude towards Neela Mam, my second
supervisor, for her invaluable guidance, support and generous care. She created an amiable
atmosphere for me in all respects.

I take this opportunity to sincerely acknowledge my RPC members, Professor S. Baskar
and Professor Sivaji Ganesh Sista, for their valuable comments and criticism about my
work during my progress seminar presentations.

[ am grateful to UGC (University Grants Commission) for providing me the financial
assistance without which this work would not have been possible. I am indebted to the
Head, faculty members and non academic staff members of the department for their kind
assistance.

Words fail me to express my appreciation to my friends Kalpesh, Anuradha and Bhawana
for always being with me during ups and downs of the entire tenure at Indian Institute of
Technology (IITB). I expand my thanks to Asha, Sajid, Deepjyoti, Arun, Pramod, Soham,
Akshay, Ramesh, Rupali, Sangita, Shreedevi, Chandan for their endless love. All my friends
played an important role in the successful completion of this research work.

Last but not the least, I would like to pay high regards to my mother, father, brother
Satyam and sister Anchal for their constant inspiration throughout my research endeavor
and lifting me high through this phase of life. I owe everything to them.

This thesis is dedicated to my parents for their unconditional love and eternal blessings.

Saumya



Declaration

I declare that this written submission represents my ideas in my own words and where others
ideas or words have been included, I have adequately cited and referenced the original
sources. I also declare that I have adhered to all principles of academic honesty and
integrity and have not misrepresented or fabricated or falsified any idea/data/fact/source
in my submission. I understand that any violation of the above will be cause for disciplinary
action by the Institute and can also evoke penal action from the sources which have thus

not been properly cited or from whom proper permission has not been taken when needed.

Signature

Name of the Student

Roll No.

Date :




Abstract

The main goal of this dissertation is to study finite element Galerkin methods for the
equations of motion described by Kelvin-Voigt viscoelastic fluids. We first prove the global
existence of a unique weak solution by applying Faedo-Galerkin method and standard
compactness arguments. Using the energy arguments, we establish new a priori bounds
for the solution which exhibit exponential decay property. We next present semidiscrete
approximation by discretizing spatial variable with the help of finite element method while
keeping time variable continuous. For the semidiscrete scheme, we discuss optimal error
estimate for the velocity in L>°(H')-norm. For optimal L>(L2) estimate, we appeal to the
finite element solution of a linearized Kelvin-Voigt model and split the error in velocity
into two parts: one due to linearization and the other to take care of nonlinear effect.
For the error due to linearized problem, we introduce a new auxiliary projection called
"Sobolev-Stokes’ projection and analyse its approximation properties. For the error due to
nonlinearity, we use standard energy arguments and weighted estimates with exponential
weight. Then, making use of these results, we derive optimal error bounds for the velocity
in L>°(L?) as well as in L*>°(H')-norms and for the pressure in L>(L?)-norm which again
preserve the exponential decay property. In order to achieve complete discretization, we
apply a backward Euler method and a second order backward difference scheme to discretize
the semidiscrete problem in temporal direction. After discussing the solvability of the
discrete problem, we have derived optimal rates of convergence for the error, which again
preserve exponential decay property in time. Special care has been taken to introduce
exponential weight in the discrete time level which plays a crucial role in exponential decay
property. We also conduct several numerical experiments to support theoretical results.
Finally, we implement a two-grid method based on Newton’s type iteration. We derive a
priori bounds for two-grid semidiscrete solutions. These bounds along with the estimates
obtained for the Sobolev-Stokes projection help us in achieving optimal estimates of velocity

in L>=(L?) as well as in L>®(H')-norms. Then, we discuss two fully discrete schemes, based



on backward Euler and second order backward difference methods and obtain optimal
error estimates. The theoretical results are verified by a few numerical examples. The

dissertation concludes with a summary and a note on future plans.
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Chapter 1

Introduction

1.1 Incompressible Viscous Fluids

The general equation describing the motion of an incompressible fluid in a bounded domain

Q in IR? (or IR?) is given by the following system of partial differential equations:

V-ou=0, z€Q,t>0, (1.1.2)

with appropriate initial and boundary conditions. Here, 0 = (0 )1<ik<2 (0r 0 = (04 )1<ik<3)
denotes the stress tensor with tr ¢ = 0, u = (uy,u2) (or u = (u1, us, u3)) represents the
velocity vector, p is the pressure of the fluid and F is the external force. The defining

relation between the stress tensor o and the tensor of deformation velocities
1
D = (Di) = 5(11@',3% + Up,)

is called the equation of state or sometimes the rheological equation and it establishes
the type of fluids under consideration. Depending on the relation between stress tensor

o and tensor of deformation velocities D, broadly speaking, there are two types of fluids:



Newtonian fluids and non-Newtonian fluids. In Newtonian fluids, stress depends on
(i) the present state of deformation,
(ii) the local kinematic state of the immediate neighbourhood,
(ili) the rate of deformation linearly.

For example, when

o =2vD, (1.1.3)

the system (1.1.1)-(1.1.2) with the defining relation (1.1.3) represents the Navier-Stokes

system of equations, given by:

%—lz—yAu—l—u-Vu—l—Vp:F, V.-u=0. (1.1.4)

where v is the kinematic coefficient of viscosity. This has been a basic model for describing
flow at moderate velocities of the majority of the incompressible viscous fluids that are
encountered in practice.

Clearly, non-Newtonian fluids do not satisfy at least one of the conditions (i)-(iii). The
class of viscoelastic fluids constitutes an important group among the non-Newtonian flu-
ids. The key property of viscoelastic fluids is the occurrence of intermolecular interactions
between the fluid particles. In other words, these fluids exhibit the presence of long molec-
ular chains. During the flow, surrounding fluid particles deform the molecular chains by
stretching it out with the flow directions and then the tendency of the fluid particles to
retract from its stretched position results in stress tensor. As name clearly suggests, these
fluids are governed by viscous and elastic forces.

Polymeric fluids are important examples of this category as they exhibit viscoelastic behav-
ior in a distinctive manner. A few more examples are molten plastics, engine oils, paints,

ointments, gels, and many biological fluids like egg white and blood. Moreover, chemical,



pharmaceutical, food and oil industries involve processes with viscoelastic fluids.
Apart from the several applications of this model in the study of organic polymers and food
industry, it also appears in the mechanisms of diffuse axonal injury that are unexplained

by traumatic brain injury models. For more detailed description, we refer to [13], [14], [19].

1.2 Kelvin-Voigt Fluids

In the mid-twentieth century, models of viscoelastic fluids which take into account the
prehistory of the flow and are not subject to the Newtonian flow have been proposed. One

such model is called Kelvin-Voigt model ([52], [79], [96], [97]) and its rheological relation

or equation of state has the form:

o=2v(l+ mﬂ%)D, k,v >0, (1.2.1)

where v is the kinematic coefficient of viscosity and « is the retardation time. This fluid is
characterized by the fact that after instantaneous removal of the stress, the velocity of the
fluid does not vanish instantaneously but dies out like exp(x~'t) [79]. The relation (1.2.1)
differs from the Newtonian model in the sense that it has an additional term K%D, that
takes into account the relaxation property of the fluid.

Further, theory has been introduced for linear viscoelastic fluids representing finite number

of discretely distributed relaxation and retardation times with the defining relation:

L 81 M » 8m
1 + E @ g = 2V 1 + E RmV &f_m D, (122)
=1 m=1

where M = L+ 1, L =0,1,---. In this thesis, we deal only with the case L = 0.
Using the rheological relation (1.2.1), the equations of motion arising from the Kelvin-

Voigt’s model give rise to the following system of partial differential equations :

aa—ltl—i—u-Vu—FaAut—uAu+Vp:f(:U,t), xef, t>0, (1.2.3)
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and incompressibility condition
V-ou=0, z€Q,t>0, (1.2.4)
with initial and boundary conditions
u(z,0) =uy in, u=0, ond, t>0. (1.2.5)

Here, OS2 denotes the boundary of 2. For analysis purposes, we assume that the right hand
side function f = 0. In fact, assuming conservative force, the function f can be absorbed
in the pressure term.

The aim of this thesis is to analyse the Kelvin-Voigt viscoelastic fluid flow model. We study
semidiscrete, fully discrete, two-grid semidiscrete and fully discrete error analysis for the

equations of motion described by Kelvin-Voigt fluids.

1.3 Preliminaries

In this section, we provide some notations and preliminaries to be used in the subsequent
chapters. Throughout the thesis, only real valued functions are considered. Let €2 be
a bounded domain in R?, (d = 2,3) with boundary 9Q and let x = (z1,75) € Q ( or
X = (z1,29,23) € Q), with dx = dx1dzy (or dx = dridradrs). Let o = (o, ) (or
a = (a1, s, a3)) be a multi index with non-negative integers «;, i = 1,2 (or o, i = 1,2, 3)
such that length of o, that is, |a| = a; + as (or |a] = ay + ag + ag3). Further, let us denote

D“¢ to be the a'* order partial derivative of ¢, defined as

olelg

a1 a9
0x" 0z

lot]
or D% = 079

- aq % s *
0x" 0x5%0x;

DY =

Next we introduce Lebesgue spaces LP(£2),1 < p < oo, which will be used very often in the

analysis. Define LP(2),1 < p < oo, the space of real functions on € with the pth power

11



absolutely integrable for the Lebesgue measure dx = dxidxs (or dx = dridradrs). That is,

1(9) = {6 / 16(x)Pdx < o0}.

The norm on these spaces is defined as

16wy = ( / |¢<x>|pdx) <p<oo

and for p = oo, L*(Q)) denotes the space of essentially bounded real functions ¢ on €2 such

that

1611 = esssup | 6(x) |< oo. (1.3.1)
xE

These spaces are the sets of equivalence classes of functions where any two functions in
an equivalence class differ only on a set of measure zero. Note that for p = 2, L*(Q) is a
Hilbert space.

Let C™(€2) represent the spaces of functions with continuous derivatives up to and includ-
ing order m in €2, where m is any non negative integer. CJ*(2) is the space of all C™(Q)
functions having compact support in €2 and C§°(€2) contains all infinitely differentiable
functions with compact support in 2.

We are now in a position to introduce the concept of Sobolev spaces which form an im-
portant tool in defining the variational formulation for the problem. For any non-negative
integer m and for any p with 1 < p < oo, Sobolev space W™P((2) is a linear space con-
sists of equivalence class of functions in LP(£2) whose distributional derivatives up to and

including order m are also in LP(£2), that is,
Wmr(Q) ={¢: D € LF(Q),0 < [o| < m}.

The space W™P(2) is endowed with the Sobolev norm

12



me=<é§:W%@Wﬁym

|| <m

1/p
=(§jwwmmm0 l<p<co

la<m

For p = oo, the Sobolev norm is defined as

|6 m,00 = ‘IﬁgﬁnDaﬁbHme)'

In case p = 2, these spaces are Hilbert spaces, denoted by H™(2) endowed with norm

|&]lm = ||@]|m,2 and inner product defined by

Ghmn= 3 / D°6(x) D*b(x) dx, b € H™(Q). (1.3.2)
0<|al<m
We also define the seminorm on W™P?(2) space which consists of the LP-norms of the

highest order derivatives as

1/p
o= ([ S 10%000pax)
Q |a|=m
The closure of CF*(2) in W™P(Q) is denoted by Wy’ (Q). For p = 2, it is denoted as
Hy" ().
We denote H~™(£2) to be the dual space of HJ*(€2) and define it as

(¢,%)
[KCRIm

61, =sup {125y e p@). v, £ 0}

For a more concrete discussion on Sobolev spaces, we refer to Adams [3] and Kesavan [53].
For notational convenience, we denote R, (d = 2,3)-valued function spaces using bold

face letters, that is,

Hy = (Hy(Q)Y, L? = (L*(Q))* and H™ = (H™(Q))",

13



Note that, in H}, semi-norm |.|; is equivalent to the norm ||.||; and hence the space H can

be equipped with a norm

d 1/2 d 1/2
||VV|| = (Z(ajvi,ﬁjvi)> = (Z(VU“VUI)> .

ij=1 i=1

We introduce a few more function spaces, which will be used very frequently in our anal-
ysis in subsequent chapters. Given X, a Banach space endowed with norm || - ||y, let
LP(0,T; fr’X ) be the space consists of all strongly measurable functions ¢ : [0, 7] — X satis-
fying / | ¢(s) |5 ds < oo and equipped with norm

0

T 1/p
||¢||LP(O,T;X):(/O I 6(s) ||§ds) for 1<p< oo

and for p = oo,

| & [l pooo,rx) = €55 sup || (t) [ x-
tel0,7

For notational simplicity, we replace LP(0,7T; X') by LP(X). For a smooth function ¢, which
is a function of x and ¢, we will adopt the following notation:
0¢ 0%

¢ = — and tht:w'

= 2 (1.3.3)

For more detailed description of these spaces, we refer to [23]. Unless otherwise mentioned,
C denotes a generic positive constant which has different values at different places of oc-
currence in the thesis and is independent of the mesh size and may possibly depend on the
data.

The system (1.2.3)-(1.2.5) includes the incompressibility condition, that is, velocity vector
satisfies the divergence free condition. Hence, we would also need the following function

space:

V={6€CQ):V-¢=0 (1.3.4)

14



The closure of V in L? and H} are well known in the study of incompressible spaces. We

denote these spaces as J and Jp, respectively, as

J={pcl?:V-¢ = 0in Q, ¢ -nlso=0 holds weakly}
J, = {pcH;: V- -¢=0}

Here, we note that L2 can be decomposed to J and J*.

As we will be dealing with divergence free spaces, we would like to state a trace theorem on
divergence free spaces. In order to achieve this, firstly recall that when €2 is an open bounded
set of class C?, the standard trace theorem on Sobolev spaces confirms the existence of a
linear continuous trace operator o : H* — L*(99). In this case, for every function v € H*,
YoV is the restriction of v to the boundary 92 . The space H}, by definition, is equal to
the kernel of 7. The range of this trace operator is a dense subspace of L?(952), denoted
by H'/2(99). The dual space of H/2(99) is denoted by H~'/2(92), which will be required

for the trace theorem. Further, we introduce H(div; 2) as follows:
H(div; Q) = {v € L}(Q) : div v € L*(Q)}. (1.3.5)
The space in (1.3.5) is a Hilbert space with inner product
(V, W)H(div0) = (V, W) + (div v, div w).

Now, we are in a position to state the following trace theorem:

Theorem 1.1. Let Q be an open bounded set of class C?. Then, there exists a continuous

linear operator ~y, € £(H(div; Q), H_I/Q((?Q)), which is, in fact, an onto mapping and
YV =V - 1/sq, (1.3.6)
where n is the unit normal vector to the boundary 0S). The following generalized Stokes

15



formula is true for all v.€ H(div; Q) and w € H!
(V7 VW) + (V "V, W) = <77’LV> 70W>7

where (-,-) represents the duality pairing between HY2(0S) and H™'/2(09).

We would like to refer to Temam ([95], pp 9) for a proof and more complete and rigorous
discussion on divergence free spaces.

In order to deal with the nonlinear term present in our problem, we need Sobolev inequal-
ities. Hence, in the following lemma, we mention a few Sobolev inequalities which will be

used very frequently in future analysis.
Lemma 1.1. For any open set Q in R, d =2, 3 and v € H}(Q)
22|z Vv ifd=2;
FPER SR
R VIHIVVIE =3
For a proof, we refer [95] (page no. 291 and 296).

From time to time, we also make use of the following result:

Lemma 1.2. Let v € J; and w € H}. Then,
(v-Vw,w) = 0.

Proof. Tt is sufficient to prove for v € ¥V and w € (C3°(2))2. Then, the result follows using

the density argument.

2 1
/VijWiWidX = /Vij <&)dx = ——/Djvj(wf)dx. (1.3.7)
Q Q 2 2Ja

Hence, from (1.3.7), we observe that
2

(v -Vw,w) = —%Z/dw v(wl)dx =0 (1.3.8)

j=1"%

16



and this completes the proof. O

We also make use of the following inequalities. For more details, one may refer to [23], [39].

(i) Young’s Inequality: For all a,b >0, 1 < p < oo and % + % =1,

ea? b
ab < — +

. —qe‘J/P7 e > 0. (1.3.9)

(i1) Holder’s Inequality: For ¢ € LP(Q), ¢ € LY(Q) with 1 < p, ¢ < oo and %—i—% =1,

[ovar < ([lotor ) " ([Ivira) el (1310)

For p = ¢ = 2, the above inequality is known as Cauchy-Schwarz’s inequality.

(i1i) Discrete Cauchy-Schwarz’s Inequality: Let ¢;,v¢;, ¢ = 1,2,...,n, be positive

real numbers. Then

n n 2, 4, 1/2
Z@' Y; < (Z @'2) (Z 1/1¢2> : (1.3.11)
i=1 i=1 i=1

(iv) General Hoélder’s inequality: Let 1 < py, py, ps < oo, with pil + pi? + pig =1, and

assume ¢; € LPi for 1 <14 < 3. Then,
3
/|¢1 ¢o P3|dx < H”(bi“LPi(Q)- (1.3.12)
Q i=1

Below, we present without proof, the two versions of Gronwall’s lemma. For a proof, we

refer to [16], [37] and [92].

Lemma 1.3. (Gronwall’s Lemma) Let u(t) be a continuous function and v(t) a non-

negative function on the interval tg < t < tg + a. If a continuous function ~y(t) has the
property

v(t) < p(t) —|—/ v(s)v(s)ds, for t € [to,to+ al, (1.3.13)

to

17



then

(1) S,u(t)—l—/t,u(s)y(s) exp U:V(T) dT} ds, for t € [to,to +al.

to

In particular, when p(t) = C' a non-negative constant, then we have

v(t) < C exp {/ v(s) ds] , for t € [to,to + al.

Next, we present the discrete version of Gronwall’s lemma which will be used very frequently

in the subsequent chapters. For a proof, see Pani et al. [87].

Lemma 1.4. (Discrete Gronwall’s Lemma) Let {¢,} be a sequence of nonnegative

numbers satisfying

n—1
¢n§¢n+27]j¢j for n>1,

J=0

where {1, } is a non decreasing sequence and 1;’s are non negative. Then

n—1
On < P exp (Z 77]) for n > 1.
=0

We present below a lemma which will play an important role in Chapter 2 for proving the

continuity of velocity vector.

Lemma 1.5. Let V, H and V* be three Hilbert spaces with V C H = H* C V*, V* is
dual of V' and each inclusion is dense and continuous. If a function ¢ € L*(0,T;V) and
its derivative ¢y € L*(0,T; V™), then ¢ is almost everywhere equal to a function continuous
from [0, T] into H and we have the following equality, which holds in the scalar distribution

sense on (0,7T):

d 5
Zl81* = 2(6,. 9), (1.3.14)

18



where (-,-) is the duality pairing between V* and V.

For a proof of Lemma 1.5, we refer to [95] (Chapter III, Lemma 1.2, pp 260-261).
In proving existence of weak solution (by using Faedo Galerkin method), we need the

following compactness theorem.

Theorem 1.2. Let Xy, X and X be reflexive Banach spaces with

XoC X C Xy,

the injection being continuous. Moreover, let the injection of Xy into X be compact.
Let ¢, be a bounded sequence in L (0,T; Xo). Assume that {0¢,,/0t} is bounded in
L*(0,T;X1), where 1 < ¢1,¢o < 00. Then, there exists a subsequence ¢, of ¢, con-

verging in L (0,715 X).

For a proof of Theorem 1.2, see [18] (pp 69).
Further, we need the following two lemmas which will help us in recovering p from weak
formulation obtained from the divergence free space. ([95], Chapter I, Proposition 1.1 and

1.2).

Lemma 1.6. Let Q be an open set of RY (d = 2 (or 3)) and let v = {vy,v2} (or v =
{v1,v9,v3}), where v;, i = 1, 2 (or 1 < i < 3) is a distribution. Then, a necessary and

sufficient condition that

v =Vp,

for some distribution p, is that

(v,w) =0 Yw €V,

where V is defined in (1.3.4) and (-,-) is a duality pairing between V*, the dual of V and
V.

19



Lemma 1.7. Let Q be a bounded Lipschitz open set in R? and v be a distribution, having

all its first order derivatives in L2(Q). Then, v € L2(Q) and
VL2 < C(Q)VV].
In case, all its first-order derivatives are in H™*(Q), then v € L%(Q) and
[VllL2/m < C(Q)[VV]a-1()-

We also introduce the following theorem, which will help us in proving the existence and

uniqueness of the solutions for fully discrete schemes. For its proof, see [53] (page no. 219).

Theorem 1.3. (Brouwer’s point theorem): Let H be a finite dimensional Hilbert space
with inner product (+,-) and || - ||. Let g : H — H be a continuous function. If there exists
R > 0 such that (g(2),z) > 0 Vz with ||z|| = R, then there exists z* € H such that ||z|| < R
and g(z*) = 0.

1.4 Literature Review

Before introducing the finite element Galerkin analysis related to the equations of motion
arising in the Kelvin-Voigt model of viscoelastic fluids, we present a brief literature survey
relevant to this problem. As we have already mentioned that our problem is obtained by
a perturbation of Navier Stokes equations, that is, it contains an additional term m%D,

we would like to briefly describe the related literature for Navier Stokes equations before

describing the literature available for our problem.

1.4.1 Existence and Uniqueness Results

The pioneering results on existence and uniqueness of solutions to the Navier-Stokes equa-

tions by Leray [69]-[70], have resulted in an extensive literature on this subject. In [70],
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Leray has proved the existence of a global (in time) weak solution and a local strong solution
for the Cauchy problem corresponding to Navier-Stokes equations. In [47], using Galerkin
method, Hopf has proved the existence of a global weak solution, called as Leray-Hopf
solution. In an attempt to prove uniqueness, Ladyzhenskaya and Kiselev [54] have proved
the unique solvability of initial-boundary value problem for the Navier-Stokes system in an
arbitrary three dimensional domain under the smallness condition on data. In this paper,
they have made a remark on Hopf’s work [47] that the class of Leray-Hopf solutions is
too wide to prove uniqueness. In [57], Ladyzhenskaya has proved a remarkable result on
existence of a strong solution to the initial-boundary value problem for the two dimen-
sional Navier-Stokes equations. During the same time, Lions and Prodi [71] have shown
the existence of a unique weak solution to two dimensional Navier-Stokes equations which
is stronger than the Larey’s weak solution and weaker than the Ladyzhenskaya’s solution.
For more references, see Ladyzhenskaya et al [34], [56], [58], [59], [60], [61], [62], [63] and
Temam [95]. However, the existence of a unique global weak solution for three dimensional
Navier-Stokes equations remains a millennium open problem ([24], [64]).

The theory on linear viscoelastic fluids includes mainly the study of three basic linear
viscoelastic fluid models, namely; Oldroyd model, Kelvin-Voigt model and Maxwell model,
proposed by Oldroyd [74]-[75], Kelvin [52], Voigt [96]-[97] and Maxwell [72], respectively.
For literature related to the analysis on existence and uniqueness of solutions of Maxwell
fluid, we refer to [77]-[78], for Oldroyd fluid refer to [77]-[80], [83], [86] and for Kelvin-Voigt,
see [48], [49], [50], [51], [55], [76], [77], [78], [79], [80], [82], [83], [84], [85], [86], [106].

We discuss below the literature related to solvability of the Kelvin-Voigt model. Based on
the analysis of Ladyzhenskaya for the solvability of Navier-Stokes equations, Oskolkov [79]
has proved the global existence of unique ‘almost’ classical solution in finite time interval
for the initial and boundary value problem for Kelvin-Voigt fluid (1.2.3)-(1.2.5). The proof
is based on a priori estimates, Faedo-Galerkin method and weak with weak™ compactness
arguments. These results are for finite time as the constant in a priori estimates has an

exponential growth in time. In [86], the investigation on classical global solvability on [0, co)
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has been established for initial-boundary value problems corresponding to Kelvin-Voigt
model. Subsequently, the authors of [49] have discussed the existence of global attractor.
In [82], Oskolkov has established existence of unique almost classical solutions on the entire
semiaxis R, that is, on an infinite time interval along with existence of classical time T-
periodic solutions. For a complete summary of Oskolkov’s work, we refer to his dissertation
[77]. Since all the above results for the velocity are proved on a divergence free space,
for numerical approximation, it is difficult to construct finite dimensional spaces which
include divergence free condition. Therefore in [83], Oskolkov has discussed penalization of
divergence free condition and derived a slightly compressible Kelvin-Voigt model. Further,
it has been shown that as the penalizing parameter tends to zero, the solution of perturbed
Kelvin-Voigt equation converges to the solution of Kelvin-Voigt model.

Recently, Kaya and Celebi [51] have discussed the existence of a unique weak solution to
g-Kelvin-Voigt equations for two-dimensional domains using Faedo Galerkin method. In
this case, g is a smooth and real valued function defined on a bounded domain in R?. It
is known that for uniform thickness g-Kelvin-Voigt model turns out to be to Kelvin-Voigt
model in two dimensions. In [48], Kalantarov and Titi have studied the long-term dynamics
of the three-dimensional Kelvin-Voigt model of viscoelastic incompressible fluids and have
proved an estimate of the fractal and Hausdorff dimensions of the global attractor of the
dynamical system generated by (1.2.3)-(1.2.5). Further, they have established that the
weak solutions of the Kelvin-Voigt equations converge, in the appropriate norm, to the
weak solutions of the inviscid simplified Bardina model, as the viscosity coefficient v — 0.
For related theoretical results in Oldroyd model, we refer Oskolkov [77], [79], [83] and [86].
In this dissertation, we have proved the existence and uniqueness result for the solution pair
(u, p) of weak formulation of (1.2.3)-(1.2.5) in Chapter 2. This has been achieved following
the proof techniques of Ladyzhenskaya for the Navier-Stokes equations, that is, firstly, we
establish a priori bounds for the solution by using energy arguments and then with the
help of these bounds, Faedo-Galerkin method and standard compactness arguments, we

have proved existence of a unique pair of weak solution to the Kelvin-Voigt model.
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1.4.2 Semidiscrete Scheme

One of the objective of our work is to apply finite element Galerkin scheme in spatial
direction keeping time direction continuous to the equations of motion of the Kelvin-Voigt
viscoelastic fluid. In literature, this formulation is called semidiscrete formulation. Before
presenting the literature related to semidiscrete analysis for Navier Stokes equations and
Kelvin-Voigt model, we provide a brief introduction for the semidiscrete schemes.

The Finite Element Method (FEM) introduced by engineers is a numerical technique for
solving problems which are described by static or evolutionary partial differential equa-
tions with appropriate initial and boundary conditions or to solve problems that can be
formulated as a minimization of energy functional. First, discretize the domain into a
finite number of triangles, rectangles or quadrilaterals known as elements by introducing
a suitable discretization parameter. Then construct a finite element space consisting of
piecewise polynomials on each element. Next, with the help of appropriate basis functions
for the finite dimensional space, obtain a system of algebraic equations which may be lin-
ear or nonlinear. Then solve the system to obtain an approximate solution to the original
problem. This happens to be a procedure for elliptic problems. For evolution equations,
as our case is, we discretize the problem only in the spatial direction keeping the time
variable continuous. Hence, this discretization scheme is known as semidiscrete scheme.
Later on, a fully discrete scheme is also discussed, where a discretization in the direction
of time variable is also performed. Depending upon the finite element space, a priori error
estimates for the semidiscrete scheme is then developed.

For the finite element analysis of Navier Stokes equations, there is a great deal of literature
available, for example, see Bernardi et al [5, 8, 9, 10], Gunzburger [38], Heywood et al
[43]-[45], Rannacher [90]-[91], Girault et al. [28], Wang et al [98], Glowinski et al. [29], [30],
[31], [32], [33], Taylor et al. [94] and Temam [95] and the references therein.

In [43], Heywood et al. have applied conforming and nonconforming finite element schemes
for the Navier-Stokes equations and proved optimal error bounds for the velocity and the

pressure under realistic assumptions on the initial data. The proof technique is based
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on discrete modified Stokes operator as intermediate solution, energy type estimates and
parabolic duality arguments. To take care of the behaviour at ¢ = 0 and oo, they have
introduced te*' type weight function and have achieved both a priori bounds and error
estimates without nonlocal compatibility conditions on the initial data. Since, the constants
in error estimates contains e“”, these estimates are termed as local. Subsequently, in a
series of papers, Heywood and Rannacher [44]-[45], [90] have introduced stability concept
and using the assumption that the original solution is stable, they have proved energy
estimates which are valid uniformly for all time.

An extensive amount of work has been done for semidiscrete analysis of Oldroyd viscoelastic
fluid model. For the related literature, we refer to Goswami et al. [36], Cannon et al. [15],
He et al [41]-[42], Pani et al [88]-[89] and Wang et al [101]-[102]. He et al. [41] have
obtained optimal error estimates for velocity in L>°(H')-norm and for pressure in L>(L?)-
norm and suboptimal for velocity in L>°(L?)-norm. Later, Pani et al. [88] have obtained
an improvement over results in [41], that is, they have obtained optimal error estimates for
velocity in both L>°(H!) and L>(L?)-norms and for pressure L°>°(L?)-norm which are valid
uniformly in time ¢ > 0 for f = 0 with exponential decaying property. Their error analysis
is based on new regularity results, Stokes-Volterra projection and duality argument. In
[36], Deepjyoti et al. have established optimal error bounds for velocity and pressure with
f € L*(L?) and have obtained an improvement of results observed in [41], where the
uniform error estimate for velocity is not optimal in L>(L?).

For the earlier results on the numerical approximations to the solutions of the problem
(1.2.3)-(1.2.5), we refer to Oskolkov [81]. Under the condition that solution is asymptot-
ically stable as t — oo, the authors of [81] have established the convergence of spectral
Galerkin approximations for the semi axis ¢ > 0. Recently, Pani et al [21] have applied
modified nonlinear spectral Galerkin method and discussed convergence results. Here, for
the spectral Galerkin scheme, existence of a unique discrete solution to the semidiscrete
scheme is proved and existence of a discrete global attractor is established. Further, optimal

error estimates in L>(L?) and L>°(H})-norms are proved. Finally, a modified nonlinear
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Galerkin method is developed and optimal error bounds are derived.

There is hardly any literature devoted to the analysis of the Galerkin finite element meth-
ods for the problem (1.2.3)-(1.2.5), and hence, the present semidiscrete analysis is a step
towards achieving this objective. In Chapter 3 of this dissertation, the main contribution
for semidiscrete analysis includes proof of regularity results for the solution which are valid
uniformly in time, even for 3-D domain and establishment of the exponential decay property
for the exact solution. Also optimal error estimates for the semidiscrete Galerkin approxi-
mations to the velocity in L>°(L?)-norm as well as in L*°(H})-norm and to the pressure in

L>°(L?)-norm reflecting the exponential decay property in time have been obtained.

1.4.3 Fully Discrete Schemes

In the next step of the dissertation, we consider complete discretization of the problem,
that is, discretization in both space and time directions. In fully discrete scheme, we
employ a difference scheme for time discretization and a finite element method in spatial
direction. For time discretization, we consider a uniform subdivision of time interval such
that 0 =ty <ty <--- <ty =T, [0,T] with At = ¢, —t,_; and replace the time derivative
by a difference quotient. At each time step t;, = Ak,0 < k < N, we solve a semidiscrete
problem. The error in time discretization has the same order as the order of error in
difference scheme.

Before proceeding towards a brief introduction of literature relevant to our problem, yet
again we would like to present literature dealing with fully discrete schemes for Navier-
Stokes model. The literature for fully discrete schemes applied to the Navier-Stokes equa-
tion is quite vast, Heywood et al. [46], Rannacher [90], Baker et al. [6], Glowinski et al
[29]-[32], Gunzburger [38], Girault and Raviart [28], Temam [95] and He [40], to mention a
few.

Rannacher [90] has established first-order error estimates for explicit forward and implicit
backward Euler schemes for the Navier-Stokes equations. Later in [46], Heywood et al.

have applied second order Crank-Nicolson scheme and has obtained optimal error estimates
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which are local in time under some realistic assumptions on the regularity of the solution.
We refer to Baker et al. [6] for higher order error estimates for time discretization under
smooth assumption on the exact solution . In [40], the author has studied the stability and
convergence of the Crank-Nicolson/Adams-Bashforth scheme for the two-dimensional non
stationary Navier-Stokes equations with a non smooth initial data. The time discretization
has been done by applying an implicit Crank-Nicolson scheme for the linear terms and an
explicit Adams-Bashforth scheme for the nonlinear term. Further, it has been shown that
the scheme is unconditionally stable for a non smooth initial data satisfying the divergence
free condition and obtained some error estimates for the discrete velocity and pressure.
For the related literature on the time discretization of equations of motion arising in the
viscoelastic model of Oldroyd type, see Akhmatov et al. [4], Pani et al. [89], Goswami [35],
Wang et al [99], [100], [101].

There is hardly any literature, we have come across for the full discretization of the Kelvin-
Voigt model. Hence, in Chapter 4, an attempt is made to study two fully discrete schemes
for the Kelvin-Voigt viscoelastic fluid model. The two schemes are based on backward
Euler method and second order backward difference scheme, respectively, in time direction
and a finite element method in space direction. Optimal error estimates exhibiting the
exponential decay property in time are derived using a prior: bounds for discrete solutions
of two schemes. Error analysis of linearized backward Euler method applied to (1.2.3)-
(1.2.5) (with f = 0) for time discretization is also discussed. We verify our theoretical
results with the help of computational results. This forms a part of Chapter 4 of our

dissertation.

1.4.4 Two-Grid Schemes

It is observed that, numerically handling a nonlinear system is much more difficult than
handling a linear system. The most common choice for solving a nonlinear system would
be its linearization by Newton’s method. Two grid schemes are based on this linearization

concept. In the first step, we solve the nonlinear system on a coarse mesh 7y and obtain an
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approximate solution, say ug. In the second step, we linearize the nonlinear system around
uy and compute the solution of linearized system, say uy,, on fine mesh 75, h < H. Then,
analytically, we obtain that with an appropriate choice of h and H, the error ||u — uy|| is
of the same order as ||u — @y, ||, where @y, is the solution of nonlinear system on fine mesh h.
We present below a brief discussion of literature related to this method. The two grid
method have been extensively studied for elliptic problems by Xu [104]-[105] and Niemist6
[73], for steady state Navier Stokes equations by Layton [65], Layton and Tobiska [68],
Layton and Lenferink [66]-[67], Girault and Lions [26], Dai et al [20], for semidiscrete
transient Navier-Stokes equations by Girault and Lions [27], Abboud et al. [1]-[2], Frutos
et al. [22] and for fully discrete transient Navier-Stokes equations by Abboud et al. [1]-[2]
and Frutos et al [22]. Girault et al [26] in their work on steady state Navier Stokes equations
have obtained optimal L>®(H') and L*>°(L2)-norms estimates with a choice h = H*?, where
h is the spatial mesh size of finer mesh and H corresponds to the discretization parameter
in a coarse mesh. They have also applied two-grid method to the transient Navier Stokes
equations and have obtained optimal error estimates in L*°(H') and suboptimal error
estimates for L>°(L?)-norms with a choice of h = H? (see [27]). Recently, Frutos et al [22]
have worked out the two-grid mixed-finite element schemes for the spatial discretization
of the incompressible Navier Stokes equations. They have applied mixed-finite elements of
first, second and third order, that is, the mini-element, the quadratic and cubic Hood-Taylor
elements for spatial discretization and backward Euler method and two step backward
difference scheme for time discretization and recovered the rate of convergence of the fine
mesh in the H'-norm by taking H = h'/?, which is an improvement over H = h?3 obtained
in [2].

There are hardly any results available for the two-grid discretization for Kelvin-Voigt model
and hence, we make an attempt to study this problem in this discretization. The two level
algorithm, which is used in the dissertation, is based on three steps. In step 1, we solve
nonlinear system on coarse mesh with mesh size H and compute solution uy. In step 2, we

linearize the nonlinear system about uy based on Newton’s iteration and solve the linear
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system on fine mesh and finally, in step 3, we solve same linear problem with different
right hand side on fine mesh. In Chapter 5, we have established optimal error estimates
and have recovered an error of order h? in L°°(L?)-norm and h in L°°(H')-norm provided
h = QO(H?7¢), where € is arbitrary small for two dimensions and € = % for three dimensions.
For time discretization, we apply the first order accurate backward Euler method and
second order backward difference scheme to the two level semidiscrete problem and arrive
at optimal error estimates for completely discrete schemes. We have also worked out

numerical examples to support our theoretical estimates.

1.5 Chapterwise Description

The thesis is organized as follows:

e In Chapter 2, we prove the wellposedness of weak formulation of problem (1.2.3)-
(1.2.5) (with f = 0), that is, we establish existence of a unique weak solution. Further,

we derive some a priori estimates for the weak solution based on the energy arguments.

e In Chapter 3, we discretize the space keeping the time derivative continuous and
establish some new regularity results, exhibiting the exponential decay property of
the semidiscrete solution. Then, we proceed to obtain optimal error estimates for the
semidiscrete Galerkin approximations to the velocity in L>°(L?)-norm as well as in
L>(H})-norm and to the pressure in L°°(L?)-norm which also reflect the exponential
decay property in time. We have made use of exponential weights for the derivation
of the new regularity results. These weights also become crucial in establishing the
optimal error estimates. In order to derive optimal error estimates for the velocity
in L>(L?)-norm, we first split the error by using a Galerkin approximation to a
linearized Kelvin-Voigt model and then introduce a new auxiliary operator through
a modification of the Stokes operator. Now making use of estimates derived for the
auxiliary operator and the error estimates due to the linearized model, we recover

the optimality of L>(L?) error estimates for the velocity. Finally, with the help of
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uniform inf-sup condition and error estimates for the velocity, we derive optimal error
estimates for the pressure. Special care has been taken to preserve the exponential

decay property even for the error estimates.

In Chapter 4, we study the fully discrete approximation of (1.2.3), that is, in this case,
we discretize the problem in both space and time directions. Discretization in time
has been done by means of a first order backward Euler method and a second order
two step backward difference method. Also, we discuss the existence and uniqueness
of the solutions of the above schemes and obtain a priori bounds for the fully discrete
solutions. Then, the error estimates involving H' and L2-norms are derived which
are valid uniformly for all time ¢ > 0. We also present a brief description of linearized
backward Euler method applied to (1.2.3). Finally, we provide some numerical results
to verify our theoretical results and exhibit the exponential decay property of the fully

discrete solution.

In Chapter 5, we employ a two level method based on Newton’s iteration for resolving
the nonlinearity present in our problem. Here, in the first step, we semi-discretize the
nonlinear problem on a coarse grid, with mesh size H. In the second and third steps,
we linearize the problem in the neighbourhood of the velocity ugy obtained at step
one and then, semidiscretize on a fine grid with mesh size h. First section involves
the derivation of a prior: estimates of linearized semidiscrete solutions. Now, with
the help of these a priori estimates and already defined Sobolev-Stokes projection
(see Chapter 3), we establish the error estimates for the two-grid semidiscrete ap-
proximations to the problem (1.2.3)-(1.2.5). Then, we introduce full discretization
of two-grid semidiscretize approximations using backward Euler method and second
order backward difference scheme and prove error estimates to conclude the order of
convergence. We also work out a few numerical experiments to support the theoretical

error estimates.

In Chapter 6, we conclude the thesis by providing a summary and a write up on

possible future work.
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Chapter 2

Existence, Uniqueness and Regularity

Results

2.1 Introduction

In this chapter, we provide the existence and uniqueness result for weak solution of the
initial and boundary value problem (1.2.3)-(1.2.5) (with f = 0), representing the motion
of the Kelvin-Voigt fluid. We employ energy method to derive a priori estimates which
exhibit exponential decay property of weak solution. These estimates along with Faedo-
Galerkin method and standard compactness arguments enable us to prove the convergence
of Galerkin solutions.

Following the proof techniques of Ladyzhenskaya [63] for Navier-Stokes equations, Oskolkov
[79] has proved the global existence of unique ‘almost’ classical solution in finite time
interval for the initial and boundary value problem for Kelvin-Voigt fluid (1.2.3)-(1.2.5).
The author has established the results with the help of a priori bounds, Faedo-Galerkin
method and weak and weak™ compactness arguments. The constants of a priori bounds
have an exponential growth in time resulting into existence of a unique solution for a finite
time interval. Further, efforts have been made by [85] and [86] to prove the existence

and uniqueness of a solution on the entire semiaxis R*. In [83], Oskolkov has penalized
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the divergence free condition and has obtained a slightly compressible Kelvin-Voigt model.
Further, it has been proved that as the penalizing parameter tends to zero, the solution of
perturbed Kelvin-Voigt equation converges to solution of Kelvin-Voigt model.

We now give a section wise description for this chapter. In Section 2.2, firstly, we state
the basic assumptions which will be needed in this chapter and in the subsequent chapters.
Then, we discuss the weak formulation of (1.2.3)-(1.2.5) (with f = 0). Section 2.3 estab-
lishes the existence and uniqueness result for the weak formulation. Finally, in Section 2.4,

we prove the regularity results for the weak solution defined in Section 2.2.

2.2 Weak Formulation

For the sake of continuity, we recall the following divergence free spaces to define the weak

formulation of (1.2.3)-(1.2.5):

Ji={¢pcH}:V $=0)
and

J={pcLl?:V-¢=0in Q, ¢ nlsg =0 holds weakly},

where n is the unit outward normal to the boundary 909 and ¢ - n|sq = 0 should be
understood in the sense of trace in H=1/2(99). Further, let P be the orthogonal projection
of L? onto J.

Throughout this thesis, we make the following assumptions:

(A1). For g € L?, let {v € J;,q € L?*/IR} be the unique pair of solutions to the steady
state Stokes problem, see [95],

—-Av+ Vg =g,

V.v=0 in Q Vv]ga=0

satisfying the following regularity result:
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[vll2 + llgllzjm < Cllgll (2.2.1)

Setting
~A=—-PA:J,NH>CJI—=J

as the Stokes operator, (A1) implies

vl < C||Av|| Vv e, NnH2. (2.2.2)
The following Poincaré inequality [43] holds true:

IVI* < ATV Vv € Hy(9), (2.2.3)

where \[', is the least eigenvalue of the Stokes operator A, which is the best possible

positive constant, depending on the domain 2. We again note that
IVv|? < ATYHAV])? Vv e J; N H2. (2.2.4)
Note that, for each v € V, where V is a Hilbert space,
wi— (Vv,Vw) € R
is linear and continuous in V and hence, we can introduce £Lv € V* such that
(Lv,w) = (Vv,Vw), Yw e V. (2.2.5)

Therefore, from (2.2.5), we can conclude that A : J; — J* is linear and continuous.

(A2). There exists a positive constant M, such that the initial velocity ug satisfies

Ug € H2 ﬂJl with HU.(]H2 < M.
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With all the above preparation, let us introduce the weak formulation of (1.2.3)-(1.2.5)
with f = 0: find a pair of functions {u(t),p(t)} € H} x L?/IR, t > 0 such that

(g, ) + K(Vu, Vo) + v(Vu, Vo) + (u-Vu,¢) = (p, V- @) Vo € Hy, (2.2.6)
(V-u,x)=0 VyelL?

with u(0) = uy.
Equivalently, find u(t) € J; such that

(ug, @) + £(Vu, Vo) + v(Vu, Vo) + (u-Vu,¢) =0 Vo eJy, t>0 (2.2.7)

with u(0) = uy.
(A3). The space pair {H} x L?/IR} satisfies the following inf-sup condition: for every

X € L?, there exists a non-trivial function ¢ € H} and a positive constant K, such that,

(V- 9)l = K[ Volllxlez/m-

In the remaining part of this chapter, we adopt the following notation: For any given

function ¢, define
b = .

Remark 2.2.1. In Section 2.3, we first of all establish the existence and uniqueness of

solution of (2.2.7). Later in page no. 41, we prove the equivalence of (2.2.6) and (2.2.7).

2.3 Existence and Uniqueness of Weak Solution

In this section, we prove the existence and uniqueness results for the pair (u,p) of weak
solution to the problem (1.2.3)-(1.2.5).

Below, we present a theorem which indicates existence of a unique weak solution to (2.2.7).
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Theorem 2.1. Assume that uy € Ji. Then, there exists a unique solution u satisfying

(2.2.7) such that u(0) = ug. Further, u satisfies
uec L>0,7;J)NL*0,T;J,) and u, € L*(0,T;J,) for 0 < T < 0. (2.3.1)

In order to prove existence of solution, we apply the Faedo-Galerkin method, which is

discussed now. Since J; is a separable Hilbert space, there exists an orthogonal basis, say,

{¢17¢27”' 7¢m7"'} n Jl'
Let V,,, := span{¢,, ¢, - , @,,} be a finite dimensional subspace of J;.

Now, set

u,,(t) = Zhim(tm (2.3.2)
as a solution of
(Wnt, @) + £(Va, Vo,) +v(Vu, Vo,) + (U, - Vu,, @) =0 ¢; € Vy, (2.3.3)
for t € [0,7] and 1 < j < m with initial condition
U, (0) = o, (2.3.4)

where uy,, is the orthogonal projection of uy in J. Note that {uy,,} converges strongly to
Uo in J.

Substituting (2.3.2) in (2.3.3) and denoting A = (V@,, V@,), B = (¢;, @;) , we write

(B+ kAL, + vAh,, = F(h,,), (2.3.5)

m

where hm = (hll,ma h2,m e 7hm,m)T and *F] = Z(¢z ’ vd)l? d)g)hlmhlm
il
Here B + kA is invertible. This leads to a nonlinear system of ordinary differential equa-
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tions. By Picard’s theorem, there exists a unique solution h,, to (2.3.2) in (0, ¢},), for some
t¥ > 0. This in turn implies the existence of a unique solution u,,(t) to (2.3.3) in (0,¢},).
In order to prove the existence of a unique solution for all ¢ > 0, we need to appeal to a
continuation argument, that is, need to obtain a priori bound of u,, in L*(L?)-norm.

The estimates related to u,, appearing in the following lemma will be used for the contin-

uation requirement.

Lemma 2.1. For ug € Jy, the solution w,, of (2.3.3) satisfies
t
[ ()1 + K[V, (1)[* + 2V/0 IVun(s)[*ds < (Juoll* + sl Vuol*), ¢ > 0.

Proof. Multiply (2.3.3) by hy,;, sum it up from j = 1 to m and use Lemma 1.2 ((u,, -
Vu,,,u,,) = 0) to obtain

d
@(Humn2 + K[| Vun[?) + 2v)|Vu,|* <O0. (2.3.6)

Integrate (2.3.6) from 0 to ¢ with respect to time to arrive at

t
||11m(t)\|2+f~”v||Vum(t)H2+2V/0 IVun(s)*ds - < (aom | + £ Vo)

< ([[aol* + £ Vuo|[?)

and this completes the rest of the proof. |
We will also need the following estimate of u,, which will play a crucial role in applying

the compactness theorem presented in Chapter 1 (Theorem 1.2).

Lemma 2.2. For ug € Jy, the solution u,, of (2.3.3) satisfies

t
/ (Humt(s)H2 + KHVumt(s)HQ)ds + l/HVum(t)Hst <M, t>0. (2.3.7)
0

Proof. Multiply (2.3.3) by h;nj and summing it up from j = 1 to m, we obtain

d
[t |+ Kl V| + V%HVumll2 = — (W Vg, uy) = 1™ (2.3.8)
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To estimate I, we use the generalized Holder’s inequality (1.3.12) and Sobolev’s inequal-
ities (Lemma 1.1) along with (2.2.3). Then, an application of Young’s inequality (1.3.9)
yields

K
17 < CIVunll* + [l (2.3.9)
Plug (2.3.9) in (2.3.8) and integrate the resulting equation with respect to time to obtain
t t
/O (e ($)I1* + £l Ve (s)][*)ds + V][V, (£)[Pds < v]|Vugl” +/O [V, (s)|*ds.

A use of estimates from Lemma 2.1 leads to the desired result and this completes the proof.
O

Proof of Theorem 2.1. From Lemmas 2.1 and 2.2, we obtain
sequence {u,,} is bounded uniformly in L>(0,7;J) N L*(0,T; J;) (2.3.10)
and
sequence {u,,} is bounded uniformly in L*(0, T} J;). (2.3.11)

Since, the sequence {u,,} is uniformly bounded in L*(0,T;J) N L*(0,T;J,), there is a

subsequence, again denoted by {u,,}, for notational convenience, such that

u,, = uin L*(0,T;J,) weakly

(2.3.12)
U, — uin L>(0,7;J) weak™.
From (2.3.10) and (2.3.11), we observe that
u,,; € L*(0,T;J7), (2.3.13)

where J7 is the dual space of J;.
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Hence, using (2.3.13) and Theorem 1.2, we obtain
u,, — uin L*(0,T;J) strongly. (2.3.14)

The results in (2.3.12) and (2.3.14) are used in passing the limit in (2.3.3) and (2.3.4). In
order to pass the limit, we consider a function ¢, which is continuously differentiable on
[0, 77, such that ¢(T") = 0.

Multiplying (2.3.3) by v (t) and integrating with respect to time, we write

| a0y 8000+ [ (Funat). V001t 5 v [ (T 0.9 e
+ /0 (U (£) - Tu(t), b, )ib(t)dt = 0. (2.3.15)

Now, we apply the integration by parts in the first term on the left hand side of (2.3.15)

and arrive at

| w0800t = = [ (0,00t = (0, 0).0)000). (2310

Similarly, again an application of integration by parts in the second term on the right hand

side of (2.3.15) yields

/0 (Vw,(t), Vo, )u(t)dt = —/0 (Vw,(t), () V;)dt — (Vu,(0), V,)(0).(2.3.17)
Substituting (2.3.16) and (2.3.17) in (2.3.15), we observe that

~ [ 008t = [ (Tuno). V) v [ (Fune), 0V i

[ (0 (0. 6,000t = (a0 (0). 6,000 + KT, (0, 9,000 (2319

For the purpose of passing the limit, we fix some my > 0 with my < m and v € V.

Since, the above equation is true for 1 < 57 < m, m € N. Hence, it will be true for finite
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linear combination of ¢; and in particular, for v € V.

Clearly, from (2.3.18), we observe that, for all m > my

_ /0 (W (8), o(£)V)dt — & /0 (Vi (£), r(£) V)t + v /O (Vi (£), (£ Vv)dt

+ /O (W () - Vi (8), (V) dt = (un(0), V)P (0) + £(Vun(0), Vv)eb(0).  (2.3.19)

By an application of (2.3.12), we obtain

Jin [ (0. vwde = [, vevi (2.3.20)
i C(Vun(t), 6 () V)t = / L (Vut), ()Tt (2.3.21)

and
lim (Y (0), () V) = / L), () V)t (2.3.22)

Next, we present a lemma, which will enable us to pass the limit in nonlinear term. The

proof can be obtained in [95] (Lemma 3.2, Chapter III, page no 289).

Lemma 2.3. If a sequence of functions {1p,,} converges weakly to p in L*(0,T;J;) and

strongly in L*(0,T;J), then for any vector function w with components in C1(Q), Q =
0,7] x Q,

/0 (8 (), (1), (1))t — / b(ap(8). (1), w(t))dt, (2.3.23)

where b(3),,,(t), ¥, (), W(t)) = (¥, (1) - Vb, (1), w(2))-
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By virtue of Lemma 2.3, we write

T

lim [ (wn(t) - Vi (), 0(£)v)dt = /0 (u(t) - Vut), v(e)v)dt. (2.3.24)

m—o0 0

Also, from definition, we have

lim Uom = Up and lim Vu()m = VUO. (2325)
m—00 m—00

Hence, passing the limit in (2.3.19) and substituting (2.3.20)-(2.3.22), and (2.3.24)-(2.3.25),

we obtain

—/0 (u(t), e (t)v)dt — /4;/0 (Vu(t), v (t)Vv)dt + 1//0 (Vu(t),v(t)Vv)dt

+ /0 (u(t) - Vu(t), v (t)v)dt = (ug, v)1(0) + k(Vug, Vv)(0). (2.3.26)

(2.3.26) is true for v € V,,,, and ¢ € C*([0,T]) with ¢(T) = 0. Since my is arbitrary and
also U V. is dense in Jy, (2.3.26) holds true for v € J;. Further, from (2.3.1) and Lemma

1<m
1.5, we observe that u is equal, almost everywhere, to a continuous function from [0, 7T to

J, that is,
ue C([0,7];J). (2.3.27)

This shows that u satisfies (2.2.7) in L*(0,T). Now, for ¢» = ¢ € C5°(0,T) in (2.3.26), we
observe that (2.2.7) is satisfied in the distribution sense.

We are left with proving the fact that u satisfies the initial condition, that is, u(0) = u.
We note that, u is continuous. Hence, u(0) makes sense. To prove that weak solution u of
(2.2.7) satisfies the initial condition, we multiply (2.2.7) by 1. We apply the similar set of

operations to the resulting equation as to obtain (2.3.18) from (2.3.3) (with u,, is replaced
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by u) and arrive at
- /U T(u(t), Ue()V)dt — /O T(Vu(t), Ui()V)dt + v /0 T(Vu(t), V() Ve)dt
+ [ ) T, 00 = (@0) 910 + V0, THUO. (2829
A comparison between (2.3.26) and (2.3.28) leads to
(a(0) — o, @) (0) + K(T(u(0) — ug), V) V(0) = 0.
Without loss of generality, we choose 1(0) = 1 to obtain
((0) — 1g, ) + £(V(u(0) — up), Vop) = 0 Ve € J. (2.3.29)
Hence, we note that
u(0) = uy a. e. (2.3.30)

and this completes the rest of the proof. O
Following the similar lines of proof as in Lemmas 2.1 and 2.2, we derive from (2.2.7), the

following estimates of u, which are used in establishing the existence of p.

Lemma 2.4. Let the assumptions (A1)-(A2) hold true. Then, the solution u of (2.2.7)

satisfies
t
[a()? + & Va(t)]|* + V/ IVu(s)[*ds < (luoll* + [ Vuol|*) < M, t > 0.
0
and
t
/ (Ilae(s)I” + £l Vue(s)[*)ds + v]|[Vu(t)[|*ds < M.
0

In the process of recovering p from (2.2.7), firstly, we establish the equivalence between the
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weak formulations (2.2.6) and (2.2.7). For that purpose, assume that (2.2.6) is satisfied,
that is, solution pair (u, p) € (L0, T;L*(2))NL2(0, T; H{()) x L*(0,T; L2(€2))) satisfies
(2.2.6).

Consider the following expression:

(Vp, ) =—(p,V-¢) =0 Vo € V. (2.3.31)

Since V is dense in Jy, (2.3.31) holds true V¢ € J;. A use of (2.2.6) and (2.3.31) leads to
weak formulation (2.2.7).

Next, we establish (2.2.7) implies (2.2.6), that is, if u € L>°(0,7;J) N L*(0,T; J,) satisfies
(2.2.7), then u is a solution of (2.2.6). The facts like, div u = 0 in the distributional sense,
u|so = 0 in the sense of trace, in (2.2.7), are straight forward.

To recover the pressure term, we follow the similar techniques as to recover p in [95]
(Chapter III, page no 307). For the sake of completeness, we provide a proof.

Set

t t
U= / a(s)ds and ~(t) = / u(s) - Vu(s)ds. (2.3.32)
0 0
By the virtue of the properties of u, we arrive at
U e C([0,T]37): (1) € C([0, T I7).
Integrating (2.2.7) with respect to time and using (2.3.32), we obtain
~ ~ o t
<u —ug — kKAu — kAuy — VAU + / u(s) - Vu(s)ds, ¢> =0Ve e J;. (2.3.33)
0
From the estimates (2.3.27) and (2.3.33), we write

t
u—uy — kAu — kAuy — VAU + / u(s) - Vu(s)ds € C([0,T7]; J7). (2.3.34)
0
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A use of (2.3.34) and Lemmas 1.6 and 1.7 provides the existence of some function h(t) €
L?(2) such that V¢t € [0,T]

Vh(t) = u(t) — uy — kAu(t) — kAuy — vAU(t) + /Ot(u(s) -Vu(s))ds.  (2.3.35)

Observing that the gradient operator is an isomorphism from L?(Q)/IR into H™() (see
[95], Remark 1.4(ii), page 15) and Vh € C([0,T]; H (), we conclude that h(t) €
C([0,T7; L*(€2)) and this enables us to differentiate (2.3.35) in ¢, in the sense of distri-
butions in £ x (0,7") and setting

nga

we obtain the weak formulation (2.2.6).
It remains to show that p € L?(L?/TR). The results presented in the following lemma will

be a tool to achieve that goal.

Lemma 2.5. Let the assumptions (A1)-(A2) hold true. Then, the solution u of (2.2.7)

satisfies

t
| W) s < 21, ¢ 0 (2.3.36)

Proof. A use of the Cauchy-Schwarz inequality (1.3.10) and the generalized Holder’s
inequality (1.3.12) in (2.2.6) yields

(p. V.8) < C(llullllll + sl Vu [ Vol + vI[Vul[[[ V| + [l sl Vull|$]]4). (2.3.37)

Using the Sobolev’s inequality (Lemma 1.1), (2.2.3) and continuous inf-sup condition (A3)
in (2.3.37), we obtain

Ipllz2/m < C(lwll + £l V]| + v Val] + [ Val]?). (2.3.38)
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After taking squares on both sides of (2.3.38), we integrate with respect to time to arrive

at
t t
/O Ip(s)[1Z2/mds < C/O (la ()P + £ Vu(s)* + v[[Va(s)[|* + [[Vu(s)[|*)ds. (2.3.39)
An application of Lemma 2.4 in (2.3.39) leads us to the desired estimate. O

With the help of Lemma 2.5, we observe that p € L*(L*/IR).
Now, we proceed to prove uniqueness by contradiction. Let us assume that u; and uy be

two solutions of (2.2.7) and let e = u; — uy. Then, the equation in e is as follows:

(er,P) + K(Ve, Vo) +v(Ve, Vo) = —(u1 - Vuy, @) + (us - Vuy, @) (2.3.40)
e(0) =0.

Plug ¢ = e in (2.3.40) to obtain

d

E(He“2 + k|| Ve|*) + 2v||Ve|* = =2(u; - Vuy, e) + 2(uz - Vuy, e) =: A(e). (2.3.41)
Rewrite the term A(e) to arrive at

Ale) =2((uz - Vug,e) — (uy - Vuy,e))
2(—(uy - Ve,e) + (uy - Vuy,e) — (u; - Vuy, e))

2(—(uz - Ve,e) — (e-Vuy,e)). (2.3.42)

The first term in (2.3.42) vanishes because of Lemma 1.2 ((us - Ve,e) = 0). Hence,
using generalized Hoélder’s inequality (1.3.12), Sobolev’s inequality (Lemma 1.1), (2.2.3)
and Young’s inequality (1.3.9), we observe that

[Ale)] < Cf[Vuyl[| Vel (2.3.43)
< CW)IVw[*||Vel* + v[[ Vel

43



Substitute (2.3.43) in (2.3.41). Then, integrate with respect to time and use e(0) = 0 to

obtain

le(®)II* + sl Ve(®)l|* + V/o IVe(s)|I*ds < C(V)/O Vi (s)[*[[Ve(s)[[*ds  (2.3.44)

t
< Oy, /‘v‘)/o IVur(s)I*(le(s)]I* + £l Ve(s)||*)ds.

Note that u; € L?(0,T;J,), that is,
t

/ IV (s)||2ds < C. (2.3.45)
0

An application of Gronwall’s lemma along with (2.3.45) and e(0) = 0 in (2.3.44) leads to

le(t)||* + x[|Ve(®)|]* < 0. (2.3.46)

Therefore, e(t) = 0. This leads to a contradiction. Hence, the solution is unique. O
The next section would deal with some regularity results for the weak solution of (1.2.3)-

(1.2.5) (with f = 0), which will be used very often in the subsequent chapters.

2.4 A Priori Estimates

In this section, we derive some a priori bounds for the solutions of the problem (1.2.3)-
(1.2.5) which reflect exponential decay behavior in time. First of all, we state the main

theorem of this section.

Theorem 2.2. Let the assumptions (A1) and (A2) hold true. Then, there exists a positive
I/)\l

2(1+ M)

constant K depending on M, \1, a, k and v such that for 0 < a < the following

estimate holds true, fort >0

t
(@)1 + (@13 + IO + / €2 (|lu(s) |3 + [lue(s)[12 + lp(s) |12 ) ds < Ke™ 2.
0
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The proof can be established using the following series of lemmas.

Lemma 2.6. Let 0 < a < 5 and let the assumptions (A1l)-(A2) hold true.

VAl
(]_ + /\1I€) ’
Then, the solution u of (2.2.7) satisfies

¢
la@I* + wlVa@)l*+ 256_2O‘t/ e[| Vu(s)|[* ds
0
< e (JJugl]® + K[| Vugl]?) < Mpe 2, > 0.
where 8 = v —2a(k + A1) >0, and My = (1 + ) M?.
Proof. Setting u(t) = e*u(t) for some o > 0, we rewrite (2.2.7) as

(ﬁt7 d)) - Ck(ﬁ,(,b) + K(Vﬁta V¢) - /iOé(Vﬁ, V¢)
+v(V, V@) +e (- Via,¢) =0 Vo € J;. (2.4.1)

Choose ¢ =1 in (2.4.1). Using Lemma 1.2, (- Vi, 1) = 0 and (2.2.3), we obtain
d sz <2 <12
o al” + slIval®) + 26 val® < 0. (2.4.2)

Integrate (2.4.2) from 0 to ¢ with respect to time and use the assumption (A2) to complete
the rest of the proof. |
V/\1

2(1+ \k)
there exists a positive constant K = K(k,v, \1,a, M) such that for all t > 0

Lemma 2.7. Let0 < a < and let the assumptions (A1)-(A2) hold true. Then,

t
IVu@)l? + sl Au)|* + ﬁem/ e[| Au(s)|* ds < Ke >
0

holds true, where 3 = v — 2a(k + A1) > 0.
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Proof. Using the Stokes operator A, we rewrite (2.4.1) as

(i, ) — (i, p) — k(Aly, @) + ka(Atr, ) — v(A, @) = —e *(71- Vi, ) Vo € J;.
(2.4.3)

With ¢ = —At in (2.4.3), we note that

1d

(0 A D _ - ~ 112
(ut7Au> th”vu” )

and hence (2.4.3) becomes
d . 5 s y
E(||Vﬁ|y2 + k|| AQ[]?) + 2v||Ad]]? — 2a([| VA + &[|AQ)]?) = 27 (4 - Vi, Ad). (2.4.4)

To estimate the term on the right hand side of (2.4.4), a use of the Holder’s inequality
yields

1] = 2le™ (@ - Va, Aw)| < e ||a ]| Va ]| Ad| . (2.4.5)
Using the Sobolev inequality for 3D, that is, when d = 3, (see Lemma 1.1) given by
19l < CloIH VAT, ¢ € Hi(©), (2.4.6)
we arrive at

1] < 2e| | 1|Vt | o | Ada],
—at/nAnt A3 PTR ST G| A
< 2= (|la)|7||val ) (Ival| T | Aa) )| | Al
< Ce|al|7||val||Aali. (2.4.7)

Applying Young’s inequality ab < p:;p/q + %, a,b >0, e >0 with p=8and q = % (see
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(1.3.9)), we obtain

[al?fval® 75
1| < O% + selldal? (2.4.8)
Choosing € = 87”, we find that
8v\ " |[all?|val® -
1] < 0(7”) w + v Ad)?. (2.4.9)

Substitute (2.4.9) in (2.4.4) to arrive at

d . X . X X . N

Z(IValP + sl Aa]?) = 2a([[Val* + k[ Ad)) + v]|Aa]* < Cw)l[alP[Vall®. (2.4.10)
A use of (2.2.4) in (2.4.10) and an integration with respect to time from 0 to ¢ yields

t
Vel + Bl + 5 [ |Aa1ds <|Vuol -+ ] Suo| (24.11)
0

t
L ow) / lalP | Vads.
0

Using Lemma 2.6, we bound

t
/ a2 valtds < K. (2.4.12)
0
Substitute (2.4.12) in (2.4.11) to complete the rest of the proof. O
A
Lemma 2.8. Let 0 < a < Y and et the assumptions (A1)-(A2) hold true. Then,
2 (]_ + /\11€)

there ezists a positive constant K = K(k,v, A1, a, M) such that for all t > 0,
t
6_2“/ ([ (9)[I* + £l Vw(s)[*)ds + [[Vu(t) || < Ke .
0
Proof. Rewrite (2.2.7) as

(wy, ) — k(Auy, @) — v(Au, @) + (W.Vu,p) =0 Ve € J;. (2.4.13)
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On multiplying (2.4.13) by e* and substituting ¢ = e**u,, we arrive at
d
2 (|lag||? + & Vug||?) + l/eQCVtEHVuH2 = —*(u.Vu,u). (2.4.14)

To estimate the nonlinear term on the right hand side of (2.4.14), first we consider the term
(w.Vu,w). A use of the generalized Holder’s inequality (1.3.12) and Sobolev inequality
(Lemma 1.1) with (2.2.2) yields:

(w.Vu,w) < C|lullps [|[Vullps [|w]| (2.4.15)
< C|[Vull [[ulfz [|w]]
< C|Vul |Au| [w].
We note that,
(u.Vu,w) < C|Vu|| ||Au|| ||| (2.4.16)

Integration of (2.4.14) with respect to time from 0 to ¢ along with a use of (2.4.16) and
Young’s inequality yields

t

t
/eZO‘S(Hut(S)HQ+/<eHVut($)|l2)d$+V€2°“IIVUH2 SC(IIVU(O)\I2+/ e[ Vu(s)|*ds
0 0

t
+ [ e Ivats) Pl ue)Pas).
0
Again, a use of a priori bounds for u obtained from the Lemmas 2.6 and 2.7, would provide

us the desired result. O

Lemma 2.9. Let 0 < a < 5 and let the assumptions (A1)-(A2) hold true. Then,

VA
(1 + )\1/{)
there exists a positive constant K = K(k,v, A1, a, M) such that for all t > 0,

e ([ + sl Vu ()]* < Ke™.
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Proof. Substituting ¢ = u; in (2.2.7), we obtain
|w|* + &|Vu|* = —v(Vu, Vuy) — (w.Vu,wy) = I; + I, say. (2.4.17)

To estimate | /1|, we apply the Cauchy-Schwarz inequality and Young’s inequality to arrive

at
v €
1] < Q—EIIVUH2 + 5[V,
Choose € = k to yield
v K
1] < ﬁHVUlII2 + 51V
For I, apply (2.4.16) and use Young’s inequality to obtain
2R N2 4 L 2
|I2| < Ol Va7l Aufl” + 5 [ju]”

Substitute the bounds for |I;| and |I3| in (2.4.17) and use a priori estimates from Lemma

2.6 and 2.7 to complete the proof. O

Lemma 2.10. Let 0 < a< and let the assumptions (A1)-(A2) hold true.

VA1
2(1+ M\k)
Then, there ezists a positive constant K = K (k,v, A\, , M) such that for all t > 0,

IV @) + S Au @) < Ke™".
Proof. Setting ¢ = —Au, in (2.4.13), we obtain
|V |? + £l|Aug||? = —v(Au, Auy) + (0. Vu, Auy). (2.4.18)

For the nonlinear term, that is, the last term on the right hand side of (2.4.18), we now

use (2.4.15) replacing w by Au,. Then with the help of the Cauchy-Schwarz inequality and
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Young’s inequality, we bound right hand side of (2.4.18) and use Lemmas 2.6 and 2.7 to

complete the rest of the proof. O

Lemma 2.11. Let 0 < a < V—)\l
2(1—|—>\1/€)

Then, there exists a positive constant K = K(k,v, \1,a, M) such that for all t > 0,

and let the assumptions (A1)-(A2) hold true.

t
6‘“/ e ([[Vu(s)[* + sl Auy(s)[*)ds + v[|Au(t)||* < Ke .
0
Proof. Multiply (2.4.13) by e and substitute ¢ = —e®Au, to obtain
3 d - _
(|| Vwe|]? + &[] Aug)?) + l/ezatEHAuW = e (w.Vu, Auy). (2.4.19)

Now for the nonlinear term, that is, the term on the right hand side of (2.4.19), we now
use (2.4.15) replacing w by Au,. Then, integrating with respect to time from 0 to ¢ and

using Young’s inequality, we obtain

t

t
/62‘“(HVutH2+/*fHAutH2)d=<>’+1/62‘”!\A11\|2 SC(F&)(HAH(O)H“r/ e***||Aul*ds
0 0

¢
-I—/ 62°‘S||Vu||2||Au||2ds).
0

A use of Lemma 2.7 establishes the desired estimate and this completes the rest of the
proof. O

Now, we derive the a priori bounds for the pressure p.

V)\l
2(1+ M\k)
Then, there exists a positive constant K = K(k,v, \1,, M) such that for all t > 0, the

Lemma 2.12. Let 0 < a< and let the assumptions (A1)-(A2) hold true.

following estimate holds true:

t
(O m + PO + 6_2‘”/ e*|lp(s) |71 s < Ke .
0

Proof. A use of the Cauchy-Schwarz inequality (1.3.10) and the generalized Holder’s in-
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equality (1.3.12) in (2.2.6) yields
(p.V.8) < C(llullllll + sl Vu[ Vol + v[[Vul[[[ V| + [l sl Vull|$]]4). (2.4.20)

Using the Sobolev’s embedding theorem (see [95]), (2.2.3), dividing by ||V ¢|| and applying

continuous inf-sup condition (A3) in (2.4.20), we obtain

|(p, V.9)|

Vel S C(lu|| + & Vue || + v||Vul| + [ Vual?). (2.4.21)

Ipllzz/m < C
An application of Lemmas 2.6 and 2.9 in (2.4.21) yields
1)l 22w < K (5, v, Ay, v, M)e ™. (2.4.22)
Using the property of space J; (see [95] page no 19, remark 1.9) in (2.2.7), we obtain

(Vp, ¢) = (0, — kAu, — vAu +u.Vu, ¢) Ve € J,. (2.4.23)

A use of the Cauchy Schwarz inequality with the generalized Holder’s inequality in (2.4.23)
yields

(Yo, @)l < Clr,v)(ludll@ll + 1Au il + [Aulllll + [[ulls ][ Vullll@]). (2.4.24)

Applying the Sobolev embedding theorem (see [95]), in (2.4.24) with (2.2.2) and dividing
by ||@||, we obtain

IVpll < Clr,v) (luell + [Awe]l + [Au]| + [|Vul| | Aul). (2.4.25)
A use of Lemmas 2.6, 2.7, 2.9 and 2.10 in (2.4.25) yields

()| 1w < Ke ™. (2.4.26)
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Taking squares on both the sides of (2.4.25), multiplying by e*** and integrating from 0 to

t with r gct to timeé we obtain t ) ) ~ )
TS < Clnin ([ o+ 1 Bu o)) s

t
+ / <92O‘S(||Au(s)||2 + [|[Vu(s)|? ||Au||2)ds>. (2.4.27)
0
Using Lemmas 2.6, 2.7, 2.8 and 2.11, we arrive at
t
/ e*||Vp(s)|*ds < K. (2.4.28)
0

A use of (2.4.22), (2.4.26) and (2.4.28) would lead us to the desired result. O
Proof of Theorem 2.2. The proof of Theorem 2.2 follows by combining the estimates

obtained in Lemmas 2.6-2.12. O
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Chapter 3

Semidiscrete GGalerkin Method

3.1 Introduction

In this chapter, we study the semidiscrete finite element Galerkin approximations to the
equations of motion arising in Kelvin-Voigt model of viscoelastic fluid flow. The main
results of this chapter consist of proving regularity results for the semidiscrete solution,
which are valid uniformly in time and even for 3-D domain, establishing the exponential
decay property for the semidiscrete solution and obtaining optimal error estimates for the
semidiscrete Galerkin approximations to the velocity in L°°(L?)-norm as well as in L>(H!')-
norm and to the pressure in L°>°(L?)-norm which also reflect the exponential decay property
in time.

We have made use of exponential weights for the derivation of the new regularity results.
These weights also become crucial in establishing the error bounds. In order to derive
optimal error estimates for the velocity in L°°(L?)-norm, we first split the error by using
a Galerkin approximation to a linearized Kelvin-Voigt model and then introduce a new
auxiliary operator through a modification of the Stokes operator, named as Sobolev-Stoke’s
operator. Now making use of estimates derived for the auxiliary operator and the error
estimates due to the linearized model, we recover the optimality of L>°(L?) error estimates

for the velocity. Finally, with the help of uniform inf-sup condition and error estimates
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for the velocity, we derive optimal error estimates for the pressure. Special care has been
taken to preserve the exponential decay property even for the error estimates.

The literature for the numerical approximation of (1.2.3)-(1.2.5) is limited. In [81], the
authors have discussed the convergence of spectral Galerkin approximation for the semi
axis t > 0 under the assumption that solution is asymptotically stable. Recently, Pani
et al have employed a modified nonlinear spectral Galerkin method. They have proved
the existence of a unique discrete solution for the semidiscrete spectral Galerkin scheme
and have established existence of a discrete global attractor. Further, they have obtained
L>(L2) and L*(H")-norms optimal error estimates. Then, they have applied a modified
spectral Galerkin scheme and have derived optimal error bounds (see [21]).

The remaining part of this chapter includes the following sections: In Section 3.2, we
present semidiscrete scheme and discuss existence and uniqueness of semidiscrete solution.
In Section 3.3, we explore a few a priori bounds for the semidiscrete approximations of
(1.2.3)-(1.2.5) (with f = 0) which will be required for the analysis in subsequent chapters.
In Section 3.4, we introduce a new auxiliary operator through a modification of the Stokes
operator and establish estimates for auxiliary operator. Then, we obtain optimal error
estimates for the velocity with the help of previous estimates derived for auxiliary operator.
Section 3.5 considers the error analysis for pressure term involving the error estimates for

velocity.

3.2 Semidiscrete Scheme

From now onwards, let h > 0 be the discretization parameter in space and for each h,
let 73, be a corresponding regular (or non-degenerate) family of triangulations of polygonal
domain Q, consisting of closed subsets K, triangles or quadrilaterals in two dimensions.
The decompositions 7, are assumed to be "face to face” and to satisfy a ”uniform size”
condition”, that is, any two elements of 7, are either disjoint or share a vertex or an entire

side. Each element of 75, contains a circle of radius k1h and is contained in a circle of radius
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koh (see [11], [17]).

Further, let Hy, and Ly, 0 < h < 1 be finite dimensional subspaces of H} and L?, respec-
tively, such that, there exist operators i, and j, satisfying the following approximation
properties:

(B1). For each w € J; N H? and ¢ € H'/IR, there exist approximations i,w € J;, and
JInq € Ly, such that

[w —iyw|| + hl|V(w — ipw)|| < Koh®|[Wll2,  llg = jnallre/m < Kohllallm m.
For defining the Galerkin approximations, for v, w, ¢ € H}, set

a(v,¢) = (Vv,Ve)

and

1 1
b<V7W7 ¢) = §(V -Vw, d)) - §(V Vo, W)
When v € J;, w, ¢ € H}, using Lemma 1.2, we obtain

b(v,w,p) = (v-Vw, ).

Note that the operator b(-,-,-) preserves the antisymmetric properties of the original non-

linear term, i.e.,
b(Vh,Wh, Wh) =0 VVh,Wh € H,,. (321)

The discrete analogue of the weak formulation (2.2.6) is as follows: find u,(t) € Hy, and

pr(t) € Ly, such that uh(Og = ugy, and for t > 0,
(Wne, @1,) + Ka(upe, @) + va(uy, @) + b(ap, up, @) — (pr, V- @) =0 Vo, € Hy,

(V-up,xn) =0 Vxa € Ly, (3.2.2)
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where ug, € Hy, is a suitable approximation of ug € J;.
In order to consider a suitable approximation of J;, we introduce the discrete incompress-

ibility condition in Hj and call the resulting subspace as J,. Thus, J;, is defined as
Jy = {Vh e Hy,: (Xh,v 'Vh) =0 Vxh € Lh}

Note that, the space J; is not a subspace of J;. We now define the finite dimensional

problem: find u,(t) € Jj, such that u,(0) = ug, and for ¢ > 0,

(Upe, @y) + Ka(upe, @p,) + va(uy, @) = —b(up, up, @) Vo, € Jy. (3.2.3)

Since Jj, is finite dimensional, the problem (3.2.3) leads to a system of nonlinear ordinary
differential equations. A use of Picard’s theorem yields existence of a unique local solution
in an interval [0,t*), for some ¢* > 0. For continuation of solution beyond t*, we need to
establish an L>°(L?) bound for the approximate solution uy. Setting ¢, = uy, in (3.2.3),

we obtain
d 2 2 2
= a4 £ [ Van %) + 2v[| V[ = 0.
On integration with respect to the temporal variable ¢, we find that
Jun(O + £ Fua(®)]2 < CE)(ugnl® + | Fug]?) < C ¥t >0,

provided ||Vugy|| < C||Vuy|| . This is indeed true, which we shall see later on. This shows
the global existence of a unique Galerkin approximation uy, for all ¢ > 0.
Once we compute uy(t) € J,, the approximation py(t) € Ly to the pressure p(t) can be

found out by solving the following system

(P, V - @p,) = (Upg, @) + ca(up, @p,) + va(ug, @p,) + b(up, uy, @,) Vo, € Hy. (3.2.4)
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For the solvability of the above system (3.2.4), we note that the right hand side defines a
linear functional ¢ on Hy, i.e., ¢, — £(¢p). By construction ¢(¢;,) = 0, for all ¢, € J,. It
is now easy to check that this condition implies existence of py, € Ly, see [28]. Uniqueness

is obtained on the quotient space Ly /Ny, where
Nh = {qh S Lh : (qh, V- d)h) = 0,V¢h - Hh}
The norm on Ly, /Ny, is given by

= inf .
lanll L, /m, XifelNhHQh + Xall

Furthermore, the pair (Hy, L, /N},) satisfies a uniform inf-sup condition:
(B2). For every g, € Ly, there exist a non-trivial function ¢, € Hj, and a positive constant

K, independent of h, such that,

(@, V- @)| = K[V lllanll /-

As a consequence of conditions (B1)-(B2), we have the following properties of the L2

projection Py, : L? — Jy,. For ¢ € J;, we note that, see [28], [43],
¢ — Pl + h|[VPagpl| < ChI[V], (3.2.5)
and for ¢ € J; NH?,
o — Pugll + hl[V(¢ — Pasp)|| < CH*| A (3.2.6)
We may define the discrete operator Ay, : H, — Hj, through the bilinear form a(-,-) as

a(Vh, 1) = (=Apvi, @) Vvi, ¢, € Hy. (3.2.7)
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Set the discrete analogue of the Stokes operator A = PA as A, = P,A,,.
Using Sobolev embedding theorems with Sobolev inequalities, it is a routine calculation to

derive the following lemma, see page 360 of [46].

Lemma 3.1. The trilinear form b(-,-,-) satisfies the following estimates:

b(e. €, )| < CIIVI" | A 2IVE] Xl (3.2.8)
b(¢, €. %)| < CIIVSIVEV Al x|, (3.2.9)
b(¢. €, X)] < Cllollz IVl 2 [ VEIIXIIZ V|2, (3.2.10)
Vo, & x € Hy.
b, €. )| < CIVellIVENIVXI, (3.2.11)
Vo, & x€E H(l).

Moreover, we present below an estimate for trilinear form which can be obtained using the
generalized Holder’s inequality, Sobolev embedding theorems and Sobolev’s inequalities

and will be used in a error analysis of two grid method.

Lemma 3.2. The trilinear form b(-,-,-) satisfies the following estimate:

b(e, &, X)| < CllolI" IVl IVENIVxII, (3.2.12)

where § > 0 is arbitrarily small for d = 2 and § = % for d = 3.
Examples of subspaces Hy, and L, satisfying assumptions (B1) and (B2) can be found in
[7], [12] and [43]. In the context of non conforming analysis, we would like to refer [43].

Below, we present a few examples of the finite dimensional subspaces Hy, and L satisfying
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the assumptions (B1) and (B2).

The first one is introduced by Bercovier-Pironneau.

Example 3.2.1. ( [7])

H, = {v,€(C°0))*NH: vk € (P(K))* VK € Ty}
Lh = {QhGCO(Q) th|K€P1(K) VKG%},

where Tyyo is obtained by dividing each triangle of Ty, into four triangles and let P,(K)

denote the space of all polynomials of degree less than or equal to r.
Next, we consider the Taylor-Hood elements.

Example 3.2.2. ([12])

H, = {v, €Hj: vk € (P(K))? VK € T}

L, = {thLQ(Q)th|K€P1(K> \V/KEE}

Finally, we present the P, — Py mixed finite element space.

Example 3.2.3. ([12])

Vi ={v € (H}(Q)* N (C(Q) : vl € (Pa(K))*. K € 7},
Wi ={q€ L*Q) :qlx € Py(K),K € 71,},

3.3 A Priori Estimates of Semidiscrete Solution

This section deals with the derivation of a priori bounds for the semidiscrete solution uy,
which will be an important part in our fully discrete analysis for the system of equations
(1.2.3)-(1.2.5) (with £ = 0). The proofs use definition of the discrete Stokes operator A
presented in (3.2.7) and proceed along the same lines as in the derivation of Theorem 2.2,

but for the sake of completeness, we provide the proofs.
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A
Lemma 3.3. Let 0 < a < m and wg, = Pyug, and the assumptions (A1)—(A2)

hold true. Then, the solution uy, of (3.2.3) satisfies

t
s ()1 + sl Vun (@)]* + s Apa (8] + »5’62‘“/ e ([Van(s)|* + [[Anun(s)[|*) ds
0

< C(k,v,a, A1, M)e™ " >0,

where 8 = v —2a(\[* + k) > 0.

Proof. Setting G, (t) = e*u,(t) for some a > 0, we rewrite (3.2.3) as

(pe, @p,) —a(y, @) + £(Vlg, Vo) — ka(Vi,, V) (3.3.1)
+ ]/(Vﬁha v¢h) + e_atb<ﬁh7 ﬁ}u ¢h) =0 v¢h € Jh-

Choose ¢, = 1y, in (3.3.1). Using (3.2.1), b(y, Gp, 0p) = 0 and from (2.2.3), we find that
d s e 1 o2
Sl ]l* + 5 V) + 2(v — a(s + A_l)) IV, ||* < 0. (3.3.2)
Integrate (3.3.2) with respect to time from 0 to t to obtain
t
s 1 + ] Vg [|* + 256_20‘t/ e**||Vun(s)||*ds < e ([[uon]|* + £ Vuor[*).  (3.3.3)
0
Using the discrete Stokes operator Ay, we rewrite (3.3.1) as

(ﬁht7 ¢h) - a(ﬁfh q’)h) - K(Ahﬁhﬁ ¢h> + KOZ(Ahﬁ]U ¢h) (334)
— v(Apiy, @) = —eb(0y, Gp, ).
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We note that —(Qu, Aptty) = 14| V,|2. With ¢, = —Aj1y, (3.3.4) becomes

d . < .
%(HVUhHQ + /£||Ahuh||2) + 2(1/ — /fa)||Ahuh||2 (335)

= 204||Vﬁh||2 + 26_atb(flh, flh, Ahﬁh).
To estimate the nonlinear term on the right hand side of (3.3.5), a use of (3.2.8) yields

1] = |eb(t, Gp, Aptin)| < C|| Vi ||2 || Artis 2. (3.3.6)

Applying Young’s inequality ab < + ﬁ, a,b >0, >0 withp=4and q = %) we

p/q
obtain
1| < C|quh|| ||A 2. (3.3.7)
Choosing € = =¥, we find that
C 3 ’ .
|| < 7 | V|| +V||Ahuh|| (3.3.8)

Substitute (3.3.8) in (3.3.5) to arrive at

d ? A > A A
(198 + £ Al ) + (v = 2000) | Byt |

CWIVan]® + 2a] Vi, (3.3.9)
An integration of (3.3.9) with respect to time from 0 to ¢ yields

t
I8 1* + ]| Aptua]|* + ﬁ/ 1AR ()] *ds < [|Vuon|* (3.3.10)
0

t
+ k|| Apugs|]* + C (v, a)/ (HVﬁh(s)HGds + HVﬁh(s)HQ)ds
0
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Using (3.3.3), we bound

t t
/0 IVan(s)[¢ds = / I8 () | [V (5) 2

t
< C(fﬁ)(HHOhHQ+H||VuOhH2)2/ IVan(s)|*ds
0
< C(k, vy, M) ([[aon|® + & Vagn||?)?. (3.3.11)

Applying estimates from (3.3.3) and (3.3.11) in (3.3.10) and use stability properties of P,

to obtain

t

Va1 4wl Apug || + 562‘”/ || Apun(s)[Pds < (HVUOhH2 + A Ao
0
€50 0) (o -+ ¥ )+ €0 0) (4 ¥ 2) )
< Ok, v, o, Ay, M)e 2, (3.3.12)
Combine (3.3.3) with (3.3.12) to complete the rest of the proof. O

In the following three lemmas, we derive a prior: estimates involving time derivatives of

the semi-discrete solution.

Lemma 3.4. Let0 < a < and let the assumptions (A1)—(A2) hold true. Then,

U)\l
2(1 + /1)\1)
there is a positive constant C = C(k,v, a, A\, M), such that, for all t > 0,

t
[ (D117 + Kl Vg (8)[|* + 62‘“/ e (lune(s)[1* + & Vupe(s)[|*)ds < Ce™".
0

Proof. Substituting ¢, = uy, in (3.2.3), we obtain

||uhtH2 + “’|Vuht||2 = —v(Vuy, Vuy) — b(uy, up, up)

= I+ I, say. (3.3.13)

To estimate |I;|, we apply Cauchy-Schwarz’s inequality and Young’s inequality to arrive
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at
v 2, € 2
L] < IVl + 5[ Vaw* (3.3.14)
2€ 2
Choose € = & in (3.3.14) to obtain
K
L] < Cv, k)| Vun|* + §Hvuht”2- (3.3.15)
An application of (3.2.8) and Young’s inequality yields

1., % 1
[Io] < OV 2| Apug |2 || Vug]| ||

< C|[Vun[P*[| Apun| + %HuhtHQ- (3.3.16)
A use of (3.3.15), (3.3.16) and Lemma 3.3 in (3.3.13) yields
lup||? + &[|[Vug|? < C(k, v, a, Ay, M)e 2, (3.3.17)
Next, substituting ¢, = e***uy,; in (3.2.3), we arrive at
2 (|lape|]? + & Vup|?) = —ve*a(uy, up) — e***b(uy, up, up). (3.3.18)

Using Cauchy-Schwarz’s inequality, (3.2.10), (2.2.3), Young’s inequality and integrating

from 0 to ¢ with respect to time, we obtain

o)+ w Ve (92 < o A ([ (1T un(IF + [F(5) ).

(3.3.19)

A use of Lemma 3.3 to bound

t t
/ €205 [Ty () |[*ds < C(k, v, a0, Ay, M)e=2! / €2 |V ()| 2ds
0 0 (3.3.20)

< C(k,v,a, A\, M)e 2,
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An application of (3.3.20) and Lemma 3.3 in (3.3.19) yields

t
[ e QeI + sl Tun(9))ds < Cor,via i, M) (3.3.21)

0
A combination of (3.3.17) and (3.3.21) would lead us to the desired result. O
Lemma 3.5. Let 0 < a < m and let the assumptions (A1)—(A2) hold true. Then,

there is a positive constant C' = C(k, v, a, A1, M), such that, for all t > 0,
t
[ (O + &l Vg ([ + 6_2‘”/ ([ (8)[” + £ Vg () [|*)ds < Ce™™.
0
Proof. Differentiation of (3.2.3) with respect to time yields

(uhtt, th) —+ /m(uhtt, ¢h) + l/a(llht, ¢h) —+ b(uht, Uy, ¢h) (3322)

+ b(uh,uht, d)h) =0 \V/¢h edJ, t>0.
Substitute ¢;, = upy in (3.3.22) to obtain
”uhtt“2 + fi’|vuhtt||2 = —VCL(uht, uhtt) - b(uht7 Uy, U—htt) — b(uh, Upt, uhtt)~ (3‘3-23)

An application of Cauchy-Schwarz’s inequality, Young’s inequality, (3.2.10) and (2.2.3)
yields

[aneel|* + ] Vane * < C (v, M) ([Vame|* + [V [ Vage]?). (3.3.24)
With the help of estimates obtained from Lemma 3.3 and 3.4, we write
W (D) ||* + 6] Vup (8)]|? < C(k, v, a, Ay, M)e 2. (3.3.25)

Multiply (3.3.24) by e?** and integrate with respect to time from 0 to ¢ to arrive at
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t t
/ e ([[unee(s)II* + Kl Ve (s)[1*)ds <C(k, v, Ar) </ e ([[Vupe(s)
0 0

+ HVuh(s)HQHVuht(s)HQ)ds>. (3.3.26)
Applying the estimates from Lemmas 3.3 and 3.4, we obtain the desired result, that is,
t
/ 2 ([[upg (8)||* + K| Vape(s)||*)ds < C(k, v, a, Ay, M). (3.3.27)
0

A use of (3.3.25) and (3.3.27) completes the proof. O

Differentiating (3.3.22) with respect to time and proceeding as in the proofs of Lemmas 3.4

and 3.5, we arrive at following lemma:

VA1
L 36. Let0<a< ————
emma et < a 30+ rh)
there is a positive constant C' = C(k, v, a, Ay, M), such that for allt > 0,

and let the assumptions (A1)—(A2) hold true. Then,

t
[wnsee (61 4+ # [ Van (8)[|* + G_M/ ([ upiae (5)]1° + w5l Vuanese (5)[|*)ds < Ce™.
0

Finally, we state below the main results of this chapter, which are related to the optimal
error estimates of the velocity and the pressure, the proofs of which are established in the

next sections.

Theorem 3.1. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Further, let

the discrete initial velocity ug, = Pyug. Then, there exists a positive constant K which

V)\l

depends on k, v, A\, a and M, such that, for allt > 0 and for 0 < o < —/——
4 1 f f 2(1_‘_)\1/{)

, the

following estimate holds true:
lu = upll + 2 V(u—w)()]| < Kh*e™".

Theorem 3.2. Under the hypotheses of Theorem 3.1, there exists a positive constant K
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depending on k, v, A\, a and M, such that, for all t > 0, the following holds true:

(0 — ) ()] 2N, < Khe™®.

3.4 Error Estimates for Velocity

In this section, we derive optimal error estimates of the velocity. Since Jj, is not a subspace

of Jy, the weak solution u satisfies

(wg, @) + ra(uy, @) +va(u, @) = —b(u,u,¢,) + (p,V-@,) Vo, €y (3.4.1)

Set € = u — uy. Then, from (3.4.1) and (3.2.3), we obtain

(er, &p,) + Kaler, @y,) +vale, ;) = A(gy,) + (p, V- ¢y,), (3.4.2)

where A(¢,) = —b(u,u, ¢;,) + b(up, up, ¢;,). Below, we derive an optimal error estimate of

[|Ve(t)||, for t > 0.

Lemma 3.7. Let assumptions (A1)-(A2) and (B1)-(B2) be satisfied. With ug, = Pyuy,

then, there exists a positive constant K depending on \1, k, v, a and M, such that, for all
V)\l

2(1+ A\ik)

t>0and for0 <a< , the following estimate holds true :

1w =) (O] + £V (0 — ) ()]|* < Khe ™.
Proof: Choose ¢, = e*'P,é = e*(é + (P, — 1)) in (3.4.2) to rewrite it as:

(e“ey, &) + ra(e™ey, &) + va(e, &) = e A(Pyé) + (p,V - Pé)

+ (e e, 0t — Pp) + ka(e™e;, 1 — Pyi) + va(e,a — Ppa). (3.4.3)
Note that,
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. ot~ 1d,, . . . .
(e*e, &) + na(e™e;, &) = §£(He|\2 + &[|Ve[?) — a(lle]l* + [ Vel?), (3.4.4)
and

(e%ey, 0t — Ppit) = (&, 1 — Ppt)) — a(é, i — Pyi)
d

= (@0 - Fa) — (&0 — Fiy) — a0 - F). (3.4.5)

Using (2.2.3), (3.4.4) and (3.4.5) in (3.4.3), we arrive at

d . R B R o R R R
%(HeH2 + k||Ve||?) + (2u —2a(k+ M\ 1)) [Vel* < 2e*A(P,é)+2(p,V - P,é)
d
+ 2@ ((é, u— Pu)+kra(é,a— Phﬁ)) — 2((é, u — Poy) + ka(é,a, — Phﬁt)>
- 204(((3, u— Pa)+ka(e,u— Phﬁ)) + 2va(e,u — Pyu). (3.4.6)

Using Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we estimate the last
two terms on the right-hand side of (3.4.6) as

2a((é, 0 — Py0) + ka(é, 0 — P,0)) + 2va(e, a — Pyu)|
< Clan ko M\, v, €)||V (6 — P2 + %HVéH?. (3.4.7)

Similarly, using Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we can bound
A A N A A - . - € A
2|(e, 0, — Pyly) + ka(é, 0, — Pyiy)| < C(k, )|V (0 — Pyiy)||* + §|]Ve|]2. (3.4.8)

For the second term on the right-hand side of (3.4.6), we use Cauchy-Schwarz’s inequality,

(3.2.5) and Young’s inequality to obtain

2|(p, V - Pre)| < 2||p — jnpll|V - Pue|l < Cllp — jndl| ||V Pré|| (3.4.9)

A~ A € A
< C()llp =l + 5IVe]
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To estimate the first term on the right-hand side of (3.4.6), we rewrite it as
2 \(Pyé) = 2e™ (b(é, é, P,é) — b(e,u, Pé) — b(u, e, Phé)).
Using the generalized Holder’s inequality, Agmon’s inequality (see [25])
V]| < C||VV] ||AV|, veHZNJI,, (3.4.10)
Young’s inequality, the Sobolev inequality, (2.2.2) and (3.2.5), we arrive at

2e([b(n, &, Pyé)| + [b(e, &, Pye)|) < 2e~ (||| Ve[| Pne]| + [I]lza | Vi s ]| Prel)
< 2¢- (| Val} | Aa|* | Vellll Bl + Vel | Aa] el
< 2e7(|VallF | Aall* + |Aal))[e[Ve]  (3.4.11)
< Ce(||vall| Aaf + [|Aal?) el + §||Vé||2-

Moreover, rewrite
b(e,e, P,e) = —b(e,e,u— Pyu) + b(e, e, e). (3.4.12)

Since the last term on the right hand side of (3.4.12) vanishes because of the antisymmet-
ric property of the trilinear form, we use Lemma 1.2, the genearized Holder’s inequality
(1.3.12), the Sobolev inequality (Lemma 1.1), Young’s inequality (1.3.9), Lemmas 2.6 and,
3.3 in (3.4.12) to obtain

[b(é, &, Pré)| < Ce™™[|e]| || Ve][a — Pyt s
< Cem|vel[[ve] [V (a — Pya)l
< C(Ival + VeI vellV(a — P
< C(e)|V(a - Pa)|* + guve,-u? (3.4.13)
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Integrating (3.4.6) with respect to time from 0 to ¢, use bounds (3.4.7)-(3.4.13) with ¢ = 2,

to arrive at
t
le()l|* + sl Ve)]* + 5/0 IVe|[*ds < C([le(0)||* + [|Ve(0)]I*)
t
+C(a, K, v, A1, M) <||V(f1 — Baa)||* + / (IV (@ = Paa)||* + [V (0 — Pyt ||
0
t
+ ||15—jh15||2)d8> +O/0 (IVull|Au] + [[Aul?) [l&]*ds. (3.4.14)
Using (3.2.6) and (B1) in (3.4.14), we find that

t t
Hé(t)llz+/~@|!Vé(7f)||2+B/O IIVéIIstﬁChQ(IluOH%Jr ||ﬁ||§+/0 (a3 + ||1it1|3+||ﬁ(t)||%1/m)d8)

t
w0 [ (I7ulliBul + [Sa)(lel + Vel ds.

(3.4.15)

Use a priori bounds for u, u; and p (Theorem 2.2) to bound the first term on the right-hand
side of (3.4.15) and then apply the Gronwall’s lemma to obtain

t t
le()I* + [ Ve)|* + ﬂ/ IVel*ds < C(v, k, a, A, M)h2exp</ ([Aulf* +{[Vull[| Aul)) dS)-
0 0
A wuse of a priori bounds from Lemma 2.7 yields
t ~ ~
/ ([[Vu] [[Aul| + [[Au|?)ds < C(M, K, A, v,0)(1 — ) < C(M, K, M\, v, @) < 00,
0

and hence, it completes the rest of the proof. O

Note that, Lemma 3.7 provides a suboptimal error estimates for the velocity in L>(L?)-
norm. Therefore, in the remaining part of this section we derive an optimal error estimate
for the velocity in L>(L?)-norm. We shall achieve this by comparing our solutions with

appropriate intermediate solutions and then making use of triangle inequality.
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To dissociate the nonlinearity, we first introduce an intermediate solution vj, which is a

finite element Galerkin approximation to a linearized Kelvin-Voigt equation, satisfying

(Vie, @) + 5 a(Vig, @) +va(vy, @p,) = —b(u,u,¢,) Y € Jp, (3.4.16)

with Vh(O) = Phllo.

Now, we split e as

e=u—u,=u—vy) +(vp—u,) =€+n.

Here, & denotes the error due to the approximation using a linearized Kelvin-Voigt equation
(3.4.16), whereas 1 represents the error due to the non-linearity in the equation.

Subtracting (3.4.16) from (3.4.1), the equation in € can be written as

(& ®n) + wal§y, &p) +rval€, ép) = (0, V- @) Vo, € i (3.4.17)

For optimal error estimates of &€ in L>(L?) and L*®(H"')-norms, we again introduce the

following auxiliary projection Vj, such that Vju : [0, 00) — J), satisfying

rka(w, — Vyug, @) + va(u — Vyu, ¢,) = (p, V- @) Vo, € Iy, (3.4.18)

where V,u(0) = Pyuy.
With Vj,u defined as above, we now split & as

E=u—-Vyu)+ Vou—vy) =¢+p.

To obtain estimates for e, first of all, we derive various estimates of ¢ in Lemmas 3.8, 3.9,
3.10 and 3.11. Then, we proceed to estimate ||p|| and ||Vp|| in Lemma 3.12. Combining
these results, we obtain estimates for & in L°°(L?) and L*(H})-norms in Lemma 3.13.

Finally, we derive an estimate for 1 to complete the proof of Theorem 3.1.
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Lemma 3.8. Assume that (A1)-(A2) and (B1)-(B2) are satisfied. Then, there ezists a
V)\l

positive constant K = K(v, \1,a, k, M) such that for 0 < a < ———
2(1+ kA1)

, the following

estimate holds true:

t

|V (u— Vau)@®)||* + ezat/ 2 ||V (u — Vyu)(s)||?ds < Khe 2,
0
Proof. On multiplying (3.4.18) by e* with { = u — Vj,u, we find that

ka(e®C,, d,) +va(C.¢p) = (5, V - ¢p,) Yo, € Iy, (3.4.19)

Using e*¢, = &'t — a¢ and choosing ¢, = Pl =C+ (P,i— 1) in (3.4.19), we arrive at

d 112 o112 d A ~ ~ d ~ N
— 2(v— = 2k— — Pya) —2 —(a— P
kI VEI? +2(r=ra) [VE|* = 26 Za(C = Pat) — 26 a(C, (6 — Po))

+2(v — ka) a(C, i — Pyit) + 2(p — jup, V - Pul). (3.4.20)

Integrate (3.4.20) with respect to time from 0 to ¢t and apply (3.2.5) along with Young’s

inequality to obtain

t
KIIVEI* + (V—m)/ IV¢Pds < C(v, k) (62"“t||V(u = Paw)|* + [V (up — Puy) |
0

t
+/ e (|[V(u; — Powy)|]?ds + [|[V(a — Pyu)||* + |lp — jhp||2)ds>.
0

(3.4.21)

A use of (3.2.6) with (B1) in (3.4.21) yields

t t
RIVEIP + (v — ra) / ||v<;||2dssc<u,a,m>h2(ezat|mu||2+||Auo||2+ / 20| Vp|[2ds
0 0

t
+/ e (|| Awg || + ||Au||2)ds>.
0

We now use a priori bounds for u and p derived in Lemmas 2.7, 2.11 and 2.12 to complete

the proof. O
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For the estimation of time derivative, we have the following result.

Lemma 3.9. Under the assumptions (A1)-(A2) and (B1)-(B2), there exists a positive
I/)\l

constant K = K(v, A\, a, k, M) such that for 0 < o < ——
2(1+ kA1)

, the following estimate

holds true:
t
/ 2|V (u(s) — Viuy(s))||?ds < Kh?.
0
Proof. Recall (3.4.19) now with ¢, = e* P,{, = ¢, + e (Pyu, — uy) to find that

d p p A
e VE | + -2 [VEIR = 200l VE[ + 25,77 - Pic)

+ 2k a(e®¢,, e, — Powy)) + 2va(C, e (u, — Powy)). (3.4.22)

An application of the Cauchy-Schwarz inequality, discrete incompressibility condition and

(3.2.5) in (3.4.22) yields

o d p p ~ N el
26|V C 1 + v IVEIP < 20l VCIP + 201 = juplllle™ VPG|

+ 2]V €7V (g — Poug)|| + 20| VEN| €4V (w; — Powy)||. (3.4.23)

Integrating (3.4.23) with respect to time from 0 to ¢, using Young’s inequality, (B1) and
(3.2.6), Lemmas 2.11, 2.12 and 3.8 and proceeding exactly as in the proof Lemma 3.8, we
obtain the desired result. This completes the rest of the proof. O

Below, we discuss the L2-estimate of ¢(t).

Lemma 3.10. Under the assumptions (A1)-(A2) and (B1)-(B2), there exists a positive
l/)\l

constant K = K (v, A1, a, k, M) such that for 0 < o < ———
2(1+ KA)

, the following estimate

holds true fort > 0:

t
1) + et / 0%\ ¢(s) |2ds < K hte .

Proof. For L* estimate, we recall the Aubin-Nitsche duality argument. Let (w,q) be the
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unique solution of the following steady state Stokes system:

—VvAW+Vg=¢_ in Q, (3.4.24)
V-w=0 in Q, (3.4.25)
W’ag =0. (3.4.26)

From assumption (A1), (w,q) satisfies the following regularity result:
[wlla + llg]lzym < CIICI- (3.4.27)

Forming L%inner product between (3.4.24) and é’ and using discrete incompressibility con-

dition, we obtain
ICI1* = va(w — Pow,¢) — (¢ = g, V - §) + v a(Paw, ). (3.4.28)

Now, by using (3.4.19) with ¢, replaced by P,w and (3.4.25), the last term in (3.4.28) can

be rewritten as
va(Pow,C) = (p— jup, V - (Pow — w)) — ka(e™C,, Pow — w) — ka(e™¢,, w). (3.4.29)

Once again, form L?inner product between (3.4.24) and e*¢,, and use this in the last term

of (3.4.29) to obtain

Ka(e' ¢, w) =

R =

5 5 ak K : N
(€80~ 2RI + 20— v, V- e"*€,) (3.4.30)
Substituting (3.4.29) and (3.4.30) in (3.4.28), we obtain

g KA ay QR 5o 5 _ 5 P
IEI™ +——lCl™ = — =Kl + valw = Puw, ¢) = (¢ = jug: V- €) + (b = jup, V - (Fuw — w))

K o
— ka(e*¢,, Pbw — W) — ;(q — 3, €™V - C,). (3.4.31)
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Integrate (3.4.31) with respect to time from 0 to ¢, use (3.2.5) and then apply Cauchy

Schwarz’s inequality to yield

(v — ar) / ||é||2ds+m||&||2scm,u,a)(nc(mn% / (IV(w - Bow)[[VE]
T llg = nallIVEN + 16— 3uplIV (Phw — w))

e VNIV (Paw — W)l + llg = jngl ||€‘”VCt||)d$) :

By using (B1), (3.2.6) and (3.4.27), we arrive at

t
=) [ 180Pds + KICT? < Clwne) (1Bl
0

t
w0 [ 980+ 1130 + v s ). (3432
0
. VAL . . .
Since 0 < o < ———, (v — ak) > 0. Then use Young’s inequality appropriately and
2(1+ k)
the estimates from Lemmas 2.12, 3.8 and 3.9 to complete the rest of the proof. O

Lemma 3.11. Under the assumptions (A1)-(A2) and (B1)-(B2), there exists a positive
V)\l

constant K = K(v, A\, a, K, M) such that for 0 <« < ——
2(1+ kXp)

, the following holds true:

t
/ 25¢,(s)|ds < Kh*,
0

The above lemma can be proved in an exactly similar fashion as the proof of Lemma 3.10
with the right hand side of (3.4.24) replaced by e**¢,. but for completeness, we provide a
short proof.

Proof. For obtaining the desired estimate of {,, once again we appeal to the Aubin-Nitche’s

duality argument. Now recall the equation (3.4.19)

ka(Cy, @) +va(C @p,) = (p, V- @y,) Vo, € Iy
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In (3.4.24), set e*¢, in stead of ¢ on its right hand side and then form L2-inner product

with e**¢, to obtain
1e*Cll* = Ka(e™ ¢ w — Pow) = (¢*'V - &, q) + Ka(e™' €y, Puw).

From (3.4.19) with ¢, = e**P,w, it now follows in a similar manner as in the L2-estimate

of ¢ that

[e*'G,|1* = Ka(e*'C,, w — Paw) — (¢ = jng, €*'V - §,) — va(e*'¢, w)

+e(p— jup, V- (Pow — w)) — va(e®¢, Pow — w). (3.4.33)

Using (3.4.24) with ¢ replaced by e®*¢, in the third term of (3.4.33) and the Cauchy-Schwarz

inequality, we obtain

eGP <C v Ay, M) [ VGV (W = Paw) |+ la = Gaall eV ¢+ I1EN1e™ G|

+IVCllw = Pawll + 116 = iupll | V(W = Pow) | + llg = aall[VEII]- (3.4.34)
A use of (3.2.5) with (B1) yields

e ¢, |I* <C(v, M, a, 5, M) (h\le“tVCtHIIAWH + 1 VE N Vall + 1€ e,

+ R VEIAwl| + B[ VAl Aw] + Al V] HVCH) : (3.4.35)
Using regularity result (3.4.27) now with right hand side ||e®*(,||, we arrive at

e8¢, 2 <C(v, Ay, M) ((hueatwr Ve (3.4.36)

+ P2IVBI + R VEIDNe ) + II&IIHeatCtH)

An application of Young’s inequality yields
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[ ¢, 12 < O, My M) (R E I + RIVEE + BAIVAIR + IE]2). (3437
Integrating (3.4.37) with respect to time from 0 to ¢, we obtain
t t N
/ HeasCt(s)HQdS < C(V, AL, QL R, M)(/ (th@atVCtHQ + h2HVCH2
0 0
+hWVMP+M&Wyu). (3.4.38)
A use of Lemmas 3.8, 3.9, 3.10 and 2.12 would lead us to
t
/ 16%5¢,(s)|[2ds < C(v, M, o, 5, MR, (3.4.39)
0

and this completes the rest of the proof. O
Since & = ¢ + p and the estimates of ¢ are already known, it suffices to derive estimate of

p to obtain an estimate for &.

Lemma 3.12. Under the assumptions (A1)-(A2) and (B1)-(B2), there exists a positive

constant K = K(v, A\1,a, k, M) such that for 0 < o < , the following estimate

v
2(1+ kA1)
holds true:

WMF++NVPW)+256m”ngvapﬁﬂﬁﬂriCK%Ab&M@NUh%Mﬁ
Proof. Subtracting (3.4.18) from (3.4.17), we find that
(P, @n) + K alpy, @p) +valp, @y) = —(C y) Yy € I (3.4.40)
Replace ¢, by e p in (3.4.40) to obtain
(e“p,, p) + Kka(e™p,, p) +v||[Vp|* = —(e*¢,, p) Y, € . (3.4.41)

A use of Cauchy-Schwarz’s inequality, (2.2.3) along with Young’s inequality in (3.4.41)
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yields

d ~A 112 A 112 ~ (12 at 2

S UPl7 + &[Vo[%) + 28] Val" < Clk, a, M)l ¢, (3.4.42)
Integrating (3.4.42) with respect to time from 0 to ¢, we arrive at

t t
1BIP + <[ VB + 28 / IVIPds < Clx,a, M) / ¢, (s)|ds. (3.4.43)
0 0

The desired result follows after a use of Lemma 3.11 in (3.4.43). g

We now derive an estimate of £ in L°°(L?) and L*°(H})-norms.

Lemma 3.13. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Then, there

A
exists a positive constant K = K(v,\1,a, k, M) such that for 0 < a < L, the
2(1 + /i)\l)

following estimate holds true:
t
IE@N* + KIIVEWDI* + 62“/ **||VE(s)|I*ds < C(v, A, a, 5, M)hte™",
0

A use of the triangle inequality together with the Lemmas 3.8, 3.10 and 3.12 would provide

us the result. Now, we derive the proof of the main Theorem 3.1.

Proof of Theorem 3.1.
Since e = u —u;, = (u—vp) + (Vi — u) = £ + 1 and the estimate of £ is known from
Lemma 3.13, we are left only with the estimate for . Subtracting (3.4.16) from (3.2.3),

we obtain
(04, dn) + K a(n, ¢,) +va(n, ¢,) = b(uy, up, @p,) — b(u,u, @,,) Ve, € . (3.4.44)
Choose ¢, = €**'n and use (2.2.3) to find that
d 112 =112 1 A 112 ot ~
57 1A+ &IIVAI®) + (v — alx + A—l))!\VnH = " An(n), (3.4.45)
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where

Ah(¢h) = b(uiu Up, ¢h) - b(ua u, ¢h)

To estimate the right hand side term of (3.4.45), we note that
eatAh<’f’) = e_at( - b(év ﬁiw /f’) + b(ﬁv 'fl7 é))

A use of Holder’s inequality with (2.2.3), Agmon’s inequality (3.4.10), and the discrete
Sobolev inequality (see Lemma 4.4 in [43] ) yields

e An(m)| < Ce (el Vil rollnll s + [[all = ([ Valllle]])

Ce~
C (e | AnuilllIVallell + [ Vallz[| A2 [ val | &)
C

IN

IN

(©e > (1Awan ] + [IVal[|Aall]) &l + el V>
Since e = £ + 1, we obtain

e An(@)] < Cle)e > (|| Ant]|* + [IVa [Aal) (&I + 9]1%) + el VA, (3.4.46)
Using (3.4.46) in (3.4.45), we arrive at

d, . . ot i
Al + wlIVall) + (3 + VAl < Cle™ (€17 + A1) [ At

+ (1€ + Il IvallAall) + 2¢[Val*.  (3.4.47)

With choice of € = ¥, integration of (3.4.47) with respect to time from 0 to ¢ yields

t t
19l* + =l VAl +6/0 IVal*ds < C(V)(/O €N (IVulll| Aul| + | Apun[*)ds

t
+/0 IAl* IVl l|Aull + | Apua|*)ds). (3.4.48)

A use of Lemmas 2.7, 3.3 and 3.13 in the first term of the right side of (3.4.48) to obtain
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t
112 + VA2 + B / IValPds < Cl, A, sk, M) hte >
0

t
+ / IAIPAVal Al + | Apu]?)ds. (3.4.49)

An application of Gronwall’s lemma yields
t t N -
17l* + [ Va* + 5/ IVir(s)||* ds < Kh*exp </ (IVal[[Aull + [[Apus?) d8>3-4-50)
0 0
Once again, with the help of Lemmas 2.7 and 3.3, we obtain
t ~ ~
/ (IVull||Aul| + [|Apus]|?) ds < K (k, v, a, A, M)(1 — e ) < K. (3.4.51)
0
Using (3.4.51) in (3.4.50), we derive estimate for i as
t
Inll? + &||Vnl]* + 2ﬁ€_2at/ e?||\Vn(s)||* ds < Kh'e 2. (3.4.52)
0

A use of triangle inequality along with (3.4.52) and Lemma 3.13 completes the optimal
L>°(L?)-estimate of the velocity. For the rest part of proof of Theorem 3.1, we now appeal

to Lemma 3.7 to complete the proof. O

3.5 Error Estimate for Pressure

In this section, we derive optimal error estimates for the Galerkin approximation p; of
the pressure p. The main result Theorem 3.2 follows from Lemmas 3.14, 3.15 and the
approximation property for jp,.

From (B2), we note that

1Gnp — p) Ol 2 <C sup { (35.1)

(jup — pn, V - &,) }
¢hEHh/{O}

IVl

79



Using (3.5.1), we obtain

(jnp — 0,V - ¢y) + (p—phav'th)}

1Gnp — ) Oll2m, <C sup {

¢, eH,,/{0} IV, IV,

~ (P—Ph,V-th)})
<C - . 3.5.2
- (”‘”’p p”%;ﬁfm}{ Vel (3:52)

Since the estimate of the first term on the right hand side of (3.5.2) follows from (B1), it
is sufficient to estimate the second term. Subtracting (3.2.4) from (3.4.1), we find that

(p—pn, V- &) = (er, b)) + kale, ) +vale, ¢,) — An(@y,) Vo, € Hy,

where

_Ah(d)h) = b(u) u, d)h) - b<uh7 Up, ¢h) = _b(ev €, d)h) + b(ua €, ¢h) + b(e7 u, ¢h)

Using the generalized Hoélder’s inequality (1.3.12), Sobolev’s inequality (Lemma 1.1) and

Lemma 3.7, we obtain
[An(@n)| < C([Vull + |lel[La) Ve[|V, || < C[[Vel[[[ V|- (3.5.3)

Thus,
(P =, V- @) < O, k) ([lec]l + Vel + Vel ) [Vl

The results obtained can be stated as:

Lemma 3.14. For allt > 0, the semidiscrete Galerkin approximation py, of the pressure p

satisfies
(0 = pr) (W)l 22 /n, < C(lledl + ([ Vel + [ Vel]). (3.5.4)

From Lemma 3.7, the estimate ||Ve|| is known. We now derive bounds for ||e;|| and ||Ve]|.
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l/)\l

Lemma 3.15. For allt > 0 and for 0 < a < , the error e = u — uy, n the

2(1+ kM)
velocity satisfies
le:(t)[]* + k|| Ve (t)]|* < ChPe 2. (3.5.5)
Proof. From (3.2.3) and (3.4.1), we obtain
(e, @n) + K ale, @) +vale, @) = Au(Py) + (0, V - D), @), € Hy. (3.5.6)

where

Ah<¢h) = b(uh7 Uy, ¢h) - b<u’ u, d)h)

Choosing ¢, = P,e; = e; + (Pyu; — wy) in (3.5.6), we arrive at

(er,e) + kale, e) = —va(e,e;) + Ap(Prer) + (p, V - Prey)

+ (e4, uy — Powy) + ka(ey, wy, — Pyuy) + va(e, uy — Pouy). (3.5.7)

In order to estimate (p, V- P,e;), a use of the discrete incompressible condition with (3.2.5)

yields
(0, V- Puey)| = |(p = jwp, V - Prer)| < [Ip — jnpl[| Ve]. (3.5.8)
Now using Cauchy-Schwarz’s inequality in (3.5.7), we arrive at

leell* + k[ Ver|* < v[[Vell[| Vel + [An(Pred)] + [lp — jnp | V-(Pred) |

+lledlilu = Puugl| + £l Ve[[[[V(w, = By | + v | Vel [V = P[] (3.5.9)
Using (3.5.3) and (3.2.5), we obtain

|AL(Prey)| < C||Vell|| Vel (3.5.10)
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Substitute (3.5.8), (3.5.10) in (3.5.9) and use Young’s inequality to arrive at
lee]l* + £ Ve |* < C(v, ) ([ Vell* + (IV (e — Poug)||* + [lp — jupll* + [ — Prug][?)).
Using (3.2.6) and (B1), we now obtain

led® + £l Ved* < Clw, ) (IIVel® + R2(| Au|® + [ Vp]* + [ Vu|?))

An application of Lemma 2.10, 2.12 and Lemma 3.7 would lead us to the result. This
completes the rest of the proof. O
Proof of Theorem 3.2. The proof of Theorem 3.2 now follows from Lemma 3.15 and the

approximation property (B1) of jj. O
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Chapter 4

Fully Discrete Schemes

4.1 Introduction

In Chapter 3, only semidiscrete approximations for (1.2.3)-(1.2.5) (with f = 0) are dis-
cussed, keeping the time variable continuous. In this chapter, we have considered temporal
discretization of the semidiscrete Galerkin approximations (3.2.2)-(3.2.3) with two fully
discrete schemes: first order backward FEuler method and second order backward difference
scheme. After establishing the wellposedness of discrete solutions using a priori bounds, we
prove error estimates which involves energy technique. We also analyse briefly, the proof
of linearized backward Euler scheme applied to (3.2.2)-(3.2.3) for time discretization.
Before proceeding to define the backward Euler and second order backward difference ap-
proximations to the semidiscrete solution of (3.2.2) (or 3.2.3), we would like to present
a glimpse of the literature involving fully discrete approximations of the viscoelastic fluid
problem. We refer to [4], [35], [89], [99], [100], [101]. for the time discretization of viscoelas-
tic model of Oldroyd type.

Interestingly, there is hardly any work devoted to the time discretization of (1.2.3)-(1.2.5).
In [21] and [81], authors have discussed only semidiscrete approximations for (1.2.3)-(1.2.5),
keeping the time variable continuous. In this chapter, we have discussed both backward

Euler method and two step backward difference scheme for the time discretization and
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have derived optimal error estimates. We have also discussed briefly, the proof of linearized
backward Euler method applied to (1.2.3)-(1.2.5) (with f = 0) for time discretization. More

precisely, we have
lu(t,) = U™ < Ce " (h* + k) j=0,1,
and I(p(ta) = P")|| < Ce™' (h + k),

where the pair (U”, P") is the fully discrete solution of the backward Euler or linearized
backward Euler method.

Further, we have proved the following result for a second order backward difference scheme:
[u(t,) = U"[l; < Ce™(h* + k%) j=0, 1,
and
I(p(ta) — P < Ce™*'(h + k*77),

where the pair (U™, P™) is the fully discrete solution of the second order backward difference

scheme and

0 ifn>2;

v =

1 ifn=1
The remaining part of this chapter includes the following sections: In Section 4.2, we
deal with a priori bounds of discrete solution of the backward Euler method. Then, with
the help of these estimates, we establish the existence and uniqueness of fully discrete
backward Euler approximations and derive the optimal error estimates. In Section 4.3, we
introduce the linearized backward Euler method and provide a brief error analysis. Section

4.4 considers the derivation of a prior: bounds for the fully discrete backward difference

approximations which in turn help us in proving the error estimates. In the final Section
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4.5, we work out a few computational results to support our theoretical estimates.

4.2 Backward Euler Method

In this section, we consider a backward Euler method for time discretization of the finite
element Galerkin approximation (3.2.2).
From now on, let us assume that {t,}Y_; be a uniform partition of [0,7], and ¢, = nk,

with time step k& > 0. For a sequence {¢" },>¢ € J;, defined on [0, 7], set ¢" = ¢(¢,,) and
D" = 9

The backward Euler method applied to (3.2.2) determines a sequence of functions {U”}n21 €

H, and {P”}n21 € Ly, as solutions of the following recursive nonlinear algebraic equations:

(5,5Un, b)) + HG(@U", ¢y) +rva(U" ¢),) + (UM, U @),) = (P",V - ¢,,) Vo, € Hy,
(4.2.1)
(V-U", xn) =0 VXn € L,

[J0 = Upp-

Equivalently, for ¢, € Jp,, we seek {U"}, -, € Jj, such that
(0,U™, ¢,) + ka(0,U", ¢;,) + va(U", ¢,) + b(U", U™, ;) =0 V¢, € Iy, (4.2.2)

UO = Upp-

To study the issue of the existence and uniqueness of the discrete solutions {U"},>1, we

derive a priori bounds for the solution {U"},,>;.

A
Lemma 4.1. With0 < a < 5 . choose ko such that for 0 < k < kg,

(1 + )\1/43) ’

Vki)\l
li)\l + 1

+1 > e, (4.2.3)

Then the discrete solution UN, N > 1 of (4.2.2) satisfies
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N
(OY)2 + K VUY?) + 28167200 kY _e* [ VU P < e 20 (U°)* + k[ VUO|?),

n=1

where
. 1— ok 1
Br=e"v—2(———)(k+—)) >0. (4.2.4)
k A
Proof. Multiplying (4.2.2) by e® and setting U = ¢*U", we obtain

et <(0tUn, o) + /m(étU”7 ¢h)> + Va(ﬂn7 )

+ e p(U™, U, ¢,,) = 0 Ve, € Iy (4.2.5)
Note that,
atp 3 71N ak 3y 11N eak_]' Ftn
Using (4.2.6) in (4.2.5) and multiplying the resulting equation by e=**  we obtain
R ) R s 1—e o FTn —ak T
(0. U", @) + ka(0,U", @) — r (U™, ) + e *va(U", ¢,,) (4.2.7)

1 — —ak R R .
— /i(—ke )a(U”, @) + e np(U™, U, ¢y,) = 0.

Note that,

. " 1o
U] = [T"71%) = Sa: U |*. (4.2.8)

(8,0",U") > :

1
>
Substituting ¢, = U in (4.2.7) and using (2.2.3) along with (3.2.1) yields

1— e—ak

15 & 3 -«
SOOI+ VO + (b - (=

) (k + %1)) VU™ |? < 0. (4.2.9)

Note that, the coefficient of the second term on the left hand side is greater than g;. With
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A
0<ax< L, choose ky > 0 such that for 0 < k& < kg
2(1 4+ M\k)

Vk)\l

1> ek,
1+/€)\1+ ©

Then, for 0 < k < ko, the coefficient 1 (see (4.2.4)) of the second term on the left hand

side of (4.2.9) becomes positive. Multiplying (4.2.9) by 2k and summing over n =1 to N,

we obtain
N
[TY)? + Kl VON|? + 281k [ VU"|* < [[U°))* + £[| VU2, (4.2.10)
n=1
Divide (4.2.10) by e?***V to complete the rest of the proof. a

Now, we are ready to prove the following existence and uniqueness result.
Theorem 4.1. Given U""!, the discrete problem (4.2.2) has a unique solution U™, n > 1.

Proof. Given U™ !, define a function I : J, — J, for a fixed 'n’ by

(F(v), &) = (v.60) + (T, Vb,) + kv (Vv, V) (1211)
+ k b(V, v, d)h) - (Un_17 ¢h) - K(VUn_la v¢h)

Define a norm on J; as
1
vl = (IVII* + &l Vv?)=. (4.2.12)

We can easily show that F is continuous. Now, after substituting ¢, = v in (4.2.11), we

use (3.2.1), (4.2.12), Cauchy-Schwarz’s inequality and Young’s inequality to arrive at
(Ev),v) = (VI =TT DIV

Choose R such that |||v]|| = R and R — ||[U"7!||| > 0 and hence,
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(F(v),v) > 0.

A use of Theorem 1.3 would provide us the existence of {U"},,>1.
Now, to prove uniqueness, set E" = Ut —UY%, where U} and U} are the solutions of (4.2.2).

Note that,
(OE", @) + ka(0E", ¢p) +va(E", ¢,) = b(U3, Uy, @) — b(UT, UT, ). (4.2.13)

Using ¢, = E" and proceeding as in the derivation of (4.2.9), we obtain

%@(IIEW + 5| VE"|*) + (e“"“v - (I_Teak) (5 + %)) IVE"[|* < ek AT(E"),
(4.2.14)
where,
AM(EM) = —b(U?, U E") 4 b(UL, UL, E").
Note that,
e AM(E) = e~ |p(U?, UT, E") — b(UL, UL, EY)| (4.2.15)
— e~ |p(E", U, E") + b(UL, E*, E)).
A use of (3.2.1), (3.2.10) and (2.2.3) in (4.2.15) yields
e [AT(E)] < C(n)e B2 | VE"|2 [VOY||| VE"| (4.2.16)

< C()e VUL ||| VE" >

Using (4.2.16), E° = 0, Young’s inequality in (4.2.14), multiplying by 2k, summing over

n =1 to N and applying the bounds of Lemma 4.1, we arrive at
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N-1

BN + 6| VEY |2 <C(1, M)ke™* Y et [ VU2 VE"||?

n=1
+ C(v, \ ) ke %20ty |V UN| 12| VEN 2. (4.2.17)
From (4.2.17), we note that
N—-1
1BV + £ VEV[? <C(v, Ake Y e | VUL VE" |
n=0
+ C (v, ALy 5y M)ke R (JJEN |2 + || VEY||?). (4.2.18)

Since, (1 — C(v, A1, k, M)ke~*) can be made positive for small k, an application of the

discrete Gronwall’s lemma and Lemma 4.1 in (4.2.18) yields
|EN|2+ 5| VEY > <0 (4.2.19)

and this provides the uniqueness of the solutions {U"},,>;. O
Next, we obtain the H' and L% norm estimates for the error €” = U" — uy,(t,,) = U" — u?
and the L2- norm estimate for the error p" = P"—py,(t,,) = P"—p?. The following theorem

provides a bound on the error e":

A
Theorem 4.2. Let 0 < a < m and ko > 0 be such that for 0 < k < ko, (4.2.3)

is satisfied. For some fized h > 0, let u,(t) satisfies (3.2.8). Then, there exists a positive
constant C', independent of k, such that form =1,2,--- N

le™|]* + K[| Ve™||* + Bike 2> "e2 || Vey||* < ChPe" (4.2.20)

=1

and
10.€"|1> + |0, Ve™||* < ChkPe 2, (4.2.21)

Proof. Consider (3.2.3) at t = t,, and subtract it from (4.2.2) to obtain
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(01" 64) + ra(Be”, ) + va(e", ) (1222)
= (01, @) + ka(ol, &) + Aun(Ppy,) Vb, € In,

where o} = u}, — o;u} and A, () = b(ul,uy, ¢,) — b(U", U™, ¢,). Multiplying (4.2.22)

by e¥» we arrive at

(e Bje™, ) + ra(c™Dye”, ) + va(e”, ) (1.2.23)
= (e"""af, @) + ra(e* o7, @) + e An(¢hy,).
Note that,

et — 1
k

etn e = e*G,e" — ( )er. (4.2.24)

Using (4.2.24) in (4.2.23) and dividing the resulting equation by e®*, we obtain

1 ak 1— e—ak

3 AN 3 An —€ NG AT
(016", @p,) + ka(0,€", ¢y,) — (T)(e L Pn) — ( L )ka(e”, ¢y) (4.2.25)
FreRa(e”, gy) = ol ) + e Rl ) + AL ().
Substitute ¢, = €™ in (4.2.25). A use of (2.2.3) yields

1—e ok

1-, .. R _ 1 .
—@UMWF++NV4W3-+(ue“k—(——z——)@m+ )>||ve"||2 (4.2.26)

— e—ak(eatno_?7én) + 6—ak/€a(€o¢tn0€z7 An) + e—ak atnA ( )

On multiplying (4.2.26) by 2k and summing over n = 1 to N, we observe that

1 — ok 1.\
AN (2 AN |12 —ak 2
16N? + k|| Ve || +2k<ye —(T)(ﬁ+)\—))zl|\Ve I (4.2.27)
N
<2k‘ —ak‘z oztna?7 NG +2k7€ akZH& atno_l’ )+2k’6 ZeatnAh(én)
n=1 n=1

=01+ 1)+ 1), sa
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Using Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we estimate I} as:

N
Y] < 2ke™ %) [l ot [l€"]

n=1

N
v N
C(v, M)k a’“§ e o H2+§keakn§:lHVe 2. (4.2.28)

Now, using the Taylor series expansion of u;, around t, in the interval (¢,_1,t,), we observe

that

L[ [ ’
oot < ([ = lhua(o)las) (1.2.29)
tn—1

An application of Cauchy-Schwarz’s inequality in (4.2.29) yields

1 tn tn
w%ﬂwgﬁ(/ &wmawwﬁ(/ @—gmﬁ
tn—1 tn—1

e
:g/ €20 |y (1) dt (4.2.30)
tn—1

and hence, using (4.2.30), we write

N
QJW”W<—Z/ 20 [ (3)]? ds. (1231)
n=1

With the help of Lemma 3.5, we note that

N
B Jleal |2 < MZ/ 2001 [y (5)]2 s
n=1 tp—1

2ak2/ 2as |11 tt >||2 ds
tn 1

k2 2ak tw 2 2
:§w/ e (5)|” s
0

< Ok, v, o, A\, M)K?e 20N -1, (4.2.32)
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Similarly, we obtain

N
EY |le*Vor|* < Ck, v, o, Ay, M)kPe V-1,

n=1

Using (4.2.32) in (4.2.28), we find that
5 N
1IN < C(k, v, a, A\, M)E* + —ke‘akZHVé”HQ.
3 n=1
Following the similar steps as for bounding |/{¥] and using (4.2.33), we obtain
y N
1] < C(r, v 0, A, M)E? + S ke ) || Ve |2,
3 n=1

To estimate I2¥, we note that

Ah(¢h> = b(“;; UZ, ¢h) - b(Una Una ¢h)
= b(uy, uy, ¢,) — b(U" —uj, U", ¢p,) — b(uy, U, ¢,,)

= —b(u27 e, d)h) - b<en7 U, d)h)
Hence, we find that

™Ay (") = e~*'r| — b(e", U", &"M)].

(4.2.33)

(4.2.34)

(4.2.35)

(4.2.36)

(4.2.37)

The first term of (4.2.36) vanish because of (3.2.1). A use of (3.2.10) in (4.2.37) yields

et | Ay (8")] < Cemotn |||z (| Ve ||z ]| VU™ |||e"| 2| ve"| 2
< Ceo|| VU [[6"]|| Ve .

Using Young’s inequality, we arrive at
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N—-1
1] SC) Y e ke 20 [VOP 2 62 + C(w)he ke [VOY 2 &V

n=1

N
v —ak ~n |2
+ ghe ;Hw I12. (4.2.39)

An application of Lemma 4.1 to estimate the second term on the right hand side of (4.2.39)

yields
N—1

1] < Cw)S ke e 2 [VO 2 &2 + C (v, M)ke e 220 |6
n=1

N
v —ak ~n |2
+ ke ;HVe 2. (4.2.40)

A use of (4.2.34), (4.2.35) and (4.2.40) in (4.2.27) with €° = 0 yields

N
1€V + k[ VeN | + 81k I Ve"(|* < C(k, v, a, Ay, M)K? (4.2.41)
n=1
N—-1 .
+ C(V)ke Y "e 2 |VU|?16" ) + C(v, 5, M)ke **([|eV]|* + x| VeN|?).
n=0

Now choose kg > 0 such that for 0 < k < ko, (1 — C(v,k, M)ke ") > 0 and (4.2.3) is

satisfied. Then, an application of the discrete Gronwall’s lemma yields

N N-1
1eN]12 + x| Ve ||* + ﬁlkZHVé"H? < O(k,v,a, A\, M)k? exp (kZHVﬂ”H2>. (4.2.42)

n=1 n=0

With the help of Lemma 4.1, we bound
N—-1
EY IVU"|? < Ck,v, 0, A, M). (4.2.43)
n=0
Using (4.2.43) in (4.2.42), we arrive at

N
[€N]]> + k| VeN | + pik Y ([ Ve"|]* < Ck, v, a, Ay, MK, (4.2.44)

n=1
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For 0 < k < ko, the coefficient of the third term on the left-hand side of (4.2.44), becomes
positive. Dividing (4.2.44) by €***V | we obtain (4.2.20).
Next, we take ¢, = d;e” in (4.2.22) and obtain

0" ||? + k||VOe"||? = —va(e™, 0e™) + (o], 0e™) + ka(o, die™) + Ap(de™).  (4.2.45)
Using (4.2.36), (3.2.9), (3.2.10) and (2.2.3), we observe that

|Ah<¢h)’ = ‘b(ena u;;a ¢h) + b(Una en, ¢h>|

< cOu) (IVaRIHIAw 1 + [0 VO ) 199,
With the help of Lemmas 3.3 and 4.1, we bound
[An(@p)| < Ck, v, 0, A0, M)[[Ve [V, |- (4.2.46)
A use of Cauchy-Schwarz’s inequality, Young’s inequality and (4.2.46) in (4.2.45) yields
0,e"]|? + k0, Ve"||* < C(k,a,v, A\, M) (HVe”H2 + HVU?HQ). (4.2.47)

To estimate the second term in the right hand side of (4.2.47), we note from (4.2.30) and
Lemma 3.5 that

ko[
e Vot < 5 [ e Vo) P ds
tn—1

tn
< Ok, v, o, Ay, M)ke**™ / e 2%%(s
tn—1

< C(r, v, a, Ay, M)k (4.2.48)

for k* € (0,k). In view of (4.2.20) and (4.2.48), (4.2.47) implies (4.2.21). This completes
the rest of the proof. a.

It remains to prove the error estimate for the pressure P". Consider (3.2.2) at t = ¢,, and
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subtract it from (4.2.1) to obtain
(p",V - ¢y,) = (0", y,) + ka(0ie", ¢y) + vale”, ¢y) — (07, @) — Ka(of, ) — An(y)-
Using Cauchy-Schwarz’s inequality, (2.2.3) and (4.2.46), we obtain
(", V- @) < Cls,v, M) ([10:Ve"[| + [|Ve™ || + [Var ) [Vl (4.2.49)
A use of Theorem 4.2 and (4.2.48) in (4.2.49) would lead us to the desired result, that is
™|l < C(k,v,a, A1, M)k e, (4.2.50)

Remark 4.2.1. Note that in the estimate of I, that is, the estimate (4.2.40), we have
used Lemma 4.1 to bound only ||fJN|| for the second term on the right hand side of (4.2.40).
But we could have bounded Hﬂ”“, n=1,---,N—1 using again Lemma 4.1, but that would

have resulted in exponential dependence of C'T' in the final estimate.

4.3 Linearized Backward Euler Method

The backward Euler method applied to (3.2.2) gives rise to a non linear system at ¢ = t,.
Here, we introduce a linearized version of this method which solves a system of linear
equations at each time step. The linearized backward Fuler method is as follows: find
a sequence of functions {U"}, ., € Hy and {P"} ., € Lj as solutions of the following

recursive linear algebraic equations:

<5tUn7 ¢h) + "ia<5tUn7 d)h) + VCL(U”, ¢h) + b(Unilv Un? d)h) = (Pn7 V- ¢h) vd)h € Hh?
(4.3.1)

(V-U" xn)=0 Vxn € L,

UO = Upp-
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Equivalently, for ¢, € J,, we seek {U"}, ., € J;, such that
(0:U", ¢,) + £a(9,U", ¢y,) + va(U", @) +b(U" 1, U, ¢y,) =0 Vo, €y,  (43.2)

UO = Upp-

The proof for the linearized backward Euler method proceeds along the same lines as in

the derivation of Theorem 4.2. Here, the equation in error e” is:

(gtenv ¢h) + I{a(gtenv ¢h) + Va(en7 ¢h) = (0?7 ¢h) (433)
+ ka(or, @) + Mu(@y) Yoy, € I,

where o7 = u}, — Jyu} and A,(¢,) = b(ul,up, ¢,) — b(UL, U ¢,). Note that, the
difference here is only in the nonlinear term.

Again, with the help of similar applications as in the proof of Theorem 4.2, we arrive at

_ ,—ak N
e+ Ve 2+ 2 vt — (L) (e ) IR
n=1

N N N
< 2ke’ak2(eat"o’f, e") + 2ke’°‘k2/w(e°‘t"0?, é") + 2ke’akZeat”Ah(é”)

n=1 n=1 n=1

=N+ 1))+ 1), say. (4.3.4)

The first two terms in the right hand side of (4.3.4) are bounded by (4.2.34) and (4.2.35).

Hence, we need to estimate the third term. In this case, we write

eatnlAh(d)h)' :eatn|b(uZa 1127 ¢h> - b(Un_l - uz_la Un7 ¢h> - b(uZ_17 Unu ¢h)|
:eatn‘b(uz - u2717 uZL’ ¢h) - b(en717 Un? ¢h) + b(u;“Z*l? uZ - Una ¢h)‘
:eatn‘ - b(uz - uZ_la en’ ¢h) + b(uZ - uz_lv Un> ¢h> - b(enila Un7 ¢h)

— byt e, dy)l- (4.3.5)
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A use of (3.2.1) along with (2.2.3) and (3.2.10) in (4.3.5) with ¢, = " yields

e[ A (8")] <en[b(uy — wpt, U, &) — (e, U, &)
<CA)e™ ([V(uh = wy ) [[[IVU"[[[ver|
+[Ver[[vurjver]). (4.3.6)

Hence, we observe that

N N
I37] < 2kemR e A (6")] < C(A)ke ™™ ) (e (|V (up — up )| x
n=1 n=1

VU [[Ver]| + et [VU[[[Ve Y| Ver]]) = [I¥] + 1], say. (4.3.7)
Note that, a use of Taylor’s series expansion of uy(t) at t,, in the interval (¢,-1,t,) yields

tn
IV (uh —up =)l = II/ Vuy,(s)ds|. (4.3.8)
tn—1

With the help of Lemma 3.4 and mean value theorem, we observe that

tn
IV — Y| < / IV wne(s)]] ds

tn—1

tn
< C’(/@,V,oz,)\l,M)/ e “ds
tn—1

< C(k,v,a, Ay, M)e % (eo‘k — 1)

1
«
< C(r, v, a, Ay, M) ke (4.3.9)

where k* € (0, k).

Using Young’s inequality, we bound |I)¥| as

N N
—a atn n n n— vV, —a AT
I < COwke Y e [VU" 2]V (uf; — w2+ Ghe ) [ Ve"[*. (4.3.10)

n=1 n=1
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With the help of (4.3.9) and Lemma 4.1 in (4.3.10), we observe that

N
1Y) < Clr, v, 00 A, M)E? (R e [ VU™ |2 )+5 ke ‘“’“ZHVA”II?

n=1

< C(k, v, 0, A, MK + 61<;e—a’€2||v"||2 (4.3.11)
A use of Young’s inequality yields

N
1] = Cke™" Y e[ VU"|||[Ve ||| Ve

n=1

< O, M)k akz et [ TO7 | ver P + ke-aanvwnZ

N-—1
< C(v, M)ke Ry et [ VU2 va||2+ Yke —akz||vmy|2 (4.3.12)
n=0 n=1

Substitute (4.2.34)-(4.2.35) and (4.3.11)-(4.3.12) in (4.3.4). As in the estimate of (4.2.41),
we now apply Gronwall’s lemma to complete the rest of the proof. O
Now a use of Theorems 3.1, 3.2, 4.2 and (4.2.50) completes the proof of the following

Theorem.

Theorem 4.3. Under the assumptions of Theorems 3.1 and 4.2, the following holds true:
[u(t,) = U"|; < Ce™™(h*7 +k) j=0,1
and

l(p(ta) — P")|| < Ce* (h + k).
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4.4 Second Order Backward Difference Scheme

Since the backward Euler method is only first order accurate, we now try to obtain a second

order accuracy by employing a second order backward difference scheme. Setting
1
DAU" = G (BU" —4U U, (4.4.1)

we obtain the second order backward difference applied to (3.2.2) as follows: find a sequence
of functions {U"}, o, € Hy, and {P"} ., € L; as solutions of the following recursive

nonlinear algebraic equations:

(DPU™, ¢,) + ka(DPU", @) + va(U™, ¢,) + b(U™, U", ¢,) (4.4.2)
= (P",V-¢,) V¢, € Hy,
(0, U, ¢,) + ka(9,U", ¢,) + va(U', ¢,) + b(U', U, ¢,,)
= (PL,V-¢,) V¢, € Hy,
(V-U", xz) = 0V¥xs € Ly,

[IO = Upp-
Equivalently, find {U”}n21 € J;, to be the solutions of

(DU, ¢,) + ka(DPU", ¢,) + va(U", ¢,) (4.4.3)
+H(U U ¢,) =0 Yn>2 Vo, €y,
(0, U, ¢),) + £a(0,U", ¢,) + va(U', ¢,,)
+ (UL U ¢,) =0 Vo, € Iy,

UO = Upp-

The results of this section are based on the identity which is obtained by a modification of

a similar identity in [2]:
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2e*'(a”,3a" — 4a" 4 a"7?) = [Ja"|]* — [la"H* + (1 — e ) (lla" [ + a T ?)  (4.4.4)

+ ||52&n—1||2 + ||2€Ln _ eakdn—1||2 _ ||2dn_1 _ eakdn_2||2,

where

62&n—1 ::eakdn __2&n—1_+_€akdn—2'

Next, we discuss the decay properties for the solution of (4.4.3).

VAl

m, choose ko small so that for 0 < k < ky

Lemma 4.2. With 0 < a <

1> e*", 4.4.5
HA1‘+'1 + ¢ ( )

Then, the discrete solution UYN, N > 1 of (4.4.3) satisfies the following a priori bound:

N
(UY)2 + K VU ?) 4 €720 kY e[ VU2 < Clr, v, 0, M)e > (U + w]| VU).

n=1

Proof. Multiply (4.4.3) by e®™ and substitute ¢, = U". Then, using identity (4.4.4), we
obtain

1 e2ak

1. . . . _ . .
SOOI+ /IO 90+ () (10 4 sl 90

1 — ek frn—12 frn—11)2 L corm_1y2 1 2o FTn—12
+ U7+ &l VU )+ e 10707+ 0V U |

4k
+ i ((ijn _ eakﬂn—l)Q _ (Qﬂnq _ eakﬂn72)2> + i((Qvfjn _ eakvﬂnq)g
4k 1k
- (VU = etV <o, (4.4.6)

Note that, the fifth and sixth terms on the left hand side of (4.4.6) are non-negative.

Therefore, we have dropped these terms. Further, observe that
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N
DT P+ &lIVO P = (1012 + | VUL?) = (O] + & VO|P?)

n=2

N
+ ) ([T + & VO?). (4.4.7)

n=2

Multiplying (4.4.6) by 4ke™2** summing over n = 2 to N, using (2.2.3) and (4.4.7), we

obtain
SN2 SN 12 20k 1 — 2k 1 = S (12
|U™|* + k|| VUY| + k(4ye ar Q(T)(mL A_l))ZHVUn“
n=2
+[2e7FTY — OV + k) 2e VO — VOV |2
<(JOY2 + | VUY?) + (270! — U°)? + k(2 FVU! — VU")?). (4.4.8)

To estimate the first term on the right hand side, we choose n =1 in (4.2.9) to obtain

1z g A o 1 —e ok 1 .
58,5(||U1||2 + &[|VU?) + (e by — (T) (k+ A_l)) IVU!|]> <o. (4.4.9)
kA
Since = 1)\ +1 > € the coefficient of second term becomes positive. Therefore, we
RA1

drop this term and obtain
T2 + & VU2 < CIU°)? + &l VU°|?). (4.4.10)

Now, we bound the second term on the right hand side of (4.4.8) by using Cauchy Schwarz’s
inequality, Young’s inequality and (4.4.10) as follows:

(270" — U 4 w(2e VT = VU < o)UY + [ VU°). (44.11)

Using (4.4.10), (4.4.11) and (4.4.5) in (4.4.8), we complete the rest of the proof. O

Remark 4.4.1. Existence of solution to (4.4.3) can be proved using the Brouwer fized point

theorem and Lemma 4.2.
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As a consequence of Lemma 4.2, we have the following error estimates.

A
Theorem 4.4. Assume that 0 < a < _ v
2(1 + I€>\1)

k < ko, (4.4.5) is satisfied. Let up(t) be a solution of (3.2.3) and €* = U™ — uy(t,), for

and choose ky > 0 such that for 0 <

n=1,2,---,N. Then, for some positive constant C = C(k, v, a, \1, M), there hold

le™[|* + K[[Ve"||” + ke Y " e[| Ve'||* < Chte (4.4.12)
1=2
and form=2,--- /N,

| Die”||? + k|| D?Ve™||* < Ck*e 2. (4.4.13)

Proof. The proof for error analysis is on the similar lines as that of Theorem 4.2. This

time the equation in €™ for n > 2 is
(DPe", ;) + ka(DPe", ¢) + va(e”, ¢y) = (05, ¢y) + Ka(oF, dy) + Mu(dy),  (4.4.14)
where ¢ and A (¢;,) are defined by
of =y — D, Au(gy) = buj, uf, ¢,) — b(U", U”, ¢,).
Multiply (4.4.14) by 4ke*™ and substitute ¢, = €. Using identity (4.4.4), we arrive at

kO([|€"]]? + [V |I?) + [|6%e"H|* + k[|6° Ve H|? 4 dkv|| Ve P (4.4.15)
+ (L= e*)([&" + x| Ve |?) + (1 = ) (e[ + s Ve )
+ (28" — e — (2677 — e ?)? 4 k(2VE" — Ve )
— k(2VerT! — efyen?)?

=4k(e* ol &™) + 4k k a(e*oly, &) + 4k e*" Aj(e).
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Summing (4.4.15) over n = 2 to N, using (4.4.7), €® = 0 and dividing by €?** | we obtain

N
||éN||2 + KJHVéNng + e—ZakZ(H(SZén—l“Q + K||52Vé"_1||2) + (2e—akéN _ éN—l)Q
n=2

1— e—2ak

N
1
+ r(2e7Fvel — velN 12 ¢ k(4ye_2ak — Q(T) (k+ x));”VénHQ
<[] + x| Vel |2 + (2 *e! — e°)? + K(2e Vel — Ve?)?
N
+ 4ke 20k Z(eat" o, ") + 4k ke 2oF Z ol e") + dke 2o Z e A (&™)
n=2

n=2

C(lle')? + & Ve'|®) + I} + I + I, say. (4.4.16)

Now, with the help of Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we
bound |I{| as:

N N
* —2a aty, _n 1 AN 1
|17 < dke > * (Y Jle™o3*)2 (D 1€"]%)2
n=2

n=2

N
Cle, Ay e 2% Z et o |2 + eke2ok Z [ver|. (4.4.17)
n=2

Using [, — Dl < B2 [ upeallde ((2)), we note that

k3 tn
el < 5 [ )1 (1418)
tn72

From (4.4.18), we obtain

et < 55 [ o
tn—2

- 4ak2/ e [upge (1) | *dt. (4.4.19)
tn—2
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An application of Lemma 3.6 in (4.4.19) yields

N
£ et ot < MZ / g (1)t
n=2
< kA 4ak/ 2at|luhttt( )H dt
0

< C(k,v, a, A\, M)ketFe20tn, (4.4.20)

Using (4.4.20) in (4.4.17), we arrive at
N
|17 < C(r,v, 0, M, M)k + eke™ ™y Ve %, (4.4.21)
n=2

Similarly, with the help of Cauchy-Schwarz’s inequality, Young’s inequality and Lemma
3.6, we bound

N
|I3] < C(k,v,0, M, M, e)k* + eke Y " || Ve, (4.4.22)
n=2
Once again, a use of (4.2.38) yields
N

5] <C(e)) ke e 2| V0" ?|e”? (4.4.23)

n=2

N
+ eke‘QakZHVé”HQ.

n=2

To bound the first term in the right hand side of (4.4.16), we choose n = 1 in (4.2.26) and

obtain

1 —e ok

L= X _ 1
O (1817 + sl Vel |”) + (ue R LR )) [ve!|? (4.4.24)

—e ak’(eako_%’él) +€_ak/€a<€ak0%,él) —|—€_ak6akAh(é1).
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On multiplying (4.4.24) by 2k, using Cauchy-Schwarz’s inequality, (2.2.3), Young’s inequal-
ity appropriately with the estimates (4.2.40) (for n = 1 and € = v), we obtain

] . —a 1—e ok
&2 + k|| Ve||* + 2k (I/e k_ (T) (k+ )) |ve'|? (4.4.25)

<2ke (e 0y, &) + 2ke"**ka(e oy, &) + 2ke”* e A, (1)
<CR* e (|le™o1]* + Klle™* Vo ||*) + §(||él||2 +r[Vel|?)

+ C(v)ke e 2% | VU ||| + vke *||Ve'|”

and hence, a use of (4.2.48) with n = 1 along with (2.2.3) yields

1 efak

) . . - 1
o7+ 19! k(v —2( ) (e 1) 9 (4.4.26)

< Clr,v, 0\, Mo )k + Cv)ke e ¥ [ VU |?l|e .

Using (4.4.21)-(4.4.23) with € = 2, (4.4.26), €° = 0 and bounds from Lemma 4.2 in (4.4.16),

we obtain

N
HéNl|2 + KHVéN”2 + 6_2ak2(”52én—1”2 + /€||52Vén_1”2) + (26—akzéN _ éN—l)Q
n=2

1— e—2ak

—akxg AN AN—-1\2 —2ak i a AN |2
+ k(27 "Ve" — Ve ) +2k3(1/e (—k: ) (k+ A1)>§;||Ve |

N
<Cr,vo A, MK + C(0) Y ke 220 | VT |27 + C()ke e [ VU 2!

n=2
<C(k, v, 0, A, M)E* + C(v Zke e 20 [ VUT|P|&" 7 + Cv)ke > e || VU |12 &
N-1

<C(k,v,a,\;, M)E* 4+ C(v) Zke’o"“ “2obn 7O |2 [167 )12 + Che 2% (||&N|)? + x| VeN]|?).

n=0

(4.4.27)

Choose kg, so that (4.4.5) is satisfied and (1 — Cke 2?*) > 0 for 0 < k < ky. Then, an
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application of the discrete Gronwall’s lemma yields

N N-1
[eN]|> + £l VeN | + k) I Ve ||* < Clk, v, 0, i, M)E* x exp(k) [VU"[?).  (4.4.28)
n=2 n=0

The bounds obtained from Lemma 4.2 in (4.4.28) would lead us to (4.4.12), that is,

N
16N> + x| VeN > + k) _[IVer|* < C(xk, v, o, Ay, M)k (4.4.29)

n=2

and this completes the proof of (4.4.12) for n > 2.
For n = 1, we use (4.4.26) along with the bounds in Lemma 4.1. Then, a choice of k such
that (1 — Cke™**) > 0 would lead us to the desired result, that is,

let]|? + k||Vel||? + k||Vel||? < Ok, v, o, Ay, M)E e 20, (4.4.30)
To arrive at the estimates in (4.4.13), we choose ¢, = D!”e" in (4.4.14) and obtain

IDPe|? + k|| VD™ = —va(e®, DPe") + (oF, DVe™) (4.4.31)

+ rka(ol, DPe™) + Ay (DPe™).
It follows from (4.2.46) that
IAL(DPe™)| < C(k, v, o, Ay, M)|| Ve ||| DP Ve (4.4.32)

Using Cauchy-Schwarz’s inequality, Young’s inequality, (2.2.3) and (4.4.32) in (4.4.31), we

write
IDPe|? + k|| VDPe||? < Ck, v, a, Ay, M) (HVenH? 4 ngu?). (4.4.33)

For the second term on the right hand side of (4.4.33), we use (4.4.18) and Lemma 3.6 and
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arrive at

kSt
|e*Vay|* < 2 / e ||V (t) ||t
tn—2

tn
< C(k, v, o, Ay, M)E? 2t / e 2t dt
th—2

< Ok, v,a, Ay, M)k*e**" (4.4.34)

where k* € (0,k). Now with the help of (4.4.12) and (4.4.34), (4.4.33) implies (4.4.13).
This completes the rest of the proof. O
Finally, we obtain the error estimates for the pressure P". Consider (3.2.2) at ¢t = ¢,, and

subtract it from (4.4.2) to obtain
(p", V- ¢,) = (Die", ¢,) + ra(Die", dy,) + va(e”, ¢,) — (03, ¢p,) — ka(oy, ) — Au(ey,)-
With the help of Cauchy-Schwarz’s inequality and (4.2.46), we obtain
(P", V- @) < Cli,v, M) (|1 DEVE"|| +[[Ve™ | + [ Vog || [[Vepyll- (4.4.35)
A use of the Theorem 4.4 and (4.4.34) in (4.4.35) yields
1" < Ok, v, a, A\, M)E* e for n > 2. (4.4.36)

For n = 1, we use estimates obtained from backward Euler method. Substitute n = 1 in

(4.2.49) to obtain
(', V- ¢,) < Clr, v, M) ([9: Vel || +[[Vel || + [ Vor ) [V (4.4.37)
A use of (4.2.47) with n =1 in (4.4.37) yields
(p', V- 1) < Clr, v, A, M)([[Ve'l] + [Vor]) [Vl (4.4.38)
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Using bounds obtained from (4.2.48) (for n = 1) and (4.4.30) in (4.4.38), we arrive at
o'l < C(k, o, v, Ay, M)k e, (4.4.39)

Theorem 4.5. Under the assumptions of Theorems 3.1, 4.2 and 4.4, the following holds

true:
[u(t,) = U™l; < OB + ke j=0, 1,
and,
1(p(tn) — P™)|| < Ce™ " (h+ k*77),

where

0 ifn>2

’y _—
1 ifn=1

Proof of Theorem 4.5. A use of Theorems 3.1, 3.2, 4.4, (4.4.30), (4.4.36) and (4.4.39)

would complete the proof. O

4.5 Numerical Experiments

In this section, we provide a few computational results to support our theoretical estimates
for the equations of motion arising in the Kelvin-Voigt fluid (1.2.3)-(1.2.5). For space
discretization, P»-F, mixed finite element space is used: the velocity space consists of
continuous piecewise polynomials of degree less than or equal to 2 and the pressure space
consists of piecewise constants, that is, we consider the finite dimensional subspaces V,
and W, of H} and L? respectively, which satisfy the approximation properties in (B1) and

(B2), as: =\ 2
Vi, ={ve(H;(Q)n(CQ)" :vlk € (R(K))* K €},

Wi ={q€ L*(Q) : qlx € R(K),K € 7},
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where 75, denotes an admissible triangulation of {2 in to closed triangles. In Example 4.5.4,
we use P»-P; mixed finite element space. Let 0 =ty < t; < --- < ty = T, be a uniform
subdivision of the time interval [0, 7] with k = t,, — £,,_1. Below, we discuss the fully dis-
crete finite element formulation of (1.2.3)-(1.2.5) using backward Euler method and second

order backward difference scheme.

Fully discrete finite element Galerkin approximation: In this scheme, we discuss the
discretization of the time variable by replacing the time derivative by difference quotient.
Let k be the time step and U™ be the approximation of u(t) in 'V, at t = t,, = nk.

The backward Euler approximation to (3.2.2) can be stated as: given U""!, find the pair
(U", P") satisfying:

(U™, vp) + (k + vk) a(U", vy,) + k b(U™, U", vy,) — k (P",V - vy) (4.5.1)
= (U vp) + ka(U" 1 vy) + k (E(t,), vi) Vv € Vi,
(V-U",wh) =0 Ywy, € Wy,

Similarly, the second order backward difference approximation to (3.2.2) is as follows: given

U2 and U™}, find the pair (U™, P") satisfying:

(BU", vy) + (k + 2vk) a(U", vy,) + 2k b(U", U, vy,) — 2k (P",V - vy) (4.5.2)
=4(U" Y vi,) + 4 ka(U" 1 vy) — (U2 vy) — K a(U"2 ) vy,)
+k (£(tn), vn) Vv, € Vy,
(V-U" w,) =0 Ywy, € W,

Now, we approximate the velocity and pressure by

ng u™* ne
U= e, Pr= Y i), (45.3)
=1\ i=1
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where @7(x) and ¢f(x) form bases for V;, and W), respectively with cardinality ng and
ne, respectively. Here, uj* and u?y represent the z and y component of the approximate
velocity field, respectively, at time ¢t = t,,.

Using (4.5.3), the basis functions for Vj, and W), in (4.5.1) (respectively (4.5.2)), we obtain

nonlinear system which is solved using Newton’s method.

Remark 4.5.1. For verifying the theoretical results, we choose right hand side f in Example
4.5.1 in such a way that the exact solution is known. However, the numerical method works

for the case f =0 also (see Example 4.5.2).

Example 4.5.1. In this example, we validate the theoretical error estimates obtained in
Theorem 4.3. For verifying the convergence rates of the solution obtained numerically,

we choose the right hand side function f in such a way that the exact solution (u,p) =

((u1,us),p) of (1.2.3)-(1.2.5) is

uy = —2e'y*(y — 1)?x(x —1)(2z - 1), p=ce'y.

ur = 2"z (w — 1)%y(y — 1)(2y — 1),

We assume the viscosity of the fluid as v = 1 and retardation as k = 1 with = (0, 1)x (0, 1)
and time interval (0, 7] with 7" = 1. Here, 2 is subdivided into triangles with mesh size h.
The theoretical analysis provides a convergence rate O(h?) for the velocity in L?-norm and
O(h) for the pressure in the L?-norm. Table 4.1 gives the numerical errors and convergence
rates obtained on successively refined meshes with time step size k = h?. These results

agree with the optimal theoretical convergence rates obtained in Theorem 4.3.

SNo | h |lu — U"||p2 | Convergence | |[u — U"||g: | Convergence | ||p — P"|| | Convergence
Rate Rate Rate

1 1/2 ] 0.0266 0.1039 1.0443

2 1/4 | 0.0090 1.5653 0.0543 0.9357 0.5484 0.9291

3 1/8 |0.0026 1.7790 0.0282 0.9428 0.2815 0.9618

4 1/16 | 0.0007 1.8938 0.0145 0.9601 0.1424 0.9827

Table 4.1: Numerical errors and Convergence rates with k& = h?
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Example 4.5.2. In this example, we demonstrate the exponential decay property of the
discrete solution. We choose v =1, k =1 and f = 0 with ug = (22%(x — 1)?y(y — 1)(2y —
1), —2y*(y—1)2x(x—1)(2x—1), y) in (1.2.3)-(1.2.5). In this case, we replace exact solution

u by finite element solution obtained in a refined mesh.

The order of convergence is shown in Table 4.2. In Figure 4.1, for different values of time

t, we plot |[U™]| versus time and observe the exponential decay property for velocity.

SNo | h |lu — U"||p2 Convergence | |[u — U"||g: | Convergence
Rate Rate

1 1/2 | 0.797874 x1073 0.012952

2 1/4 | 0.203886 x1073 | 1.9683 0.006767 0.9366

3 1/8 |0.051241 x1073 | 1.9923 0.003418 0.9850

4 1/16 | 0.012817 x107% | 1.9992 0.001713 0.9964

Table 4.2: Numerical errors and Convergence rates with k& = h?

o5 x 10 o5 x 10
[eniiN | c N
21 2l
. -
[ ¥ - | e L
S 15 5 15
S | |- l
o 1 o 1
c c
| |
o~ 05 o~ 05
1 1
% 2 6 8 % 2 6 10

time (t

)

Figure 4.1: Exponential decay property of the approximate solution ||U"||.

time (t
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Example 4.5.3. In this example the right hand side function f is constructed in such a

way that the exact solution pair (u,p) = ((u1,uz),p) is

up = 10e7 22 (z — 1)%y(y — 1)(2y — 1), ug = —10e "y (y — 1)%z(z — 1)(2z — 1), p=-e"'y.
The coefficient of viscosity ¥ = 1 and retardation time x = 1072 with a square domain
2=(0,1) x (0,1) and time ¢t = [0, 1].

The theoretical analysis provides a convergence rate of O(h?) in L?-norm, of O(h) in H'-
norm for velocity and of O(h) in L?-norm for pressure. Table 4.3 gives the numerical errors
and convergence rates obtained on successively refined meshes for the first order backward
Euler method which agrees with the expected theoretical rates of convergence. Table 4.4
contains the errors and convergence rates of the second order two step backward difference
method. In Figure 4.2, we plot the order of convergence of velocity in L? and H'-norms
and of pressure in L?- norm for both the methods. These results confirm the theoretical

convergence rates obtained in Theorem 4.3 and 4.5.

h |u(t,) — U"||L2 | Rate |lu(t,) — U"||m: | Rate Ilp(t,) — P"|| | Rate
1/2 | 0.0045761 0.056318 0.136225

1/4 |0.0013220 1.791328 | 0.024171 1.220311 | 0.072946 0.901096
1/8 | 0.0003651 1.856036 | 0.010997 1.136107 | 0.037920 0.943847
1/16 | 0.0000970 1.911519 | 0.005371 1.033759 | 0.019201 0.981790

Table 4.3: Errors and Convergence rates for backward Euler method with k = Q(h?).

h |lu(t,) — U"||L2 | Rate |lu(t,) — U"||g: | Rate Ilp(t,) — P"|| | Rate
1/2 ] 0.0047034 0.043623 0.135666

1/4 | 0.0013240 1.828747 | 0.019412 1.168111 | 0.073007 0.893959
1/8 | 0.0003653 1.857587 | 0.009233 1.072039 | 0.037925 0.944881
1/16 | 0.0000970 1.912022 | 0.004602 1.004511 | 0.019201 0.981941

Table 4.4: Errors and Convergence rates for backward difference scheme with k£ = Q(h).

Remark 4.5.2. Note that, under extra reqularity assumptions on the exact solution pair,

one can obtain better rates of convergence by using higher order finite element space.
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Convergence plots for backward Euler method Convergence plots for backward difference scheme
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Figure 4.2: Convergence plots for backward Euler method and backward difference scheme

We illustrate this in Example 4.5.4, by choosing an appropriate right hand side function f.

Example 4.5.4. In this ezample, we choose the right hand side function f in such a way

that the ezact solution (u,p) = ((u1,us),p) is:

—t

uy = te " sin®(3rz) sin(6my), up = —te "t sin?(3my) sin(67x), (4.5.4)

—t

p=te " sin(2rx) sin(2my).

We assume that the viscosity of the fluid(v) is 1072 and the retardation x is 10~* with
Q= (0,1) x (0,1) and time ¢ = [0, 1]. Here again, (2 is subdivided into triangles with mesh
size h. For the problem defined in Example 4.5.4, we have conducted numerical experiments

using P»-P; mixed finite element spaces for space discretization, that is, if we choose

Vh = {V S (H(}(Q))Q N (C(Q))Z : V|K € (PQ(K>>27K € Th}a
Wiy={qc L*(QNC(Q):qx € PK), K €},

we obtain [Ju(t,) — U"||; < O(R*7), j = 0,1 and [|(p(t,) — P™)|| < O(h?). Since the

solution (4.5.4) has extra regularity, we obtained better order of convergence for velocity

113



and pressure as expected [12]. In Tables 4.5 and 4.6, we have shown the convergence rates

for backward Euler method and backward difference scheme respectively for L2 and H!-

norms in velocity and L?-norm in pressure. In case, we choose k = O(h%?) for backward

Euler method, we observe that convergence rate in comparison with that of the backward

difference scheme is lower. Table 4.7 represents the comparison between the errors obtained

from backward Euler method and backward difference scheme with k = O(h%2). Figure

4.3, exhibits the plots between the errors and mesh size h for velocity and pressure for the

two fully discrete methods discussed in this chapter.

log10(Error)

Convergence plots for backward Euler method

T T

—©O— Velocity in L"2-norm

|| == Velocity in H*1-norm
—+—— Pressure in L"2-norm

log10(Error)

1 11 12
log10(h)

3+

Convergence plots for backward difference method
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T
—=©6— Velocity in L"2-norm
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——+—— Pressure in L"2-norm

1 11 12
log10(h)

Figure 4.3: Convergence plots for backward Euler method and backward difference scheme

| |Ju(ty) — U= | Rate [u(t,) — U"[[a | Rate [p(t.) — P | Rate
1/4 | 0.430585 13.147142 0.088453

1/8 | 0.085185 2.496114 | 4.135230 1.668709 | 0.015380 2.522072
1/16 | 0.007371 3.530504 | 0.849642 2.283040 | 0.002566 2584331
1/32 | 0.000709 3.377407 | 0.163177 2.380417 | 0.000610 2.072467

Table 4.5: Errors and Convergence rates for backward Euler method with k& = Q(h?3).
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h |u(t,) — U"||L2 | Rate |lu(t,) — U"||m: | Rate Ilp(t,) — P"|| | Rate
1/4 | 0.466215 12.744857 0.085101

1/8 | 0.083276 2.485017 | 4.111723 1.63210 | 0.015361 2.469883
1/16 | 0.007224 3.526926 | 0.850460 2.273426 | 0.002504 2.616902
1/32 | 0.000609 3.568176 | 0.163161 2.381940 | 0.000596 2.068971

Table 4.6: Errors and Convergence rates for backward difference scheme with k = Q(h3/2).

h Backward Euler Backward difference | Backward Euler Backward difference
velocity in L2-norm | velocity in L2-norm | pressure in L2-norm | pressure in LZ-norm

1/4 ]0.514184 0.466215 0.102280 0.085101

1/8 | 0.084014 0.083276 0.015499 0.015361

1/16 | 0.008783 0.007224 0.003010 0.002504

1/32 | 0.001991 0.000609 0.000880 0.000596

Table 4.7: Comparison of errors with k& = O(h%?) between the two schemes.
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Chapter 5

Two-grid Method

5.1 Introduction

In this chapter, we study a two level method based on Newton’s iteration for a nonlinear
system arising from the finite element Galerkin approximations to the equations of motion
arising in Kelvin-Voigt viscoelastic fluid flow model. The two level algorithm is based on
three steps. In the first step, we solve nonlinear system on coarse mesh 7y with mesh size
H and obtain an approximate solution ug. In the second step, we linearize the nonlinear
system around uy based on Newton’s iteration and solve linear system on fine mesh 7y,
with mesh size h and finally, in the third step, we do a correction to the results obtained in
the second step by solving the same linear problem with different right hand side on fine
mesh.

We have established optimal error estimates and recover an error of the order h? in L>(L?)-
norm and h in L*®(H')-norm for velocity and h for pressure in L°°(L?)-norm provided
h = Q(H?*°%), where § is arbitrary small for two dimensions and § = % for three dimensions,
that is, we have shown that the error estimates for the two-grid method is of the same order
as that of the error estimates obtained from the direct treatment of the nonlinear system
on a fine grid with a choice of h = Q(H?>7°).

For a brief introduction of the literature related to two-grid discretization, we refer to
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Xu [104]-[105] and Niemisto [73] for elliptic problems, Layton [65], Layton and Tobiska
[68], Layton and Lenferink [66]-[67], Girault and Lions [26], Dai et al [20] for steady state
Navier Stokes equations, Girault and Lions [27], Abboud et al. [1]-[2], Frutos et al. [22] for
semidiscrete two-grid analysis of transient Navier-Stokes equations, Abboud et al. [1]-[2]
and Frutos et al [22] for fully discrete two-grid analysis of transient Navier-Stokes equations.
In [26], Girault et al have obtained optimal L>(H') and L°°(L?)-norms estimates with a
choice h = H3/? where h is the spatial mesh size of finer mesh and H corresponds to a
coarse mesh for seady state Navier Stokes equations. They have also worked out two-grid
analysis for transient Navier-Stokes equations and established optimal for L*°(H')-norm
and suboptimal for L>(L?)-norm error estimates with h = H? (see [27]). There are hardly
any results available for the two-grid discretization for Kelvin-Voigt model.

The remaining part of this chapter consists of the following sections: In Section 5.2, we
introduce the semidiscrete two-grid formulation and establish some a priori bounds to carry
out error analysis. With these a priori bounds, we establish optimal error estimates for
velocity and pressure for the semidiscrete two-grid solution. Sections 5.3 and 5.4 deal with
the backward Euler method and second order backward difference scheme, respectively,
applied to the semidiscrete two grid system. Finally, in Section 5.5, we present the results

of some numerical examples in order to verify theoretical results.

5.2 Two-Grid Formulation and A Prior: bounds

In this section, we describe the two-grid algorithm and derive a priori bounds for the two-
grid approximations.

For the sake of continuity, let us recall the weak formulation of (1.2.3)-(1.2.5) with f =0
as: find a pair of functions {u(t),p(t)} € H} x L?*/IR, t > 0, such that

(u, @) + ka(uy, @) +va(u, @) +b(u,u,¢) = (p,V- @) V¢ € Hy, (5.2.1)
(V-u,x)=0  VyelL?
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with u(0) = uy.

Equivalently, find u(¢) € J; such that

(u, @) + ka(uy, @) + va(u, @) + b(u,u, ) =0 Vo eJy, t>0, (5.2.2)

with u(0) = up and

J, = {peH V. $=0}

Finally, we recall the semidiscrete finite element Galerkin approximations to (5.2.1)-(5.2.2)

as: find uy(t) € Hy, and py(t) € Ly, such that u,(0) = ugy, and for ¢ > 0,

(Wne, @) + K a(une, @) + va(ug, @) + b(up, up, @) = (pr, V- @) Vo, € Hy, (5.2.3)

(V-wp,xn) =0 Vi € Ly,

where Hj, and Lj, 0 < h < 1 are finite dimensional subspaces of H} and L?, respectively.

Equivalently, find u,(t) € Jj, such that uy,(0) = ugy, and for ¢t > 0,

(s, @) + ka(uy, @y,) + va(uy, @) + b(up,up, @) =0 Vo, € Iy, (5.2.4)
where
Jy = {¢h eH,: (V : ¢h7Xh) =0 Vy, € Lh}.

For applying the two level method, we choose two triangulations of {: one coarse mesh
Tr with mesh size H and one fine mesh 7; with mesh size h and H > h and define the

associated finite element spaces Jy and J,.
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Now, the two-grid algorithm applied to (5.2.2) can be explained as follows [20]:
Algorithm:
Step 1: Solve the nonlinear system on a coarse mesh 7Tg: find uy € Jg such that for each

t>0,

(unt, @) + wa(upe, @y) + va(um, ¢y) +b(ug, up, dy) =0 Vo € Iy (5.2.5)

Step 2: Update on fine mesh 7, with one Newton iteration: find uj € J;, such that

(u;kzh ('bh)—i_"ia’(u;:ta d)h) + Va’(u:n th) + b(u:w Upg, ¢h) (526)

+ b(uH7 ult7 ¢h) = b(uHu Ugy, d)h) v¢h € Jh'

Step 3: Correct on fine mesh 7,: find u;, € Jj, such that

(Une, @p,) + Ka(upe, @) + va(uy, @y,) + b(wy, uy, @) + b(up, uy, @)
=b(ugy,u;, @) +b(uy,ug —uy, ¢,) Vo, € Jp. (5.2.7)

For the work related to steady state Navier Stokes equation with the above mentioned
algorithm, we refer to [20].

Now, let us first recall a priori estimates of the semidiscrete solution uy of Step 1 (for a
proof, see Chapter 3, Lemmas 3.3 and 3.4 with u, replaced by ug) and then prove some a
priori error estimates in the seond step for the semidiscrete solution u; which will be used

in our subsequent error analysis.

V/\1

2(]. + fi/\1>
hold true. Then, the solution ug of (5.2.5) satisfies

Lemma 5.1. Let 0 < a < and woy = Pgug. Let the assumptions (A1l)-(A2)

t
[ (O + £l Vag (O + £l Agug ()] + ﬁe_z‘“/ e (|Vug (s)|I* + [Amun(s)|*) ds
0

< O(k,v,a, A, M)e ™ >0
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and
¢
g (0)I1° + £l Vag(t)]]* + 6_2“/ e (Jluge(s) 1> + £l|Vug(s)[|*)ds < Ce 2,
0

where B = v —2a(A\[* + k) > 0.

Lemma 5.2. Let 0 < a < V—Al
2(1 + H)\l)

hold true. Then, the solution uj of (5.2.6) satisfies

and u, = Pyug. Let the assumptions (Al)-(A2)

t
i (D117 + £l Vap @ + sl Apw (8)]* + 56_2“/0 e (Vg (s)|* + | A (s)]*) ds

< C(k,v, 0, A, M)e ™ >0,

where = v —2a(A\[* + k) > 0.

Proof. Set ;(t) = e*uj(t) for some o > 0 and rewrite (5.2.6) as

(W, 1) — (s, @) + £(VEL, V) — ka(V;, V) + v(Va;, V)
e (@, iy, dy,) + e b, 0L, d,) = e b(Ag, A, @) Vb, € Tn,  (5.2.8)

where Gy (t) = e®uy(t).

Substitute ¢, = @} in (5.2.8). A use of (3.2.1) (b(Ggy, ), u}) =0) and (2.2.3) yields

d, . . . 1 .
— ([ + £ VL) + 2{ v — a(s+ =) IV, ]®
dt A1

< —e (), Uy, 0g) + e “b(hy, Uy, 0}). (5.2.9)

We write the first term on the right hand side of (5.2.9) by using (3.2.10) and Young’s

inequality as follows:
_ AP otk 1R ek (1L ([ T STt
e by, ty, )| < Cem® [y |2 [ Vag |2 | V||| = [ Vag 2
< Ce a3 [ Vg [ V|

< Cl)e &PV | + e Ve P (5.2.10)
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To estimate the second term on the right hand side of (5.2.9), we apply (3.2.11), Young’s

inequality and the estimates from Lemma 5.1 and obtain

b, i, 65)] < O | Vi |2V
< Ok, v, a2, M)|[Vag|[|[Vag |
< C(k, v, o, A1, M, e)||Vag|? + €| Vag||2. (5.2.11)

A use of (5.2.10) and (5.2.11) in (5.2.9) yields

d . .. . 1 .
—([[a|” + sIVag|*) + 2( v — a(k + —) |[IVa;]?
dt A1

< O(k,v,a, A\, M, e)|Vig||* + Cle)e ||a; ||| Vg ||* + 2¢||Vag || (5.2.12)
Choosing € = ¢ and integrating from 0 to ¢, we arrive at
¢
~ 2 ~ 2 2as * 2 * 2 * (12
G517 + &[| Vi +5/ "IV, (s)|I7ds < |lug,|I” + &[[Vuag,||
0
t t
+Cls v, a, Al,M)/ Vi (s)|2ds + C(l/)/ 205 |ty (5) 2165 (5) [2ds.  (5.2.13)
0 0

Using the estimates from Lemma 5.1 for the third term on the right hand side of (5.2.13)

and applying the Gronwall’s lemma 1.3, we write

t
lag |l + wl[ Ve + 3 / 25|V (5)][2ds
0

t
< C(k,v,a, A\, M) exp (/ HVuH(s)Hst) (5.2.14)
0

Once again, with the help of Lemma 5.1, we obtain

‘ t
/ ||VuH(3)”2d3 < C(m, I/,Og?)\l?M)/ =205 ]

0 0
< Ok, v,a, A\, M)(1 — e

< C(k,v,a, A\, M). (5.2.15)
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An application of (5.2.15) in (5.2.14) yields

t
i + sl Vg * + 56_2‘”/ ||V (s)[[*ds < C(k, v, 0, Ay, M)e™. (5.2.16)
0

Using the discrete Stokes operator A, in (5.2.6), we arrive at

(ﬁ;;ta h) - a(ﬁza ¢h> - ’{(Ahﬁ;{zt’ ¢h> + /{a(Ahﬁzv ¢h) - V(Ahﬁ;’ ¢h>
+ e_atb(ﬁita Uy, ¢y) + 6_“tb(ﬁH, uy, ¢p,) = 6_atb(ﬁHa Uy, ¢p,) Vo, € Jp. (5.2.17)

Observe that,

1d

(0 A ) =

Va2 (5.2.18)
With ¢, = —Apa; and (5.2.18), (5.2.17) becomes

d ~ XA A A ~ — PR N Ak
£<Hvuh”2+’f||Ahuh||2)+2(V_’fa)||Ahuh||2:204||V11h||2+26 bty g, Aptay)

+ 2e7p(hy, 0, Ap}) — 27 (0, Gy, Apal) = 20|V > + I + L+ 15, (5.2.19)
We use (3.2.8) and (3.2.9) to estimate |[;] and |I5| and arrive at

11| + | I = e (|b(a, G, Ap})| + |b(ag, G, Ayay)|)
< OV ||z | Apa; |12 | V||| Avd
< C||\Va || 2 |V | Ang]|. (5.2.20)

An application of Young’s inequality ab < p:;,p/q + %, a,b>0,e>0withp=4and g= %
(see (1.3.9)) to obtain
IV [P Vag[* 3

€05
L+ |L] < C 13 - Z||Ahuh\|2. (5.2.21)
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Choosing € = %", we note that

C/3\° . . vV, ~ .
-+ 1al < § (4 ) IVaPIVanlt + 5136 (5:2:22)

For estimating |I3|, we apply (3.2.8) and Young’s inequality with € = v to arrive at

’[3| = eiat’b(ﬁHaﬁH7Ahﬁ;;)‘
N 1. % . 1 ~ XA~
< C\Vaglz[[Agay|]z[[Vag|[[|Axag ||
N 30X ~ 1% .
< C||Vaglz[[Agay|z [|Anay

C . P P
< ()Tt Al + LA (5.2.23)
Using (5.2.22) and (5.2.23) in (5.2.19), we obtain

d ~ X o~ N Ak
VOGP + I AREE]) + (v = 2ra) | Anaz] |

< 20|V |* + C) (IVa; P Vaul* + | Vaul* | Apts]). (5.2.24)
An integration of (5.2.24) with respect to time from 0 to ¢ yields

t
IV + sl Aty ]|* + ﬂ/ 1AL (s)[Pds < [[Vug,|* + £l Apug,|*
0

t
+C(v, 04)/0 (Va5 ()1 + Va5 () [PV () [* + Vi () [P | At (s)][)ds. - (5.2.25)
Using (5.2.16) and Lemma 5.1, we bound

t
/0 IV ()I1P + Vag ()P Vau () + Vg ()P Autu(s)l)ds < Ck, v, a, A, M).
(5.2.26)

An application of (5.2.26) in (5.2.25) leads to

t
IVu; |1 + &) Apug||* + 66_2‘”/ > || Apui(s)||Pds < C(k, v, a, A\, M)e 2 (5.2.27)
0
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A combination of (5.2.16) and (5.2.27) completes the rest of the proof. O

A
Lemma 5.3. Let0 < a < M
2(]— + HAl)
there ezists a positive constant C' = C'(k, v, a, Ay, M), such that, for all t > 0,

and let the assumptions (A1)—(A2) hold true. Then

t
[l (DI + [ Vg, (1)) + 6_2“/ e (g ()I” + £l Vg, ()[*)ds < Cem.
0
Proof. Substitute ¢, = uj, in (5.2.6) and observe that

il + £ Vag|* = —v(Vu,, Vag,) — b(ug, wj, wh) — b(wy, upg, why) + b(ug, up, wy,)

:]1+]2+[3+I4, say. (5228)
We use Cauchy-Schwarz’s inequality and Young’s inequality to obtain

L] < v Vug[[[[ Vg, |

14 " € N
< (S IVLI* + S IV, (5.2.29)
2e 2
To bound |I5| and |I3], we apply (3.2.11) and Young’s inequality as follows:

| Lof + [ Is] = [b(us, w, ug) [ + [b(u, wp, wg,)|

< O Vug [V ug[[[[Vug,|

C * € *
< (5. )IvunlITuil + §Iva (5.2:30
We find estimates for I, using (3.2.11) as

|14 = [b(up, ug, uy,)|

< ClIVug [*[[Vu,|

C € .
< (§)||VuH||4+§||Vuht||2. (5.2.31)
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A use of (5.2.29)-(5.2.31) with € = £ in (5.2.28) yields
i I + sl Vg ]* < Cls, v) (VWG] + [IVug ] Vg + [ Vag]]). (5.2.32)
With the help of estimates obtained in Lemmas 5.1 and 5.2, we write
s )12 + & Vui,l)? < C(k, v, a, Ay, M)e™ . (5.2.33)
Next, substitute ¢, = e**uj, in (5.2.6) to obtain

€2at<|lu2t||2 + “||vu2t||2) = _@Mtya(u?m uy,) — 620Ktb(uH7 uj, uy,)

— e?p(uf, uy,up,) + 2*b(uy, uy,uj,). (5.2.34)

An application of Cauchy-Schwarz’s inequality, (3.2.11) and Young’s inequality with inte-

gration from 0 to ¢ with respect to time leads to

t t
/062&5(”“21&(8)”2+l{”vu2t(s)”2)ds < C(x, V)/O e (Vg () [* + | Vg ()1 Vi ()]

+ [[Vug(s)|*)ds. (5.2.35)

Note that from Lemma 5.1, we arrive at

t

t
/ || Vg (s)||*ds < Clk, v, c, A, M)e™2 / ||V (s)|Pds
0 0
< C(k,v,a, A\, M). (5.2.36)
An application of (5.2.36), Lemmas 5.1 and 5.2 in (5.2.35) yields
t
/ e ([upy(s)[1* + £ Vg (s)1*)ds < C(k, v, . M, M). (5.2.37)
0

A combination of (5.2.33) and (5.2.37) leads to the desired result and this completes the
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rest of the proof. O

A
Lemma 5.4. Let 0 < o < M
2(1 + Ii)\l)
there ezists a positive constant C' = C(k, v, a, Ay, M), such that, for all t > 0,

and let the assumptions (A1)—(A2) hold true. Then,

t
b (DI + sl Vs, (0] + 6_2“/ e ([ ()1 + K[| Vs (s)]|*) ds < Ce™™.
0

Proof. Differentiate (5.2.6) with respect to time to arrive at

(u;ztta ¢h) + "{a(u;ﬁzttv ¢h) + Va(ul*ztv ¢h) + b(uZw ugy, Cbh) + b(“?ﬁ Uy, ¢h) (5'2'38)

+ b(uHJ u;:ta ¢h) + b<th7 u:w d)h) - b<th7 Ug, ¢h> + b(uH7 Umt, d)h) v¢h € Jh7 t>0.
Substituting ¢, = uj,, in (5.2.38), we obtain

”uZttHQ + ’vauZttHz = —va(uy,, up,) — b(uy,, ug, uy,) — b(uy, ugy, uy,,)

= b(up, upy, Uhy) — b(upe, wy, Why) + b(Ume, U, Ugy) + 0(Um, Upy, ugyy). (5.2.39)
Using Cauchy-Schwarz’s inequality, Young’s inequality and (3.2.11), we find that

[ ll” + 6l Vg, |1* <C(r, v) (IVag,[1° + (Vg [ Vg, |

Vg P Vg2 + (Vg [ Vag)?). (5.2.40)
With the help of Lemmas 5.1, 5.2 and 5.3 in (5.2.40), we write
i ()1 + K Vs, (O] < C (s, v, 0, A1, M)e™2, (5.2.41)

Multiplying (5.2.40) by €?* and integrating with respect to time from 0 to ¢, we arrive at
t t
[ (o)1 + 9 o1R)as < s ([ e (I9ui(ol + [Funo)x
0 0

Vs ()1 + Ve (s) 7|V ()] + IIVHH(8)||2||Vth(S)||2)d8>' (5.2.42)
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An application of estimates obtained in Lemmas 5.1, 5.2 and 5.3 in (5.2.42) yields
t
e i) + Vi (5) ) < €. a0, ), (5.2.43)
0

A use of (5.2.41) with (5.2.43) completes the rest of the proof. O
We state below a few more a priori bounds for semidiscrete solution uj in Step 2 (see
(5.2.6)) which will be helpful in our fully discrete error analysis. We will not go in to the

details of the proof as it is along the similar lines as in the proofs of previous lemmas.

Lemma 5.5. Let 0 < a < and let the assumptions (A1)—(A2) hold true. Then,

VA1
2(1 + fi)\l)
there exists a positive constant C = C(k, v, a, Ay, M), such that, for all t > 0,

¢
||u2ttt(t)||2 + “||Vu2ttt(t)’|2 + 6_2at/ GQQS(HU-Zttt(S)”Q + “||Vu2ttt<5)||2)d3 < Ce™,
0

|

Next, we present a priori estimates in Step 3 (see (5.2.7)) of the semidiscrete solution uy,.

These bounds follow by proceeding as in the proofs of Lemmas 5.2, 5.3, 5.4 and 5.5.

A
Lemma 5.6. Let 0 < a < 5 v and let the assumptions (A1)—(A2) hold true. Then,

(1 —f- Ii)\l)
there exists a positive constant C' = C(k, v, a, Ay, M), such that, for all t > 0,

t
Jan 017 + 1 Van )] + sl B )+ e [ ([ Tun(s) P + | Baaa(s) ) s
0

S C€—2at

Y

t
Fane (DI + £l Van (5)]|* + 62“/ e (la(s)[* + £l Vupe(s)[[*)ds < Ce™™,
0

t
lnee ()11 + | Vanee ()| + 6_2“/ (e (5)[” + £l Vapee(s)[[*)ds < Ce™
0
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and

t
e ()11 + £l Vapa (6)])* + 6’_2at/ E* ([upeeel” + 5| Vap (s)[|*)ds < Ce .
0

|

The error estimates of velocity in L>®(H!) and L*°(L?)-norms are based on estimates de-
rived for a new auxiliary operator defined through a modification of the Stokes operator.

Since Jj, is not a subspace of J;, the weak solution u satisfies

(g, @) + Ka(uy, @) +va(u, ¢y,) +b(u,u,¢,) = (p, V- ¢,) Yo, € Jp. (5.2.44)

Then, from (5.2.6) and (5.2.44), we obtain

(W — why, @) + ra(u — gy, @) +va(u—uy, @) = —b(u —uy, uy, @) (5.2.45)

_b(uH’u_u27¢h>+b(u_quuH_u7¢h)+(p7V'¢h)'

Similarly, subtracting (5.2.7) from (5.2.6), we arrive at

(W — upe, @) + wa(uy, — ap, @) + va(a, —up, @) (5.2.46)

= —b(w, —wy, uy, @) — b(uy, uy —up, @) +b(uy — wp, uy — uwy, @)
Using (5.2.45) and (5.2.46), the equation in u — u;, can be written as

(e — e, @) + Ka(uy — up, @) + va(u —uy, @) = —b(u —uy, upy, @) (5.2.47)
—b(ug,u—uy, ¢,) +blug —u,u—uj,¢,) +blu—u;,uy —u,e,)

+ b(u}i —u,u, —u, ¢h) + (p, V-¢,) Vo, e

For optimal error estimates of u—uy, in L°°(L?) and L*°(H')-norms, we recall the following

auxiliary projection, called as Sobolev-Stokes projection Vj,, such that Vyu(t) € J;, and
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satisfies

ka(uy — Vyug, @) + va(u — Vyu, @) = (p, V- @) Vo, € Iy, (5.2.48)

where V,u(0) = Pyuy, defined in Chapter 3 (see (3.4.18)).

With Vju defined as above, we now split e = u — u;, as
e:=u—Vyu)+ (Vhau—uy) :=¢+06. (5.2.49)
Using (5.2.47)-(5.2.49), the equation in © becomes

(O, @) + ka(Or, @) +va(O, ¢y,) = —b(O,ug, ¢),) — b(un, O, P,
_(Cta d)h) - b(Ca Uugq, ¢h) - b(uH7 Cv ¢h) + b(ll — ug, u;; - u, ¢h)
+b(u—uj,uy —u,¢,) +b(u; —u,u; —u, @,). (5.2.50)

Observe that, estimates for e involve estimates of ¢ and © and to bound ©, we need u—uy,
u — u; and ¢ estimates. The following estimates of ¢ and u — uy are already derived in
Chapter 3 (see Lemmas 3.8, 3.10, 3.11 and Theorem 3.1), so we state the Thorem without
proof.

Theorem 5.1. Assume that (A1)-(A2) and (B1)-(B2) are satisfied. Then, there exists
I/)\l

a positive constant C = C'(k,v, a, \1, M) such that for 0 < a < ———
p ( ! ) f 2(]. + )\1/43)

, the following

estimate holds true:
t
IC@)1* + R*[VE)I1° + 62‘“/0 (1S (s)1? + h*VE(s) 1P + 1€, (s)IP)ds < Chie".

O

Theorem 5.2. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Further, let
the discrete initial velocity woy = Pyug. Then, there exists a positive constant C which
l/)\l

depends on k, v, A\, a and M, such that, for allt > 0 and for 0 < a < ———
2(1 + )\m)

, the
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following estimate holds true:
t
[ = ug)(O)|* + H*|[V(u — ug)(t)]* + H26_2‘”/ ||V (u —ug)(s)|*ds < CH'e .
0

|

Now, we are left with derivations of estimate for u — uj to obtain estimates of ©.
In order to derive u — uj, estimates, we use the Sobolev Stoke’s projection to split u — uj,

as:

u-—u,=(u-Vu)+ Vyu-u,) =¢+p. (5.2.51)

Once again, with the help of Theorem 5.1, we have derived various estimates of . The

following lemma yields the estimates for p.

Lemma 5.7. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Then, there

exists a positive constant C which depends on k, v, A\, a and M, such that, for all t > 0
V)\l

2<1 + )\1:‘{1)

and for 0 < a < , the following estimate holds true:

t
(lel* + =V pll*) + 62“/0 ***|[Vp(s)l*ds < Clr,v, A, o, M)(R? + HO720)e2et,

where § > 0 arbitrary small for two dimensions and § = 1/2 for three dimensions.

Proof. A use of (5.2.48) and (5.2.51) in (5.2.45) yields

(ptv ¢h) + ’{a(pm ¢)h) + l/CL(p, ¢)h) = _b(pa Uug, ¢h) - b(uH7 P; ¢h) (5252)
- (Ctv ¢h) - b(C7 Uugq, ¢h) - b(uH’ C7 ¢h> + b(u — Uf,uyg — U, ¢h>

Substituting ¢, = e*p in (5.2.52), using (2.2.3) and (3.2.1), we obtain

1d . . | A e
31012+ RITRI) + (v = e ) )IVAI? = (G ) = ¢ b(p. s, )

- e_atb(&a ﬁHa i)) - e_atb(ﬁHa &7 b) + e_atb(ﬂ - ﬁHa uy — ﬁv ﬁ) (5253)
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With the help of Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we find that

€ (¢s, p)| < COM) e C IV All
< OO ™G 1* + €l Vo™ (5.2.54)

Using (3.2.9) and Young’s inequality in the second term on the right hand side of (5.2.53),

we obtain

—atiisa A A —atl] A O S S
e b(p,ay, p)| < Ce™||pll[|Vau| 2 [[Ananl (VA (5.2.55)

< Cle)e > [Vag[l| Apt 1Pl + el V1.

An application of (3.2.11), Young’s inequality and Theorem 5.1 in the third and fourth
terms on the right hand side of (5.2.53) yields

e™b(¢, ty, p) + e b(an, ¢, p)| < CIVE|[IVan|| VA
< C(o)|IVEIPIVan|® + | Vh?

< Ok, v, M1, o, M, h2||Vig|? + | VI (5.2.56)

Using Lemma 3.2, estimates of Theorem 5.2 and Young’s inequality in the last term on the

right hand side of (5.2.53), we find that

le™*"b(a — Gy, 0y — 0, p)| < Cla — gl V(0 —am) |°| V(@ - ap) ||| VAl
< Clk,v, Ay 0, MYH*O B[V (00— ag) ||| VP
< C(k,v, Ao, MYH? ||V (= ) |||V
< C(r,v, M\, 0, M, e)HA29|V(a— ag)|* + €| Vo>
(5.2.57)

Substitute estimates from (5.2.54)-(5.2.57) with € = % in (5.2.53) and integrate the resulting
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equation with respect to time from 0 to ¢ to obtain

R . 1 L
ol + rIpIP) + (v = 2005+ ) ) [IVa(6)ds < Clovhs 30
t
/ (He?asct(sw+h2uvaH<s>||2+H<4-25>||v<ﬁ—ﬁH><s>||2)ds
0

t
+0(w) [ & [T (o) | But o) 5. (5259
A use of Lemma 5.1 with Theorems 5.1 and 5.2 yields

. . 1 R _
(ol + K701 + (v = 20(s-+ ) ) [ IV(6)ds < Closmhvsa ) + 2
0

+C(V)/O e 2| Van ()| | Amtn(s)ll|p(s)|ds.  (5.2.59)

An application of the Gronwall’s lemma along with a priori bounds of uy from Lemma 5.1
in (5.2.59) yields
; . 1 Lo
(ol + mITpIP) + (v = 200+ ) ) [ IVB()ds < Ol M0+ H16729)
1 0
(5.2.60)

l//\1

2(1 + )\1/41)
positive. Hence, we write

Using 0 < a < , the coefficient of second term on the left hand side becomes

t
(lell* + xIVel*) + 6_20‘t/ ||V p(s)[ds < C(r, v, Ay a, M) (h? 4+ HO72)e 2
0

and this completes the proof. O
Applying estimates of Theorem 5.1 and Lemma 5.7 along with triangle’s inequality in

(5.2.51) would lead us to the following result:

Theorem 5.3. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Then, there

exists a positive constant C' which depends on k, v, A\, a and M such that for all t > 0
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I/)\l

< I S
andO_a<2<1+)\l/€)

, the following estimate holds:

t
(e = w3 + £l V(a = ))|*) + 62“/ |V (u — wy)(s)|*ds < C(h? + HO*)em>,
0

where 0 > 0 is same as in (3.2.12).
Now, to derive estimates of e, we are left with the derivation of estimates of ©.

The next lemma establishes the estimates for ©.

Lemma 5.8. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Then, there

exists a positive constant C which depends on k, v, A\, « and M such that for all t > 0
l/)\l

and <o < ——
2(1+ \ik)

, the following estimate holds:

t
H@H2+li||VGl|2+6_2&t/ 62as||v®<s)||2ds < O(h4+h2H(4—25) +H(10—45) +H(12—45))6—2at‘

0

Proof. Using (5.2.50), the equation in © is

(O, B),) + Ka(Oy, ¢y,) +va(O, ¢),) = —b(0,un, @;,) — b(uy, 0, ¢P,,)
_(Cu ¢h) - b(Ca ugy, d)h) - b(uH7 ¢, ¢h) + b(u — Ug, UZ —u, d)h)
+b<u - u;km ug — u, d)h) + b(u;kz —u, u;kl —u, (:bh) (5261)
Substituting ¢, = ¢2*'0, using (2.2.3) and (3.2.1) in (5.2.61), we obtain

1d, - . 1 . .
5O+ IVOI*) + (v —a(k + ) JIVOI* < —e*'b(©, 0y, O)

2dt A

— (¢, 0) + e“t( —b(¢, 01, 0) = by, €, 0) + b(a — i, 0}, — @, 0)

+ b — 0, ay — 0, 0) + b(a —a, 4 — a, é)). (5.2.62)

Now, to bound the first term in the right hand side of (5.2.62), we use (3.2.10) and Young’s
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inequality to obtain

le'b(0, tp, ©)| < Ce |02 VO ||z || Vagl|||©] (| Vel
< Ce)e™ 2| Vay %8| + €| VO % (5.2.63)

For the second term on the right hand side of (5.2.62), use Cauchy-Schwarz’s inequality,
Young’s inequality and (2.2.3) to find that

(¢7°¢, ©)] < [Nl < CA )€ G + el VO (5.2.64)

A use of Young’s inequality, the generalized Holder’s inequality, Sobolev embedding theo-

rems, Sobolev’s inequalities and Lemma 5.1 yields

e (= b(C, g, ©) — by, €, 0))| < C||Viag|2 | Agig|2 [ VO)
< C(k, v, M, o, M)||E]|| VO
< C(k, v, A, a, M e)|[C]2 + €| VO|2. (5.2.65)

With the help of Lemma 3.2, Young’s inequality and the estimates obtained in Theorem

5.2, we arrive at

e~ (b(a—ty, 0 — 0, 0) + b(t — G}, Gy — 1,0))]
< Clla—ay || V(@ - ag) || V(a;, — @) Ve)
< C(k,v, A, o, MYH* O |V (0 — a)||| VO
< Ok, v, M\, 0, MYHZ Y|V (0 — )| VO (5.2.66)

< C(k,v, A0, M) HE2| |V (a5, —0)|* + €| VO .

Using (3.2.11), we write

le*b(i), — 4, — 10,0)] < C|V(a; —a)|*|Ve. (5.2.67)
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A use of Theorem 5.3 and Young’s inequality yields

|6_atb(ﬁ2 - ﬁ? ﬁz_ﬁ7 é))| < O(Ha v, /\17 a, M)(h + H(3_6))”V(ﬁ2 - ﬁ)“HVGH
< Ok, v, M\, o, M €)(h2 + H )|V (a; —a)||? + €| VO|?.  (5.2.68)

Using (5.2.63)-(5.2.68) in (5.2.62) with € = ¥, we arrive at
d a2 112 1 112 at s 12 (1 )12
S U1Ol7 + [ VOIF) + V—204(f<¢+/\—1) IVO[* < C(k, v, a, Ar, M) [ [le™CI° + [[C]]
(h* + HY=2) + HO=20) |V (i, — ﬁ)|]2> + C(v)e ™| Vag|?(|©]. (5.2.69)

Integrate (5.2.69) with respect to time from 0 to ¢. Now a use of Theorems 5.1 and 5.3
yields

. A 1 t
18112 + || VO|* + <1/ — 2(1(/@ + )\—))/ IVO(s)||?ds < C(k,v,a, A\, M) (h4
1 0
t
+ (h? + HY2) + H6729) (B2 + H(6‘25))) +C(v) / |Vag(s)|?|©(s)||*ds
0
éC(/ﬁ], v, a, )\17 M) (h4 + hQH(4—25) + h,QH(6_26) + H(10—45) + H(12—45))

t
—l—C(u)/ e 2 ||\ Vg (s)|*|0(s)||*ds. (5.2.70)
0
An application of Gronwall’s lemma in (5.2.70) leads to

N N 1 t R
1O + £[[VO[* + (u —2a(k + A—))/ IVO(s)||2ds < C(k,v,a, Ay, M) (h4 | p2pa-20)
1 0

t
4 p(10-48) H(12—46)) exp (/ HVUH(S)szS)' (5.2.71)
0

Using Lemma 5.1, we bound
! t
/ HVUH(S)HQdS < O(/i, v, Q, )\bM)/ o205 ] g
0 0

< C(k,v,a, A\, M)(1 — e ") < C(k, v, o, A\, M). (5.2.72)
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A use of (5.2.72) in (5.2.71) yields the desired estimates, that is,

t
I + RITOIP + 2 ||V s) Pds < O, v.ah, M) (b + 12O
0

4 R2(6-20) 4 pp(10-48) | H(12746))672at

< C(k, vy, A, M) (R* + B2 HE20) 4 U0740)) e =20t (5.9 73)

This completes the rest of the proof. O

As a consequence of the above lemma, we have following result:

Theorem 5.4. Let the assumptions (A1)-(A2) and (B1)-(B2) be satisfied. Then, there
V)\l

2(]. + /\1I<L)

exists a positive constant C', which depends on k, v, A\, a and M, such that for() < a <

and t > 0, the following estimate holds true:

t
[l — s |* + 2|V (0 — wp) | + th—Qaf/ e[|V (u — ) (s)||*ds
0

< C(h4 + hQH(4—2§) + H(10_45))€_2at,

where 6 > 0 is sufficiently small for two dimensions and ¢ = 1/2 for three dimensions.
Proof. An application of Theorem 5.1, Lemma 5.8 and triangle inequality in (5.2.49)

completes the proof. O

Remark 5.2.1. When d = 2, choosing h = O(H*™°) with § > 0 arbitrary small, we obtain

optimal estimates for velocity in L>(L2?) and L>®(H")-norms, that is,
¢
(=) (@) + RV (a —u) (@) + h26_2at/ 2|V (u — uy)(s)||Pds < Ch*e 2 t > 0.
0

For d = 3, we have to choose h = O(H®?) for optimal error estimates in L>(L2)-norm.

Remark 5.2.2. For optimality in L>°(H')-norm, we can choose h = O(H?) for d = 2 and
3.

Next, we derive the error estimates for the two grid approximations p; and pj, of the pressure
p.
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Recalling (3.5.2) with py, replaced by pj,, we observe that

(jnp — 15, V - %)}
IVl
(Jwp =0,V -@,)  (p—p;, V- (;bh)}
<C
N ¢hesgf/{0}{ Vol Vel

‘ (p—p;;,V’cbh)})
. s - 5.2.74
- (Hjhp A ¢h:;£)/{o}{ IVl o

| (np _pZ)(t)HL?/Nh <C sup {
¢, €H,,/{0}

The first term on the right hand side of (5.2.74) can be estimated using the property (B1).
Hence, we are left with obtaining an estimate for the second term. In order to bound the
second term on the right hand side of (5.2.74), we consider the equivalent form of (5.2.6),
that is, find uj(¢) € Hy, and pj(t) € Lj, such that uj(0) = ug, and for t > 0

(uy, @p,) + ka(wy,, @) + va(uy, @) + b(w,, uy, ¢y,) (5.2.75)
+b(uH7 UZ: ¢h) = b(uH, U—Ha¢h> + (P}kn V- ¢h> Vo, € Hy,
(V-up,xn) =0 Vxu € L.

Subtracting (5.2.75) from (5.2.44), we arrive at

(p—ph V- &) = (e, 9,) + kale, d),) +va(e, ¢,) + AN (¢),) Yo, € Hp,  (5.2.76)

where e = u — u; and

A (@) = be™, un, @) +b(um, €, ¢p,) — b(u —uy, uy —u,¢,) = Aj(Py) + As(ey,).

(5.2.77)
For Aj(¢),), we use (3.2.11) and Lemma 5.1 to obtain
Xi(60)| < CIVe [V
< Ok, v, A, 0 M) Ver [V . (5.2.78)
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We apply Lemma 3.2 and estimates in Theorem 5.2 to bound Aj(¢,,) as

1A5(¢p)| = [b(u = ug, ug — w, @) < Cllu—ug ||V (u = um) [°[[V(a — up) [V,
< Clm, v, M, 0, MYHP O HY |V, |
< C(k,v, Ay, a, MYH?T? ||V oy || (5.2.79)

A combination of (5.2.78) and (5.2.79) leads to
A% ()| < Cli, v, Ay, M)([[VeT|| + HP7)[[ Vb |- (5.2.80)
Apply Cauchy-Schwarz’s inequality in (5.2.76) and then use (5.2.80) to obtain
(0 =i V- ¢n) < Cli,v, My, M) ([lef || + [ Vef[| + Ve[| + H* ) [V, ] (5.2.81)

Since, the estimate of ||Ve*|| is known from Theorem 5.3, we shall proceed to derive esti-
mates for e;.

The following Lemma provides an estimate for e;:

Lemma 5.9. There exists a positive constant C' such that t > 0, €* = u — uj, satisfies
le; (D)]* + #[Ver (1)]|* < O(h? + H**)e>. (5.2.82)
Proof. With €* = u — uj, we recall (5.2.45) as

(e, ;) + ra(e], ¢,) = —val(e*, ¢,) — ble*,uy, ¢y,) (5.2.83)

- b(uHae*ad)h) + b(ll —Uug,ug —u, ¢h) + (pav : ¢h)

Substituting ¢, = P,e; = e; + (Pyu; — u;) in (5.2.83), we arrive at
lef|I* + k|| Vey||* = —va(e”, ) + va(e’, u, — Pywy) + (e, — Pruy)

+ ra(e;, v — Pyuy) + (p, V - Pref) — A" (Prej). (5.2.84)
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Using the discrete incompressible condition along with (3.2.5) yields
(0, V- Puey)| = [(p — jup, V - Pre})| < llp = jupl| | Ver]l. (5.2.85)
With the help of Cauchy-Schwarz’s inequality in (5.2.84) and using (5.2.85), we arrive at

lef|I” + &l Verl|* < v[Ve [ Vefl| + vIVe [V (u: — Prug)l| + [lef [[[[ue — P

+ VeIV (u = Pow)[| + [lp = jupl[[Ver || + [A(Prey)] (5.2.86)
Using (5.2.80) and (3.2.5), we obtain
IA*(Prel)| < C(k, v, A\, o, M)(||Ve*|| + H37)||Ver]. (5.2.87)
Applying (5.2.87) and Young’s inequality in (5.2.86) to arrive at

le;1I* + klIVer||* < C(k, v, A, 0, M) (IIVe*II2 + HO2 4 |luy — Pyug®

HIT (= P+l = ol ). (5:2.89
A use of (3.2.5) and (B1) in (5.2.88) leads to
lef1I* + sl Ver||* < C(s, v, Ar, a, M) (HVG*H2 +HO2 4 B (|| Au|® + ||Vl + ||Vut|!2)>-

Applying estimates from Lemmas 2.10, 2.12 and Theorem 5.3 would lead to the desired
result. This completes the rest of the proof. O

As a consequence of Lemma 5.9, we obtain the following estimate for pressure:

Theorem 5.5. Under the hypotheses of Theorem 5.3, there exists a positive constant K
depending on Kk, v, A\, a and M, such that, for all t > 0, the following holds true:

|(p = ) (O)|2/n, < K (h+ H3%)e e,
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Proof. An application of estimates obtained in Lemma 5.9, Theorem 5.3, (5.2.81) and the

approximation property (B1) of j, completes the proof. a

The pressure error estimates in Step 3 can be obtained following the similar techniques
used in the proof of pressure estimates in Step 2. For the sake of completeness, we present

below a short proof.

Theorem 5.6. Under the hypotheses of Theorem 5.4, there exists a positive constant C
depending on Kk, v, A\, a and M, such that, for all t > 0, the following holds true:

|(p = pn) ()| 2/n,, < C(h+ H5~ %ot

Proof. From (5.2.74), it follows that

H<jhp—ph><t>umgc(ujhp—pu+ sup {@‘ph’v'd’h)}). (5.2.80)
¢heHh/{0} Hvd)hH

Once again, estimate for the first term on the right hand side of (5.2.89) can be calculated
by using property (B1) of j,. Hence, we aim at deriving the estimate of second term.

To achieve this, we consider the following equivalent form of (5.2.7): find u,(t) € Hy, and
pr(t) € Ly such that u,(0) = ugy, and for ¢t > 0

(Upt, @p,) + wa(pe, @) + va(uy, @) + b(up, um, @y,) + b(ug, uy, ¢oy,) (5.2.90)
= b<uH7 u;kw d)h) + b(u;kwuH - u;kw d)h) + (ph, % d)h) V(ﬁh S Hh7
(V-up,xn) =0 Vxu € L.

Subtracting (5.2.90) from (5.2.44), we arrive at

(p—pn, V- 0p) = (e, @) + ra(er, @y,) +vale, dp,) + An(dy,) Vo, € I, (5.2.91)
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where

An(by) = ble,um, ¢,) + b(upn, e, ¢p,) — b(ug —u,u —uj, @)
—b(u—uj,uy —u,¢,) —b(u; —u,u; —u, ). (5.2.92)

Using (3.2.11), Theorem 5.4 and Lemma 5.1, we obtain bound for the first two terms on
the right hand side of (5.2.92) as

b(e, un, @) + b(un, e, @) < C[[Vell[|[Vug|[[Vo,|
< C(k,v, Ay, a, M) (R* + H> %), (5.2.93)

Next, a use of Lemma 3.2, Theorems 5.2, 5.3 yields

b(u —uy,u; —u, @) +b(u—uy, uy —u,¢,)|
< Cllu—ug[|" [V (u = um) [° V() = 0)[[[[Vy| (5.2.94)
< C(k,v, A\, o, MYH?*Y"O HO (b + H379) ||V o, ||
< C(k,v, A\, 0, MYH? 2 (h + H37%)||[V b, ||

For the last term on the right hand side of (5.2.92), we apply (3.2.11) along with Theorem
5.3 to find that

|b(w), —u, ) —u,¢,)| < CV(a;, —w)|*[[Vy,l|
< Ok, v, Ay, a, M)(B? + H %)V || (5.2.95)

A combination of (5.2.93)-(5.2.95) leads to the bound for A,(¢,,), that is,

IAn(@,)| < C(k, v, Ay, 0, M)(h% + hH?*™° + H>"2)||V e, ||. (5.2.96)
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With the help of Cauchy-Schwarz’s inequality and (5.2.96) in (5.2.91), we obtain

(p _ph7v : d)h) S C(’ﬁ v, )‘laa’M)(HetH + ||vet|l + ||Ve||
+ A2+ hH* ™ + H72)||Vé,]|- (5.2.97)

Since, estimate of ||Ve|| is already known from Theorem 5.4. The following lemma provides

estimates for e;.

Lemma 5.10. There ezists a positive constant C' such that t > 0, e = u — u,, satisfies
lec()I* + Kl Ve (t)]* < C(h* + H'O7H)e2",
Proof. We recall (5.2.47) as
(er, @) + kaler, @) = —vale, @p,) — An(y,) + (0, V - @y). (5.2.98)
Substitute ¢, = P,e; = ¢, + Pyu; — u; in (5.2.98) to obtain

le:||? + x| Ve|? = (e, uy — Pouy) + ka(e;, u; — Pyuy)

—val(e,e;) + va(e,u, — Pyuy) — Ap(Prey) + (p, V - Prey). (5.2.99)
Using (5.2.96) and (3.2.5), we arrive at
|AL(Prey)| < C(k, v, A, o, M) (W2 + hH?*™ + H5720)|| Ve (5.2.100)

With the help of (5.2.100), Cauchy-Schwarz’s inequality and Young’s inequality in (5.2.99),

we observe that

led|? + k|| Ve||* < C(k,v, A1, o, M) (HVeHZ + At 4 R2HA 4 g0 (5.2.101)

R (| Awl? + |Vl + uwn?)).
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A use of Lemmas 2.10, 2.12 and Theorem 5.4 in (5.2.101) leads to the desired estimates. O
Proof of Theorem 5.6. The proof follows using the approximation property (B1) of jj,
(5.2.97) and Lemma 5.10. O

5.3 Backward Euler Method

In the previous sections, we have discussed only the semidiscrete Galerkin approximations
applied to the continuous two-grid system keeping the time variable continuous. In this
section, we present an analysis of the backward Euler method for the time discretization.
The backward Euler method applied to (5.2.5)-(5.2.7) is as follows:

Algorithm:

Step 1: Solve nonlinear system on coarse mesh Ty: for ¢y € I, we seek {Uy},o, € Iy

such that

(0:UY, ¢g) + ka(0,UYy, dy) + va(Uly, ) + b(UG, Uy, ) =0 Vo € Iy,  (5.3.1)

—1
Up-Uy

where 0,U%, = ;

Step 2: Update on fine mesh 7, with one Newton iteration: find {U"} ., € Jj, such that

(annv ¢h)+’%a(5tUna ¢h) + I/CL(U”, ¢h) + b<Un7 UZ[? ¢h) (532)

+ b( TIl{?Unad)h) = b( ?{7 7;I>¢h) VQSh € Jh'

Step 3: Correct on fine mesh 7;: find U} € J;, such that

(gtUZ7 ¢h> + l{a(étUZa ¢h) + l/CL( Za d)h) + b( Z? ?{7 ¢h) (533)
+ (U, Ug, @) = 0(Ugy, U™, @) + 6(U", Uy = U™, @y,) Y, € Iy,

Set €}y = U}, —upy(t,), e = U" —uj(t,) and e} = U} — up(t,).

Consider (5.2.5)-(5.2.7) at t = t,, and subtract the resulting equations from (5.3.1)-(5.3.3),
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respectively, to arrive at

Equation for Step 1:

(0, b)) + Kka(0ey, dy) +valel, dy) (5.3.4)

= (0%, @) + ka(ogy, @) + Au(@dy) Vo € Ju,

Where 0-17}1 = u?{t - 5,511?{ and AH(¢H) = b(u%, u?]? d)H) - b(UnH7 U?—Ia ¢H)

Equation for Step 2:

(afen? ¢h) + K“a<5ten7 ¢h) + Va(en’ ¢h) (535)

= (0", &) + ra(o", @),) + N (d),) Yoy, € I,
where 0" = w;} — agu}‘;" and

A*<¢h) = b(u2n7 117}{, ¢h) - b(Una 7;17 d)h) + b(u}lfv u2n7 ¢h)
— (U3, U", ¢,) + b(Uy, Uy, @) — b(ufy, uy, ¢),). (5.3.6)

Similarly, equation in Step 3 satisfies

(575627 ¢h) + ’ia(éteZJ ¢h) + Va<e;LL7 ¢h) (537)
= (0-217 ¢h) + /i(l(O'Z, ¢h> + Ah(¢h) v¢h € Jha

where, o = u}, — 0,u} and

An(y) = b(uy,uy, @p,) — b(Uy, Uy, ¢y,) + b(ufy,uy, ¢p,) — b(U%, Uy, ¢y,) +0(Uy, U", ¢y,
b(up, vy, @) + (U™, Uy — U, @y,) — b(w;", uly —up", ¢y,). (5.3.8)

Before proceeding to derive the error estimates for Step 2, we recall below the bounds for

{U%}>1 and {e}; },,>1 of Step 1, which is required for the error analysis in Step 2. For
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a proof, we refer to Lemma 4.1 and Theorem 4.2 of Chapter 4.

A
Theorem 5.7. With 0 < a < L, choose ko so that for 0 < k < kg
2(1 + )\Ui)
1 . 5.3.9
Ii)\l + 1 tize ( )

Then the discrete solution U%, n=1,2,--- N of (5.5.1) satisfies

(UG + & VURIP) + 2681672 kY e* [ VU < e > (UG + &l VU |®),

i=1
where
1 —e @k 1
—ak
51:(6 V—2(T>(/€+)\—l)>>0
Theorem 5.8. Assume that 0 < a < V—)\l and ko > 0 be such that for 0 < k < kg,
2(1 + /ﬂ)\l)

(5.3.9) is satisfied. For some fixred H, assume that ug(t) satisfies (5.2.5). Then, there
exists a positive constant C', independent of k, such that, forn =1,2,--- | N, the following
holds true:

e + Kl| Ve |2 + Bre2e kS e |[Vely|[* < ChPe 2t (5.3.10)
i=1
Next, we derive a priori bounds for U™ in Step 2, which will be used subsequently in the

estimation of error in Step 2.

A
—2(11 ;\1/1); choose ko such that for 0 < k < ko, (5.3.9) is

satisfied. Then the discrete solution U™, n=1,2,--- /N of (5.3.2) satisfies

Lemma 5.11. With 0 < a <

(U2 + K[ T2+ re2et 1Y et

i=1

VU < e (J[U°)° + 5[ VU°[?).
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Proof. Multiplying (5.3.2) by e®" and setting U" = e*»U", we obtain

(@U", ®) + rka(0,U", ¢h>) +va(U", ¢),) = e ( —b(U", U}y, b3)

— b(UY, U™, ¢,) + b(UY, UL, ¢h)) Vo, € Jp. (5.3.11)

Note that,

_ N e _ 1\ .
9, U" = e, U™ — ( - >U”. (5.3.12)

ak

Using (5.3.12) in (5.3.11) and multiplying the resulting equation by e~**  we obtain

1—e 1—e

—ak R R —ak N
O g a0 ) F a0 )

= —e e o (h(UY, U, @) + b(U", U, ¢,)) + e ke ob(UY, U, ¢,).  (5.3.13)

(B0 ) + k(07 @) — (

Note that,
N 1 - NI,
(o, U, un") = E(U" -Uur,un)
1 A N
> Un 2 Un—l 2
> —([07) — [ O))
1. -
= §8tHU”H2. (5.3.14)

Substituting ¢, = U™ in (5.3.13), using (2.2.3), (5.3.14) along with (3.2.1), we arrive at

1 e—ak

1~ v CTn —a — 1 (T

SO 1P+ &[IVU ) + (e v — ( )(k+ ) ) IVO?

2 k A

< —e e tap(Un, UL, UT) + e~ Fe (UL, UL, UM). (5.3.15)

Multiplying (5.3.15) by 2k and summing over n = 1 to N, we obtain
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. . B 1 — e ok 1\,
ON|2 + &||VUY |2 + 2k (e oky (T> (k+ )\—1))2||VU”||2
n=1

< ||UY12 + || VU + le—a’fz ot ( n, Um) — (U™, U, UM)

n=1

< |U%12 + s VU2 + IV 4 IV, (5.3.16)
Next, we apply (3.2.11) to obtain
b(U%, Uy, UM)| < C[VUE[* VU7 (5.3.17)

To derive bound for IV, we use (5.3.17), Young’s inequality and Theorem 5.7 to arrive at

N
Y| = [2ke™**) “emb(UY, Uy, U™)|

n=1

N
< Cke_""‘“ze_“t"IIVﬁ%H?IIVﬂ"II

N
(k, M, ¢) O‘kZHVU ||2+6ke_ak2\|VﬂnH2

n=1

< Ok, v, 00 M, M e)(|[UY NP + &]|[VUY|?) + eke™ a’“ZHVU”H? (5.3.18)

n=1

An application of (3.2.10) leads to

b0, Uy, U™ < U712 | V0|12 [ VO[T [ VO™
< OuIvO IV U | (5.3.19)

and a use of (5.3.19) with Young’s inequality yields

N
|IY| = [2ke™ Y "emtp(U", UY, UM)|

n=1

N N
ke ™y IVUL U2 + eke ™y VU™, (53.20)

n=1
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Substituting the estimates (5.3.18), (5.3.20) in (5.3.16) and using Theorem 5.7 with € = %,

we obtain

N
IONI2 + &I VOVP + BikY VO™ ? < U2 + &l VU°|* + Cr, v, @ Ay, M) (UG

n=1

+ 1l VUY) ‘“’“ZHVU PIO™” + Cv)ke*|VOF|*[TV)?
< U + £ VU°|* + C (s, v, 0, A, M) (U + 5l VU |1)
*a’“ZHVU PIT™ 17 + C (v, s, M)k (J[ON])? + sl VON]?).
(5.3.21)

For ko > 0 with 0 < k < ko, (1 — C(v, k, M)ke=**) can be made positive. Then, using the

discrete Gronwall’s lemma in (5.3.21), we arrive at

N N-1
[TN)2 + K| VON|2 + B1k>_[VU"|]? < Ci, v, 0, A, M) exp(k Y [VUL[?).  (5.3.22)
n=1 n=1
An application of Theorem 5.7 yields
N-1
exp(k Y _[VUL[?) < Ck,v, 0, M, M). (5.3.23)
n=1

Applying the estimate (5.3.23) in (5.3.22), we obtain

N
[TN)? + K| VOY|2 + B1k> [ VU"|]? < Cs,v, 0, Ay, M)

n=1

and this completes the rest of the proof. O

The following theorem provides error estimates for Step 2.

A
Theorem 5.9. Assume that 0 < a < v and ko > 0 be such that for 0 < k < kg,
2(1 + Ii)\l)
(5.3.9) is satisfied. Further, suppose that uj(t) satisfies (5.2.6) for some fized h. Then,

there exists a positive constant C, independent of k, such that, forn = 1,2,--- , N, the
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following holds true:

n
||en||2 + ’i||ven||2 +51k6_2at"262ati||vei”2 < Ck26_2at".

=1

Proof. Multiply (5.3.5) by e to arrive at

(e“O,e", @) + ka(e®n0e™, ¢,) + va(e”, ¢, (5.3.24)

- (eatno-n7 ¢h) + Iia(eatnan7 d)h) + eatnA(d)h)‘
Note that,

eatnaten — eakatén o (

)e". (5.3.25)

Using (5.3.25) in (5.3.24) and dividing the resulting equation by e®*, we obtain

1— efak 1— efak

(0,€", ¢p,) + ra(0,€", ¢y,) — (T)(éna o) — (T)’f@<én7 o)

+ve *a(&", ¢p,) = e (o™, @) + € Fra(emo", dy) + e P A(¢y,).  (5.3.26)

Substitute ¢, = €" in (5.3.26). Then, a use of (2.2.3) yields

efak

L5 AT AT - 1 - 1 N
S+ R I?) + (vt = () e ) IV 3

_ e_ak(eatnoﬂ, én) + 6_ak/€a(6at”0ﬂ, én) 4 e_akeat"/\(én).

On multiplying (5.3.27) by 2k and summing over n = 1 to N, we observe that

1 —e ok
N AN (|2 —ak An |2
¥ 2+ |ve| +2(ve S )anv l
N
< 2ke” O‘kz o &™) + 2ke” akZ/ﬁa ong &™) +2ke’°‘k26at”A(é”)
n=1 n=1
=IN+ 1)+ 1), say. (5.3.28)
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Using Cauchy-Schwarz’s inequality, (2.2.3) and Young’s inequality, we estimate I} as:

N
Y] < 2ke™Fy [le*am|[]]e”]

n=1

N N
< Cle, A)ke Y "|lena™||? + eke™F Y || Ve ||, (5.3.29)
n=1 n=1

Now, using the Taylor’s series expansion of uj around ¢, in the interval (t,,—1,t,), we arrive

at

et P < e ([ = luatellas) (5330
tn—1
An application of Cauchy-Schwarz’s inequality in (5.3.30) yields
1 tn . tn
et < g ([ e piatoias) ([ - o)
-1 tn—1

ko[t

=5 [ el ds (5331)
tn—1

and hence, using (5.3.31), we write

QJW“W<—Z/ 200 [z, (3)] ds
tn 1
- MZ/ 0 u (3)] s
n 1
< —eQakZ / 2t ()| ds. (5.3.32)
n=1"7tn-1

From (5.3.32) and Lemma 5.4, we note that

tn
Qmwww MA &2 ut(5)12 ds

< O(k,v,a, A\, M)k?e 2N -1, (5.3.33)
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Similarly, we obtain

N
EY [le* Vo |* < C(k, v, 0, A, M)kPe V-1,

n=1

Using (5.3.33) in (5.3.29), we observe that

N
IIY| < Clr, v 0, M, M, ek + ek [ ver |,

n=1

Following steps for bounding |I{¥|, and using (5.3.34), we obtain

N
11Y| < Clr, v, 00 M, M, ) + eke™ " [ ve”|.

n=1

To estimate I2¥, we note that

A(dy) = (b<u:;“,uz, é1) — (U, UL, th)) T (b(uz,u;n, )
Uy, U, ¢h>) ; (b(U’;{, U, ) — by, ul, ¢h>)

= A1 () + As(epy) + As(by,).

We write Aq(¢p),) as

[A1(n)| = [b(uy", ufy, ¢,) — b(U", Uy, )|

= ‘b(u;;n? u?—[ - U?Ia ¢h) + b(uzn> UrIEIa ¢h> - b(Unv U?I? ¢h)|

- | - b(u;(zn7e7;17 ¢h) - b(ean?hth)l'

Using (3.2.10) and (3.2.11) with ¢, = €™ in (5.3.38), we observe that

(5.3.34)

(5.3.35)

(5.3.36)

(5.3.37)

(5.3.38)

~ _ ~ ~ ~ Am L An L 2 An L ~n it
e |Ar(&")] < Ce (Vi || VeR[[[[Ver|| + e[|z || Ve |2 [ VU]l[le"]|2]| Ve ] ).
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An application of Lemma 5.2 in (5.3.39) yields
AL (&")] < Ow, v, A, M) Ve [[[|Ver]| + Cemo e[| Ve |[[ VU . (5.3.40)

A use of Young’s inequality in (5.3.40) yields

N
—ak2|eat”/\ ") < C(k,v,a, A\, M, e) e‘“kZHVéHHQ

+C “kZ et | VO |2len? + eke—a’“ZHVénw (5.3.41)

n=1

Similarly, using (3.2.1), (3.2.11) and estimates of U" from Lemma 5.11, we obtain
e Ao (&")] = e~ [b(0, 05", &") — b(Ug, U™, "),
e b(afy, wn — Un, ") + b(uly, U, &") — b(U, U, é")]
= e % | — p(aly, e",e") — b(ey, U, e
= e " |b(e, U, &")|
< C|vUm|[| Vel Ve
< C(r, M)||VeL]||Ve" | (5.3.42)

We use Young’s inequality in (5.3.42) to arrive at
N
akZ]eo‘t"A | < C(k, M,e) a’fZHv WP+ ke > T ver|’. (5.3.43)
n=1
Next, to bound As(e"), we write it as

e Ag(@")] = e=| (b(U, Uy, €") — b(ufy, ujy, &"))]
= e~ |(b(af; — Uy, afy,€") + b(Uf, . ¢") — b(Ug, Uy, e"))|

= e | (b(ey, ufy, &) + b(UY, &7,8") . (5.3.44)
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We use (3.2.11), Lemma 5.1, Theorem 5.7 in (5.3.44) and arrive at

e As(&M)] < C(|Vag | + VUL [VeR Ve
< Ok, v, a, A, M)||VEY [ Ve|. (5.3.45)

An application of Young’s inequality in (5.3.45) yields

O‘k'z]eat"/\ M| < Ok, vy, A1, M, €) O‘kZHVé}}HQ +6k6_ak2||vm||2

(5.3.46)

Combining (5.3.41), (5.3.43), (5.3.46), we use estimate of €}, from Theorem 5.8 to obtain

N
|137] =2ke™ > e (|A1(€") + Aa(€") + As(€)])
N
SC(KL,V,Q,)\l,M,e)k:e_o‘kZHV 1?4 Ce) —akZHVU 12]]6 |2

N
+ 3eke > | ve" |

n=1

<C(k,v, 0, A\, M, e)k* + C(e) O‘kZHVU 112]|e" ||

N
+ 3eke > " ve|”. (5.3.47)

n=1

A use of (5.3.35)-(5.3.36) and (5.3.47) with € = £ in (5.3.28) yields

N
1€V + k[ VeN | + 81k || Ve"||* < C(k, v, a, A, M)k

n=1

‘“’“ZIIVU Pl + C(w)ke [V UR|* &™) (5.3.48)
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Applying estimates of Theorem 5.7 in (5.3.48), we obtain

N
&V + k|| VeN|* + Bk _Ve"|[® < O, vy, A, M)K?

n=1

N-—1
< C(k, v, 0, M, MR + C(v)ke™ > | VU |*||e"]|?
n=1

+ C(v, K, M)ke™*(||e™]|* + x| VeN|]?). (5.3.49)

Similar to the previous cases, choose ko > 0 such that for 0 < k < ko, (1-C(v, k, M)ke= %) >

0. Using discrete Gronwall’s lemma in (5.3.49), we obtain

N N-1
16N> + | VeN | + Bik Y [[Ve"||* < Ck, v, a, A, MK exp(k Y _[VUR[?).  (5.3.50)
n=1 n=1
With the help of bounds in Theorem 5.7, we write
N-1
exp(k Y _|[VUR|?) < C(k,v,a, A, M). (5.3.51)
n=1
An application of (5.3.51) in (5.3.50) would complete the proof. O

To obtain pressure error estimates, we derive a bound for ||0,e"||. Substitute ¢, = d,e" in

(5.3.5) and arrive at
10.€™||> + k|| Ve ||* = —va(e™, de™) + (0, 0e™) + ka(o™, D,e™) + A*(De™).  (5.3.52)
Using (5.3.37), we arrive at

AN () = (b(u?;",U?p ¢,) — b(U", U, ¢h)) + (b(u’}{,u;i", o)
- b(UnHJ Un? ¢h)) + (b(UnH7 UnHv d)h) - b(unH7 u?l? d)h))
= Mi(@y) + Aao(y,) + As(edy,)- (5.3.53)
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From (5.3.38), (3.2.11), Lemma 5.2 and Theorem 5.7, we obtain

|A1(¢h)| = | - b(u;;n,ez’ d)h) - b<en7UTIEI7¢h)|
< OV Vel + Ve [IVUEIDIV i
< Ok, v, 00 A, M)([[ Ve[| + ([ Ve D[V, (5.3.54)

Similarly, from (5.3.42), (3.2.11), Lemmas 5.1 and 5.11, we write

‘A2(¢h)| = ’ - b(uTIL{>en> ¢h> - b(e?ﬂUn: ¢h)’
< O([[VugllIve™ | + [[Ver VU DIVl
< C(r, v, 0,2, M)([[Ve"|| + Ve DIV, (5.3.55)

With the help of (5.3.45), (3.2.11), Lemma 5.1 and Theorem 5.7, we observe that

|A3(¢h)| :|b(e?]’u71}17 ¢h) + b( ?Jae}‘fla ¢h)|
< C(|Vug| + VUL VeIVl
< C(k,v,a, M, M)|[Vey ||V (5.3.56)

A use of (5.3.54)—(5.3.56) in (5.3.53) implies
(A" ()| < Clr, vy A, M)([[Vel || + [[Ver[)[[ V]| (5.3.57)

An application of (5.3.31) and estimate in Lemma 5.4 leads to

1 tn tn
et < ([ e tiaolPas) ([ - o)
tn—1 tn—1
— E/tn egatn
3 tn—1

tn
< C(k, v,oz,)\l,M)kzeht”/ e 2%%(s
tn—1

uZtt(S)HQdS

< O(k,v,a, A\, M)k?e**", (5.3.58)

155



for k* € (0,k).

Similarly, we observe that
e Vo™ ||? < Ok, v, o, Ay, M)E*e2%" (5.3.59)

With the help of Cauchy-Schwarz’s inequality, Young’s inequality, (2.2.3) and (5.3.57) in
(5.3.52), we find that

10:€"||> + k||VOe™||* < C(k,v,a, Ay, M)(|[Va"||* + || Vex|* + |[Ve||?). (5.3.60)
In view of (5.3.59), Theorems 5.8 and 5.9, we arrive at
10,e"||? + k|| VOe"||* < C(k, v, a, A\, M) ke 2, (5.3.61)

To obtain pressure error estimates, we consider the equivalent form of (5.3.2): Find a
sequence of functions {U"} ., € H,, and {P"}, ., € L; as solutions of the following

recursive nonlinear algebraic equations:

(6,0, ) + ka(FU",b,) + va(U™, ¢, ) + b(U", U™, ;) (5.3.62)

+b(U%, U™, @) = b(Uy, Uy, @) + (P, V - @) Vo, € Hy,
(V-U" xn) =0 Vxu € Lp.

Now, consider (5.2.75) at ¢t = t,, and subtract it from (5.3.62) to write

(pn’ V- d)h) = (éten7 d)h) + Ha’<5ten7 d)h) + VG,(G”, ¢h)
- (Unv d)h) - K’a(ana ¢h) - A*((:bh)a (5363)

where p" = P™ — p;(t,) and A*(¢,,) is defined in (5.3.53).

156



A use of Cauchy-Schwarz’s inequality, (2.2.3) and (5.3.57) in (5.3.63) yields
(", V- ) < Cli,v, 0, M, M)(([[0,Ve"|| +[[Ve™|| + [[Veyl| + Vo™ ) [Vl (5.3.64)

Applying (5.3.59), (5.3.61) and the estimates from Theorems 5.8 and 5.9, we arrive at the

desired result, that is,
1" < C(k, v, A, M)k e, (5.3.65)

The following theorem is an easy consequence of the results obtained in (5.3.65), Theorems

5.3, 5.5 and 5.9.

Theorem 5.10. Under the assumptions of Theorems 5.3 and 5.9, the following hold true:
[u(t,) —U"|| < C(h LB 4 k;) o0t
and
Ip(t,) — P"|| < C(h+ H*™ + k)e .

Next, we establish the error estimates for velocity in Step 3.

I/)\l
2(1 + /€>\1)
(5.3.9) is satisfied. Let for some fized h, assume that u,(t) satisfies (5.2.7). Then, there

Theorem 5.11. Assume that 0 < o < and ko > 0 be such that for 0 < k < ko,

exists a positive constant C, independent of k, such that, forn =1,2,--- N, the following
holds true:

n
lehll® + s Vep|® + uke >ty e[ Vey || < Ok,
1=1

Proof. Applying similar set of operations to (5.3.7) as we apply on (5.3.5) to arrive at
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(5.3.27) in Theorem 5.9, we obtain

— ) e l—eok 1 )
0t(||eh||2—|—/<o||Veh||2)+(Ve k—(T)(I{—F ))||Veh||2 (5.3.66)

= e (Mgl en) + e ra(er oy, &) 4+ e e A(e]).

After multiplying (5.3.66) by 2k, sum over n = 1 to N and write

) ) Cup l—eo 1 N
e 12+ kI + 2 (v = (R o 50) SV
n=1
N N N
< 2ke MY (enop, &) + 2ke N ka(e® oy, &) + 2ke Ky " Ay (&)
p— 71 p—

=1V + 1)) + 1), say. (5.3.67)

The first two terms in the right hand side of (5.3.67) can be calculated following the similar
steps as in the derivation of (5.3.35), (5.3.36) and with the help of estimates in Lemma 5.6.

Hence, we arrive at
N
1Y)+ 1] < C(k, vy 0, A, M)k + 2eke™ > || Vep |1, (5.3.68)

Next, we write
Ah<¢h) = (b(u;lwu?{’ d)h) - b( Z’ 7;]7 ¢h)) + (b(u?huzv ¢h) - b( 71117 Z?th)) + (b( ?{’Una ¢h)

- (uH7 uh ) ¢h)) ( (Un7 U?I - Un? d)h) - b(u;;na u?{ - u}:na ¢h))
= Ny(@n) + A (n) + Ni(@n) + As(n)- (5.3.69)

The first term in (5.3.69) can be written as

[An(@n)| = [0(uy, ugy, @) — b(Uy, Uty ¢,))|
= |b(u27u7lfl - %’d)h) +b(u2a 7Il{7¢)h) _b( Z? ?{a¢h)|
- | - b(uZ7 e?{a ¢h) - b(ez, U?h ¢h)| (5370)
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A use of (3.2.10), (3.2.11) and Lemma 5.6 in (5.3.70) leads to

e AL(&R)] = e~ |b(wy, &y, &) + bley, Uy, &)
< C(IVaglIvey Vel + ez Vel VURleq] = Ve )
< o(Ivapllives Vel + eIV O IVer)
< O(w, v, A, M) Ve [[IVE] + Clieq IV U | Vel (5.3.71)

Hence, using Young’s inequality, we obtain

N N
ke Y e AL (E)] < Ol vy M, M ke F Y|V + O *“’“ZHVU el
n=1 =
N
4 ekeiakZHVéhHZ' (5.3.72)
n=1

Rewrite the second term of (5.3.69) as

|Ai21(¢h>| - |b(117£[, UZ, ¢h> - b( 7;17 Za ¢h)|
= |b(unH - UnHv u;LL7 ¢h) + b<U7Ifla uZ7 ¢h) - b(UnH7 U;LL7 ¢h)|
= ‘ - b(e?b U_Z, ¢h) - b(UTIfla 627 q,)h)’ (5373)

An application of (3.2.1), (3.2.11) and Lemma 5.6 in (5.3.73) yields

e[ AG(e)] = e |b(efy, ay, ep)| < C|I Vel Vag |l Vel
< Ok, v, a0, A1, M)||VEL ||| Vel (5.3.74)

Using Young’s inequality in (5.3.74), we obtain

N N al
2ke™ Y e A (E)] < Ol v, M, M ke Y|V |? + eke™* Y| Ve,
— — n=1

(5.3.75)
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To bound the third term in the right hand side of (5.3.69), we write it as

A} ()] = [b(Ug, U™, @y,) — b(ufy, ui”, )]
= |b(UTIEI7 Un? d)h) - b<uTFLI - UTIEIJ u;;,nu ¢h) - b(UnH7 u;;na ¢h)‘
= [b(U%, €", ¢,) + blef, wy", ¢y,)|- (5.3.76)

With the help of (3.2.11), Theorem 5.7 and Lemma 5.2, we find that

e | AR (&) = e b(UT, &, &7) — b(e, u;", &7
< C(|VURIIVE I Verl + I Ver VeI VeR])
< Ok, v, 0, A, M)([|[Ve™ | + [VeR D[ Ver. (5.3.77)

Applying Young’s inequality in (5.3.77), we arrive at

N N
2ke™ "y e | AL(E)] < Clr, vy o M, M)k Y~ (||Ve"|* + || VeR||?)
n=1

n=1

N
+eke Ky || Ven*. (5.3.78)

n=1

For the estimation of the fourth term on the right hand side of (5.3.69), we first rewrite it

as

1A% (dn)] = [B(U", U — U™, ) — b(wy", ufy — wj", ¢y,
= [b(U", Uy = U™, ) — b(U", ufy — ", ¢y
+ (U upy —wp", @) — b(wy", ufy — u”, @)
= [b(U", efy — ", @) + b(e", upr — wy", )|

= ’b(Un7 eT}LI? d)h) - b<Un7 ena ¢h) + b<en7 uTIfI - u;zn7 d)h)’ (5379)
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Apply (3.2.11) and estimate in Lemmas 5.1, 5.2 and 5.11 to obtain

AR (€R)] =e~ " |b(U", &, &1) — b(U",&", &) + b(e", ufy — 0y, &f)|
< C(IVO[[[IVeg] + IV O [[IIVer(| + [V (@ — &) Ve[ Verl
< Ok, v, o0 A, M)([|[Ve™ | + [VeR ) [ Verll. (5.3.80)

A use of Young’s inequality in (5.3.80) now yields

N N
2he S e AL (@) < Ol v, A, M, e S ([ Ve + [V )
n=1

n=1

N
+eke ) || Vep|*. (5.3.81)
n=1
A combination of (5.3.72), (5.3.75), (5.3.78) and (5.3.81) leads to

N N
|13 = 2ke ™) "™ |An(e)] < Ck, v, i, My e)ke™®™ ([|Vé||* + [[Ve"|)
n=1

n=1

N N
+ C(e)ke ™Y VUL P} + deke ¥ [ Vep|®.  (5.3.82)
n=1

n=1

Using estimates obtained from Theorems 5.8 and 5.9 in (5.3.82), we find that
N
5] <C(s, 0,00 00, M, )R + CleYhe™ [ VUG |*l|6;
n=1

N
+deke [ Vep|”. (5.3.83)

n=1

An application of (5.3.68) and (5.3.83) in (5.3.67) with € = £ yields

N
&> + sl Ve | + BikY Vel < C(r, v, A, MK

n=1

N-1
+ C()ke ™Y VUL [Pl€h]* + C(v)ke VU&7 ]|*. (5.3.84)
n=1

161



Using Theorem 5.7 in (5.3.84), we obtain

N
[V 12+ /IVeN | + Bk S IVer|? < Cls, v, a, A, MK
n=1
N-—1

+ C()ke > |IVULPlIen]” + Cv, 5, M)ke™* (|6 ||* + sl Ve [?).  (5.3.85)
n=1

Again, using the fact that (1 — C(v, k, M)ke™ ) can be made positive for 0 < k < kq for

some ko > 0, we then use discrete Gronwall’s lemma in (5.3.85) to arrive at

N N-1
31> + =l Ve |* + Bk Y _[[Ven]* < Clr, v, a, A, M)k exp(k Y VU [?).  (5.3.86)
n=1 n=1
Now, with the help of Theorem 5.7, we bound
N—-1
exp(k Y _[VUL[?) < C(k,v, 0, M\, M). (5.3.87)
n=1
A use of (5.3.87) in (5.3.86) would complete the proof. O

We recall below (5.3.7), in order to establish bound for pressure in Step 3, as

(Ose, dy) + Ka(Orel, ¢,) = —val(el, dy,) + (oh, ¢y) + Kaloy, dy) + Au(Py,) Yoy, € I,
(5.3.88)

where o} = u}, — dyu} and

Ah(¢h) = b(uZ> u?[? ¢h) - b<U27 UZD ¢h> + b(uTIEIa uZ? (:bh) - b(U?D Za ¢h> + b(UrIEIa Un7 (:bh)
— b, ui )+ B(UT UY, — U™, ) — bui™, ufy — uil', ). (5.3.89)

Choose ¢, = d,e} in (5.3.88) to obtain

||6teZ||2 + /<;||V(§te’,;b||2 = —l/(l(eZ, 8teZ) + (O'}TLL, 5?582) + /‘YIQ(UZ, 57562) + Ah(gteZ). (5390)
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Using (5.3.69), we observe that

An(y) = (b(uj, uly, ¢p,) — b(Up, Ufy, ) + (b(ufy, up, ¢,) — b(UY, U, ¢,)) + (b(UY, U™, ¢y,)
= b(ufy, wi*, @) + (b(U", Uy — U™, @) — b(wp”, ufy — wi", )
= A () + Ai(@n) + Ajy (b)) + Ay(@)- (5.3.91)

With the help of (5.3.70), (3.2.11), Lemma 5.6 and Theorem 5.7, we arrive at

’A}L(()bh)’ = ‘ - b(u27eZ7 ¢h) - b(e;zl?UTIfla ¢h)’
< C(k, v, 0 A, M)([[ Ve || + [[Ver DIV - (5.3.92)

Similarly, Using (5.3.73), (3.2.11), Lemma 5.6 and Theorem 5.7, we bound A?(¢,,) as

AR (D)l = | = blely, uy, @) — D(UY, €}, ¢y,
< C(IVeglllIVupll + IVUE [ Verl) IV énll
< C(s,v, 0, A, M)([[ Vel | + [VeR]) [Vl (5.3.93)

From (5.3.76) (with €} replaced by ¢,), Theorem 5.7 and Lemma 5.2, we obtain

1AL (@n)| = [6(Ufp e, @) — blegr, uy”", éy)]
< C(IVUEIIVe [Vl + [ Ver I Vui [V ebyll)
< C(k, v, A, M)([Ve || + ([ Vel )V (5.3.94)

Recalling (5.3.79), (3.2.11), Lemmas 5.1, 5.2 and 5.11, we note that

AR ()| =[b(U", efy, @) — b(U", €", ;) + ble", ufy — uj", )|
< C(Ivurllve ) + VU [[Ve"|| + IV (uf — w") Ve [) [Vl
< C(s,v, 0, A, M)([Ve"|| +[[Vey ) [Vl (5.3.95)
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A use of (5.3.92)-(5.3.95) in (5.3.91) yields
(AR ()] < Clr, v, 0 A, M)([[Velyl| + [[Ver || + [Ver]) IV |- (5.3.96)

With the help of (5.3.96), Cauchy-Schwarz’s inequality and Young’s inequality in (5.3.90),

we observe that

10ei|I* + £ VOeh||* < Clrv, o M, M) (llog ]I + VoI

+[IVeRl* + [IVe™||* + [ Veh|[*). (5.3.97)

Proceeding along the similar lines as in (5.3.58) (with uj, replaced by u;) and using Lemma

5.6, we arrive at

1 tn tn
e*map||? < ﬁ(/ 62athUhtt($)H2d$) (/ (t, — S)st)
tn—1 tn—1

< C(k,v,a, A\, M)k*e*™ (5.3.98)

for k* € (0,k).

Similarly, we obtain
|e*" Vol ||? < Ok, v, a, A, M)k*e***". (5.3.99)
A use of (5.3.98)-(5.3.99), Theorems 5.8, 5.9 and 5.11 in (5.3.97) leads to
10,e}||? + k|| VOel||* < C(k,v,a, A\, M)k? e~ 2, (5.3.100)
Next, we use the following equivalent form of (5.3.3) as: find a sequence of functions
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{Uh},>1 € Hy and {P}'}, o, € Ly such that

(575UZ’ d)h) + Ha(ét 27 ¢h) + Va( ;Llu ¢h) + b( Zu ?{7 ¢h> + b( ?{7 Za d)h)
=b(U%, U", ¢,) +b(U", Uy —U", ¢,,) + (P, V- ¢,) Vo, € Hy,
(V . UZ)Xh) =0 th € Ly,.

After considering (5.2.90) at t = t,,, we subtract it from (5.3.101) to obtain

(Ph, V- @p,) =(0i€y, dy) + ka(Oie], dy,) + vale), dy)
- (O-Zv ¢h) - K“a(gir:a ¢h) - Ah(¢h)v

where p' = P' — pp(t,) and Ay(¢,,) is defined in (5.3.91).
Applying Cauchy-Schwarz’s inequality, (2.2.3), (5.3.96) in (5.3.102) to write

(5.3.101)

(5.3.102)

(Ph, V- @) < Cl,v, 0 M, M) ([0, VeR]| + (| Ve ]| + [Vop || + [ Vel || + [[Ve|]).

(5.3.103)

Then, we use (5.3.99)-(5.3.100), Theorems 5.8, 5.9 and 5.11 in (5.3.103) to arrive at

lppll < Ck,v, A, M)k e

(5.3.104)

Now a use of (5.3.104), Theorems 5.4, 5.6 and 5.11 completes the proof of the following

Theorem.

Theorem 5.12. Under the assumptions of Theorems 5.4 and 5.11, the following hold true:

Ja(t,) — Ul < C (h2 +hHE) 4 g2 k) e ot

and

lp(ta) = Pl < C(h+ H™ + k)"
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Remark 5.3.1. In case, we choose h = H*~% with § > 0 arbitrary small for R?* and § = 1/2

for R3, we arrive at the following optimal estimates for velocity and pressure
[ut,) — Ul < C(h* + k)e™"
and

p(tn) — PPl < C(h+ k)e™*"".

5.4 Backward Difference Scheme

In this section, we apply backward difference scheme to two-grid semidiscrete approxima-
tions to obtain second order accuracy in time. The second order Backward differencing
scheme applied to (5.2.5)-(5.2.7) is as follows:

Algorithm:

Step 1: Solve nonlinear system on coarse mesh Ty: for ¢5 € I, we seek {Uy}, o, € Iy

such that

(DU, ¢y) + ka(DP Uy, ) + va(Uly, dpp) + WUy, Uy, ) =0 > 2, (5.4.1)

(5tU}{a¢H) +"{a<5tU}1'{a¢H) +I/CL(IJ11'1H¢H) +b(U}1'{7U11'17¢H) = 07

where DIPUY, = L (3U7, — 4U% L + UL 2),
Step 2: Update on fine mesh 7, with one Newton iteration: find {U"} ., € Jj, such that

(DPU", ¢,) + ka(DPU, ¢,) + va(U™, dy) + b(U", Uly, ) (5.4.2)
+b(U, U™, ¢,) = b(U%, Uy, ) Vb, € Iy 1> 2,

(0,U", ¢,) + ka(0,U", ¢,) + va(U', ¢,,) + b(U', Uy, ;)

) =

b(U}-Ia Ul d)h - b<U}-I7 U}-D ¢h)
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Step 3: Correct on fine mesh 7;: find U} € J;, such that

(DPUL, ) + ka(DPUL, ¢,) + va(Uy, ¢,,) + b(Uy, Ul ¢,) (5.4.3)
+ (U, U, ¢y) = b(UY, U™, @,) + b(U", U}, — U, ¢,) Ve, €Ty n>2,
(0:U}, @p,) + ka(0:Uy, ) + va(Uy, ¢,) + b(U,, Uy, ¢y,)
+0(UY, UL, ¢,) = (U}, Ul ¢,) + b(U', U}, — U, ,).

Similar to the Section 4.4, the results of this section are derived with the help of identity

(4.4.4). Hence, we recall it as follows:

2e*'(a", 30" — da" " +a"7%) = [|a"|* — a"H* + (1 — e ) ([la"|* + [la"*) (5.4.4)

+ ||52dn—1||2 + ||2&n . eakdn—1”2 . ||2dn_1 o 6ak&n_2||2,
where

62@7171 — eakdn o Zdnfl + eak&n72.

We set e}y = U}, —upy(t,), e =U" —uj(t,) and e} = U} —uy(t,).

Considering (5.2.5)-(5.2.7) at ¢ = t,, and subtracting the resulting equations from (5.4.1)-
(5.4.3), respectively, to write

Equation for Step 1:

(D€, dy) + ra(DP ey, ) + valels, dr) = (05, )

+ ka(ohy, @) + Au(dy) Vo €Iy n>2 (5.4.5)

and for n =1,

(Orels, d) + Ka(Orey, dy) + valey, dy) = (04, br)

+ ka(oy, o) + A (@y) Vou € In, (5.4.6)
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where 03y = upy, — D( uyy, Au(@y) = b(uly, uy, ¢y) — b(Uf, Uy, ¢y), U}J = ullr{t - (iullﬁl

and Ay (¢p) = d(uy, uy, o) — b(Uy, Uy, ép).
Equation for Step 2:

<D1£2)env ¢h) + /{a(Dt(Q)e”, d)h) + Va(env ¢h)
= (03, Q) + ka(oy, @) + A (@) Vb, € I, 1 > 2

and for n =1,

(51561, d)h) + HCL(ételv d)h) + Va(e17 d)h)
= (Ulv ¢h) + ’%a(alv ¢h) + A*l(d)h) v¢h € th

) _
where o7 = u? — DPum, ol = wil — il

A*(d)h) = b(uzna unH7 ¢h> - b(Un7 U?Ia ¢h) + b<uH7 uh ) d)h)
_b(U?h Una ¢h) + b(UTIEb U?I? ¢H) - b(u?b 117;[7 ¢H)
and ) A
A (¢h) = b(uh ) uHa ¢h) (U ) UH> ¢h) + b(qu uh ) ¢h)
_b(U}{’ Ula ¢h) + b(Uleiv U11V7 ¢H) - b(u}iv ullth d)H)

Similarly, equation in Step 3 satisfies

D@ en

(D7ey, b)) + va(DPe}, ) + valel, d,)
= (09, @) + Ka(oy, @) + An(@y,) Vo, €Ty n>2

and for n =1,
(5156}“ ¢h) + ’ia’(éte}u ¢h) + VCL(eflw d)h)
= (o, @p) + kaloy, @) + Ap(y) Vb, € Ty,
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) _
where o7, = u?, — DPu?, ol =ul, — Jul,

An(y) = b(uy,uy, éy,) — b(Up, Uy, ¢y,) + b(ufy,uy, ¢p,) — (U, Uy, ¢y,) +0(Uy, U", ¢y,
—b(ll?[, u;n’ ¢h) + b(Unv U?I - Unv ¢h) - b(uzn> urlil o u;kzna ¢h> (5413)

and

A111<¢h) = b(ullw u11LI7 ¢h) - b<Ui1m U}{a (bh) + b(u}{a uilw ¢h) - b(UllLb Ullw (bh) + b(U]lfiv U1> ¢h)
_b(u}fa u;;la d)h) + b(U17 U}{ - U17 ¢h> - b(u;k117 u}{ - u;?? d)h) (5414)

Remark 5.4.1. Note that, in all the three error equations results for case n = 1 is obtained

by using backward FEuler method.

Next, we recall a priori bounds for discrete solution U%,; of (5.4.1) and error estimates of

Step 1 which are already worked out in Section 4.4 (Lemma 4.2 and Theorem 4.4).

A
Theorem 5.13. With 0 < o < 5 el

m, choose ko small so that for 0 < k < kg

Vk’)\l

i 1> e, (5.4.15)

Then, the discrete solution U%,, n > 1 of (5.4.1) satisfies the following a priori bound:

(IUFI? + &l VUG]?) + €724 kY e VU < Ok, v, 0, M)e (| UG | + &l VUR|?).

i=1

|

A
Theorem 5.14. Assume that 0 < a < 5 al and choose ko > 0 such that for

(1+rA)
0 <k <ko, (5.4.15) is satisfied. Let ug(t) be a solution of (5.2.5) and €}y = U, —ug(ty,),

forn=1,2,--- N. Then, for some positive constant C' = C(k,v,a, A\;, M), there holds

n
e A N e D
=2

Vey|* < Ck*e 2, (5.4.16)
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|

To arrive at the error estimates, we require the following exponential decay property of the

discrete solution UV of Step 2.

A
Lemma 5.12. With0 < a < 5 Gl choose ko small such that for0 < k < ko (5.4.15)

(]_ —|— /\1 I{) ’
is satisfied. Then, the discrete solution UN, n > 1 of (5.4.2) satisfies the following a priori
bound:

([UP I + /[ VUP[R) + 2000 iyt

i=1

VU2 < C(k, v, o, Ay )e” 2 (|[UY12 + &||VU°?).

Proof. Multiply (5.4.2) by e®" and substitute ¢, = U". Then, using identity (5.4.4) and
(3.2.1), we obtain

15 Ctn TN TN 1 —e** FTn CTn
{04 VT )+ AT 4 (2 ) (1012 4 w90

4k

+ (=) (1012 4 IO ) + 0 4 v O
4k 4k 4k

1 ( ( 8 B ) A~
Ik <(2Un — e Un)? — U - eakU”_2)2> + ﬁ(@VUn — by UnL)?
BYPA VA S v R

= —e p(U™, UL, U") + e p(UY,, U, UM). (5.4.17)

Using the non-negativity property of the fifth and sixth terms on the left hand side of
(5.4.17), we drop these terms. Multiply (5.4.17) by 4ke2** sum over n = 2 to N and use
(2.2.3) and (4.4.7) to yield

R R B 1— 6—2ak 1 N R
U2 + &||VUY |2 + k(41/e Zak _ 2(7) (k+ )\—1))ZWU”H2
n=2

+ H2€7akij _ [AJNleZ + /€H2€7QkVﬁN . vﬂN71H2
N N
< dke Ry “em (U, Uy, UT) — dke ) e~ (U™, U, U") + ([UY))* + & VU?)
n=2 n=2
+ (2e7FU — U%)? + k(2e**VU! — VU?)?

= IV + 1Y+ (JUY? + 5| VUY?) + (20! — U2 + k(2e VU — VU2 (5.4.18)
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With the help of (3.2.11), Young’s inequality and Theorem 5.13, we arrive at

N
Y| = [dke 2y _emob(Ug, U, U)|

n=2

< Cke~ MZ —otn | VU | VO"

n=2

N
< CO(k, M,e) MZHVU I? + eke2*> V0|2

n=2

< Ok v, 0, My, M, e)(|[UY | + &||[VUY||?) + eke™ 2akZ||VU"|]2 (5.4.19)

n=2

An application of (3.2.10) with Young’s inequality yields

N
1] = |[4ke™>* "emotp(U", Uy, U)|

n=2

<C’k‘e_z‘“k’226_‘““‘IIU”II VT2 [V O 10 VO™ 2

n=2

N
< Cke 2Ry e U VU |||V U

n=2
N N
< C(e)ke > VUL PO + eke 2"y VU™ ||2. (5.4.20)
n=2 n=2

For the last three terms on the right hand side of (5.4.18), we write (5.3.15) for n =1 and

obtain
15 2 vi|2 —ak,, 1—e o 1 V2
ST +wIIVU) + (e = (——) (s + ) VU]
< —e ek (UL, UL, UY) 4 e ke kp(UL,, UL, UY). (5.4.21)

Multiply (5.4.21) by 2k to arrive at
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8 - — ]- - e—ak ]_
||U1||2+/f||VU1”2+2]€(6 kV— (T) (li—f— ))HVUIHQ

< U7 + & VU7 + 2ke > (b(Uy, Ug, U') = o(U', U, UY))
< | UOP + &|| VU2 + I} + 1. (5.4.22)

We use (3.2.11), Theorem 5.7 and observe that

|[1}] = [2ke”***b(U}, Uy, UY)|
< Chke 2| VUL 2| VUY|
< C(k, M, )ke™ 2% || VUL ||? + eke 2k | VU ||?
< C(k,v,a, M\, M, o) (J[UY |12 4 6| VUY|?) + eke™k | VUY|12 (5.4.23)

Applying (3.2.10), we obtain

S o SCRTE TN R SRS ST |
b(UY, Uy, UY)| < C[UYIE [ VU2 [ VU [T 2] VU2
< O GHIINU [ VOl- (5.4.24)

With the help of (5.4.24) and Young’s inequality, we observe that

13| = [2ke™>*p(U", U, UY)|
< Cle)ke | VUY|PU? + ke ¥ VU |?
< C(&)ke 2k | VUL 2T 4 eke % VU2, (5.4.25)

Using (5.4.23), (5.4.25) in (5.4.22) with € = § and Theorem 5.7, we obtain

1 —e ok
k

+ 'k, v, 0 A, M)([UG P + 6 VUG P) + Cv, m, M)ke™* (U + £V U ?).

. . 1
T2 + s|| VU + k(e‘“ku —2( ) (K + A—)) < | UOP? + & VU2 (5.4.26)
1
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Choose k small enough to obtain
[T + s VO* < Cs, v 0 0, M)(JUCP + s VU° Y+ UG |12 + ] VUL |f5.4.27)
Applying Cauchy-Schwarz’s inequality, Young’s inequality and (5.4.27), we write:

(2e7*U" = U")? + k(2 **VU' — VU")? < C(k, v, a, A, M)(|U°|* + |[VU°|?).
(5.4.28)

(5.4.19)-(5.4.20), (5.4.27) and (5.4.28) in (5.4.18) would lead us to the desired result. O

A
Theorem 5.15. Assume that 0 < o < v and choose kg > 0 such that for
2(1 + /i)\l)

0 <k <ko, (5.4.15) is satisfied. Let uj(t) be a solution of (5.2.6) and €™ = U" — uj(t,),
form=1,2,---  N. Then, for some positive constant C = C(k,v,a, \1, M), there holds,

n
”en”Q + /{||Ve"||2 + ]{36_2at" ZGZatiHveiHQ S Ck4€_2at”.
=2

Proof. Applying the similar sets of operations to (5.4.7) as in Theorem 4.4 leading to

(4.4.15), we arrive at

kO, (||e™]|? + x| Ver||?) + ||6%e" |2 + k|| 6°Ve |2 + dkv||Ver||* (5.4.29)
H(1 =) ((le]]* + Kl Ve |*) + (1 — e ) (e P + k[ Ver)

(28" — ehen )2 — (28771 — ehen?)? 4 k(2VE" — e Vel
—K(2Ve" Tt — ehyen?)?

= 4k(e* oy, e") + 4k k a(e*r ol e") + 4k e A*(e).

Taking a sum of (5.4.29) over n = 2 to N, using (4.4.7) along with e = 0 and dividing by
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2ok we arrive at

N
HéNHQ + KHvéNH2 + 672akZ(H52én71H2 + KH52vén71H2> + (zefakéN _ éNfl)Q
n=2
1— e—?ak

N
1
+r(2e7FVeN — VeV )2 4k (41/6_2°‘k —2(———)(x+ A_l)) ;HVé”HQ
< ||é1||2 + l€||Vé1||2 ( —akél o o>2 —I—/i( —akvél . veo)Z

N
+4k€—2ak Z(eatno,;7 An + 4k I€€_2ak Z cntno_gz7 An + 4/{36_2ak Z atnA* )

n=2 n=2

< C(le"* + klIVe' ") + I + I3 +[§, say. (5.4.30)

The derivation uses proof techniques of Theorem 4.4. A use of Cauchy-Schwarz’s inequality,

(2.2.3) and Young’s inequality to bound |I]| leads to
N N
* —2a atn _n 1 n 1
17| < dke™ k(ZHG oy )z (Y e
n=2
N
Cle, M)k Mz e o3 ||* + eke 2 Y~ [[ve"|. (5.4.31)
n=2

Similar to (4.4.18), we observe that
3

ot < 5 [ e o) dr (5432
th—2

An application of (5.4.32) yields

kZW”W<—Z/ 2| (1) Pt
tn2
- MZ/ 20tz ||z, (1) Pdt
tn2

WZ[QMmmww (5.4.33)
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A priori bounds for u} from Lemma 5.5 and (5.4.33) yield
N tn
ES Sl o < ke [ g ()
n=2 0
< C(k,v, a, A\, M)ketokem20tn (5.4.34)

Using (5.4.34) in (5.4.31), we observe that
N
|17 < C(k,v, 0, M, M, )k + eke ™%y " [ Ve |”, (5.4.35)
n=2
Similarly, for I; we arrive at
N
|I3] < C(k, v 0, M, M, e)k* + eke Y " || Ve"|*. (5.4.36)
n=2

Using (5.3.37) and (5.4.9), we note that

A (@) = Mi(y) + Na(y) + As(by,). (5.4.37)

With the help of (5.4.37), (5.3.41), (5.3.43), (5.3.47) and Theorem 5.14, it follows that

N
:4k672ak26atn |A*(én)|

n=2

N
=dke > et (|A1(€") + Ao(€") + As(e")])

n=2

|13

<C(k,v,a, A1, M, €) 2‘”"fZHV l?+C(e) —2‘”’“2|WU I%[le
N
+ Beke ) 7| ver||? (5.4.38)
n=2

<C(k,v,a, A, M, e)k* + C(e) —‘MZHVU 12 y|én||2+3€ke—2ak2||%“||2

n=2

175



For the purpose of bounding the first term on the right hand side of (5.4.30), we choose
n = 1in (5.3.27) and obtain

—ak

a1 + kI ) + (e = () (e ) IV (039

= e (™ol ') + e ra(eo!, &) 4 e Fe A (E!).

Multiply (5.4.39) by 2k, use €’ = 0, Cauchy-Schwarz’s inequality, (2.2.3) and Young’s
inequality with the estimates (5.3.47) (for n = 1 and € = %) to observe that

. . o 1—e @ 1
1&Y)? + x| Ve||* + 2k (ue kb (T) (k+ )) |ve'||? (5.4.40)

<2ke k(o' 1) 4 2ke Fka(e o, & )+2ke*akea’fA(él)
<CkPe 2% ([le ot || + w[le** Vel |?) + (Ilélll2 +k[|Ve|?)

+ ke | Vey|* + C(V)’fe_ak||Vﬂ}{||2||él||2 +vke || Ve'|.
The estimates || Vel ||? for Step 1 , is already derived in Section 4.4 (see (4.4.30)) as
lez I + £l Vep |I* + El[Vey|* < C(k, v, a, Ay, M)k'e™". (5.4.41)

From (5.3.31) for n = 1, we note that

1 k i} k
et < o ([ e natonpas ) [ o o2 )

k " 2ak 2
=5 | e R ds

k
< CO(R, v, Al,M)kego‘k/ e 2% (s
0

< Ok, v,a, A\, M)k?e**" (5.4.42)

where £* € (0, k).
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Similarly, we observe that
le**Vat||? < C(k, v, a, A\, M)k*e**™ (5.4.43)

An application of (5.4.41)-(5.4.43) in (5.4.40) yields

R . o 1—e @ 1 R
eY)? + x| Ve |* + k(ye k— 2(T> (k+ )\—1)) |ve!|? (5.4.44)

< CO(k, v, 0, M, M, e)k* + O (v)ke™ || VUL |16

Using (5.4.35)-(5.4.36), (5.4.38) with ¢ = 2, (5.4.44), €” = 0 and bounds from Theorem
5.13 in (5.4.30), we obtain

N
HéN”2 + KHVéNHQ + 672ak2<”62én71|’2 + FL”éZVénfl”Z) + (2€7akéN . éNfl)Q
n=2
1— 6—2al~c

N
—« A AN— —2a 1 N(
+ k(2e7**vel — veN 1?2 4 2k (1/6 2ok _ (T) (k+ A_l)),?:?”ve &

<C(k,v,0, A, M)k* + C(v) —MZHVU IP1€" (> + C(v)ke* || VU, |||
<C(k,v,0, A\, M)E' + C(v) —“’CZHVU IP1e"]* + C(v)ke | VUY|*[1&"]|?
<C(k,v, 0, M, M)k + C(v) —akZ\|VUH|| e

+ Cke™*(||&™|* + || VeN||?). (5.4.45)

Choose ko, so that (5.4.15) is satisfied and (1 — Cke™*) > 0 for 0 < k < ko. An appeal to

Gronwall’s lemma leads to

N N-1
[€N]> + £l VeN|* + k) IIVer||* < Clr, v, h, M)k  exp(k ) [VUR|?).  (5.4.46)
n=2 n=0
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The bounds obtained from Theorem 5.13 yield

N-1
kZHVﬂ?IHQ é C<H7 I/aa?)‘l?M)

n=0

and this would lead us to the desired result. O

The above derivation holds true for n > 2. For the case n = 1, we use (5.4.44) and
Theorem 5.13. Then, with a choice of k such that (1 — Cke=**) > 0, we arrive at the

following estimate:
[ + [ V&2 + kI Vel |2 < C(x, v, a, M, M, ke, (5.4.47)

To derive bounds for pressure, we require the estimates for || D?e™||.

For that purpose, substitute ¢, = D?e™ in (5.4.7) and arrive at

IDPe|? + |[VDPe|? = —va(e”, D2e") + (o8, D%e™) + ra(oy, D?e") + A*(D2e").
(5.4.48)

Using (5.3.57), we observe that
A (dn)| < C(r, v, 0, A, M)([[ Ve[| + [[Ve[) [V, |- (5.4.49)

A use of Cauchy-Schwarz’s inequality, Young’s inequality, (2.2.3) and (5.4.49) (with ¢,
replaced by D?e") in (5.4.48) leads to

IDPe||? + [V DPe™ |2 < Cl, v, a, M, M)([[ V"2 + [ Voy|® + [Vel]?).  (5.4.50)

To estimate the second term on the right hand side of (5.4.50), we use (5.4.32), estimates
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from Lemma 5.5 and obtain

S
oot < 5 [ ol d
tn—2
tn
< Ok, v, 0, A, MR et / i
tn—2

< C(k,v,a, A\, M)k*et*" (5.4.51)

where £* € (0, k).

An application of Theorems 5.14, 5.15 and (5.4.51) in (5.4.50) yields
IDPe™|? + |VDP e < C(k, v, a, Ay, M)k*e 2. (5.4.52)

Next, to arrive at the error estimates for the pressure, let us consider equivalent form
of (5.4.2) as follows: find a sequence of functions {U"}, ., € Hy, and {P"} ., € Ly as

solutions of the following recursive nonlinear algebraic equations:

(DPU™, ¢,,) + ka(DPU", @) + va(U”, ¢,) + b(U™, Ut ;) (5.4.53)
+ (UL, U, ) = b(UY, UL, ) + (P, V - ¢,) Vo, € Hy n> 2,
(0,UY, ¢p,) + ka(0,U", ¢),) + va(U', ¢,) + b(U', U}, ;)
+b(Uy, U ¢,) = b(Uy, Up, @) + (P V- ),
(V-U"xn) =0  Vxn € Lp.

Consider (5.2.75) at t = t,, and subtract it from (5.4.53) to arrive at

(P V- ¢,) = (D{Ve", ) + ra(DPe", ¢,) + va(e”, ¢y) (5.4.54)
— (03, @p,) — Kaloy, @) — N (@),

where p" = P™ — pj(t,).
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With the help of Cauchy-Schwarz’s inequality, (2.2.3) and (5.4.49), we write
(0", V - d)| < Clr,v, M) (IVDP e + Ve | + [[Vos || + [ VeRll) [Vl (5.4.55)

A use of Theorems 5.14, 5.15, (5.4.51) and (5.4.52) in (5.4.55) yields the desired pressure

error estimates, that is,
1" < Ok, v, 0, A, M)k e™@, n > 2. (5.4.56)

To deal with the case n = 1, we use the estimates derived for backward Euler method.

Substitute n = 1 in (5.3.64) and obtain
(P, V- p)| < Cls, v, 0, M)(([10:Ve' || + [[Vell| + [ Vey|| + Vo ) [Vl (5.4.57)

Applying (5.3.59), (5.3.61) and (5.4.47) along with the estimates from Theorem 5.8 in
(5.4.57) would provide the desired estimates, that is,

Pl < C(r, vy, Ay, M)ke ", (5.4.58)

As a result of (5.4.47), (5.4.56), (5.4.58), Theorems 5.3, 5.5 and 5.15, we have the following

theorem:

Theorem 5.16. Under the assumption of Theorems 5.3, 5.9 and 5.15, the following hold

true:
Ju(t,) —U"|[; <O + H*? + k*)e " j=0, 1,
and,

Ip(ta) — P} < Ceot(h+ B0 + k2),
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where
0 ifn>2
fy:
1 ifn=1

Next, we present the derivation of error estimates for velocity in Step 3.

Theorem 5.17. Assume that 0 < a < V—)\l
2(1+l€/\1)

0 <k < ko, (5.4.15) is satisfied. Let up(t) be a solution of (5.2.7) and e} = U} —uy(ty),

and choose kg > 0 such that for
forn=1,2,--- N. Then, for some positive constant C' = C(k,v,c, A\1, M), there holds,

n
lG]1” + sl Ve |[* + ket e

=2

Vei||? < Okle2atn,

Proof. We apply a sequence of operations to (5.4.11) for obtaining an expression similar

to (5.4.30), that is,

N
1 11* + sl Ver | + 2> ([|8% 1 |1° + sl|0* Ve H[?) + (2 ey — ey )2
n=2

1— —2ak 1 N
T r(2ehVeY — Vel )+ k(4 () (s + r)) > Iveif

<[l + s Ve[ + (27", — ) + s(2e"*Ve;, — Vep)?
N N N
+dke 2R (emol,, €p) + Ak ke 2 Y a(e™n ol ) + dke 2 Y T e A, (éf)

n=2 n=2 n=2

<O(lley]? + sl Veyl1”) + I + L™ + 137", say. (5.4.59)

As in the proof of Theorem 5.15 (see (5.4.35)-(5.4.36)), we bound IV"* and I as follows:
N

[V + 11 < Ckv 0 M, M)k + 2eke™ > || Ven 2. (5.4.60)
n=2

For I3, we use techniques applied to two-grid backward Euler method for handling the
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nonlinear terms as these are same in both methods for all three steps and arrive at

An(y) = (b(uj, uly, ¢p,) — b(Up, Ufy, ) + (b(ufy, up, ¢,) — b(UY, U, ¢,)) + (b(UY, U™, ¢y,)
—b(ufy, i, by,)) + (b(U", Uy — U™, ) — b(uj”, ufy — i, ¢y,))
= N (@n) + A(@n) + Mg () + Aj () (5.4.61)

A use of (5.3.72), (5.3.75), (5.3.78), (5.3.81) and estimates from Theorems 5.14 and 5.15
yields

|INP| = 4ke™ 2akzeafn|A (eM| < C(k, v, o, A\, M, e)k* + C(e) QQkZHVU NI

n=2

N
+deke 2Ry | vep|. (5.4.62)

n=2
Substituting n = 1 in (5.3.66), we observe that

15 102 12 —ak _ 1—eo 1 2
SOIE? + s V) + (et = (F—) (s + 5) ) IVl

—e ak(eako_h’é}ll) + efakﬂa(eako_hjé}z) 4 e*akeakA(éh). (5463)

With the help of similar kind of analysis as in (5.4.42) and a use of Lemma 5.6, we observe

1 k k
le**a}||? < =) (/ 62ak||uhtt(3)||2d3> (/ (k — s)2ds>
0 0

k k
— 5/ 2 [y ()||? s (5.4.64)
0

that

k
< C(r, v, /\I,M)kemk/ e 2% (s
0

< C(k,v,a, A\, M)k?e2*",

where £* € (0, k).

182



Also, using (5.3.82) for n = 1 along with proper choice of € and Theorems 5.14, 5.15, we

write nonlinear term as

Dhe~ ke | Ay (81)] <C(k, v, 0, A, M, e)e* ([ Vel |2 + [ V&' |?)
+ Cleke M VULIP &1 + deke 4| Veh | (5.4.65)
<Ok, v, 0, M, M, k' + C0)ke ™ [ VU [2e} 2

+ vke ¥ Ve, |2
After multiplying (5.4.63) by 2k, use (5.4.64) and (5.4.65) in the resulting equation and
obtain

1 — efock

. . o 1 .
Jeb I+ Ve 4 k(e — 2 ) (o 1) IR

< Ok, v, 00 Ay, M, €k + C(v)ke ™% || VUL |12 e} || (5.4.66)

A use of (5.4.60), (5.4.62) and (5.4.66) in (5.4.59) and Gronwall’s lemma completes the

proof. O

Note that, the above result holds true for n > 2. We require to deal case n = 1 sepa-
rately as it corresponds to backward Euler method. Here, we use (5.4.66) and Theorem

5.13, with a choice of k such that (1 — Cke™**) > 0 to obtain the following results:
[erll” + Kl VeL|)” + k|| Ve, ||* < Cr, v, a, A, M, e)k*e ", (5.4.67)

In order to derive pressure estimates, firstly we derive bounds for ||DZel||. Substitute

¢, = D?e} in (5.4.11) to obtain

IDPe|? + K| VD e||? = —va(e}, D2ep) + (o5, D)) + ka(o,, D2el) + An(D2e}).
(5.4.68)
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Using (5.3.96), we write
An(DPe)] < Cls, vy A, M)(IVefsl] + Ve | + [ Vep]) [VDVef]l. (5.4.69)
Applying Cauchy-Schwarz’s inequality, Young’s inequality, (2.2.3) and (5.4.69) to arrive at

|DeR|* + sl VD] < Ol v A, M)(|IVeR|* + [Vog|* + Vel |[* + (Ve |).
(5.4.70)
To bound ||Va?, ||, we recall (5.4.51) (with uj, replaced by uj) and Lemma 5.6 to obtain

3

k> [t
lemol,||* < 2 / e [y () || dt
tn—2

tn
< O(k,v,a, A\, M)K? ezo‘t"/ e 2t

tn—2

< C(k,v,a, A\, M)k*etor" (5.4.71)

where k* € (0, k).

Similarly, we note that
|e*" Vo ||* < C(k, v, o, Ay, M) ket (5.4.72)
With the help of Theorems 5.14, 5.15, 5.17 and (5.4.72), we arrive at
IDPer |2 + |VDPel|? < C(k, v, a, A, M)k'e 2. (5.4.73)

For pressure error estimates, consider equivalent form of (5.4.3), that is, find a sequence of

functions {U}p}, 5, € Hy, and {P'}, 5, € Ly, as solutions of the following equations:

(DU, @) + ka(DPUL, @) + va(UL, @) + b(UL, Uty dy,) + b(U%, Up, ) (5.4.74)
=b(Uy, U ¢,) + (U™, Uy, —U", ¢,) + (P, V - ¢,) Ve, € Hp n>2,
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(6tUilw ¢h) + '%a(étUllw ¢h) + I/CL(U}“ d)h) + b(U}lw U11LI7 ¢h) + b(UllLb Uilw d)h)
= b(Ull'{7U1a ¢h) + b(Ullel'{ - U17 ¢h) + (Phla v : ¢h)7
(V . UZL, Xh) =0 \V/Xh € Ly,.

Consider (5.2.90) at t = t,, and subtract it from (5.4.74) to arrive at

(P}, V- ¢) = (D}, dy) + ra(Del, ¢,,) + vale}, ¢,) (5.4.75)

— (0%, @n) — Ka(og,, n) — An(Py).
Using Cauchy-Schwarz’s inequality, (2.2.3) and (5.3.96), we obtain

(02, V - d)| < Clr, vy, M, M) (VD] + [ Ver || + Vol + IVer] + Ve ) IVl
(5.4.76)

A use of Theorems 5.14, 5.15, 5.17, (5.4.72) and (5.4.73) in (5.4.76) leads to the desired

result, that is,
loRll < Ck, v, M, MR, n > 2. (5.4.77)

To consider case n = 1, we substitute n = 1 in (5.3.103) as this corresponds to backward

Euler method and observe that

(P V- )| < Clw, v, 0, M, M) ([[0:V ey ]| + Ve || + [Voy | + [[Vey| + [Ve']).
(5.4.78)

We apply (5.4.64), (5.4.67) and (5.3.100) along with Theorems 5.8, 5.9 (for n = 1) to arrive

at

pr < C(k,v, o, Ny, M)ke k. 5.4.79
h
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Using results obtained in (5.4.67), (5.4.77), (5.4.79), Theorems 5.4, 5.6 and 5.17, we have

the following theorem.

Theorem 5.18. Under the assumption of Theorems 5.4, 5.11 and 5.17, the following hold

true:
u(t,) — Upll;, < C(h* + H% 4 k%) j =0, 1,
and,
||p(tn) - P,?“ S Oe_o‘tn(h + H5—25 + k2_7)7

where

0 ifn=>2

/y —=
1 ifn=1

and 6 > 0, arbitrary small for two dimensions and § = % for three dimensions.

5.5 Numerical Experiments

In this section, we present numerical results which support the theoretical estimates ob-
tained in Theorems 5.12 and 5.18, by employing two fully discrete schemes applied to
(5.2.5)-(5.2.7). As in Chapter 4, for space discretization, we use P,-F, mixed finite ele-
ment space. Thus, we consider the finite dimensional subspaces V, and W, of H} and L?

respectively, which satisfy the approximation properties in (B1) and (B2), as:

V.= {ve (H(Q) N (CQ)": vk € (P(K)% K € T},
W,={q€ L*(Q):qlx € P(K),K € T},

where p is the index for mesh sizes H and h for coarse and fine grid, respectively, and 7,

denotes the triangulation of the domain Q. Now, we discuss the fully discrete two-grid fi-
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nite element formulations of (5.2.5)-(5.2.7) using backward Euler method and second order
backward difference scheme.

Let k be the time step and U}, be the approximation of u(t) in V, at t = ¢, = nk.

The backward Euler approximation to (5.2.5)-(5.2.7) can be stated as follows:

Algorithm:

Step 1: Solve nonlinear system on coarse mesh T: given U’ !, find the pair (U%, PR)

satisfying:

(UY,vu) + (k+vk) a(UY,vy) + k (UL, Uy, vy) — k (Pg,V - vy) (5.5.1)
= (UL vy) + ra(U%vy) + k (£(t,),ve) Vv € Vg,

(VUZ,MH) =0 Ywyg € Wy.

Step 2: Update on fine mesh 7, with one Newton iteration: given U"~!, find the pair
(U", P") satisfying:

(U, vp) + (k+vk) a(U", vy) + k b(U", UY,vy) + k (U, U vy,) — k (P",V - vy)
=k b(UnH, UnH, Vh> + (Un_l, Vh) + Iia(Un_l, Vh) + k (f(tn), Vh) Vv, € Vy,
(V . U",wh) =0 Ywy, € W, (552)

Step 3: Correct on fine mesh T: given Up~', find the pair (U}, Py satisfying:

(UZ7 Vh) + (K + Vk) a(U27 Vh) +k b(Uz7 U?Ia Vh) +k b(UTIl-Ia UZa Vh)
k(PP Y vp) = k (U, U, va) + k(U™ U — U™, v,) (5.5.3)
+ (U i) + ka(URH vi) + & (E(t), va),

(V . Uz,wh) =0 Ywy, € W,
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Similarly, two grid second order backward difference approximation to (5.2.5)-(5.2.7) is as

follows:

Algorithm:

Step 1: Solve nonlinear system on coarse mesh Tg: given U?I_l, find the pair (U%, Py)

satisfying:

(3U%, vy) + (k + 2vk) a(Uly, vi) + 24t (U, Uy, vy) — 2k (Pp,V - V)
=4(U " vy) +4 ka(Uyt vy) — (U2 vy) — 5 a(UY % vy)
+k (£(tn), vu) Vvu € Vu, (5.5.4)
(V- Uy, wg) =0 Vwg € Wg.

Step 2: Update on fine mesh 7, with one Newton iteration: given U"~!, find the pair
(U™, P") satisfying:

(BU", vp) + (k + 2vk) a(U", vy,) + 2kt b(U™, U, vy,) + 2k (U™, U, vy)
—2k (P",V -v) = 4(U" Y vy) + 4 ka(U™ Y vy) — (U2 vy) — K a(U" 2, vy)
2k DU, U, vi) + k (E(ta).vi) Vi € Vi, (5.5.5)
(V- U wy) =0  Yw, € W,

Step 3: Correct on fine mesh Ty: given U}, find the pair (U7, PP*) satisfying:

(BUR, vi) + (k + 2vk) a(Uj, vy) + 2k (U, UY, vy) + 2k (U, UY, vp)
=2k (P, V- i) = 4(U 7Y i) + 4 wa(Up = vi) — (U2, vir) — £ (U2, v
12k b(UT, U™, vy) + 2kb(U™U% — U™, vi) + 2k (£(tn),va) ¥vi € Vi, (5.5.6)
(V-Urwp) =0  Yw, € W,
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We solve (5.5.1)-(5.5.3) (or (5.5.4)-(5.5.6)) following the similar technique as mentioned in
Section 5 of Chapter 4.

We choose v = 1, k = 1072 with Q@ = (0,1) x (0,1) and time ¢t = [0,1]. Here, Q is
subdivided into two triangulations, composed of closed triangles: one coarse triangulation
with mesh size H and one fine triangulation with mesh size h such that h = O(H?*%) with
§ = 1/2, arbitrary small. The theoretical analysis provides a convergence rate of O(h?)
in L2-norm, of O(h) in H'-norm for velocity and of O(h) in L?-norm for pressure with a
choice of k = O(h?) for backward Euler method and k& = O(h) for second order backward

difference scheme.

Example 5.5.1. In this ezample, we choose the right hand side function f in such a way
that the exact solution (u,p) = ((uy,us),p) is
up = 10e7 2 (z — 1)%y(y — 1)(2y — 1), uy = —10e "y (y — 1)%z(z — 1)(2z — 1), p=ye "

Here, Table 5.1 gives the numerical errors and convergence rates obtained on successively
refined meshes for the backward Euler method with k& = O(h?) applied to two grid system
(5.2.5)-(5.2.7) and Table 5.2 presents the errors and convergence rates for second order
backward difference scheme with k& = O(h). Figure 5.1 graphically depicts the order of
convergence for velocity in L? and H'-norms. In Figure 5.2, we have shown the graphs of
order of convergence for velocity in L? and H'-norms for backward difference scheme. In
Figure 5.3, we depict the convergence plots of pressure for both backward Euler method
and backward difference scheme, respectively. These results support the optimal theoreti-

cal convergence rates obtained in Theorems 5.12 and 5.18.

Example 5.5.2. In the second example, the right hand side function f is constructed in

such a way that the exact solution (u,p) = ((u1,usz),p) is

t —t

uy = te " sin®(3rx) sin(6my), uy = —te "t sin?(3my) sin(67x),

—t

p=te " sin(2mx) sin(2mwy).
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The results obtained are shown in Table 5.3 and Table 5.4. In Table 5.3, we present the

numerical results showing the error estimates for velocity in L? and H!-norms and for

pressure in L2-norm for backward Euler method. These results are in agreement with the

theoretical bounds in Theorem 5.12 and in Table 5.4, we exhibit the error for velocity

(pressure) in L? and H'-norms (L?norm ) for second order backward difference scheme.

These results satisfy the optimal theoretical results in Theorem 5.18.

h |u(t,) — U"||L2 | Rate |lu(t,) — U™||m: | Rate Ilp(t,) — P"|| | Rate
1/8 |0.365017x1073 0.010998 0.037912

1/16 | 0.097081x 1073 | 1.910691 | 0.005371 1.033832 | 0.019200 0.981523
1/32 | 0.025053x 1072 | 1.954179 | 0.002687 0.999380 | 0.009660 0.991044
1/64 | 0.006360x107% | 1.977711 | 0.001348 0.994756 | 0.004846 0.994975

Table 5.1: Errors and convergence rates for backward Euler method with k = Q(h?).

h |lu(t,) — U"||r2 | Rate |lu(t,) — U"||m: | Rate llp(t,) — P"|| | Rate
1/8 10.369685x107° 0.011052 0.037549

1/16 | 0.097491x1072 | 1.922940 | 0.005371 1.040915 | 0.019204 0.967363
1/32 1 0.025108x1072 | 1.957108 | 0.002687 0.999372 | 0.009660 0.991316
1/64 | 0.006372x 1073 | 1.978301 | 0.001348 0.994757 | 0.004846 0.994979

Table 5.2: Errors and convergence rates for backward difference scheme with £ = Q(h).

h |lu(t,) — U"||L2 | Rate |lu(t,) — U™||m: | Rate Ilp(t,) — P"|| | Rate
1/8 |0.028118 1.537607 0.186313

1/16 | 0.003710 2.921958 | 0.463199 1.730983 | 0.063223 1.559194
1/32 | 0.000472 2.971908 | 0.124017 1.901084 | 0.016051 1.977744
1/64 | 0.000063 2.894693 | 0.032022 1.953411 | 0.006437 1.318130

Table 5.3: Errors and convergence rates for backward Euler method with k = Q(h?).
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h |lu(t,) — U"||L2 | Rate |lu(t,) — U™||m: | Rate Ilp(t,) — P"|| | Rate
1/8 | 0.028032 1.537645 0.186275

1/16 | 0.003663 2.935964 | 0.463208 1.730989 | 0.063019 1.563564
1/32 | 0.000466 2.973856 | 0.124020 1.901081 | 0.016014 1.976394
1/64 | 0.000063 2.868781 | 0.032023 1.953379 | 0.006431 1.316084

Table 5.4: Errors and convergence rates for backward difference scheme with £ = Q(h).
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Figure 5.2: Convergence plots of velocity for backward difference scheme.
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Figure 5.3: L?*norm convergence of pressure for backward Euler method and backward
difference scheme respectively.
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Chapter 6

Summary and Future Plans

The main objective of our work is to study the finite element Galerkin approximations
to the equations of motion arising in the Kelvin-Voigt model, which appears in the class
of linear viscoelastic fluids. In this chapter, we summarize briefly our results and discuss

about future plans.

6.1 Summary

In this section, we summarize our results.

In Chapter 2, we have proved the global existence of a unique weak solution to the equa-
tions of motion arising in the Kelvin-Voigt viscoelastic model when the forcing function is
zero using Faedo Galerkin method and standard compactness arguments. Further, we have
derived a priori bounds based on energy arguments which provide new regularity results
for the solution. Moreover, these results exhibit exponential decay property in time. For
decay property, an exponential weight plays a crucial role. Special care is taken to avoid
algebraic growth in time.

In Chapter 3, finite element Galerkin method is applied to discretize the problem in spa-

tial variable, while keeping the time variable continuous. Thus, we obtain a semidiscrete
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scheme. For the semidiscrete scheme, we derive optimal error estimates in L°°(L?)-norm as
well as in L>°(H')-norm for the velocity and L>(L?)-norm for the pressure, which reflect
the exponential decay property in time. Again, as in Chapter 2, exponential weights play
a crucial role in establishing the decay property in time, while standard energy arguments
yield optimal error estimates in L°°(H!)-norm for velocity. For optimal error estimates in
L>°(L?)-norm for velocity, we follow the following proof techniques. We first split the error
by introducing a Galerkin approximation to a linearized Kelvin-Voigt model. Essentially,
we decompose the error into two parts: one due to linearization and the other to take care
of the effect of nonlinearity. In order to obtain optimal error estimates in L°°(L?)-norm,
we introduce a new auxiliary projection through a modification of the Stokes operator,
named as Sobolev-Stokes projection. This plays a role similar to the role played by auxil-
iary elliptic projection in the context of parabolic equations in [103]. For the error due to
the nonlinearity, we apply energy arguments with a suitable use of exponential weight and
establish the optimal error bound. Then making use of estimates derived for the auxiliary
projection, the error estimates due to the linearized model and due to nonlinearity, we have
recovered the optimality of L°°(L?) error estimates for the velocity. Finally, with the help of
uniform inf-sup condition and error estimates for the velocity, we have established optimal
error estimates for the pressure. Special care has been taken to preserve the exponential
decay property in time even for the error estimates. In Chapter 4, an attempt is made to
discretize the semidiscrete problem discussed in Chapter 3 by replacing the time derivatives
by suitable finite difference quotients. Thus, we obtain complete discrete schemes. In the
first part of this chapter, we have discussed a backward Euler method which is an implicit
scheme and established the existence of a unique solution to the fully discrete scheme at
each time level by using a variant of Brouwer fixed point argument and a standard unique-
ness technique. Optimal error estimates in ¢°°(L?) and ¢>°(H')-norms for the velocity and
(>*(L*)-norm for the pressure are derived, which preserve exponential decay property in
time. For achieving the decay property, we need to introduce exponential weight function

at each time level and special care is taken to tackle the additional terms which appear
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as a by product of the discrete problem. Since at each time level, we obtain a nonlinear
system of algebraic equations, which is computationally more expensive, we have then used
a linearized backward Euler method which preserves the optimal order of convergence. All
these two Euler schemes are first order in time, therefore, in the later part of this chapter,
we deal with a second order backward difference scheme. After obtaining a prior: bounds
of the discrete solution, we have given a remark on wellposedness of the discrete problem.
Then, we have derived optimal error bounds which again exhibit exponential decay in time.
Unlike backward Euler method, the introduction of the exponential weight function gives
rise to special type of difficulties, which demands a more careful analysis. Finally, several
numerical experiments have been conducted to confirm our theoretical findings.

In Chapter 5, we have employed a two level method based on Newton’s iteration for resolv-
ing the nonlinearity present in our problem. Essentially, we solve the nonlinear system on a
coarse grid of size H and with two updates of nonlinear term, we solve a linear system on a
finer grid of size h. We have derived a priori estimates for semidiscrete solutions and have
established optimal velocity error estimates with the help of Sobolev-Stokes projection,
that is, we have recovered an error of the order h? in L>(L?)-norm and A in L>°(H')-norm
provided h = O(H?*™®), 6 > 0 arbitrary small for two dimensions and § = % for three
dimensions. Then, we have applied a first order accurate backward Euler method and a
second order backward difference scheme for the time discretization of two level algorithm.
We have obtained a priori bounds for the discrete solution. Armed with all these a pri-
ori estimates, we have derived fully discrete optimal error estimates for complete discrete
scheme which exhibit exponential decay property in time. Then, we have worked out some

numerical examples to support the theoretical estimates.

6.2 Future Plans

e In this dissertation, we have obtained global solvability and optimal error estimates

for both semidiscrete and fully discrete schemes for the 2D and 3D Kelvin-Voigt
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model when the forcing function f = 0. For non zero f, that is, f # 0, it may be
worth while to extend the theoretical results of this thesis. Note that, we may not
obtain exponential decay property in time. Even for optimal error analysis, special

care must be taken, when f # 0.

In Chapter 2 and in subsequent chapters, we obtain constants in various bounds which
depend on L or exp(L) simultaneously, say for example in Chapter 2, [|[Vu(t)|| < £,
which plays a crucial role in subsequent regularity results. As k — 0, it is expected
that the solution of Kelvin-Voigt model should converge to the solution of the Navier-
Stokes system. Therefore, it is desirable to obtain bounds which do not blow up as
k — 0. More pertinent issue now: How do the true solutions as well as discrete

solutions behave as k — 07 This may form a part of future work.

The analysis in this dissertation involves the coupling of u and p by the incompress-
ibility condition div u=0. It is difficult to construct a finite element space having
divergence free property. To overcome this problem, an extensive amount of litera-
ture is available for Navier Stokes equations, for example the work of J. Shen [93]
and literature, therein. The author has established optimal error estimates for penal-
ized Navier-Stokes equations, where the divergence free condition is penalized with
penalty parameter e. These estimates are of order O(¢), where € is penalty parameter.
He has applied backward Euler method to the penalized system and obtained opti-
mal error estimates. In future, we would like to work with a penalized Kelvin-Voigt
model, where we will penalize the divergence free condition with penalty parameter e,
such that as e — 0, the solutions of the penalized Kelvin-Voigt model converge to the
solution of Kelvin-Voigt model. We would like to apply the finite element Galerkin

method to the penalized Kelvin-Voigt model and work out the error analysis.

The error estimates in finite element analysis depend on the estimates of exact so-
lution, which in general is rarely known. For the Kelvin-Voigt model, in future, we

would like to establish a posteriori error estimates in terms of computable quantities,
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depending on the data and discrete solution. These quantities are used to achieve a
solution having specified accuracy in an optimal manner and to make computational

method more effective.
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