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Abstract

The main objective of this dissertation is to study finite volume element methods (FVEMs)
for incompressible miscible displacement problems in porous media. The mathematical
model describing such a displacement in a reservoir gives rise to a system of coupled
nonlinear partial differential equations consisting of the pressure-velocity equation or just
the pressure equation which is of elliptic type and the concentration equation which is of
parabolic type.

Mixed finite volume element procedures have been applied for the pressure equation
to obtain an accurate approximation to the Darcy velocity which, in turn, yields a better
approximation of the concentration. Since FVEMs are conservative, we have applied a
standard FVEM for approximation of the concentration equation. Discontinuous Galerkin
finite element methods are also element wise conservative and are easy to implement com-
pared to other conforming and nonconforming finite elements methods. Therefore, an
attempt has also been made to apply a discontinuous Galerkin FVEM for approximating
the concentration equation. Then existence of a unique discrete solution is proved. Using
backward-Euler difference method, we have discussed a fully discrete scheme and a priori
error estimates in L°(L?) norm are derived for velocity, pressure and concentration for
both the schemes under appropriate smoothness on the exact solutions. Since the concen-
tration equation is convection dominated diffusion type, the standard numerical schemes
fail to provide a physically relevant solution because these methods suffer from grid orien-
tation effects. One way to minimize the grid orientation effect is to use modified methods
of characteristics (MMOC). We apply MMOC combined with standard FVEM for approx-
imating the concentration equation. Moreover, a priori error estimates are derived for the
velocity and concentration in the L°°(L?) norm. Further, some numerical experiments are
conducted at the end of Chapters 2 through 4 to support our theoretical findings. Finally,
the thesis deals with informal observations regarding the possible extension of the present

work.
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Chapter 1

Introduction

The main objective of this dissertation is to study finite volume element methods (FVEM)
for a coupled system of nonlinear elliptic and parabolic equations arising in incompressible

miscible displacement problems in porous media.

1.1 Motivation

An oil reservoir is a porous medium, whose pores contain some hydrocarbon components,
collectively called as “Oil”. There are mainly three stages of oil recovery.

Primary Recovery. In this stage, the oil or gas is produced by simple natural decompo-
sition. This stage ends rapidly when the pressure equilibrium between the oil field and the
atmosphere is attained. This way upto 10 to 15 percent of the total amount of oil and gas
can be recovered.

To produce more oil from the field, one may think of pumping out oil through the wells and,
thereby, driving the remaining oil towards these wells. But this process has the following

main disadvantages:

e The pressure around the wells may fall below the bubble pressure (see [18]) of the
oil. Hence, mostly gases will be produced and the heavier components will remain

trapped in the field.

e If the pressure in the fluid phase is diminished, this may lead to the collapse of the
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rocks which, in turn, results in a low permeability field and, hence, it will be difficult

to recover oil subsequently.

Secondary recovery. To overcome the above mentioned difficulties, one may divide the

wells into two sets: injection and production wells. In order to push the remaining

oil towards the production well, an inexpensive fluid (e.g. water) is injected through the

injection wells into the porous medium. This helps to maintain a high pressure and flow

rate in the reservoir. In this stage, we have the following two possibilities:

(a)

If the pressure is maintained above the bubble pressure of the oil, then the flow in
the reservoir is two-phase immiscible type (say, water and oil) with no mass transfer

between the two phases.

If the pressure goes below the bubble pressure at some points, then the oil may get
split into two phases (liquid and gaseous). Then the flow in the reservoir is of three-
phase type, water phase, which does not exchange mass with the other phases and
two hydrocarbon phases (liquid which is called black oil and gas) which exchange

mass when the pressure and temperature change.

Even in the best case scenario, this stage may produce only 25% — 35% of the oil contained

in the field. The main reasons for this low recovery are:

(i)

(i)

(iii)

There are some regions which are never flooded by water and, hence, the residual oil

in that part of the reservoir is not recovered.

Even in the completely flooded regions, a non negligible part of the oil like 20 — 30%
remains trapped in the pores due to the capillary forces. In literature, it is called

residual oil.

In comparison to the oil which is heavy and viscous, the water is extremely mobile.
Therefore, instead of pushing the oil, the water finds its own way very quickly to the
production wells. This is called the fingering effect. Thereafter, only water will come

out through the production wells.
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Tertiary or enhanced recovery. To recover more oil which is left behind after the first
two recovery stages, the miscibility of the fluids must be improved, see [18]. The miscibil-
ity is sought by increasing the field temperature, or by introduction of other components
(usually expensive) like certain polymers or carbon dioxide flooding. Since the demand of
oil is increasing day by day and the prices are going up, these alternatives are now seriously
considered as a viable option to produce more oil. The mathematical model which describes
polymer flooding gives rise to a system of strongly coupled partial differential equations
consisting of an elliptic equation in pressure and a convection dominated diffusion equation
in concentration and this process is known as incompressible miscible displacement in a
porous medium ( see [67]). However, as we have mentioned above, another alternative
is to use carbon dioxide flooding and in this case, the displacement process is known as
compressible miscible displacement.

In the present thesis, we study finite volume element methods for the approximation of in-
compressible miscible displacement problems in porous media. In general, the displacement
problem arises from the natural law of conservation. The standard Galerkin finite element
methods may fail to satisfy the conservation law, but the FVEM are conservative in na-
ture. Therefore, these methods are more suitable for the approximation of the displacement
problems in porous media. Most of the commercial packages like ECLIPSE are also based
on finite volume methods. Moreover, these methods are also widely used in the approxi-
mation of conservation laws, computational fluid mechanics, etc, see, [13, 45, 54, 61]. For
more applications and details of FVEM, we refer to [64]. Since the discontinuous Galerkin
(DG) methods are also element wise conservative, an attempt has been made in this dis-
sertation to apply discontinuous Galerkin finite volume element methods to approximate

the concentration equation.

1.2 Notations and Preliminaries

In this section, we introduce some standard notations which will be used throughout the
thesis.

Let © be a bounded domain in R? that is, the d-dimensional Euclidean space and 052
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denote its boundary. Let LP(£2) denote the linear space of equivalence classes of measurable

functions ¢, defined on €2, with

[ et i < oo,

The space LP(2) equipped with the norm

1/p
Hasnm):(/Q \¢<x>|pdx) . l<p<oo,

is a Banach space. For p = oo, let L>(2) be the linear space consisting of all functions ¢

that are essentially bounded on €2, which is equipped with the norm

||l = esssup |p(z)].
zeN

For p = 2, we denote the inner product and norm on L?() as

(¢,¢)=/Q¢(x)¢(x)dx and [|¢]| = (/Q|¢(:c)\2 dw)1/2,

respectively. It is well known that L?(2) is a Hilbert space with respect to the inner product
('a )

A multi index o = (aq,as, -+, aq) is a d-tuple with non-negative integers «; > 0 and its
d

order is denoted by |a| = Z a;. Set the o' order partial derivative as

=1

olel
DYoo
axl Lo.. al’dd
For non-negative integer s and 1 < p < oo, the Sobolev space of order (s, p) over 2, denoted
by W#P(Q) is defined as the set of functions in LP()) whose generalized derivatives up to

order s are also in L?(2), i.e.,
WeP(Q) ={p € LP(Q): D¢ € LP(Q), |a| < s}

This is also a Banach space with the norm
1/p

19llsp = I0lsp = | D IID°GIIE for 1 <p < oo,

laf<s
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and for p = oo,

||¢HS,OO,Q = ||¢||8,oo = Sup "Da¢||L°°(Q)

laf<s
We also introduce seminorms denoted by | - |, which are defined as
1/p
6lap=18lsp = | D_ DI}, for 1 < p < o0,
jal=s
and for p = oo,

|¢|s,oo,Q = |u|s,oo = sup ||DauHL°°(Q)
|a|=s

When p = 2, we denote W*2(Q) by simply H*(Q2). Note that H*() is a Hilbert space
with the natural inner product defined by

(6,4) = / D*¢D™dx Vo, ¥ € H(Q),

la|<s

and induced norm 12

ol = { > 1Dz

laf<s
For our notational convenience, we write H*(2) simply by H*.
The dual space of H*(Q2) is denoted by H*(£2) and is equipped with the norm

(6, ¥)]
Ill-- = weHssl(lfIz)/{o} [Eae

We denote by L%(a,b; W5P(2)), 1 < ¢, p < oo, s > 0, the space of functions
Y [a,b] — W*P(Q) such that |[(t)]|sp.0 € L(a,b), see [43, pp.285].
The norm on L%(a, b; W*P(2)) is defined as

T (/ ()12 ds) 1 <q< ool

and for ¢ = 0o

@[l 2o~ (@pwsr()) = €ss sup |[@(E)][s-
te(a,b)
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We would also use the following matrix notations.

For a matrix A = (a;;(x))1<i j<2, with z € Q, we define the following norms:

) ) 1/2
Al = f;%z |ag; ()], Al = (Z |aij(27)\2> ; (1.2.1)

i,j=1

9 1/2
> /Q \aij(x)\2dx> . (1.2.2)

[All 222 = (
ij=1
Also, we have
1
V2

We frequently use the following standard inequalities.

[Al1 < [Al2 < V2[AlL. (1.2.3)

Young’s Inequality. For a, b > 0 and € > 0, the following inequality holds:
a?  eb?
b< —+ —. 1.24
V=513 (124)
LEMMA 1.2.1 (Holder’s inequality, [52]) Let 1 < p,q < oo be such that 1/p+1/q =1

and Q C R®. Further, let ¢ € LP(QY) and p € L4(Q). Then

/chw dz| < (/QW dw)w (/Q ) dw)l/q-

LEMMA 1.2.2 (Generalized Holder’s inequality, [52]) Let 1 < p, g, r < oo be such
that 1/p+1/q+1/r =1 and Q € R®. Further, let ¢ € LP(Q), ¢ € L4(Q) and x € L"(1).

Then
1/p 1/q 1/r
[ovcas < ([1orar) " ([rwrac) ([ ar)

LEMMA 1.2.3 (Cauchy-Schwarz inequality, [68]) Let 1 < p,q < oo be such that 1/p+

1/q = 1. Suppose that {a;}Y., and {b;}}, are positive real numbers. Then

LEMMA 1.2.4 (Generalized Cauchy-Schwarz inequality, [68]) For 1 < p,q,r < o
with 1/p+1/q+ 1/r =1, let {a;}Y,, {b:}Y, and {c¢;}X, be positive real numbers. Then

N N 1/p N 1/q N 1/r
() = () () (%)
=1 =1 =1 =1
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LEMMA 1.2.5 (Poincaré-Friedrich’s Inequality, [8, pp. 102]) Let Q) be open, bounded
domain in R? with Lipschitz boundary 0). Let v € H'(Q) be such that

/vdxzo.
0

[v]lo.0 < ClIVvlloa, (1.2.5)

Then

where C' = C(Q) is positive constant.

LEMMA 1.2.6 (Green’s Formula [52]) Let u and v be in H*(Q2). Then for 1 < i < d,
the following integration by parts formula holds:

uﬁvdx: —/vaudx—i-/ uvn;ds,
Q axz Q a’rz a0

component of the outward normal to the boundary OS2.

h

where n; s the it

LEMMA 1.2.7 (Gronwall’s Lemma [69]) Let g(t) be a continuous function and let h(t)
be a nonnegative continuous function on the interval to < t < tg+ a. If a continuous

function ¢(t) has the following property

o(t) < g(t) +/t o(s)h(s)ds, fort € [to, to + al,

hen
t o(t) < g(t) + /tg(s)h(s)exp {/st h(T)dT:| ds, fort € [to, to + al.

to

In particular, when g(t) = K is a nonnegative constant, then we have

o(t) < Kexp {/ h(s)ds] , fort € [to, to + a).

We note that for a nondecreasing nonnegative function g we obtain the above result with
K replaced by g¢(t). We also use the following discrete form of the Gronwall’s Lemma,

proof of which can be found in Pani et al. [65].
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LEMMA 1.2.8 (Discrete Gronwall’s Lemma) Let {{"} be a sequence of nonnegative

numbers satisfying
n—1
¢ <at+ >y B, forn>0,
5=0

where o™ is a nondecreasing sequence and (37’s are nonnegative. Then

n—1
" <a"exp <Zﬁj) , forn > 0.
5=0

Throughout the thesis, we use the notations C, C; for i = 1,2,3--- to denote generic

positive constants.

1.3 The Mathematical Model

In this section, we derive a mathematical model which describes the miscible displacement
of one incompressible fluid by another in a porous medium. We study the flow of one
incompressible fluid flooding from the injection well into a petroleum reservoir that mixes
with the originally resident fluid to reduce the surface tension with an intention to push
the oil towards production wells. The invading and displaced fluid are referred to as the
solvent and resident fluid, respectively. We further assume that the solvent and resident
fluid mix in all proportions forming a single phase and we neglect the influence of gravity.
Let © C R? with boundary 0f2 be a rectangular reservoir with unit thickness. The assump-
tion of unit thickness on the reservoir €2 is quite reasonable because the height (in metres)
is very small compared to the length and breadth (in kilometres in both directions) of the
reservoir.
Let ¢ denote the concentration of the solvent/invading fluid in the fluid mixture. The
miscibility of the components imply that the Darcy velocity u of the fluid satisfies

= —%Vp V(z,t) € Qx J=(0,T], (1.3.1)

and the incompressibility implies that

V-u=gq V(z,t) € Q x J, (1.3.2)
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where © = (z1,22) € Q, u(z,t) = (u1(x,t), us(z,t)) and p(x,t) are, respectively, the Darcy
velocity and the pressure of the fluid mixture, p(c) is the concentration dependent viscosity
of the mixture, x(x) is the 2 x 2 permeability tensor of the medium, ¢(x,t) represents the
fluid flow rates at injection and production wells. We assume that there is no change in the
volume due to the mechanical mixing. Here, the diffusion-dispersion tensor D(u) consisting
of molecular-diffusion and mechanical dispersion (due to mechanical mixing, see Peacemen

[66]) is given by
D(u) = ¢() [dm[ + |yl <dlE(u) Fd(I - E(u)))] , (1.3.3)

where d,,, is the molecular diffusion, d; and d; are, respectively, the longitudinal and trans-
verse dispersion coefficients, E(u) is the tensor that projects onto u direction, whose ;%"

component is given by
(B(w)y = wuy/Juf*s 1<4,j <2, |u]® =i + u3,

I being the identity matrix of order 2 and ¢(z) denotes the porosity of the medium. We note
that in realistic situations mechanical dispersion is more important compared to molecular
diffusion and also d; > d;. The conservation of mass in the mixture satisfies the following

equation

gzﬁ(x)p% +pV - (cu) — pV - (D(u)Ve) =épqg  Y(z,t) € Q x J, (1.3.4)

where p is the density of the fluid mixture and ¢ is the concentration of the injected fluid
at the injection well. Using (1.3.2), the equation (1.3.4) can be rewritten in the following

form

aﬁ(a:)% +u-Ve—V.-(D(u)Ve) =(¢—c)g VY(z,t) € QxJ. (1.3.5)

The above equation (1.3.5) is in non-divergence form. Hence, the system of equations
describing the incompressible miscible displacement of one fluid by another in a porous

medium is given by
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Assume that no flow occurs across the boundary 0f2, i.e.,

u-n=0 V(z,t) € xJ, (1.3.9)
D(u)Ve-n=0 V(x,t) € 002 x J, (1.3.10)
and the initial condition
c(x,0) =co(x) Vreq, (1.3.11)
where
g(z,t,c) = g(c) = (¢ — ¢)q, (1.3.12)

and co(x) represents the initial concentration and n denotes the unit exterior normal to
0. For physically relevant situations, ¢y must satisfy 0 < ¢y(x) < 1. For well-posedness,

the following compatibility condition is imposed on the data
/q(x,t)dx —0 Vied (13.13)
Q

This can be easily derived from (1.3.6)-(1.3.7) and (1.3.9). Here, the equation (1.3.13)
indicates that for an incompressible flow with an impermeable boundary, the amount of in-
jected fluid and the amount of fluid produced are equal. In general, equations (1.3.6)-(1.3.7)
and (1.3.8) are referred as the pressure-velocity equations or just the pressure equation and
the concentration equation, respectively. Since the equations (1.3.6)-(1.3.11) are strongly
coupled and nonlinear, to find an analytic solution of this system would be a very difficult
task. Therefore, one resorts to numerical methods for solving the above system of equa-
tions approximately. In the next two sections, we discuss the theoretical and computational

issues related to the system (1.3.6)-(1.3.11).

1.4 Theoretical Issues

When one looks for the theoretical analysis of this model, we come across the following two

main difficulties:



Chapter 1. Introduction 11

(i) In general, the viscosity depends on the concentration in the following manner:
u(e) = u(0) [L+ (MY —1)e] ", celo1], (1.4.1)

where M = % is the mobility ratio. With (1.4.1), the pressure equation (1.3.6)-
(1.3.7) becomes potentially degenerate. There are two reasons for occurrence of this
degeneracy. The degeneracy occurs when either ¢ < 0 and M > 1 (non-physical case)

or ¢ >1and M <1 (physical case).

(ii) In the concentration equation the diffusion and convection terms may have unbounded
coefficients due to the potentially unbounded velocity. For example, it can be seen

easily that for u € (C(Q))? the following inequality holds true:
O+ difu)[EP < D€ < $(dy + du)) € VECR:  (142)

Now it is clear from (1.4.2) that when the velocity u is unbounded, then D(u) is also

unbounded.

In the past, efforts have been made to show existence and uniqueness of solution to the
system (1.3.6)-(1.3.11) under some reasonable regularity assumptions on the data. Sammon
[74] in 1986, has proved existence of a unique strong solution with the assumption that the
matrix D is independent of velocity u, i.e., D(z) = ¢(z)d,,I. 1t is also assumed in [74] that
the mobility ratio M = 1, i.e., u(c) = constant. To overcome the first difficulty, that is,
the degeneracy, Feng [49] in 1995, instead of defining u(c) for all real numbers ¢ by using
(1.4.1), has extended &£(c) = u(c)™! to R in a reasonable way so that & € W**(R) and

there exists a positive constant &, such that
0<&!<€(e) <& <o Ve € R. (1.4.3)

Based on the method of regularization the original problem is approximated by a family of
regularized problems. In [49] the author has considered the following regularized problem

corresponding to the system (1.3.6)-(1.3.11): Given € > 0,

u, = _Z((:)) Vpe  V(x.t)€QxJ, (1.4.4)
V-u. =g V(z,t) € Q x J, (1.4.5)
gzﬁ(x)ac6 +u.-Ve.— V- (D(v)Ve) = (E—c)ge  Y(x,t) € QxJ, (1.4.6)

ot
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u-n=0 V(z,t) €0 xJ, (1.4.7)
D(v.)Ve.-n=0  Y(z,t) € 0Q x J, (1.4.8)
ce(x,0) = cy(z) Ve, (1.4.9)
/pedx =0 Vtel, (1.4.10)
Q

1 ) .

where v, = TM It is shown that each regularized problem possesses one and only
€| Ue

one semi-classical solution. Using some uniform estimates for this family of regularized
approximate solutions and applying compactness arguments, a weak solution to the original
boundary value problem, i.e., (1.3.6)-(1.3.11) is proved.

Subsequently, Chen and Ewing [20] in 1999 have also studied the mathematical analysis
of (1.3.6)-(1.3.11). They have shown that the system (1.3.6)-(1.3.8) with various boundary
conditions possesses a weak solution under physically reasonable hypothesis on the data.
However, it is difficult to prove the uniqueness in their setting. In stead of regularization,
they have discretized the system in temporal direction to obtain a system of elliptic PDEs
at each time level. Then using Rothe method and existence results for elliptic PDEs,
a sequence of approximations is derived on the whole time interval. Finally, a limiting
procedure is used to prove existence of a weak solution. More recently, Choquet [21] has
studied the analysis for compressible miscible displacement problem in porous media. More
attention has been paid to take care of the difficulty occurring through the strong coupling.
To show the existence of relevant weak solutions, the author has used non-classical estimates

and renormalization tools.

1.5 Computational Issues

In the last few decades, many numerical methods have been proposed in literature for
obtaining good approximations of the miscible displacement problems in porous media.
In this section, we discuss the computational difficulties associated with the simulation of

the incompressible miscible displacement problems described in (1.3.6)-(1.3.11) that too in
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tertiary recovery process.

It is well known that in realistic situations the matrix D(u) in the concentration equation
(1.3.8) is very small in comparison to the convective or transport term, and hence, the con-
centration equation is strongly convection dominated. Unfortunately, most of the standard
numerical methods exhibit grid orientation ! which really affects the numerical solution and
may not be accepted as a physically relevant solution. Todd [79] has noted that whether
the spatial discretization is taken either parallel to the direction of the streamlines connect-
ing the injection and production wells (parallel grid), or diagonally to the direction of the
streamlines, the solution obtained from these two grids are different. Therefore, it is not
easy to decide a priori which grid should be taken for the approximation. Different numeri-
cal schemes have been proposed, in literature, to minimize the grid orientation effect. Finite
difference methods are very popular in petroleum simulation more because of their com-
putational simplicity. But these methods suffer from grid orientation effects. Some of the
earlier results with special attention to grid orientation effect can be found in [62, 71, 79].
Finite element methods are also successful in eliminating the grid orientation effect, pro-
vided an effective numerical diffusion term is added to these schemes. For an extensive
reference on Galerkin methods for incompressible displacement problems in porous media,
we refer to Wheeler [73] Ewing [37] and Douglas et al. [40] and references, therein. Below,

we discuss some finite element methods applied to pressure and concentration equations.

1.5.1 Pressure equation

Since the concentration equation (1.3.8) depends explicitly on the velocity, it is desirable to
find a good approximation of the velocity. The standard finite element, finite volume and
finite difference methods for approximating pressure equation (1.3.6)-(1.3.7) first determine
an approximation, say py to the pressure p and then, in order to compute the velocity uy
from py, one has to differentiate or take the difference quotient of p, and multiply by a
rough function x/u, where uy, is an approximation to the velocity u. This process may not

yield an accurate approximation for uy. Therefore, for a more accurate approximation uy

! A numerical discretization procedure is said to exhibit grid orientation effect if the discrete solution is

sensitive to the spatial orientation of the grids.
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of the velocity u, it is natural to consider both p and u as primary variables. To achieve
this, we split the pressure equation into a couple of first order equations (1.3.6)-(1.3.7) and
then apply mixed methods. In the past, mixed finite elements methods are proposed in
the literature, see, Douglas et al. [38, 37], Darlow et al.[31], Duran [42], Ewing et al. [44]
and Dawson et al. [34] for approximating the pressure equation in incompressible miscible
displacement problems. There is hardly any result on mixed finite volume element methods
for the approximation of the pressure equation. Therefore, in Chapter 2, an attempt has

been made to introduce and analyze mized FVEM for approrimating the pressure equation.

1.5.2 Concentration equation

Since the concentration equation (1.3.8) is a convection dominated diffusion equation, the
solution of (1.3.8) varies rapidly from one point to other in the domain. Therefore, standard
numerical methods fail to provide an accurate solution of the concentration. To overcome
this difficulty, different numerical methods which provide appropriate numerical diffusion
have been proposed in the past for the approximation of the concentration equation.

One such method is the modified method of characteristics (MMOC) which has been pro-
posed in literature to deal with the grid orientation effect. The basic idea behind using
MMOC is to combine the time derivative and the convective term as a directional derivative
and apply time-stepping along the characteristics. Since the magnitude of the derivative
is small compared to the magnitude in the direction of time, this procedure allows us to
use larger and accurate time-stepping in the direction of time. In [2, 34, 41, 42], a mod-
ified method of characteristics combined with finite element method has been studied for
the approximation of the concentration equation. Based on this analysis, in Chapter 4,
MMOC combined with the standard finite volume element method for the approrimation of
the concentration equation has been applied and a priori error estimates in L™ (L?*) norm
for the concentration as well as velocity has been derived.

Douglas and Dupont [35] have introduced and analyzed a C°- interior penalty method
which uses interior penalties across the interior edges of the triangular elements of the

finite element mesh in the direction of the normal derivatives enforcing the approximate
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solution to lie between C° and C'- finite element spaces. The grid orientation effect is
then reduced by introducing numerical diffusion through penalties. Wheeler and Darlow
[83] have extended this procedure to the convection dominated diffusion equation for the
incompressible miscible displacement in porous media, with the assumption that the matrix
D(u) is independent of velocity u. Later, Das and Pani [32] applied the same technique to
slightly compressible miscible displacement problem with the same assumption that D(u)
is independent of u, i.e., only molecular diffusion is considered and the effect of tensor dis-
persion is neglected. But in physical problems the mechanical dispersion is more important
than the molecular diffusion. Subsequently, in the thesis of Ali [1], the result has been ex-
tended to slightly compressible miscible displacement problems when the dispersion matrix
D depends on u. In Chapter 3, we have applied a discontinuous Galerkin finite volume
element method for the approximation of the concentration equation when the matriz D(u)
depends on u and have also derived the error estimates in L*°(L?) norm for the velocity as
well as for the concentration.

Sun et al. [76] applied the mixed FEM for pressure-velocity equation and discontinuous
Galerkin FEM for approximating the concentration equation. Further, Sun and Wheeler
[77] applied symmetric and non symmetric discontinuous Galerkin methods for the approx-
imation of the concentration equation by assuming that the velocity is known and is time
independent. The Eulerian-Lagrangian localized adjoint method (ELLAM) has been used
to approximate the concentration equation in [80]. Daoqi Yang [84], considered the mixed
methods with dynamic finite element spaces, i.e., different number of element and different
basis functions were adopted at different time levels.

Efficient time-stepping procedure. Since the mathematical model which describes the
miscible displacement is a coupled system of nonlinear partial differential equation (1.3.6)-
(1.3.11), the fully discrete schemes give rise to a very large system of linear algebraic
equation at each time level. Moreover, at each time step the matrices may change with
time, so that a use of direct methods may be expensive, especially for the concentration
equation. Dougals et al. [36] have observed that the computational cost can be minimized
for quasi-linear parabolic equations by using an iterative time-stepping method. The basic

idea is to factorize only once instead of factorizing a different large matrix at each time
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level, and then update after a fixed number of time steps. Further, a preconditioner is used
in an iterative procedure and to stabilize the process, a few iterations are performed at each
time level. This saves a substantial amount of computational cost. The conjugate gradient
methods are one of those iteration procedures which can be used for this purpose. Ewing
and Russell [47] have applied preconditioned conjugate gradient method without reducing
the order of convergence for the approximation of incompressible miscible displacement
problems in porous media. They have also derived a priori error estimates. Subsequently,
Russell [72], has also studied time-stepping procedure combined with method of character-
istics by extending the analysis [47]. It is further observed that the pressure and velocity
are more smooth in time than the concentration and therefore large time steps can be
used in computing the pressure and velocity than the concentration. Such analysis without
loosing the order of convergence has been discussed by Ewing et al. [44] and Russell et al.

72).

1.6 Literature review on finite volume element meth-

ods

The finite volume element method, like finite element method and finite difference method
is a numerical technique for approximating the solutions of partial differential equations.
The basic idea of the FVEM is to apply Gauss divergence theorem for the elliptic operator
on each computational cells, which converts the volume integral to a boundary integral. The
idea is old and the resulting method comes under a variety of names, e.g., the generalized

difference methods [60], box method [7] and the covolume methods [25, 27].

1.6.1 The standard finite volume element methods

The standard finite volume element method can be considered as a Petrov-Galerkin finite
element method in which the trial space is chosen as C°- piecewise linear polynomials on
the finite element partition of the domain and the test space, as piecewise constants over

the control volumes to be defined in Chapter 2. Since the test space is piecewise constants,
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computationally, the FVEM are less intensive compared to the standard FEM.

In case of nonstructured triangular meshes, Bank and Rose [7] have analyzed a finite
volume method, which is called as box method, for the Poisson as well as more general
elliptic problems. They have considered a nonuniform triangulation of a polygonal domain
in R?, which satisfies the minimum angle condition, i.e., there exists a constant, say 6y > 0
such that all the angles of the triangle are bounded below by 6. In order to construct the
dual partition of the domain, a point z7 is chosen inside each triangle T and is connected
with midpoint of each side of triangle 7. They have also shown that the derived error
estimates are comparable with those obtained from the standard Galerkin finite element
methods using piecewise linear polynomials. A similar technique has been used by Cai [10]
for the approximation of a self-adjoint elliptic problem in a two dimensional domain. But
the choice of the interior point zp, which was important in the analysis is taken as either
circumcenter, orthocenter, incenter or centroid of the triangle T'. Optimal error estimate
has been derived only in the H'- norm in [7, 10].

Jiangou et al. [51] have also analyzed FVEM for a general self adjoint elliptic problem with
mixed boundary conditions and derived optimal error estimates in energy norm without
putting any restriction on the mesh. Further, a counter example has been provided to show
that an expected L2- error estimate may not exist in the usual sense. It is conjectured that
the FVE solution cannot have optimal order of convergence if the exact solution is in H?
and the source term f in L2.

For second order linear elliptic problems, Li et al. [60] have obtained the following L? error
estimate:

lu —upllo < Ch?[|ullwar(y), p>1,

where u is the exact solution and wuy, is the FV approximation of u. Note that the regularity
on the exact solution seems to be too high compared to the finite element methods. In
[25, 27], optimal H', W1 estimates and superconvergence results in H' and T *- norms
have been derived by extending the analysis of [60]. In addition, the following maximum
norm estimate

lu = unlloo < Ch2 ([full200 + [lu5)
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is also proved in [25, 27]. However, in all these papers, H?3- regularity of the exact solution
is assumed. Chatzipantelidis [15] has also studied FVEM with nonconforming Crouzeix-
Raviart linear element and has derived optimal error estimate in L2- norm, but he has failed
to mention that the H'- regularity on the source term is essential for deriving optimal error
estimates in L?- norm. Recently, Ewing et al. [46] have presented the L? and L°°- error

estimates for the following elliptic problem: Given f, find u such that

V- (AVu) = f in €,
u = 0 on 0,

where 2 is a bounded convex polygon in R? with boundary 09 and A is a 2 x 2 symmetric,
positive definite matrix in 2. In this paper, they have derived the following L? and L>-
error estimates

lu = unllo < C (B*[|ullz + 27 flls) ,

and

1
lu = wnlloe < CR2[in= | (lullaoo + 271 f5) -

The above results leads to the optimal convergence rate of the FVEM if f € H? with
B > 1. Li [59] and Chatzipantelidis et al. [16] have studied the finite volume method for
nonlinear elliptic problems and derived a priori error estimates.

Chatzipantelidis et al. [17] have discussed the piecewise linear standard FVEM for the
approximation of the parabolic problems in a convex polygonal domain. They have obtained
optimal H! and L?- error estimates by assuming suitable regularity conditions on the initial
data. The authors [25, 27, 60] also have studied the FVEM for the parabolic problem
and have derived optimal L2- error estimates with higher order regularity assumption on
the exact solution compared to the regularity results used for the standard finite element
methods. Ewing et al. [45, 75] have discussed a priori error estimates for the parabolic
integro-differential equations. More recently, Kumar et al. in [56] have studied a standard
FVEM with and without numerical quadrature for the second order hyperbolic problems
and have derived optimal error estimates in L? and H'- norms and quasi-optimal estimates

in L®° -norm.
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1.6.2 Mixed finite volume or covolume methods

In a covolume method, one uses two different kind of grids: a primal grid and a dual grid.
Mixed covolume methods can also be thought of as a Petrov-Galerkin method. The analysis
of these methods is based on the tools borrowed from the mixed finite element methods.
Using a transfer operator which maps the trial space to the test space, the mixed covolume
methods can be put in the framework of mixed finite element methods. This transfer
operator plays a vital role in deriving the optimal error estimates. Earlier, Chou et al.
[23, 26] have discussed and analyzed mixed covolume or finite volume element method for
the second order linear elliptic problems in two dimensional domains. In [26], the velocity u
and pressure p have been approximated by the lowest order Raviart-Thomas element space
on triangles, while in [23] rectangular elements have been used to approximate the solutions.
In these two papers, a priori error bounds for the velocity in L? and H(div)- norms have
been derived. For the nonstaggered quadrilateral grids, Chou et al. in [24] have constructed
a mixed finite volume method for elliptic problems with Dirichlet boundary condition. Like
in [23, 26], they have also used the Raviart-Thomas spaces for approximating velocity and

pressure and derived the following error estimates:

Ip — pallo + Bllp — pulli < CR?| fl1,

and

[u — upllo + [|diva — divayo < Ch([ulls + [[£]2)-

Chou in [22] has discussed the convergence of the mixed covolume method for the Stokes
equation. To approximate the velocity, instead of using lowest-order Raviart-Thomas ele-
ment, nonconforming linear polynomials have been used whereas to approximate the pres-
sure, piecewise constant polynomials are used. A priori error estimates are derived in L2-
norm for the velocity as well as for the pressure.

Based on the analysis of Milner [63], Kwak et al. [57] have extended the results of [23, 26]
to quasi-linear elliptic problems. The author in [53] has also discussed mixed finite vol-
ume methods for the approximation of a nonlinear elliptic problem. More recently, Tongke
[81] has discussed a mixed finite volume method on rectangular mesh for the biharmonic

equation and compared the analysis with [26]. In this dissertation, a mixed finite vol-
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ume element method is applied to approximate both pressure and velocity in the pressure

equation.

1.6.3 Discontinuous Galerkin finite volume element methods

Keeping in mind the advantages of the FVEM and the discontinuous Galerkin methods, it
is natural to think of discontinuous Galerkin finite volume element methods (DGFVEM)
for the numerical approximation of the second order partial differential equations. In these
methods, the support of the control volumes are small compared to the standard FVM [60]
and mixed FVM [26]. Also the control volumes have support inside the triangle in which
they belong and there is no contribution from the adjacent triangles. This property of the
control volumes makes the DGFVEM more suitable for parallel computing.

The DGFVEM for elliptic problems has been discussed by Ye [85] and Chou et al. [28].
Further in [85], optimal error estimates in broken H'-norm and suboptimal estimates in
L?- norm have also been derived. More recently, Kumar et al. [55] have developed and
analyzed a one parameter family of DGFVE methods for approximating the solution of
the second order linear elliptic problems and derived optimal error estimates in broken H'!
and L?-norms. They have also reported numerical experiments to support their theoretical
results. In this thesis, an attempt has been made to apply the DGFVEM for approximating

the concentration equation.

1.7 Layout of the Thesis

The organization of the thesis is as follows. While Chapter 1 is introductory in nature,
in Chapter 2, we apply mixed FVEM for approximation of the pressure-velocity equation
and a standard FVEM for the approximation of the concentration equation. A priori
error estimates in L°°(L?) norm are derived for the pressure, velocity and concentration.
Existence and uniqueness results for the discrete solution are also discussed in details.
Some numerical experiments are conducted using the data from [80] to corroborate our
theoretical findings.

Taking into account the advantage of discontinuous Galerkin method and FVEM, Chapter
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3 is devoted to DGFVEM for approximating the concentration equation. We also apply
mixed FVEM for the approximation of the pressure equation. Then existence of a unique
discrete solution has been proved. A priori error estimates have been derived for the
velocity and concentration in the L°°(L?) norm. The final section of this chapter is devoted
to some numerical experiments.

Since the concentration equation is convection dominated, in Chapter 4, we have applied a
modified method of characteristics combined with standard FVEM for the approximation
of the concentration equation and a mixed FVEM for the approximation of the pressure
equation. A priori error estimates have been derived for velocity and concentration in the
L>*(L?) norm and numerical experiments are also reported to substantiate the theoretical
findings.

Finally, Chapter 5 is devoted to the critical evaluation of the present work. Some of the
main results of this thesis are highlighted. We also discuss the scope of other discontinuous
Galerkin methods for the approximation of the concentration equation. We conclude this

chapter with a possible extension of the present work.



Chapter 2

Finite Volume Element

Approximations

In this chapter, we discuss finite volume element methods (FVEMs) for incompressible

miscible displacement problems in porous media.

2.1 Introduction

We now recall from Chapter 1, a mathematical model describing the miscible displacement
of one incompressible fluid by another in a reservoir 2 in R? of unit thickness with boundary

00 over a time period of J = (0,7] given by

= —%Vp V(z,t) € Q x J, (2.1.1)
V-u=gq V(z,t) € Q2 x J, (2.1.2)
qﬁ(x)% +u-Ve—V-(D(u)Ve) =g(c) V(z,t) € QxJ, (2.1.3)

with boundary conditions
u-n=0 V(zt) € xJ (2.1.4)
D(u)Ve-n=0 VY(x,t) € 00 x J, (2.1.5)

and initial condition

c(x,0) = co(x) Vo e (2.1.6)

22
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For the approximation of the pressure-velocity equation, we use mixed FVEM and for the
concentration equation, we apply the standard FVEM. A priori error estimates in L>(L?)
norm are derived for velocity, pressure and concentration for semidiscrete and fully discrete
schemes.

We now make the following assumptions on the coefficients D, ¢, k, u, the forcing func-
tions g and ¢ through out the thesis:

Assumptions

(A7) : The matrix D is uniformly positive definite, i.e., there exists a positive constant «

independent of  and u such that

2
Z Dy&i&; > alé]* V€ e R

1,j=1

(As) : The functions p and g are Lipschitz continuous, i.e., there exist Lipschitz constants

C, and Cy such that for (z,t) € Q x J

lg(c1) — g(ea)| < Ciler — cal, (2.1.7)
[u(cr) = plez)| < Cofer — cal. (2.1.8)

(A3) : The functions ¢, p, k and ¢ are bounded, i.e., there exist positive constants ¢, ¢*, i,

W ke, K*, q¢*, Dy, D* such that

0< 6. < ola) < &, (2.1.9)

0 < e < pfw,c) < p', (2.1.10)
0 < ke < k(z) <K, (2.1.11)
()] < ¢, (2.1.12)
0<D,<D(x,u)<D" (2.1.13)

(Ay) : The diffusion-dispersion tensor D(u) satisfies

D(u) € [W=(Q)]**2. (2.1.14)
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(As) : The problem (2.1.1)-(2.1.6) has a unique smooth solution {p, ¢} as demanded by the

error analysis.

The authors in [20, 49, 74] have discussed existence of a unique weak solution of the above
system (2.1.1)-(2.1.6) under suitable assumptions on the data. The pressure-velocity equa-
tion is elliptic type while the concentration equation is convection dominated diffusion type.
Since in the concentration equation only velocity is present, one would like to find a good
approximation of the velocity. Therefore, for approximating velocity, it is natural to think
of some mixed methods, which provide more accurate solution for the velocity compared
to the standard finite element methods.

Earlier, Douglas et al. [37, 38], Ewing et al. [48] and Darlow et al. [31] have discussed
the mixed finite element method for approximating the velocity as well as pressure and a
standard Galerkin method for the concentration equation. They have also derived opti-
mal error estimates in L°°(L?) norm for the velocity and concentration. Moreover, in [37]
authors have proposed a modification of mixed methods when the flow is located at injec-
tion and production wells. Yang [84] has considered mixed methods with dynamic finite
element spaces, i.e., different number of elements and different basis functions are adopted
at different time levels. Compared to the conforming finite element methods (FEM), the
finite volume methods are conservative in nature and hence, they preserve the physical
conservative properties.

In this chapter, we discuss a mixed FVEM for approximating the pressure-velocity equa-
tions (2.1.1)-(2.1.2) and a standard FVEM for the approximation of the concentration
equation (2.1.3). Moreover, we present some numerical experiments to support our theo-
retical results.

This chapter is organized as follows. Section 2.1 is introductory in nature. In Section
2.2, the weak formulation for the incompressible miscible displacement problems in porous
media is described. In Section 2.3, we state and prove some auxiliary results to be used
in our subsequent analysis. The existence and uniqueness results for the discrete prob-
lem is also discussed. A priori error estimates of velocity, pressure and concentration for
the semidiscrete scheme are presented in Section 2.4. In Section 2.5, we discuss the fully

discrete scheme and derive a priori error bounds. Finally in Section 2.6, the numerical



Chapter 2.Finite Volume Element Approximations 25

procedure is discussed and some numerical experiments are conducted to substantiate the

theoretical results obtained in this chapter.

2.2 Weak formulation
Let H(div; Q) = {v = (v1,v2) € (L*(Q))?: V-v € L*(Q)} be associated with the norm

VI iy = Ve + 1 VI (221)

where [|[V[[Z 22 = [vil” + [Jv2]|*. Further, let
U={veH(div;Q):v-n=0ondN}.

The pressure-velocity equations (2.1.1)-(2.1.2) with the Neumann boundary condition (2.1.4)
has a unique solution for the pressure upto an additive constant. This non-uniqueness may

be avoided by considering the following quotient space:
W = L*(Q)/R.

Multiply (2.1.1) and (2.1.2) by v € U and w € W, respectively, and integrate over €.
Further, use of Green’s formula and v-n = 0 on 0f2, yields the following weak formulation:

Find (u,p) : J — U x W satisfying

(ktue)u,v) = (V-v,p) =0 VveU, (2.2.2)
(V-u,w) = (q,w) Yw € W. (2.2.3)

Similarly, multiplying (2.1.3) by 2 € H'(2) and integrating over €2, we obtain using (2.1.5)
a weak formulation for the concentration equation (2.1.3) as follows:
Find a map ¢ : J — H*(Q) such that for ¢ € (0, T,

dc

B 2)+(u-Ve,2) +alu;e,z) = (g9(c),2) Vze HY(Q), (2.2.4)

c(xz,0) = co(z) Ve,

(¢

where (-, -) denotes the standard L inner product and a(u;-,-) : H'(2) x H}(Q) — R is
a bilinear form defined by

alw60) = [ DE)Vo- Vi Vo b€ H'(@),
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In fact, in order that (2.2.4) makes sense, it is necessary that u- Ve € L?(Q).

Since D is positive definite, the bilinear form a(u; -, ) satisfies the following condition

a(u; ¢, ¢) > algl] Vo € H'(Q), (2.2.5)

where | - |; denotes the usual semi-norm on H'(().

2.3 Finite volume element approximation

We use a mixed finite volume element method for the simultaneous approximation of ve-
locity and pressure in (2.1.1)-(2.1.2) and a standard finite volume element method for the
approximation of the concentration in (2.1.3). For this purpose, we introduce three kinds
of grids: one primal grid and two dual grids.

Let 7, = {T'} be a regular, quasi-uniform partition of the domain Q into closed triangles
T, that is, Q = Ugper, T. Let hp = diam(T) and h = maxger, hy. Let Py, Py---, Py,
and My, Ms---, My, denote respectively the vertices and midpoints of the edges of the
triangles in the triangulation 7, where N, and N,, are the total number of vertices and
total number of midpoints of the sides of the triangles of 7},.

Let the trial function spaces U, and W), associated with the approximation of velocity and

pressure respectively be the lowest order Raviart-Thomas space for triangles defined by
Upy={vh €U :vplr = (a+bx,c+by) VT € T,}, (2.3.1)
and
Wy, = {wy, € W : wy|r is a constant VT' € T} . (2.3.2)

Next, we construct the dual partition for the pressure-velocity equation and the related test
spaces. The dual grid 7,* consists of interior quadrilaterals and boundary triangles which
are constructed as follows. For an interior mid-side node, the associated dual element is a
quadrilateral. This is the union of two triangles formed by joining the end points of the side
of the triangle on which the mid-side node lies with the barycenter of the triangles which

share the mid-side node. For a mid-side node of a triangle which lies on the boundary 0f2,
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Figure 2.1: Primal grid 7, and dual grid 7,

the dual element is the border triangle obtained by joining the end points of the edges of
the triangle in 7, on which the mid side node lies with the barycenter of the triangle. For
example, in Figure 2.1, the interior mid side node M3 belongs to AP, PyP, and AP, P, Ps.
The dual element associated with Mj is the quadrilateral P, By PyBs P, (say Ty, ), where By
and Bs are the barycenters of the triangles AP P, P, and AP, Py Ps, respectively. Similarly,
for the boundary mid-side node M, the associated dual element is AP3Py By (say Ty, ). In
general, let Ty, denote the dual element corresponding to the mid-side node M. The union
of all the dual elements/control volume elements form a partition 7,* of Q. The test space

V}, is defined by

Vi = {Vh S (Lz(Q))z :Vh

T;, is a constant vector VI, € 7,7 and vy -n = 0on o0} .

For connecting our trial and test spaces, we define a transfer operator v, : U, — V}, by

Yhvn(x) = ivh(MZ)Xf(x) Vr € (, (2.3.3)

where x;’s are the scalar characteristic functions corresponding to the control volume T’

defined by

. L, iftreTy,
X; () =
0, elsewhere.
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Multiplying (2.1.1) by vy € Vj, integrating over the control volumes T, € 7,*, applying

the Gauss’s divergence theorem and summing up over all the control volumes, we obtain

(ktp(c)u, yuve) th /T D nT;Iids =0 Vv, €U, (2.3.4)

M;

where nry denotes the outward normal vector to the boundary of T, Set

b(’thh, wh ZVh / Wp, nT]tI-dS Vv € Uy, Yw, € W, (235)
oT; !

Then, the mixed FVE approximation corresponding to (2.1.1)-(2.1.2) can be written as:
find (up,pp) : J — Uy x W), such that for ¢ € (0,7

(k™ plen)an, 7vn) + b(Ya v, pr) =0 Vv € Uy, (2.3.6)
(V-un, wp) = (q,wp)  Ywy, € Wi, (2.3.7)

where ¢, is an approximation to ¢ obtained from (2.3.9).

Now, we introduce a dual mesh V; based on 7}, which will be used for the approximation
of the concentration equation. For an interior vertex of 7, identify the barycenters of
the triangles in which this vertex lies and also the midpoints of the edges connecting this
vertex with the adjacent vertices. The dual element associated with the vertex is obtained
by joining successively these midpoints and the barycenters of the triangles which these
mid-side points belong to. For example, in Figure 2.2, for the interior vertex P, the
associated dual element is MyByMs;BsMsByM7;BsMsBi My (say Vp,). Similarly, for the
vertex on the boundary 0f2, say P, the associated dual element is Py MyByM,yBy M Py
(say V7). In general, let V5 denote the dual element associated with the vertex P. The
union of all these dual elements also form a partition V; of Q, corresponding to the primal
partition 7. For applying the standard finite volume element method to approximate the

concentration, we define the trial space M) on 7, and the test space Lj, on V; as follows:
M, = {Zh € CO(Q) : Zh|T € Pl(T) VT € 7;1} ,

and

Ly, = {wh € LQ(Q) Dowp,

vy is a constant VVp € V;} :
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Figure 2.2: Primal grid 7, and dual grid V;

Again, we define a transfer function II} : M;, — L, by
Np,
I zp(2) = Zzh(P])X](x) Vo € Q, (2.3.8)
=1

where x;’s are the characteristic functions corresponding to the control volume Vp, given

by

1, itzeVp

X;(x) = ’
0, elsewhere.

The FVE approximation ¢, of ¢ is to seek cj, : J — M), such that for ¢ € (0,71,

Jc
(¢a—th,HZzh) + (un - Vep, I zp) + ap(un; cn, 2n) = (9(en), My zn) Vz, € Mp(2.3.9)

cn(0) = conp,

where ¢, is an approximation to ¢g to be defined later and the bilinear form ay(v;-,-) is

defined by

Np,
i) = -3 / (DO)Vx - np, ) i, ds, (2.3.10)
j=1 Vg,

np; being the unit outward normal to the boundary of V5 with v € U, x € H 1(Q) and
Y, € M.
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Figure 2.3: A triangular partition

REMARK 2.3.1 Three grids are introduced one each for the pressure, velocity and concen-
tration variables. This is to balance the number of unknowns and the equations in the

coupled system (2.3.6)-(2.3.7) and (2.3.9).

Next, we discuss the existence and uniqueness of solution for the discrete system (2.3.6)-

(2.3.7) and (2.3.9). For this purpose, we now recall some results from [26] and [60].

2.3.1 Some Auxiliary Results

We define the following numerical quadrature formulae on a triangle T' € 7;, which is exact

for polynomials of degree one and two, respectively;:

/Tthx = @(Xh(Pl) + Xn(P2) + Xh(P?;))a (2.3.11)
and
/Tthx = ‘31|<Xh(M1) + Xxn(Mz) + Xh(M?;))a (2.3.12)

where P, P,, P3 are the vertices of triangle T" and M, M,, M5 denote the midpoints of
the sides P, P,, P,P; and P, Ps, respectively, (see Figure 2.3). Here, |T'| denotes the area
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of the triangle T'.
We also use frequently the following trace inequality [14, pp. 417]: for w € H(T),

lwllzr < C (hz'lwlF + hrlwli 7) . (2.3.13)

where ||w||3; = / w?ds and OT denoting the boundary of the triangle 7. Further, we

need the following inverse inequalities (see [29, pp. 141]):
Ix[loo < CR7YIXIL VX € My, (2.3.14)
and
Ixlh < Ch7HIx]l Vx € M. (2.3.15)

By the usual interpolation theory, the operator II} has the following approximation property

[27, pp. 466]:
Ix = I llow < CRP[xlsns 0<B<s<1, 1<k< . (2.3.16)

For our future use, let us introduce the following notations. For T" € 7}, with vertices P;, P,

and Ps, set

T 1/2
\Onlopr = {|3—‘ (fﬁ% + 03 + Cb:%,)} ; (2.3.17)
and
a a 1/2
|Prl1nr = {(\%l% |8iyh 2)|T\} : (2.3.18)

where |T'| is the area of triangle 7" and ¢; = ¢5(FP;), 1 < j < 3.

Define the discrete norms for ¢, € M, as

1/2 1/2
[énllon = (Z \¢h\§,h,T> | @nlin = (Z |¢h\ih,T> :

TeTy, TeT,

and
1/2

6nll1n = (IInllgn + 1nl3s)

1/2
We also use the notation ||¢p||7 to denote ||¢p|lor = (/ Py dx
T

The following lemma establishes a relation between the discrete norms and the continuous

norms on the Sobolev spaces.
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LEMMA 2.3.1 [60, pp. 124] For ¢, € My, |-|14 and |- |1 are identical. Further, |- |lo.n and
| - |1, are equivalent to || - || and || - |1, respectively, that is, there exist positive constants

C3,---,Cg > 0, independent of h, such that

Csllonllop < [|énll < Cullgnllor Yon € Mh, (2.3.19)

and
Csllonllin < llonll < Csllonllin  Yon € My, (2.3.20)
Proof. Since % and %éyh are constants on a triangle 7', the norms | - |, and | - |, are

identical. Now using the quadrature formula (2.3.12), we obtain

o = [ lonar = B (0n(002 + on(00 + 0n(01)

() (452 - (247)]

(67 + @5 + 05 + (¢1 + 2 + 03)°] . (2.3.21)

\Tl

u
12
Using Young’s inequality (1.2.4) with € = 1, (2.3.21) can be written as
T
lénll7 = % [2(¢% + 03+ ¢3) + 20102 + 2¢203 + 2¢1¢3]

17
4

IA

(07 + &5 + 93] - (2.3.22)
A use of (2.3.17) yields
16nl1* < [I@nll5 - (2.3.23)
From (2.3.23) and (2.3.21), we find that
Honl3a < Nnl” < llonl3. (2321)

Now the estimate (2.3.20) follows from (2.3.24) and the fact that |-|; and |-|; 5, are identical.
This completes the proof. [ |
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LEMMA 2.3.2 The following results hold true for Yo, € My,
/T(cbh ~ M ¢p) de=0 VT €T, (2.3.25)
and
/8T(¢h — I¢n) ds =0 (2.3.26)

Proof. Since ¢, is linear on each triangle 7', from (2.3.11), we obtain

/T (fn — yon)dr = /T pndr — é / - 1T} ppd

3
T i=1

where |V;* NT| denotes the area of the control volume V;*NT.

T
Since |V*NT| = |3—‘, i =1,2,3, we find that

3
/T(¢h — 1L pp)dx = |—?(¢1 + g9 + P3) — 22:1: ¢i@
= 0.

This proves (2.3.25). Now (ii) follows directly from the definition of II} and this completes
the rest of the proof. [ |

Now introduce the following function

en(V, xn) = (¥, xn) — (0, Ihxn)  Vxn € M. (2.3.27)

LEMMA 2.3.3 [68, pp. 40] Let z € Py(T) and zr be the average of z on T, i.e., zp =

1
m/z dx. Then
T

HZ — ZTHO,T S ChT|VZ|0,T. (2328)

Proof. Let v = 2z — zp, then

/vdx:/(z—zT)dx:/zdx—/zTdx:O.
T T T T



Chapter 2.Finite Volume Element Approximations 34

Hh z

Figure 2.4: Reference element T and mapping Fr from T to the element T

Now by using a scaling argument and Lemma 1.2.5, we have
loloz < hrllolyz < CDhr(Vollyz < hrl[Vollor, (2:3.29)

where T is the reference triangle corresponding to the triangle 7', see Figure 2.4. Since

v =z — zp and zr is constant, it is follows from (2.3.29) that
HZ - ZTHO,T S ChT|VZ|0,T. (2330)

This completes the proof. [ |

LEMMA 2.3.4 For xy € My, and+ € HY(Q), there exists a positive constant C independent
of h such that

len (w0, xn)| < CR2[Y]i]xaulr-
Proof. Using (2.3.25), (2.3.16), (2.3.28), we obtain
[ etn=Tiode = [ = -
< o = Yrllrlxe — Mixallr < CRAW L rlxalir  (2.3.31)
Sum up over all triangles T € 7, to complete the rest of the proof. [ |

REMARK 2.3.2 In general, we can say that €, has the following property (see, [15, pp.
317)): for x € My, and ¢ € WP(Q) with i,j = 0,1, 2+ 1 =1

|€h(¢7 X)| < Chi+j‘w|wim

Xlwia. (2.3.32)
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LEMMA 2.3.5 [76, pp. 332] The matriz D(u) defined in (1.5.3) is uniformly Lipschitz

continuous, i.e., there exists a constant C' such that for u and v € (L?(Q))?,
HD(U) — D(V)”(L2(Q))2x2 S CHU - V”(LQ(Q))Q- (2333)

Proof. Using (1.2.1) and (1.3.3), we obtain

[D(w) = D)y = max | D(u); ; — D(v)y,|

1,2
z'lj

U VU
< Zmaxw = o (2= 322 iyl - ).

Using (2.1.9), we find that

UW; VU5
[D(u) = D(v)| < ¢ (Z‘dl di| max |u|] v ‘] + 2dy |[u] — \VII)-
Note that
U Uy _ ViV o U _ UiV UiV _ UV UiV _ VU5
ja|  |v] jal  fuf o ful [ V[ Y]
_ ui(u; —v;) | w((v] —fuf) | oi(u — )
|ul |ul|v] vl
< 2Mu—v[+(|v| = [uf)
< 3lu—v|.
Hence,
ID(u) — D(v)|; < 2K, (d; + 3|d; — dy|)|u — v]. (2.3.34)

Using (1.2.3) and (2.3.34), we obtain
|D(u) — D(v)|, < 2Y2|D(u) — D(v)|; < 2%2K,(d; + 3|d; — dy|)ju — v|.  (2.3.35)

Now integrate over €2 to complete the rest of the proof. [ |
The following lemma yields a relation between the bilinear forms a(u;-,-) and a(u;-, ),

the proof of which is based on the ideas of a similar result in [46, pp. 1871].
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LEMMA 2.3.6 Assume that xn, Y, € My. Then

(i tn) = aluixn i)+ 30 [ (DT, -0, = ,)ds

TeTy

) LV (D()Vxn) (Yn — M) da. (2.3.36)

TeT,

Moreover, the following inequality holds:

an(W; Xn, ¥n) > a(W; xn, Yn) — Chln|i|dnlr. (2.3.37)

Proof. A use of Gauss’s divergence theorem on each of V* NT, (j = 1,2,3), (see Figure

2.3) yields

onui ) = = Y0 Y Min [ (D)) s (2.3.38)

TeT, j=1 ovynT

with n denoting the unit outward normal to 9V;* NT. Now (2.3.38) can be rewritten as:

i) = YTt [ D@V nds

TeT, j=1 PjPjt1

“X [ mn (D) ds

TeT, j=1

— Z /8T(H2¢h — Yp)(D(n)Vxp) -n ds+ Z Up(D(W)Vx) - 1 ds

TeT, TeT, 9T
3
-Y [ mu (o) de
TeT, j=1 Y Vi0T
Applying Green’s formula on triangle 7" for the second term, we obtain

(i) = Y [ (=) (D@ V) nds+ Y [ D@V Vi da

TeT;, TeT;,

£y / V(D) Vx)tn dr— 33 /V T (D)) do

TeT, /T TeT, j=1

= > /aT(HWh — ) (DWVxp) -nds+ Y [ D)V - Vi do

T€ET, TeT;, /T

£ [V D@V - T
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This proves (2.3.36). To prove (2.3.37), we first use (2.3.26) to obtain

S [ Wi~ o)D)V mds = 3 [ ([, 0n)(D = D) Ve ds,

TET, TET;,

where Dy = D(z.), . € 9T. Since |D — Drp|o < Ch||D||1 (see [46, pp. 1873]), we

have
> / (I, — o) (D(0)Vx) -1 ds < Chl[ D100 Y / (IT; by — n)Vxnn ds.
TeT;, 7 OT TeT,

(2.3.39)

Using the Cauchy-Schwarz inequality, the trace inequality (2.3.13) and (2.3.16) in (2.3.39),

we arrive at

1/2
3 / (I — ) (D(W)V xn) - nds<0huDum<Z / |Hh¢h—wh|2ds>
TeT,

TeT,
1/2
<Z IV - n|2ds>
TeT;
1/2 1/2
< Ch (Z h—lnnzwh—wh||%+h|nzwh—wh|iT>> (Z h—1|th\iT+h\xh\%,T)
TeT, T<T,
1/2 1/2
< Ch (Z \%\%) (Z IxhliT>
TeTy, TeT,
< Chlynli|xal:- (2.3.40)

In the last inequality, we have used the fact that yy, is linear on triangle T, i.e., |xp|2,r = 0.

Again use |xpl2r = 0, the Cauchy-Schwarz inequality and (2.3.16) to obtain

1/2
Z/V u) V) (n — I)de < ”DHl,oo<Z/T|Vxh|2dx>

TeT), TeT,
1/2
( / |wh—szh|2dx)
TeTy
< Chlxal1|Ynl1- (2.3.41)

Now (2.3.37) follows from (2.3.40) and (2.3.41). This completes the proof. |
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REMARK 2.3.3 : Note that (2.3.36) also holds true for xy € H'().

LEMMA 2.3.7 Under the assumption that the matriz D is positive definite, there exists a

positive constant g independent of h such that
an(Un; Xny Xn) = Qolxal?  Yxn € My, (2.3.42)
Proof. Since the matrix D is uniformly positive, we find that
a(Un; Xn, Xn) > alxali. (2.3.43)
Use (2.3.37) and (2.3.43) to obtain
an(Un; Xny Xn) = alxnli — Chlxal. (2.3.44)
Choose h small so that « — Ch = g > 0 and this completes the rest of the proof. [ |

LEMMA 2.3.8 [60, pp. 240 ] The operator 115 has the following properties.

(i) ForII; : M}, — Ly, defined in (2.3.8)
(¢ha H;ﬂ%) = (wlh H2¢h) v¢h7 ,Qbh S Mh- (2345)

(i) With |||onll| = (on, Wién)Y?, the norms ||| - ||| and || - || are equivalent on Uy, that is,

there exist positive constants C7 and Cy, independent of h, such that

Crllonll < ol < Csllgnll  Von € M. (2.3.46)

(iii) 1I; is stable with respect to the L* norm, i.e., there exists a positive constant C

independent of h such that

Xl < Clixall  Yxn € M. (2.3.47)

Proof. To prove (i), we note that

3
(on, Tebn) = > Y / on Ty da.

TeT;, j=1YVinT
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Using the definition of IT} and the quadrature formula (2.3.11), we obtain with ¢; = ¢, (P;)

3

ollnds = by [ oo [ odesis [ oo

v;nT ViNT

j=1
T
6
Vo N T
6
Vi N7
5

= 1 (201 + ¢n(M1) + on(Ms) + 2¢1(B))
+1by (202 + (M) + i (Ma) + 2¢4(B))
+13 (203 + ¢n(Mz) + ¢pn(M3) + 2¢4(B))

o1+ P2 + @3
3

Git1 + @i

Using ¢4 (B) = 5

and ¢p,(M;) = ,i=1,2,3, ¢4 = ¢y, we find that

Z - opllyhpda = % V1(22¢1 + To + Tos) + V2 (2202 + T¢1 + T¢3)

+1p3 (2203 + 71 + 7¢2)]

22 7 7
= |T‘ Wl,%,%] 7022 7 | [¢1, 02 03],
7T 22
where we have used the fact that [V N T| = @,j = 1,2, 3, see Figure 2.3. This proves
that the inner product (-,~-) is symmetric.
For (i7) that is for the equivalence of the norms, we now rewrite

3
>l
j=1

« /V " opdr = 7] [22(¢1 + 2+ ¢3) + 14(d1h2 + Paps + $1¢3)]

108

17

= o [T+ @3 +08) +T(01 + 62+ 02)7] . (2348)

The equivalence of the norms follow from (2.3.48) and (2.3.21). This completes the proof
of (i1).

In order to prove (iii), we note that

I a2 = ZZ / M,
*ﬂ

TETh ] 1
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Now using the definition of II}, we obtain

3 3
3 / Mal2de = SOx2 Vi AT
j=1 V70T =1

3
_ 2 |7
= ZXJ' 5 (2.3.49)
j=1
Now (iz7) follows from (2.3.21) and (2.3.49). This completes the rest of the proof. |

LEMMA 2.3.9 /26, pp. 1854] The operator vy, defined in (2.3.3) has the following proper-

ties:
(@) [vvallzz@)e < |Ivallz2@)2  Vvie € Un, (2.3.50)
(b)) v — WthH(L2(Q))2 < Oh”VhHH(div;Q)- (2.3.51)
(C) b(’}/th, wh) = —(V * Vh, wh) Vvy € Uh, Yw;,, € W, (2352)

1

(d) There exists a positive constant C' which depends on the bounds of k= and pu and is

independent of h such that
(/i_lu(ch)vh, Vth> > CHVhH%{(diV;Q) Vv € Uy, (2.3.53)
with V - Vh =0.

Proof. Since vy, is linear on triangle 7', (a) can be proved in the same way as we have

proved (i77) of Lemma 2.3.8. To prove (b), we proceed as follows. Note that

v — Vil {2y = Z/\vh— Yuva|2dz. (2.3.54)

TeT,

Using the definition of v;, and referring to Figure 2.5, for v, = (v}, v?), we obtain

3

/ Vi valPdz = 3 / Vi) — yava (@) 2dz
T - APj+1BPj

Jj=1
3

=3[, ) )

7=1

- Z/A |v,'§<>—vh< )|dz.
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P

Figure 2.5: Triangle T’

Using Taylor series expansion, we find that

2
2 2 k|2
Vh — YhVn|tdr = / x— M, Vv dz
[ =l Z - (\ L
swz/

APj41BP;

|V-vh|2dx:h2/ V- va2de. (2.3.55)
T

Take the summation over all triangles T' € 7}, to complete the rest of the proof for (b).

The bilinear form b(7,-,-) can be written as

b(VaVh, wp) = —th(Mi)-/ wynry,

.S Z / Yeon - 1. (2.3.56)

TCT, j=1 J+1BP
A use of Gauss’s divergence theorem on AP; 1 BP;, yields

3
Z/ Vh(M;)wy, -nds = / wp, -1 ds
Pj11BP; JHP

j=17F
/ Vi (M;)wy) dx.
AP]HBP
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Using the fact that vy, is linear on each triangle and M; is the mid point of P;P;j;1, we find
that

Z/P va(M;)wp -1 = —Z/P My, -1 ds = =3 wn(vi(M;) -n) [PPy]

j=1 Y Pj+1BP; j—l i+1 P j=1

- —Z B nBet) by
- J=J

= —E / wWpVL - N ds
PjPjt1

= — thvh ‘nds= —wh/ V- Vh dzx. (2357)
oT T

This completes the proof for (c).
Since V - vy, = 0, to prove (2.3.53), it is enough to show that

(Vi, 70Vn) = Cllva|lz2 )2 (2.3.58)

This can be proved using the same arguments as in the proof of (i) and (i) in Lemma

2.3.8. This completes the proof. [ |

LEMMA 2.3.10 [19, pp. 130] There exists a positive constant 3 independent of h such that

the following inf-sup condition holds true:

sup (V . Vh,wh)

> Bllwg|  Vwy € W, (2.3.59)
0#vyeUy ||Vh||H(diV;Q)

2.3.2 Existence and Uniqueness of Discrete Solution

Using (2.3.52), the problem (2.3.6)-(2.3.7) yields a system of linear algebraic equations for
a given ¢;,. To show the existence of a solution, it is enough to prove the uniqueness of the

solution of the corresponding homogeneous system

(/i_l,u(ch)uh, ’thh) — (V . Vh;ph) =0 Vvp €Uy, (2360)
(V- up,wp) =0 Yw, € W, (2.3.61)

For uniqueness, it is sufficient to show that u, = 0, p, = 0. Substitute w, = V - u; in

(2.3.61) to obtain V -uy = 0. Put w, = pp, in (2.3.61) and v = uy in (2.3.60) and use
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(2.3.53) to obtain

HuhHH(diV;Q) = 0.
This implies that up = 0. Use u, = 0 in (2.3.60) and the inf-sup condition (2.3.59), to find
that p, = 0. Hence, for a given ¢, there exists a unique solution <uh(ch), ph(ch)> satis-
fying (2.3.6)-(2.3.7). On substituting in (2.3.9), we obtain a system of nonlinear ordinary
differential equations in ¢;. An appeal to Picard’s Theorem yields the existence of a unique
solution in (0,¢,) for some 0 < t;, < T. To continue the solution for all ¢ € J, we need an

a priori bound for ¢,. Now the quasi-uniformity of the mesh implies that
Jun|| (2o @)z < Ch™Hunl| (222 (2.3.62)

For a priori bound, choose z, = ¢, in (2.3.9) and use (2.3.62) to bound uy. Then a use of
Lemma 2.3.8 yields
1d N 2
§£(¢ch, I en) + ap(un; cp, cn) < S(h)||enll?, (2.3.63)
where S(h) = O(h™1). For a given uy, the positive-definiteness of ay,(up;cp,cp) given in
(2.3.42) with (2.1.9) yields a priori estimates in L? and H'- norms for ¢,. Now the a priori
bound ||¢p|| feer2) can be used to show the existence of an uniqueness solution c;, of the

concentration equation for all ¢ € J and for a fixed h. This completes the part of unique

solvability of (2.3.6)-(2.3.7) and (2.3.9).

2.4 Error estimates

In this section, we discuss the error estimates for the semidiscrete method. First of all,
we derive the estimates for the velocity and pressure in terms of the concentration using
the Raviart- Thomas projection and L? projection. Then for finding the estimates for the
concentration, we split ¢ — ¢, = (¢ — Ruc) + (Rpc — ¢), where Ry, is the Ritz projection
to be defined in (2.4.27) . In Lemma 2.4.1 and Lemma 2.4.3, we derive, respectively, H'
and L?- error estimates for R;,. Based on these estimates, we finally obtain a priori error

estimates for the concentration in L*(L?)- norm.
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2.4.1 Estimates for the velocity

Let IT, be the usual Raviart-Thomas projection II, : U — U, defined by
(V . (U_ — Hhu), wh) =0 VYuwy, € Wh, (241)

which has the following approximation properties (see [19, pp. 163]):

||u - Hhu||(L2(Q))2 S Oh”uH(Hl(Q))2, (2.4.2)
and (see [58, pp. 48])
||u - HhuH(Loo(Q))z < Oh”u”(wl,oo(g))2 (244)

Let P, be the L2- projection of W onto W), defined by
(p— Pup,wp) =0 Ywy, € Wy, (2.4.5)
The operator P, satisfies the following approximation property (see [19, pp. 163]):
Ip— Pupll < Chllpln o (2.46)
Further, the following inverse property holds:
Vil (@2 < Chvallz2@)2  You € U. (2.4.7)
Now, we introduce the following auxiliary functions (g, pp) : [0,7] — Uy, x W), satisfying

(ktu(e)tn, vi) — (V- v, pn) =0 Vv, € Uy, (2.4.8)

(V : ﬁh,wh) = (q,wh) th € Wh. (249)

For a proof of the the existence and uniqueness of the solution of (2.4.8)-(2.4.9), we refer
to [9, pp. 52]. The following error estimates for (uy,py) can be obtained by using the

properties of Raviart-Thomas projection IT;, and L? projection P, defined in (2.4.1) and
(2.4.5), respectively:

[u =l 222 + [ = all < Ch([ull @@y + l2lh) (2.4.10)
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and
|V (u—1,)| < Ch||V -ul, (2.4.11)

where the constant C is independent of h, but may depend on the bounds of x4 and !
given in (2.1.10) and (2.1.11). For a proof, see [19, pp. 166].
The bound for @y, in L*°- norm can be found by using (2.4.2), (2.4.4), (2.4.7) and (2.4.10)

as follows:
[l ez < o= anll ez + [lufl e o)
< u—Ipufl ez + [Haa = 8l @z + [l e @)
< O (hlallgreeq@ye + 27 T = w22 + [l w)2)
< C (Ml gy + b7 T = ull g2y
R = G g + 1l )
< C(nllall gy + lallon @y + Iplls + lullgye).  (24.12)

THEOREM 2.4.1 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (an, pr),

respectively, be the solutions of (2.2.2)-(2.2.3) and (2.3.6)-(2.53.7). Then, there exists a pos-

1

itive constant C', independent of h, but dependent on the bounds of k=" and p such that

= wnllazaye + o = pull < C [le = call + hlllallape + Ip1)] . (2:4.13)
and
IV'- (= un)|| < Ch[V - ul]y, (2.4.14)
provided u(t) € (H*(Q))?, V-u(t) € H(Q) and p(t) € H(Q).

Proof. Write u —uy, = (u —0y) + (4, —un) and p — pp, = (p — Pn) + (Pr — pn). Since the
estimates of u — 1, and p — p,, are known from (2.4.10), it is sufficient to estimate 0, — uy
and pp, — pn . Let €1, = @, — uy, and €3, = pp, — pp. Using (2.3.52) in (2.3.6)-(2.3.7), we

obtain

(/i_l,u(ch)uh, ’thh) — (V . Vh;ph) =0 Vvp €Uy, (2415)
(V-up,wp) = (q,wp)  Ywy, € W, (2.4.16)
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Subtracting (2.4.15) from (2.4.8) and (2.4.16) from (2.4.9), we find that

(k' ulen)€in mve) — (V- Vi, €a,) = —(7 p(c)ty, vin — 1, vh)
— (k7 ((c) = p(en))in, ve)  Vvi € Up,  (2.4.17)
(V . e~1h, wh) =0 th € Wh. (2418)

Since V - Uy, C Wy, take w, = V - €7, in (2.4.18) to arrive at
IV - el =0, (2.4.19)
and hence, using (2.2.1), we obtain
€111l vy = l€1nllz2 @2 (2.4.20)
Choosing vy, = €1, in (2.4.17) and wy;, = €y, in (2.4.18), we arrive at
(k" plen)€1n, n€1n) = — (K7 (), €1y, — Mm€1n) — (57 (pu(e) — palen))n, 1€1n)-
Using (2.3.51), (2.3.53) with (2.1.10)-(2.1.11) and (2.1.8), we obtain

Il divey < C(Ianllezoz € — meinllazay: + e = enllinll ey llénlaz@y )

< C<hllfth(L2(ﬂ)>2 €10l div.y + e = eallllnllzoe @2 IIéth(L%Q))?)'
(2.4.21)

Substitute (2.4.21) in (2.4.20) to find that
leullwron: < C(Planllez o + lle = enlllinllz=@y?)- (2.4.22)

For estimating éy;,, choose vy, = €1, in (2.4.17), use (2.1.10)-(2.1.11), (2.1.8) and (2.4.20)

to obtain

(V . e~1h, 6~2h) S O(h”ﬁh||(L2(Q))2 + ”C — Ch””ﬁhH(Loo(Q))Q
+||e~1hy|(L2(Q))2) l€1nllz2@:. (2.4.23)

A use of the inf-sup condition (2.3.59) on the left hand side of (2.4.23) yields

||6~2hH S C(h“flh||(L2(Q))2 —+ ||C — Ch||||ﬁhH(Loo(Q))2 —+ ||€1h||(L2(Q))2> (2424)
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Using (2.4.10), (2.4.12), (2.4.22) and (2.4.24) can be written as
ISl < C(Alullun o +lle = all). (2.4.25)
and
el < € (hllallr e + lle = el ), (2.4.26)

where the constant C' depends on [Ty |(ge ()2 derived in (2.4.12). An application of the
triangle inequality completes the proof of (2.4.13). Now the estimate for (2.4.14) directly
follows from (2.4.19) and (2.4.11). This completes the rest of the proof. [ |

2.4.2 Estimates for the concentration
Let Ry, : HY(Q) — M, be the projection of ¢ defined by
A(u;c— Rpe,x) =0 Vx € My, (2.4.27)
where
A Y, x) = an(w; ¥, x) + (0 - Vb, x) + (M, X)) Vx € Mp. (2.4.28)

The function A is chosen in such a way that A(-;-,-) is coercive.

Since
— . — . . 2
(u-V,¢) = /quu Vibdz /Qv (¢u)¢dx+/mu ni’dz
= —/Qv-wu)wdx:—/Q;bwwdx—/ﬂvmp?da;,
we obtain
(0 V) = —5(V ) = — (g,0%). (2.4.20)

If we choose A =1+ 1¢, then (u- Vx, x) + (Ax, x) = (x, x) for x € M.
Now we derive the error bound in H' and L? norms for ¢ — Ryc. Let I;, be the continuous

interpolant onto M), satisfying the following approximation properties. For ¢ € H*T1((Q)
with & > 1, we have [29]:

¢ — Ingll; < BBl 5 =0, 1. (2.4.30)
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Moreover, if ¢ € W2>(Q2), then
16 = Il o0 < Chll 00 (2.4.31)
LEMMA 2.4.1 There exists a positive constant C' independent of h such that
llc — Rpc|l1 < Chllc||z, (2.4.32)
provided ¢ € H*(Q), fort € (0,T] a.e.

Proof. The coercivity and boundedness of bilinear form A(u;-,-) with (2.4.27) yield

|Inc — Ruc||} < CA(u; Inc — Rye, Inc — Ryc)

< CA(u; e — ¢, Inc — Rye)
< C|le = Inel|| Ine = Rucllr,
and hence,
| Inc — Rpcll1 < Clle — Inc|ls, (2.4.33)

where C' depends on the bound of D(u) given in (2.1.13). Combine the estimates (2.4.33)
and (2.4.30) and use the triangle inequality to complete the proof. [ |

For deriving the L2- error bounds for ¢ — Rjc, we need the following Lemma.

LEMMA 2.4.2 There exists a positive constant C' such that for ¢ € H () and x5, € M,

Oc
lea(w; ¢ — Rye,iby)| < Ch? <\9|1 +u- Vel + |¢§|1 + Hcﬂz) [Unl1 Vb, € M}, (2.4.34)

where €,(; 9, xn) = a(a; ¥, xn) — ap(W; Y, Xn)-

Proof. Using (2.3.36) (see Remark 2.3.3 also), we find that

lea(u; ¢ — Rye, )| <

= J1+ Jo, say. (2.4.35)
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To bound Jy, first we use the fact that Rjc is linear on each triangle 7' to obtain

Joo= > / V- V(e — Ruc)) (Yn — iy )da
TET,
S / WVe) = (V- D(w) - VRe) (4 — i) do
TET,

Now use (2.1.3), (2.3.25) (2.3.32) to obtain

Z/( g+u-Ve+ o )(wh—ﬂzwh)dx
TeT),

SIWACE (V- D)r) - VRie] (n — Tn)da

TeT),

< o <|g\1+\u Vel + [6% |1+Hc|!2) [l

where (V - D(u))r denotes the average value of V - D(u) on triangle T
Based on the analysis in [46, pp. 1873], we estimate J, as follows. Note that an appeal to
the continuity of Ve - n with (2.3.26) yields

Z 8T ((D = Dr)V(c = Rye) - n) (i — T4n)ds

TeTy

where D = D(u) and Dr is a function such that for any edge of a triangle T € T,
Dr(x) = D(z.), r ek,

and z. is the mid point of E. Since |D(x) — Dy| < Chy||D||1.00, We use trace inequality
(2.3.13) and (2.4.32) to arrive at

5 < ChIZ/ V(e — Ruc) - n)(tn — Lo )ds|

TET),

1/2 /2
< Ch (Z (¢ — Ruc) - n)\2> (Z / |tbn — HZWP)

< Ch (hr'?lle = Ruclh + nilell2) x (b2l — Wil + A/ %nls)
< COR?||ellalvns-

Substitute the estimates of J; and J; in (2.4.35) to complete the rest of the proof. |



Chapter 2.Finite Volume Element Approximations 50

LEMMA 2.4.3 : There exists a positive constant C' independent of h such that
oc
HC—RWHSCWQOMM+¢Mr+N'Vdr+W5ﬂQ, (2.4.36)

dc
ot

Proof. To obtain optimal L? error estimates for ¢ — R,c, we now appeal to Aubin-Nitsche

provided ¢ € H*(2), u-Ve € HYQ) and — € H'(Q) fort € (0,T] a.e.

duality argument. Let ¢ € H?(Q2) be a solution of the following adjoint problem
=V - (D(w)VY +uy)) + M\p = ¢ — Rye in €, (2.4.37)
(D(u)VY +up) -n =0 on 012,
which satisfies the elliptic regularity condition:

[¥lls < Cllc — Rpell. (2.4.38)

Multiply the above equation by ¢ — Rjc and integrate over 2. An integration by parts and
a use of (2.4.27) yield

lc — Ruc|* = a(u;,v,c— Ryc) — (u- V), c — Rye) — (V -y, ¢ — Rye) + A(1p, ¢ — Rye)
= |a(u;c— Rue, b — ¥n) + (u- V(e — Rye), ¥ — )
(e = R, —vn)| + euluse— Rueotn) Vo € M,

= L +1, say. (2.4.39)

For I, use (2.4.32) to find that

|1 la(u; ¢ — Rue, v — ) + (u- V(e — Rpe), v — y) + A — Rue, v — )|

< Clle = Rucl1 || — ¥nllx
< Chllellslle — dalhr. (2.4.40)

The bound for I, follows from Lemma 2.4.2 and hence,
oc
L] < Ch? (\9|1 +|u- Vel + |¢a|1 + HCH2) |[Unl1 (2.4.41)

Substitute (2.4.40) and (2.4.41) in (2.4.39) to find that

Jc
o= Rucl? < € [l — vall + 12 (I + ha- Vel o501 + lell ) o+ 242
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Now choose 9, = I,9 in (2.4.42). Then use elliptic regularity condition (2.4.38) with
(2.4.30) to obtain

0
o= Rl < on (lll + 1ol + ha- Vel + 051 )

and this completes the proof. [ |
For || Ryc||1,00, We use inverse inequality (2.3.14), (2.4.31) (2.4.30) and (2.4.33) to obtain

[Rncllioe < lle = Baclli,00 + llefl1,00
< lle = Inelli,00 + 1 ne = Ricll1,00 + llcfl1,00
< C(lle = Incllroo + 27 Tne = Rucllr + llclli00)
< COlellz.00- (2.4.43)

LEMMA 2.4.4 There exists a positive constant C' such that Y0 € My,
|ah(u; RhC, 9) — ah(uh; RhC, 9)| S C (Hu — uh||(L2(Q))2 + h”v : (11 — uh)||) |9|1 (2444)

Proof. Note that

lap(a; Rpe, 0) — ap(un; Rye, )] = Z/ (D(u) — D(uy))VRpe-n; 110 ds
ovy

3
where Kr = Z/ (D(u) — D(un))VRyc-n0;, ds and 6§, = 0(P,), see Figure 2.3. For
oV NT

=1
each triangle T', K can be written as

KT = Z /JV[IB(D(U) — D(uh))VRhc . I’Il(¢91+1 — Ql) ds (94 = 91)

=1

Using the Cauchy-Schwarz inequality and (2.4.43), we obtain

3
Kr < Z 10141 — 61 |(D(u) — D(uy))VRyc-ny| ds
=1 M B

3
< CY 01 — 0] | D(w) — D(un) |2 5yy2x2 (meas(M;B))"?

=1
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A use of the trace inequality (2.3.13) and (2.3.33) yields

3
Ky < CY |61 — 601w — unllzeqanmyehy”

=1

3
< O 100 — 0l [hr e = wnllr + AV - (= )] - (2.4.45)

=1

Now using Taylor series expansion and (2.3.18), we find that

00, 00 90, 90,\ .1
— < <

< Cllnr, 1=1,2,3. (2.4.46)

Substitute (2.4.46) in (2.4.45) to arrive at
Kr < Cllinr ([[a—upllr + Az [V - (u—un)r).
With the estimates for K and Lemma 2.3.1, we obtain
lap(a; Rpe, 0) — ap(un; Rye, )] < C (||u — Un||(z2@)2 + RV - (u— uh)||) 101,
and this completes the rest of the proof. [ |

THEOREM 2.4.2 Let ¢ and cp, be the solutions of (2.1.3) and (2.3.9) respectively, and let

cn(0) = cop = Rpc(0). Then, for sufficiently small h, there exists a positive constant C(T)

1

independent of h, but dependent on the bounds of k™" and pu such that

T
| (rehel =+ gl + - Vel + o 17
0
2

atg Hl

le = enlliw sz < C(T)

Hledls + Ngell? + 11(a- Ve)llF + I|¢
+||u||(H1(Q))2 +lpll} + 11V - ull})

R ([l F: @2 + IIPHf))dSI, (2.4.47)

prom'ded ¢, ct € L2(J; H*(Q)), u € L*(J;(HY(Q))?), andu-Ve, (u-Ve)y, g, g1, V-
ll, b, 8t’ ¢ 2 € L2( H (Q>>



Chapter 2.Finite Volume Element Approximations 53

Proof. Write ¢ — ¢, = (¢ — Rpc) + (Rpc — ¢p) = p+ 6. Since the estimates of p are known,
we need to find only the estimates of 6.
Multiply (2.1.3) by II zp, integrate over €2 and subtract the resulting equation from (2.3.9)

to obtain

00
<¢§, HZzh) + (u- Ve, IT5z,) — (up - Ve, D5 z,) + an(as e, zp)

0
—ah(uh; Ch, Zh) = — (¢6_§7 szh) + (g(c) — g(Ch), HZZ}L) Vzy, € M. (2448)

Using the definition of €, in (2.3.27), (2.4.48) can be rewritten as

00
(gba, H;klzh) — (un.Ven, zn) + €n(un.Vey, zn) + (u- Ve, z,) — ep(u- Ve, zp)

op .,
+ ap(wc, z,) — ap(un, cp, 2n) = — <¢a—§>ﬂh2h)

+(g(c) = glen), My2n) Van € M. (2.4.49)

Put z, = 6 in (2.4.49) and use the definition of Rj to obtain

(gb@, HZ@) + (un-V6,0)+ ap(up; 0,0) = — (gb%, HZ@) + (Ap,0) + ((up —u) - VRyc, 0)

ot
+ [en(u-Ve,0) —ep(un - Vep, 0)] — [an(u; Rye, 0) — ap(un; Ryc, 0)]
+ (9(0) = g(en)T30) = [y + L+ I+ L+ Is + I, say. (2.4.50)

To estimate I;, we use the Cauchy-Schwarz inequality, boundedness of ¢ (see,(2.1.9)) and
(2.3.47) to obtain

o 1 dp
= a, < A, . . .
] = | <¢at>Hh9) [ <l el (2.4.51)
Similarly,
L] = [(Ap, 0)] < Cllpll16]]- (2.4.52)

Using (2.4.43), I3 is bounded as follows:

(3] = [((un —u)- VR, 0)| < [[un — ul|(r2@))2 | VRucl| L-[|0]
< Cllun —ullz2@: 191, (2.4.53)
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where the constant C' depends on the L* bound of R;, given in (2.4.43).

The bound for I, is a bit technical and now we proceed as follows:

| 14|

IA

len(u- Ve, 0)] + [en(un - Ve, 0)]
< len(u-Ve,0)| + |en((un — u) - VO, 0)| + |en, ((un — u) - VRye, 0) |
+lep(u - VO,0)| + |en(u- VR, 6)]
A+ Ay + Az + Ay + As, say. (2.4.54)

To estimate A ---As, we use the bound for ¢, in (2.3.32) and the inverse inequalities

(2.3.14)-(2.3.15) and (2.4.32) to find that

Ay = |en(u- Ve, 0)] < CR2 |l - V1|01, (2.4.55)

Ay = |en((up —u) - V0,0)]
Ch*(|V - (0 — un) VO 1) |0]1.00
CIIV - (a—uan)|| 6] 16]1, (2.4.56)

IA

IN

Az = [en (un =) - VEye,0) | < Cllu—unl| [[VEpel| 2 [0]1,00
C’||u— Uh||(L2(Q))2‘9‘1, (2.4.57)

N

and
Ay =lep(u-V0O,0)| < Cl0]1]0]- (2.4.58)
Finally for As, we use the definition of €,(u;-, ) in (2.3.27) and (2.4.43) to obtain
As < Ch?||ul| a0 10]1-
Substituting the bounds for A; to As in (2.4.54), we obtain following bound for Iy:

Ll < Ol | h?|la- Vel + lu = unlza@pyz + 1V - (= uw)|| [|60]

12 ull e + 6] (2.4.59)
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The bound for I5 follows from Lemma 2.4.4, and hence,
15| < C ([lu = unlz2(@)z + AV - (w—un)|) 6] (2.4.60)
Using (2.1.7) and (2.3.47), I can be estimated as
16| < [(g(cn) = g(c), I0)| < Cllc — el [|6]- (2.4.61)

Now, we need to bound from below the left-hand side of (2.4.50).

Note that
1 1 1
(up - VO,0) = —§(V - Up, 82) = _5((16’ 0) — i(V - (up — u), 92). (2.4.62)

To estimate the second term in (2.4.62), we use (2.4.14)

(V- (up —),6%)] < [V (un —w)]all6]] [0]]
< ChlIV -l g [|0] 10]] L~
< C0)*. (2.4.63)
The boundedness of ¢ implies that
(¢6,0) < C||0]*. (2.4.64)

Substitute the estimates for Iy, - - - , Is in (2.4.50) and use (2.4.63)-(2.4.64), (2.3.42), Young’s

1

inequality ab < ea® + ibz, non singularity of the function ¢ with standard kick back

argument to obtain
d
ZOIP + (@ =l < C[HV (u—up)[*+ A (fJu VCH? + allr 2)
+ RV (u—an) |+ ol + || ||2 + (L4 1011*)116]1*|.(2.4.65)
Now, from (2.4.13),
=l < (Il + 161+ Al e + 1pl))- (2.4.66)
A use of (2.4. 36) (2.4.66) and (2.4.14) in (2.4.65) gives us

!\I9|||2+ao\9\1 < C[h4(||0|!2+ lglli + [l - Vell + |I¢atH1

e+l + - Vel + 62 2]

HullE e + 2l + 1V - ull)
P2 (J[llfr @y + Pl + (1 + H9||2)||9||2]‘ (2.4.67)
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To estimate the last term on the right hand side of (2.4.67), we follow the arguments given

in [37]. Let t* < T be the largest time such that the induction hypothesis
10l oo 22y < 1, (2.4.68)

holds true V¢ < t*. The existence of ¢* > 0 for which (2.4.68) holds true can be justified
in the following way. Since ¢, (0) = Rpc(0), this implies that #(0) = 0. An application to
Gronwall’s inequality (1.2.7) with (2.3.46), (2.4.67) and (2.4.68) yields

0

T
C
| (el + gl + - 9l + 0351
0

1017 0e iy < C(T) 3

9%c
Hlledls + lgellF + I (u- Ve)ll§ + ||¢w!|f

s qpe + ol + 1V - ull})
+h2 (| e + |yp||%))ds] vt € (0,t] with t* < T. (2.4.69)

Choose hy > 0, small enough so that for h € (0, ho|, Vt € (0,t*] with ¢t* < T, we have from
(2.4.69) that ||0]| Lo (s;2) < 1. If t* < T, by the continuity of the mapping t — ||0]| Lo (;12),
either [|0||po(s;2) < 1 V0 <t < T, or there exists some ¢** such that tx < t* < T and
10]| Lo (s;2y > 1. In both the cases, we get a contradiction due to the fact that ¢* is
the largest interval in (0,77 such that ||| ze(s;L2y < 1 and hence, t* = T. Combine the
estimates for p in (2.4.36) and 6 given in (2.4.69) to complete the rest of the proof. |
Combining the estimates derived in (2.4.13) and (2.4.47), we obtain the following estimates
for u — uy, and p — pp,.

THEOREM 2.4.3 Assume that the triangulation 7y, is quasi-uniform. Let (u,p) and (un, pr)
be, respectively, the solutions of (2.2.2)-(2.2.3) and (2.3.6)-(2.3.7) and let c,(0) = cop =
Ryc(0). Then for sufficiently small h, there ezists a positive constant C(T) which is inde-

Y and p such that

T
(el + il + - el

pendent of h but may depend on the bounds of k™

Ju— uhH%OO(J;(LQ(Q))Q) + llp— ph||2Loo(J;L2(Q)) < C(T)

Oc d*c
+||¢§||f + [ledll + lgell? + 11w - Ve) |7+ ||¢@Hf + [lul[Fg 0y

HIplF + 1V - all}) + A2 ([alfy ) + IIPHf))dS] : (2.4.70)
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2.5 Completely Discrete Scheme

In Section 2.4, we have discussed a semidiscrete scheme, i.e., we have discretized only the
spatial domain € and not the time interval [0, 7] and have derived a priori error estimates
for concentration, velocity and pressure. In this section, we introduce a completely discrete
scheme, i.e.,; we also discretize the time variable using finite difference methods.

Let 0 =ty < t; < ---txy = T be a given partition of the time interval [0,7"] with time
step size At. Set f" = f(t,) for a generic function f in time. Then, at time level ¢, the
fully discrete problem corresponding to pressure-velocity equation (2.3.6)-(2.3.7) is to find
(up, py) € U, x W), such that

(k' p(c)up, vavn) + (V- v, pf) =0 Vvy € Uy, (2.5.1)
(V-up,wp) = (¢", wp) Yw;, € W, (2.5.2)

For the approximation of concentration at time level t = ¢, 11, we use the approximate

c
velocity at the previous time level (¢ = ¢,,) and for approximating the time derivative —h,

ot

we use the backward Euler difference scheme:

n+1 n
Ocy, o —cp

ot fimtass & At,

For the sake of convenience, we choose At, = At, Vn=1,2,--- N.

(2.5.3)

Now, the discrete problem corresponding to the concentration equation (2.3.9) is to find

it € My, such that

(CZ—H B CZ) * n n+1 *
+ap(up; et z) = (g(cith), Mrzn) Ve, € My, (2.5.4)

2.5.1 Error Estimates

The following error bound for velocity and pressure at ¢ = t,, is given in Theorem 2.4.1.
[u™ = uill 2@z + " = pill < C [lle" = il + A ([0l g@yz + [1p"[11)] . (2.5.5)

and

V- (0 —ug)[| < CAIV - u™[]s. (2.5.6)
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THEOREM 2.5.1 Let ¢™ and ¢} be the solutions of (2.1.3) and (2.5.4) at t = t™, re-
spectively, and let ¢,(0) = cop = Rpc(0). Further, assume that At = O(h). Then, for
sufficiently small h, there exists a positive constant C(T) independent of h but dependent
on the bounds of k=% and p such that

max |[|c" — CZLH2 < C[h4<HC||%°°(O,T;H2) + ”gH%OO(O,T;Hl) + [Ju- VC”%OO(O,T;Hl)

0<m<N
oc oc
+IV - U—”%oo(o,T;Hl) + ||¢EH%°°(O,T;H1) + ”a”%Q(O,T;Hz) + ||gtH%2(0,T;H1) +[[(u- vC)t||2L2(0,T;H1)
0c
o5 a0 ) + (A0 (I1ael a0 rczaeey + IV - wallbao iz
P ey 2 2 2
5 0.2 ) + B2 (Il oy + WP ) | (2:5.7)

Proof. Write ¢" — ¢} = (¢" — Rpc™) + (Rpc™ — ¢f) = p™ + 0" Since the estimates for p" are
known from Lemma 2.4.3 at t = t,,, it is enough to obtain the bound for 6.
Multiply the concentration equation (2.1.3) by II} zj, and integrate over €. Then, at
t =t,.1, we have
et
(¢7, HZzh) + (u™t - VI 2)
tap (™ 2 = (g(MT), I z,) Ve, € My, (2.5.8)

where ap(+; -, ) is defined in (2.3.10).
Subtracting (2.5.4) from (2.5.8) and using (2.3.27), we obtain
n+1

ol = 1 1

+(un+1 . VCH_H, Zh) _ Eh(un-l—l . Vcn—i—l’ Zh) + ah(un—i-l; Cn-i-l’ Zh)

n+1

—ap(up, it z) = (g(") — g(cpt™), I 2,) Vi € M, (2.5.9)

Choosing 2z, = 0™ in (2.5.9) and using the definition of R}, given in (2.4.27), we obtain
the following error equation:

‘gn—i-l _ ‘911

(=

Fap(u; 07 oy = [eh(un-i-l V) — ey (uR - Vet gt

,H;;Qn_'_l) + (uﬂ X ven—i—lj en—i-l)

+ [ah(uﬁ; RhC”H, en—i-l) _ ah(un+17 RhC”H, en—i-l) 4 (uﬂ _ un—i—l . VRhC, 8n+1)
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n+l _ n . acn—i-l Cn—i—l — " .
a ((p%,nhe H) B (¢ A N H)

+(g(cn+l) —g(CZH),HZ@"H) + )\(Cn—i—l _ RhCn+1,H29n+l)

:J1+J2+J3+J4+J5+J6+J7, say.

Now, we estimate J;,7 =1,2,---,7 one by one.

29

(2.5.10)

Repeating the same arguments, which we have used to bound the term I, of Theorem 2.4.2,

we obtain the following bound for Ji:

D] < Jen(u™ - Vet gmy g (ul - Vet gn|

A

C‘9n+l|1 h2||un+1 5 V0n+lH1 + ||un+1 o UEH(LQ(Q))Q

HIV - @ = u) 107 ]+ 220 a2 + 1107
and hence,

A< O R T+ ot - ug ey
HIV - (@ = o) 107 + B2z + 107

= gy + V- (@ = w07
Using Lemma 2.4.4, J5 can be bounded as

| o]

IA

|ah(uﬂ§ Rhcn+17 6n+1) - ah(un—i-l, Rh0n+1, 8n+1>‘
C [lu™ —upllzz@pe + AV - (@™ —ug)|]] 107+

Ol = ey + BV - (u® = ud)]|

IN

IA

= i g + IV - @ = )]0
To bound J5, we use (2.4.43):

|J3‘ |(UE — un+1 . VRhQ Qn—i-l)‘ S CHun-i-l - uEH(LQ(Q))Z ||9n+lH

<
< C[lu™ —uflz2@)z + 0™ —u®[|z2@)z2] 1077

Using (2.1.9) and (2.3.47), we bound J; as

n+l _ n n+l _ n
| a] < '(eﬁ%,ﬂ}i@"*l)‘ < C‘ SN

2 jen .

(2.5.11)

(2.5.12)

(2.5.13)

(2.5.14)
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Using the Cauchy-Schwarz inequality, we have

1 tnt1 tnt1 1/2
<gi | its <o ([Tapas) L @)
t

tn n

pn—i-l _ pn

At

Using (2.5.15), we obtain

n+l _ n a
‘ % S C(At>_1/2||a_€’|L2(tn7tn+1§L2)‘ (2516)
This implies that
7 < can 2 22 e -
il < OO0 PG N ta 167 @25.17)

An application of Taylor series expansion and (2.3.47) gives us

acn—i-l Cn—l—l —c" acn—i-l cn—i—l e
J. < _ H*9n+1 < AF . en—i-l
Il < '<¢ ot ¢ N )'—¢ ot At ‘” |
tnt1 tnt1 1/2
< o) [ fealds < o) (At / Hcﬁuzds) . (2.5.18)
tn tn

Since the function ¢ is uniformly Lipschitz continuous (see (2.1.7)), Jg can be bounded in

the following way:

| J6|

IA

[(g(c™™h) = glep ™), IO < Clle™™ = ]|

Cle" M+ e Do) (2.5.19)

IA

Again using (2.3.47), we obtain

[ Jo| < M = Ry L IO < Ol HI]107- (2.5.20)
Since
tnt1 2 tnt1
u™tt —u?? = / w ds| < At/ lu, |*ds, (2.5.21)
tn tn
Hence,
Jutt — un“?m(g))z < At ||utH%Q(tn,tn_‘_l;(L?(Q))?)v (2.5.22)

and similarly,

IV (@™ = u®)|[feq) < ALV el Zag, b, 002200 (2.5.23)
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Now, we need to bound the term (up - V™! "*1) in (2.5.10) from below. Note that

n mn n 1 n n
(uh - VO™ 0" = (Vg (07T)?)
= ) < (V- (a0, (25.24)

Using (2.5.6), we obtain

IN

(V- (up —u®), (0"1)%)] IV - (o — ™) {0 (10" o

< ChV - u™ e [107H] (107 ]| 2

< COlemHHA (2.5.25)
The boundedness of ¢™ implies that
(g o™ om ) < e, (2.5.26)
and hence, from (2.5.24)
(up - Vot omth > C||om 2. (2.5.27)

As in semidiscrete case, we now make the following hypothesis:

max ||0™| < 1. (2.5.28)
0<m<N

Substituting all the estimates derived in (2.5.11)-(2.5.20) with (2.5.22),(2.5.23) and (2.5.27)
n (2.5.10), with an application of Young’s inequality, we obtain

ot -, n+1 n+l gn+l 1 n+1)2
T a6, 00 < O[O0 P g + 107

+ At(HutHLQ(tn tnii; (LQ(Q) + ||v utHL2 tn Jtna1; L2)>

820 2 n nj|2
+ Atnﬁnm(tn,tnﬂ,m) + 0™ — uplliz2 )

+h2[[V.(u™ = ug)[* + 107 + ||p”+1!|2]‘ (2.5.29)
A use of (2.3.42), (2.5.5) and (2.5.6) in (2.5.29) with kick back arguments yields
I = el < Clae (162 + 17 + oI + 1 P)

(202 (I[wll gy ., e R AR Y
e
1525 B2 .22 ) S TR
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Taking summation over n = 0---m — 1, we obtain

m—1
e — el < C[ {At (O™ HZ 10" + 1" [1* + 11" 1) + || ||L2 (ot 1,L2)
n=0
¢
+(At)? (HutHL? (s (z2(@2) T IV ul|7, (tnstnsr;L2) T ” o2 ||L (tn,tny1,L2 ))
AN <h2||V 2+ 0P e + |yp"||§) }] (2.5.31)
Use Gronwall’s Lemma (Lemma 1.2.8), equivalence of the norms ||| - ||| and || - || given in

(2.3.46) and the estimates of p to obtain

10712 < {1612 + B2 (el e or12) + N iaeny + 10 VellEeoizaan)

ac o
+IV - ul o1 T ”CbatHLoo(OTHl + ||CtHL2(0TH2 + [l gell7 oz +[[(a-Ve), HL?(OTHI)

+H¢w||%2(o,T;Hl)> + (At)2(HutH%Q(O,T;(LQ(Q))Q) + |V - ut||%2(0,T;L2)

&c
15 o) + B2 (1l oo + Pl i) ] (2.5.32)

Now since ¢;,(0) = Ryc(0), i.e., 8° =0, (2.5.32) implies that

max 1677 < O (el s + Molm oars + 1 Fellim oy + 1656 e zian

62
+[IV - U—”%oo(o,T;Hl) + ||CtH%2(O,T;H2) + ||gt||%2(07T;H1) + |(u- vc)tH%Q(O,T;Hl) + ||¢w||2L2(0,T;H1)>
2 2 2 0c
+(A0 (el Eairsze) + 1V - sz + 155 130,02
12 (Il oo ey + P13 0 i) |- (2:5.33)

Using (2.5.33), the hypothesis (2.5.28) can be justified with the assumption that At = O(h)
in the similar way, as we have proved the hypothesis (2.4.68). Now combined the estimate

of # and p to completes the rest of the proof. [ |

Using (2.5.5) and (2.5.7), we obtain the following error estimates for velocity as well as

pressure .

THEOREM 2.5.2 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (up, pp)
be, respectively, the solutions of (2.1.1)-(2.1.2) and (2.5.1)-(2.5.2) and let c,(0) = cop =
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Ryc(0). Further, assume that At = O(h). Then for sufficiently small h, there ezists a

1

positive constant C(T') independent of h but dependent on the bounds of k' and p such

that

Jmax [0 = e gye + 5" = il < C 1 (1ol iz + Nl

oc
+lu- VCH%OO(O,T;Hl) + ||¢§||2Loo(07T;H1) + ”CtH%Q(QT;H?) + ||gt||2L2(0,T;H1) +V- U—H%oo(o,T;Hl)

&?c
+|(u- Vc>t||%2(07T;H1) + ||¢ﬁ“%2(07:r;f11)> + (At>2<||ut||2L2(o,T;L2) + IV ut”%ﬁ(QT;L?(Q)?)

&c
+||@||2Lz<o,:m>> + h2<||u||2L°°(07T§(H1(Q))2) T ||p”2L°°<07T;H1>>]‘

2.6 Numerical Procedure

In this section, we discuss numerical methods applied to system (2.1.1)-(2.1.6). For the
pressure equations (2.1.1)-(2.1.2), we apply mixed finite volume element method and for
the approximation of the concentration equation (2.1.3), we use the standard finite vol-
ume method. We consider two test problems, one when only the molecular diffusion is
present and the effect of dispersion coefficients is negligible and the second when dispersion

coefficients are present. For our numerical experiments, we consider the following set of

equations:
u——@Vp V(z,t) € Q x J. (2.6.1)
p(c) ’ ’

V-u=q"—g¢q V(z,t) € Q x J, (2.6.2)
qb%%—u-Vc—V-(D(u)Vc)%—cq‘:Eq+ V(z,t) € Q x J, (2.6.3)

with boundary conditions
u-n=0 V(z,t) € xJ, (2.6.4)
Du)V-n=0 V(z,t) € 0Qx J, (2.6.5)

and initial condition

c(x,0) =co(x) Vel (2.6.6)
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Here, p(c) is the viscosity of the fluid mixture which depends on the concentration and is

given by
4

ple) = p(0)|(1 = c) + Mic| | (2.6.7)

where M is the mobility ratio between the resident and injected fluids and (0) is the vis-
cosity of the resident fluid, ¢ is the injection concentration and ¢* and ¢~ are the production
and injection rates, respectively. Let 7, be an admissible regular, uniform triangulation of
Q into closed triangles.

Experimentally, it has been observed that the velocity is much smoother in time compared
to the concentration. It was suggested in [47] that for a good approximation to the concen-
tration, one should take larger time step for the pressure equation than the concentration
equation. Let 0 =tg < t; < ---tyy =T be a given partition of the time interval (0, 7] with
step length At,, = t,,41 — t,, for the pressure equation and 0 =t < ¢! < ---t¥ =T be a
given partition of the time interval (0, 7] with step length At" = ¢"*! —¢" for the concen-
tration equation. We denote C™ = ¢, (t"), Cy, = cp(tm), Unm =~ un(ty,) and P, = pp(t,).

If concentration step t" relates to pressure steps by t,,_1 < t" < t,,, we require a velocity
approximation at ¢t = t", which will be used in the concentration equation, based on U,,_;

and earlier values. We define a velocity approximation [44, pp. 81] at t = ¢™ by

" =ty " =t
EU™ = (1 + 71) Ui — tilUm_g for m > 2, (2.6.8)

tm—l - tm—2 m—1 tm—2
EU" =1, for m=1. (2.6.9)
The discrete problem corresponding to pressure-velocity equations (2.3.6)-(2.3.7) is to find
(U, P) . {to,tl, . tM} — Uh X Wh such that

(H_I/L(Cm)Um,’thh) + (V * Vh, Pm) =0 Vvy,eU,

(V-Up,wp) = (qF — ¢, wp) Yw, € Wy, m > 0. (2.6.10)

Set @| _ Cn—i—l _ Cvn
ot T T A

equation (2.3.9) is to find C': {t° ¢!, -t} — M, such that

. Then, the discrete problem corresponding to concentration

On—i—l_cn
(o i) + (BU w0 )

+an(BEUY O 2 + (g T T zy) = (eq, iz,) Yz, € My, (2.6.11)
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Using CY = Cy = Ryco(x), we first find (U, Py) from (2.6.10) and then using Uy, we find
C! from (2.6.11) and so on.

To put equations (2.6.10) and (2.6.11) in matrix form, let N,, be the total number of edges
of the triangulation 7, (Mz)f\;"{ be the midpoint of edges of triangulation 7, N, be the
total number of vertices of the triangulation 7;, and N; be the total number of triangles.
Let (@i)i]i"{ be the edge oriented basis functions for the trial space Uy and {x;}i=12... N, be
the characteristic functions corresponding to the triangles which form basis functions for
the test space Wj,. Now we discuss the construction of the basis functions ®;, see [6].
Construction of local and global basis functions for the space Uyj:

Let the vertices of a triangle be denoted by P;, P, P;3 and the edges opposite to the
vertices be denoted by Ei, Fo and Ej3, respectively. Let the midpoints of Ey, Ey, F5 be
My, My and Mj3, respectively. We denote the coordinate of the vertices Pp, P, P3 as
(x1,71), (2, y2), (73, y3), respectively (see Figure 2.6). Let ®g,, ®g, and ® g, be the three
local basis functions corresponding to the edges F1, Fs, E3, respectively for the triangle

T = APlPQPg such that

Here, n; is the outward normal vector to the edge Ej. If we define local basis functions
for the triangle T as
‘I)E. :alﬁ(x—xl,y—yz) (al :+1, or :—1)
! 2|T ’
then it can be easily checked that ®g, satisfies (2.6.12). Here, |E;| denotes the length of
the edge E; and |T'| denotes the area of the triangle 7. Now we will construct the global
basis functions with the help of local basis functions. Let {®;})™ be the global basis
functions corresponding to the edges e;. Now referring to Figures 2.7 and 2.8, the global
basis functions for U, can be defined in the following way
Py, on T} Py, on T}

(bl = . ) ¢2 = .
0, otherwise. 0, otherwise.
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P2 (372;:92)

E;
P Ps
(331, y1) % lMQ (51737 2/3)
2

Figure 2.6: Normal vectors to the edges

Es
Py ( Py
P
T
Ear™ E, o v E,
T !
Py P,
C Py
Es

Figure 2.7: Local numbering (F;) of edges
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€5
Py / P,
P
€9 # €3 —— e

Ty

C

€1

Figure 2.8: Global numbering (e;) of edges

®p,, onT}
;3 = Pp,, onT
0, otherwise.
o, — Py, on T B, = Py, on T,
0, otherwise. 0, otherwise.
So, U,, and P,, can be written as
Nm Ne
Upn(z) =Y af'®j(x), Pulz) =) _ 5" () (2.6.13)
j=1 =1

with a; = (up - n3)(M;), B = pr(B)), n; being the outward normal to the edge E; and B
being the barycenter corresponding to the triangle 7;. Use the definition of the transfer

operator 7, and (2.6.13), the equation (2.6.10) can be written in the matrix form

A, B, o™ 0
= : (2.6.14)
BY 0o ) \B" —Fm

where, BL is the transpose of B,, and the matrices are given by

o = (o), B = (B
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L3 Ll
Ly

T

Ly L,

Figure 2.9: Local numbering (L;) of vertices

Ay = (i), = /K (O () By - Bi(M)

Bm = (blj)lzl,g.,,]\[h j=1,2---N,, — V . q)j de’

T

and

F, = (/") = / (¢" — ¢ )dz.

K

In the same say, referring to the Figures 2.9 and 2.10, we construct the global basis functions
for the finite dimensional space Mj. Let A;, Ay and A3 be the barycentric coordinates
corresponding to the any triangle T € 7, and associated with the vertices Py, P, and Ps,
respectively (see [29, pp. 45]). Then the global basis functions {W;} ™ for M, is defined

in the following manner

)\2, on T1
)\1, on T1

v, = ‘ ;o Yy=1<¢ X3, onT,
0, otherwise. '
0, otherwise.

A3, on T

)\1, on T2
U3 = Ay, on Ty ;o Uy =

) 0, otherwise.
0, otherwise.
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Ps

P1 P2

Figure 2.10: Global numbering (P;) of vertices

Ny,

If we set C" = Z%"\I/i, where W’s are the basis functions for the space Mj, then the
i=1

concentration equation ( 2.6.11) can be written in the following matrix form:

[D" + At"(E" + H" + R")]4"™ = D"y™ + At"G", (2.6.15)
where
T =P, D" = (@) = [ i
E" = (eij)%hzl == / EU™. V\I/]dx H" = (hij)%hzl - _/ D(EUH)V\I/] . nde,
f oV;
and

R" = (ryj)i, = /V ¢ Vdr, G"=(g") = /V cqtdz.

2.6.1 Test Problems

For the test problems, we have taken the data from [80]. The spatial domain is 2 =
(0,1000) x (0,1000) ft* and the time period is [0,3600] days, viscosity of oil is 1(0) = 1.0
cp. The injection well is located at the upper right corner (1000, 1000) with the injection

rate ¢+ = 30ft*/day and injection concentration ¢ = 1.0. The production well is located at
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Figure 2.11: Contour (a) and surface plot (b) in Test 1 at ¢ = 3 years.

the lower left corner with the production rate ¢~ = 30ft*/day and the initial concentration
is ¢(z,0) = 0. In the numerical simulation for spatial discretization we choose in 20 divi-
sions on both x and y axes. For time discretization, we take At, = 360 days and At, = 120
days, i.e., we divide each pressure time interval into sub three intervals.

Test 1: We assume that the porous medium is homogeneous and isotropic. The perme-
ability & is 80. The porosity of the medium is ¢ = .1 and the mobility ratio between the
resident and injected fluid is M = 1. Further, we assume that the molecular diffusion is
d,, = 1 and dispersion coefficients are zero.

The surface and contour plots for the concentration at t = 3 and t = 10 years are presented
in Figure 2.11 and Figure 2.12, respectively. Since only molecular diffusion is present and
viscosity is also independent of the velocity, Figure 2.11, shows that the velocity is radial
and the contour plots for the concentration is almost circular until the invading fluid reaches
the production well. Figure 2.12 shows that when these plots are reached at production
well, the invading fluid continues to fill the whole domain until ¢ = 1.

Test 2: In this test, the permeability tensor is same as in test 1. The adverse mobility
ratio is M = 41. We assume that the physical diffusion and dispersion coefficients are

given by ¢d,, = 0.0ft?>/day, ¢d, = 5.0ft and ¢d, = .5ft. From (2.6.7), in test 1, u(c) was
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Figure 2.12: Contour (a) and surface plot (b) in Test 1 at t = 10 years.
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Figure 2.13: Contour (a) and surface plot (b) in Test 2 at ¢t = 3 years.
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Figure 2.14: Contour (a) and surface plot (b) in Test 2 at ¢ = 10 years.

independent of the concentration ¢ but here p(c) depends on ¢ . The difference between the
longitudinal and the transverse dispersity coefficients implies that the fluid flow is much
faster along the diagonal direction see Figures 2.13 and 2.14.

Test 3: In this test we consider the numerical simulation of a miscible displacement problem
with discontinuous permeability. Here, the data is same as given in Test 1 except the per-
meability of the medium x(z). We take x = 80 on the sub domain Q7, := (0, 1000) x (0, 500)
and x = 20 on the sub domain Qg := (0,1000) x (500, 1000). The contour and surface plot
at t = 3 and ¢ = 10 years are given in Figure 2.15 and Figure 2.16 respectively.

Test 4:. In this test, we consider the miscible displacement problem with effect of
numerical dispersion with discontinuous permeability. Here data is same as in given
Test 2 except the permeability of the medium. We take x = 80 on the sub domain
Q= (0,1000) x (0,500) and £ = 20 on the sub domain € := (0,1000) x (500, 1000). The
contour and surface plot at 7' = 3 and T" = 10 years are given in Figure 2.17 and Figure
2.18 respectively. The lower half domain has a larger permeability than the upper half.
Therefore, when the injecting fluid reaches the lower half domain, it starts moving much
faster in the horizontal direction on this domain compared to the low permeability domain

that is upper half domain. We observe that one should put the production well in a low
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Figure 2.15: Contour (a) and surface plot (b) in Test 3 at ¢t = 3 years.
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Figure 2.16: Contour (a) and surface plot (b) in Test 3 at t = 10 years.
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Figure 2.17: Contour (a) and surface plot (b) in Test 4 at ¢t = 3 years.
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Figure 2.18: Contour (a) and surface plot (b) in Test 4 at ¢t = 10 years
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Figure 2.19: Order of convergence in L2- norm for Test 1

permeability zone to increase the area swept by the injected fluid. It is also can be noted
that the area occupied by the invading fluid at ¢ = 10 year in Test 4 is larger compared
to the area occupied by invading fluid in Test 2, where the permeability is constant. This
tells us how the numerical simulations could help the decision making in the petroleum

reservoir industry.

Order of Convergence: In order to verify our theoretical results we also compute
the order of convergence for the concentration. We compute the order of convergence in
L? norm. To discretize the time interval [0, T, we take uniform time step At = 360 days
for pressure and concentration equation. The computed order of convergence is given in
Figure 2.19. Note that the computed order of convergence matches with the theoretical

order of convergence derived in Theorem 2.5.1.



Chapter 3

Discontinuous Galerkin Finite

Volume Element Approximations

3.1 Introduction

The main objective in this chapter is to study a discontinuous finite volume element method
for the approximation of the concentration equation. Asin Chapter 2, we have used a mixed
finite volume element method for the approximation of the pressure-velocity equation. A
priori error estimates in L>(L?) norm are derived for velocity, pressure and concentration
for the semidiscrete and the fully discrete schemes. Numerical results are presented to
validate our theoretical results.

In recent years, there has been a renewed interest in Discontinuous Galerkin (DG) meth-
ods for the numerical approximation of partial differential equations. This is due to their
flexibility in local mesh adaptivity and handling nonuniform degrees of approximation for
solutions whose smoothness exhibit variation over the computational domain. DG methods
have the advantage that they are element-wise conservative and are easy to implement with
high degree of piecewise polynomials compared to other numerical methods such as con-
forming finite element methods, finite volume element methods, mixed finite element and
finite volume methods. In conforming finite element methods, the approximating functions

should satisfy some continuity criteria across the interelement boundaries, but in DG meth-
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ods, we have the freedom to choose discontinuous functions in the finite element spaces.
The first work on DG methods for elliptic and parabolic problems trace back to the
work by Douglas et al.[35] and Wheeler [82]. In 1973, Babuska [5] introduced a penalty
method to impose the Dirichlet boundary condition weakly. Interior Penalty (IP) methods
by Arnold [3] and Wheeler [82] arose from the observation that just as Dirichlet boundary
conditions, interelement continuity of approximating functions could be imposed weakly
instead of being built into the finite element space. This makes it possible to use spaces
of discontinuous piecewise polynomials of higher degree. These IP methods are based on
the Nitsche’s symmetric formulation and hence are presently called as symmetric interior
penalty Galerkin (SIPG) methods. The variational formulation of the SIPG methods is
symmetric and adjoint consistent. This helps in developing optimal L?- error estimates.
However, for the coercivity of the associated bilinear form, we need to choose the penalty
parameter large enough. Riviere et al. [70] and Houston et al. [50] have introduced and
analyzed the non-symmetric interior penalty Galerkin (NIPG) methods. A significant prop-
erty of NIPG method is that it is unconditionally stable with respect to the choice of the
penalty parameter. Hence, this advantage has stimulated renewed interest in applying these
methods to a large class of partial differential equations. It is noted that NIPG methods
are not adjoint consistent. In this case, optimal L2- error estimates can be derived by using
super-penalty techniques, for more details, we refer to [4].
Keeping in mind the advantages of FVEM and DG methods, it is natural to think of
discontinuous Galerkin finite volume element methods (DGFVEMs) for the numerical ap-
proximation of partial differential equations. In these methods, the support of the control
volumes are small compared to the standard FVM [60], mixed FVM [26]. Also the control
volumes have support inside the triangle in which they belong to and there is no contribu-
tion from adjacent triangles, see Figures 3.1 and 3.4. This property of the control volumes
makes DGFVEM more suitable for parallel computing. DGFVEM for the elliptic problems
has been discussed in [28, 55, 85] and for Stokes problem in [86].
As mentioned in Chapter 1, a mathematical model, which describes the miscible displace-
ment of one incompressible fluid over another in a porous medium is given by the following

set of partial differential equations.
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For a given T > 0, the pressure p and the concentration ¢ satisfy

k()
= — Vp  V(x,t) € Qx J, 3.1.1
AR (311)
V-u=gq V(z,t) € Q x J, (3.1.2)
gzﬁ(x)% — V- (D(u)Ve—uc) =g(c) V(x,t)€QxJ, (3.1.3)
with boundary conditions
u-n=0 V()€ xJ, (3.1.4)
(D(u)Ve—uc) - n=0 V(z,t) € 00 x J, (3.1.5)
and initial condition
c(x,0) =co(x) Ve, (3.1.6)

where g(c) = éq. Since the concentration equation (3.1.3) has the transport term u - Ve,
which dominates the diffusion term, the solution of (3.1.3) varies rapidly from one part of
the domain to the other. Standard Galerkin methods based on C°- piecewise-polynomials
for such problems show unacceptable oscillations in the approximation. A use of C!-
piecewise-polynomials smear the front excessively leading to very smooth approximations.
To strike a balance between these two methods, Douglas and Dupont [35] have introduced
and analyzed a new method which uses interior penalties across the interior edges of the
triangles for convection dominated diffusion equation. Wheeler et al. [83] have extended
this procedure for the approximation of convection dominated diffusion equation for in-
compressible miscible displacement problem in a porous media.

Sun et al. [76] applied the mixed FEM for pressure-velocity equation and discontinuous
Galerkin FEM for approximating the concentration. Further, Sun and Wheeler [77] ap-
plied symmetric and nonsymmetric discontinuous Galerkin methods for approximation of
the concentration equation by assuming that the velocity is known and time independent.
In this chapter, we apply mixed FVEM for the approximation of pressure-velocity equations
(3.1.1)-(3.1.2) and a discontinuous Galerkin FVEM for approximating the concentration
equation (3.1.3).
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This chapter is organized as follows. In Section 3.2, the weak formulation for incom-
pressible miscible displacement problems in a porous media is described. In Section 3.3, we
discuss the DGFVEM formulation. The existence and uniqueness of solution to the discrete
problem is also discussed. A priori error estimates for velocity, pressure and concentration
are presented in Section 3.4. Finally in Section 3.5, the numerical procedure is discussed

and the results of some numerical experiments are presented.

3.2 Weak formulation

Define
U={veH(div;Q):v-n=0on0d0Q}.

and
W = L*(Q)/R.

Then, the weak form the pressure-velocity equations (2.1.1)-(2.1.2) is to seek
(u,p) : J — U x W satisfying

(s 'u(c)u,v) = (V-v,p) =0 Vveu, (3.2.1)
(V-u,w) = (q,w) Yw € W. (3.2.2)

The concentration equation (3.1.3) can be put in the weak form as follows. Find a differ-

entiable map ¢ : J — H'(Q) such that

((b%,z)—l—a(u;c,z) = (g(e),2) Vze H(Q), (3.2.3)
c(x,0) = co(z) VYaeQ,

where a(v;-,-) : HY(Q) x H(2) — R is a continuous bilinear form defined by

aviot) = [ (DWVo—ve)- Vo do Vo, b€ HY(@),v € R
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3.3 Discontinuous Finite volume element approxima-
tion

A mixed finite volume element approximation for the pressure equation is defined as:

Find (un, pn) € Uy, x W}, such that

(k™ pu(cn)uns Yavin) + b(va v, pr) =0 Vvy € Uy, (3.3.1)
(V . uh,wh) = (q, U)h) Ywy, € Wh, (332)

where the bilinear form b(-,-) is defined in (2.3.5). The trial spaces Uy, and W), for velocity
and pressure, respectively, and the transfer operator v, are already defined in Section 2.3
of Chapter 2 (see, (2.3.1), (2.3.2) and (2.3.3)).
Let 7, be a regular, quasi-uniform triangulation of € into closed triangles 7. With T
denoting the union of all the interior edges of the triangles T" of 7}, we now introduce the
the dual mesh V; based on 7;, which will be used in the approximation of concentration
equation. The dual partition V; corresponding to the primal partition 7 is constructed as
follows: Divide each triangle T € 7}, into three triangles by joining the barycenter B and
the vertices of T as shown is Figure 3.1. In general, let V* denote the dual element/control
volume in V;, see Figure 3.2. The union of these sub-triangles form the dual partition V;
of €.

We introduce the standard definitions of jumps and averages [4] for scalar and vector
functions as follows. For an interior edge e shared by two elements 77 and T,, having
normal vectors n; and ny pointing exterior to 77 and T3 (see Figure 3.3) respectively, the

average (-) and jump [-] on e for a scalar ¢ and a vector r are defined, respectively, as:
1
(¢) = 5(% + @), 9] = ¢ + geng,

1
<I‘> :§(r1+r2), [I‘] :rl-n1+r2-n2,

where ¢; = (q|1,)|e, ri=(r|1)|e, i =1,2.

In case e is an edge on 052, we define

(@) =q, ld = qn,
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Figure 3.1: Triangular partition and dual elements.

Figure 3.2: An element V* in the dual partition.
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Figure 3.3: Outward normal vectors to the edge e.

n being the outward normal vector to the boundary 0f.
For applying DGFVEM to approximate the concentration equation, we define the finite

dimensional trial and test spaces M} and L, on 7, and V}, respectively, as
M, = {Uh € L2(Q) : Uh‘T € Pl(T) VT € ,]71},

Ly ={w, € L*(Q) : wy,

ve € PBy(V*) YV* e Vr},

where P,,(T)( resp. P,,(V*)) denotes the polynomials of degree less than or equal to m
defined on T'(resp. V*).
Let M(h) = M, + H*(2). Define
1
el = 1B+ 3 5 s 333
ec ¢ e

and

ol =Ml =+ llvll (3.3.4)

where, [0ff), = > |olir-
TeT,
For connecting the trial and test spaces, define the transfer operator v : M(h) — L as

| 1/
Vlys=— [0
YVlv he /.

V*d$7 Ve V;Lk, (335)
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P

Figure 3.4: A triangular partition and its dual elements

where ‘¢’ is an edge in T" and V* is the dual element in V; containing e, h. being the length
of the edge e (see Figure 3.2). We also assume that h. and hy are equivalent, i.e., there

exist positive constants C; and C5 such that
Cihe < hp < Cshe. (3.3.6)
By usual interpolation theory, it is easy to see that the operator v has the following ap-
proximation properties [29]: For y € H(T)
Ix = vxllr < ChlIVx]lr. (3.3.7)

We frequently use the following trace inequality [3, pp. 745].
For w € H*(T) and for an edge e of triangle T', we have

lwllg.e < C (he llwllg r + helwlir) . (3.3.8)

where [lw||§, = /wzds.

Since vz, is a constant over each control volume, multiplying (3.1.3) by vz, € Ly, inte-
grating, applying the Gauss’s divergence theorem over the control volumes V* € V; and
summing up over all control volumes, we obtain

0
( a—j,wzh) — Z /av (D(u)Ve —uc).nyz, = (g(c),vzn) Vzn € My, (3.3.9)
veey; Y oV”
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where n denotes the outward unit normal vector to the boundary oV* of V*.

Let V' € Vi(j = 1,2, 3) be the three triangles in T' € 7, (see Figure 3.4). Then,

Z /é)V*(D( u)Ve — uc) - nyzpds = Z Z/ u)Ve — uc) - nyzds

V*evs TeT, j—1 YOV}
= Z / u)Ve — uc) - nyzpds + Z / u)Ve — uc) - nyzpds,(3.3.10)
TeT;, j=1 J+1BP TET,
where, P, = Py, see Figure 3.4.
For any four real numbers a, b, ¢ and d, we have
1 1
ac—bd:§(a+b)(c—d)~|—§(a—b)(c+d). (3.3.11)

Since [(D(u)Ve —uc)] = 0 from (2.1.14), we have from (3.3.10) and (3.3.11)

Z / u)Ve —uc) -nyzpds = ZZ/ u)Ve — uc) - nyzpds
v+

V*eVi TeT,;, j=1 +1BP
+ Z / vzp) - (D(u)Ve — uc)ds. (3.3.12)
ecll
For a fixed positive real number M, and v € R?, define the following cut-off operator
WM = M(v)(z) = min (jv(x)], M) ~EL (3.3.13)
v ()]

Moreover, since later on we will assume that the Darcy velocity u € (L>(9))?, then M

can be chosen such that ||ul(z~(q)2 < M and this implies that
u = M(u) = u. (3.3.14)

It is easy to check that the “cut-off” operator M is uniformly Lipschitz continuous in the

following sense, (see [76, pp. 331]):
HM(U) - M(V)H(LOO(Q))Q < ||11 — VH(Loo(Q))z. (3315)
Proof of (3.3.15) is straightforward. Note that for a fixed = € €2, we have

(M(u) = M(v)[(2) < Ju—v|(z), (3.3.16)
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which can be shown by taking three cases (i) ju| < M, |v| < M, (ii) [u| > M, |v| < M and
(7i) |u| > M, |v| > M and using the definition of M. Now take the essential supremum
on both sides of (3.3.16) the proof is completed.

By definition of M, it can be seen that

HU-IZ:/IH(LOO(Q))? < M. (3.3.17)

Now we are in a position to define the DG finite volume scheme for the concentration equa-
tion. The discontinuous Galerkin finite volume element scheme corresponding to (3.2.3) is
defined as:

Find ¢(t) € M), such that

aCh

(¢E77zh)+Ah(uhM;chazh> = (Q(Ch)ﬁzh) Vzy € My, (3-3-18>

Ch(O) = Co,h-

Here, uj is the “cut-off” function of uy, defined in (3.3.13) and ¢y, be an approximation

to ¢o to be defined later, the bilinear form A, (v;-,-) : M(h) x M(h) — R be defined by

i) = Aviow) =Y [l (DT6 —vods

ecll V€

- Z/[Wﬁ] A(D(V)Vi)ds + Z/h%[gzﬁ] [Ylds Vv € R? (3.3.19)

ecll V€

3

with Ay (v; ¢, ¢) = — Z Z / (D(V)Vqﬁ—vqﬁ) ‘n v ds and « is a penalty parameter
TeT;, j=1 Y Fi+1BP;

to be defined later. Note that (3.3.18) is consistent with (3.3.9). Now, based on the analysis

of [85], we prove the following two lemmas, which will be useful in proving the coercivity

and boundedness of the bilinear form Ay (u;-,-).

LEMMA 3.3.1 The following result holds true: For x,v € M(h), we have

Aluno) = 3 [ D@V =) Vo dot 3 [ (D= ) - v)ds

TeT, TeT;,

£ [V D@y - ww - s (5.3.20
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Proof. A use of Gauss divergence theorem on each on the control volume V', j = 1,2,3,

(see Figure 3.4), yields

Al(u;X> =

—ZZW/ u)Vx — uy) - n ds

TCT, j=1 J+1BP
u)Vy — uy) nds—ZZ/ YV - (D(u)Vy — uy)dz

S 3D L

TET;, j=1 PPJ+1 TeT;, j=1
Z / (v — ¥)(D(u)Vx —uy) -n ds + Z D(u)Vx —uy) -n ds
TeT, VO Tet, aT
—ZZ/ VOV - (D(w)Vy — uy)da
TeT;, j=1

A use of Gauss’s divergence theorem once more yields,

Awd) = 3 [ (0= 0w - wo nds+2/ WYy - uy) - Vo da
TeT, 7 T T€ET,
+Z/V (D ()Vx—uxwdx—ZZ/ YY)V - (D(u)Vx —uy) dx
TeT, T T€T, j=1
= D(u)Vy — d u)Vy — Vi d
%AT(W w)(()xuxns+T€Z;/ VX~ ux) - Vo d
+ 30 [ VD@V - wg - s
TeT, VT
This completes the proof. [ |

Following the similar proof techniques, which we have used in Lemma 3.3.1. It is easy to

check that for x,v¢ € M(h), we have

Ai(u;x, ¥

where

Z/ w)Vy) - Vi da:+Z/ -n) (v — ¢)ds

TeT, TeTy,
+ ) /v W) V) (1 — y)ds, (3.3.21)
TET,

3
(w; X, ¢ XT)Z / oy (DOIVX) 279 ds

7=1
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LEmMmA 3.3.2 If x, € My, then

Ar(ws xn, xn) 2 a0 Y IVall® = Ciblllxalll® = Callxall.

TeTy
Proof. Rewrite A;(u, xp, ¥n) as
At = -3 Y / W) 1 Y ds
TcT, j=1 J+1BP

+ZZ/ u-ny, YU, ds.

TeT;, j=1 7 Pi+1BF;

Using the same argument as in the proof of (2.3.37), it can be easily proved that

-y / WVxn) 1y ds > 00 3 [VxallE - Cillll 2

TeT, j=1 J+1BP T€T,

87

(3.3.22)

(3.3.23)

(3.3.24)

Since 1, is constant on each control volume V*, set thh/l* = ;. Using the Cauchy-

Schwarz inequality and referring to Figure 3.4, we obtain

3 3

j=1 7 Pi+1BP;

Z/P u-ny, Y, ds = 12: /PZB u - g (Y — r)ds (ths = 1)

PB

3 3
=< Z|¢l+1—¢z|/ wong oy ds <CY i — | | xa ds
=1 P B =1

A use of the trace inequality (3.3.8) yields

3

j=1 7 Pj+1BF; =1

3
< OZMH — 0l lIxnllremmhy”

=1

IA

=1

Now using Taylor series expansion and (2.3.18), we find that

N

1/2
s — ] < hT[W VM] [(VMP VMP)M}

IN

C|wh|l,h7T7 [ = 17273‘

3
/ w-nypyn ds < CY [ — il [[xnllza e (meas(PB))Y?
P

3
Chif* 3 e = il [ Ixallr + il ¥ xallr|(3.3.25)

(3.3.26)
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Substituting (3.3.26) in (3.3.25), we arrive at

3
/ weny, 1 ds < Clinlor|ulle + bl Dlz] (3.3.27)
Pj41BP;

j=1"v1;

Taking summation over all the triangles T' € 7},, we obtain

3
> Z/P w-nx, YWn ds < Cll[gnlll (xall + Allxalll) - (3.3.28)

TeT, j=1 Y Pit1BP;

Substituting (3.3.24) and (3.3.28) in (3.3.23) and using Young’s inequality, we complete
the rest of the proof. [ |

LEMMA 3.3.3 /3, pp. 744] There ezists a positive constant C independent of mesh size h
such that

o]l < Clll¢ll] Vo € M(h). (3.3.29)
LEMMA 3.3.4 [60] The following results hold true: Yo, € M,

<z‘>/<¢h—v¢h>das=o VT e, <z‘z’>/<¢h—v¢h>ds=o VeeT.
T e

Proof. Using (3.3.5), we have
3
/(gbh—'ygbh)dx = /gbh dx—Z/ Yo dx
T T i=1 7V
3
= [onde=3en
T i=1
1
= /¢hdx_zh_/¢hd5 Vil
T i=1 ¢ Jei
0.

Vil

‘/i*

Here |V*| denotes the area of the control volume V;*. In the last equality we have used
T

V| = %, i =1,2,3 and the quadrature formula (2.3.11). Now (ii) follows directly from
(3.3.5). This completes the proof. |
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Let fr be the average value of f over the triangle 7. The using Lemma 3.3.4, the Cauchy-
Schwarz inequality and (3.3.7), we find that

/ F(n — yin)dz = / (F = fo)(tbn — yin)da
T T
< 1F = frllelon — vinlle < CRIV FllelVenlz  (3.3.30)

Next, we show that the bilinear form Ay(u;-,-) satisfies a Garding type inequality. Using

Cauchy-Schwarz inequality and the trace inequality (3.3.8), we arrive at

> [ (D@ Vs < <Zh Ja ) (Zh [Dwvina )1/2

ecl’ ecll ecl’
1/2 1/2

< ClD(u)o,e0 <Z[7¢h]g) (Z |V¢h|2T)
ecll TeT),
1/2

< C (Z[m]ﬁ) Il

ecl’
1
where [yople = e / ¢rlds. Now using (3.3.5) and the Cauchy-Schwarz inequality, we

obtain

[yonl? <hi [Pn)d )§< )/th /ds-/ [pn)?ds. (3.3.31)

This implies that

1/2
Z/7¢h w)Vipp)ds < C (Z /¢h 8) Hnlll, (3.3.32)

and similarly,

1/2
> [benl- (D)0~ win)ds < © (Z - o st) (Nlnlll + 1l (3.3.33)

ecl’ ecl

LEMMA 3.3.5 There exist positive constants C' and C3 independent of h such that for «

large enough, h small enough and v € (L>(£2))?,

An(V; dn, ¢n) = Clldnll[* = Csllonll® Vo, € My, (3.3.34)
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Proof. Use (3.3.29), (3.3.32), (3.3.33) and (3.3.22) to obtain

1/2
Anvidnon) > a0 Y Vel = Cublllenll? — Callénll? — Clllonll] <Z hi /[¢h]2d5>

TeT), ecl’

oY hi / (6a]2ds.

eecl

A use of Young’s inequality yields

2
Avindn) = a0 3 [Vl = Cubllanll? - Calnl - 5 (Z i/ wh]?ds)

TeT,
« 1
Dol +a Y o [loids
ecl” ¢ e

> %S Vol Cunllanll? ~ Collanl? + (-~ ) Yok [ias
= 9 h 1 h 2 h 20{0 9 he . h

TET]—L ecl’
> C@)IaullE = Colonl? - Cobln

> Clllgnlll* = Csllonll?,

where C'(«) = min <%, a— % — %) and «y is the lower bound for matrix D(v). Here we
have to choose the parameter o such that the term <a — % — %) is positive and A small
enough such that C' = C(«) — C1h > 0. This completes the proof. |

LEMMA 3.3.6 For ¢,v € M(h), we have

1/2
{I|\¢|H + <Z hQT\cb\z,T) }HWIH
1/2
+{H|¢|H + <Z h?rW‘z,T) }HI¢II|]- (3.3.35)

TeT,

Further if ¢p,n € My, then

| An(w; dn, n)| < Cllnlll [l[4nl]]- (3.3.36)
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Proof. Rewrite Ay (u;¢,v) = A} (u; ¢,v) + A2 (u; d, ),

where

Awo.p) = —ZZ/ w) Vo) nwds—Z/w

TET;, j=1 J+1BP eel
- ¢ - (D(u)Vih)ds + [on] (3.3.37)
e
and
A (u; 1)) = ¢-nyyY + Y] - (up)d (3.3.38)
ZZ/ wiv+ 3 [l

To bound the first term of A} (u; ¢, 1), we use (3.3.21 ) to obtain

‘Z /BP u)Vo) nwds‘< Z/D )WVeo - Vi da

TeT;, j=1 TeT),
u)Vv
TGX;/W 6~ m) (s — )ds | + TX;/ WV6)(W — 10)ds

A use of the Cauchy-Schwarz inequality gives us

< [|D(u \|000<Z|V¢\T) (Zw%)m

TeT), TeTy,

3

‘ )3 Z/P . (D(u)V¢) - nyy ds

TeT, j=1 J

1/2
+[[D ()]l oo( |5~ ) ( |t — 1| d$>
' TET, / TET, /

HID@hoe( D 16lrlle =0l ) + 1D @) oo ( - I8l — vl )

TeT), TeT,

Using the trace inequality (3.3.8), we find that

ZZ/ w)Vo) - ny ds

TeT, j J+1BP

1/2
< C[Wh w0 + <Z hr 1\V¢|T+hT|¢|2T)

TeT,

1/2
<Z hit Y — y|3 + hpl — 'WM%,T)

TeT,

T Z hr ([0l1r + |9l2r) W|1,T] .

TeT,
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Now using (3.3.7), we obtain

ol

TEeT, j=1 J_‘_1BP

V(b) nyy ds) < C

1/2
|Pl1nl]1n + <Z 1% 7 + hi WzT)

TeT,

1/2
(Z W|1,T> + Y hr (|6lur + |6lar) WLT]

TeTy, TeT,

1/2
< C[W‘l p|Uln + (Z h; |¢|2T> W|1,h](3.3.39)

TeT),

Following the proof techniques of (3.3.32), we arrive at

1/2
3 [ttt <c (35 fir ) > (ke ibioin)| . @2
he Je TET,

eel ecl
and
/2 1/2
> [bel- o wds|<0<2 Jor ) [ <|w\1T+h|w\2T)] - (33.41)
ecl ecl he Je TeT;,
Note that

> it

eel e

(; W / 2d8> (; e / 2d$> . (3.342)

Using (3.3.39)-(3.3.42) in (3.3.37), we obtain

1/2 1/2
||l 10 + <Z / ) <Z (|¢|%,T+h§“‘¢‘g7T))

ecll TeT),

(Z e / %) ) (T <|w\iT+h%w|§,T>>
(g forw) (gafore) ]

eel eel

[Ap(wo,9)] < C

1/2
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Using (3.3.3),

[Ay(wo,y)] < C

1/2 1/2
1
hotita s (St fior) (3 ot et )

ecll TeT),

1/2 1/2
1
+Hélualehn+ (Z - / wds) (Z ([l + h%\w|§,T)>
eJe TeT,

eel

1/2 1/2
" (Zhi / [¢]2ds> (Z . / wczs) ]
1/2

eecl

C H oIl + (% h2T|¢|§,T> }HWHI

1/2
+{(III¢I|I + <Z h%liﬂ\%y) }chbHI]-

Now we proceed to estimate the first term in A% (u; @, ). From (3.3.28), we have

IA

3
u-n ¢y ds| < C [l ([[oll + Allell])- (3.3.43)
Z“EZTth:;/IDj+13Pj
Using (3.3.31) it can be easily seen that
> [ el (ug)ds| < ClIlll Il (3.3.44)
ecl V¢

Substitute (3.3.43) and (3.3.44) in (3.3.38), to obtain

|45 (s ¢, )| < C (Il 1T+ Nl 121) - (3.3.45)

Combining the estimates derived for A} (u; ¢, 1) and A% (u; ¢, ) with (3.3.29), we complete
the proof of (3.3.35).

In particular, if ¢, € M}, then |¢p|o7 = 0 and hence (3.3.36) directly follows from follows
from (3.3.35). This completes the proof. |

LEMMA 3.3.7 The operator v has the following properties. For ¢y, vy € My,

(@n, v¥n) = (n, Yon)- (3.3.46)
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Moreover, with |||ow|||n = (On, yor) norms ||| - |||n and || - || are equivalent, i.e., there exist

positive constants Cy and Cy, independent of h such that
Cillonll < [[|@nllln < Callpnll Vo € Mp, (3.3.47)
and

[vénll < Cllénl Vo, € M. (3.3.48)

/* ¢n dz,

Proof. Since

(6 ytn) = > vah

TeT, j=1
using the definition of v, we obtain
3
Zﬂbh v / On dx = vy / On dx + YYnlvy / ¢n dx + Yy V;/ ¢n dx
= VT VT VT VynT

1 1
= /¢h dé‘/ ¢h dr + /¢h dé‘/ ¢h dx
hel el vienT hez ea VonT
1
+ / ¢h dé‘/ ¢h dx.
h€3 e3 VinT

Since vy, is linear on each triangle 7', we use the following quadrature formula to compute

the edge integral

/ Un ds = % for i =1,2,3. (3.3.49)

Now a use of the quadrature formula (2.3.11) along with (3.3.49), yields

3 *
;wwf/vm%dx - (wg%)(%wﬁ%)‘ iy <¢2;¢3)<¢2+¢3+¢B>W§\
14
il

i (% + s

5 )(¢1+¢3+¢B)
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Since ¢p W we have
: 17|
> vin VJ/V T¢h dz = o (1 + ¥2) (401 + 4 + ¢3) + (V2 + ¥3) (402 + 4¢3 + 61)
j=1 fal
+(¥3 + 1) (4d3 + 491 + @)
- 8 5 b
= | |W1,¢2>¢3] 5 8 5| (01,02 05"
5 5 8

This prove that the inner product (-,7-) is symmetric. To prove the equivalence of the

norms, rewrite

Vj* nT

3

T
Sovoy [ onids UL 8063 + 62 + 63) + 1006162 + 0205 + 6100)]
j=1

B |57:1‘ [3(¢1 + ¢35 + ¢3) +5(¢1 + b2 + b3)°] . (3.3.50)

Since ¢y, is linear on triangle 7', we can use midpoint quadrature formula (2.3.12) to compute
the integral

T (¢4 9 ? b2+ 03 ¢+ d3\°
Jorar = G (757)  (%57) + (757)

- % (67 + &3 + 65 + (61 + 62 + 3)°] (3:351)

Equivalence of norms follow from (3.3.50) and (3.3.51). This completes the proof for
(3.3.47). To prove (3.3.48), note that

ot =33 / onl

TeT, j=1

Since y¢y, is constant over the control volumes, (y¢y, Ve = ¢j, say), we have

Z/WWM—ZMW—Z&W (3352)

Now (3.3.48) follows from (3.3.52) and (3.3.51) and this completes the proof. |

For a given ¢, the existence and uniqueness of the discrete solution uy and p;, can be shown
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in a similar way as in Chapter 2. Since uj is the cut-off function of uy, the existence of
uy, implies the existence of u}!. To show the existence and uniqueness of the concentration
in (3.3.18), we argue as follows. On substituting (ui?(c;)) in (3.3.18), we obtain a system
of nonlinear ordinary differential equations in ¢;,. An appeal to Picard’s theorem yields the
existence of a unique solution in (0, ¢) for some 0 < ¢, < T. To continue the solution for
all t € J, we need an a priori bound for c¢y,.

Choosing z, = ¢, in (3.3.18) and using (3.3.46), we obtain

1d
5%(@5%,7%) +Ah(uﬂ/]§0h70h) < |(9(Ch)>70h)‘ (3-3-53)

Using the Cauchy-Schwarz inequality and (3.3.48), we obtain

[(glen), ven)l < C (llenll® + l1€]?) - (3.3.54)

Substituting (3.3.34) and (3.3.54) in (3.3.53), we arrive at

1d

5 77 (@cnven) + Calllenll]* < G (lleall” + [12l®) - (3.3.55)

Integrating from 0 to 7" and using (3.3.47), we obtain

T T T
el + [ MeallPs < € (@ + [ el -+ [ epas) (3350
0 0 0

A use of Gronwall’s lemma in (3.3.56) gives an a priori estimate in L?- norm for ¢,. Now
the a priori bound |[|cp|| oo (r2) can be used to show the existence of a unique solution cj of
the concentration equation for all ¢ € J. This completes the part of unique solvability of

(3.3.1)-(3.3.2) and (3.3.18). m

3.4 Error estimates

In this section, we discuss the error estimates for the semidiscrete scheme. The following
theorem which gives the estimates for velocity and pressure has been proved in Chapter 2

(see Theorem 2.4.1).
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THEOREM 3.4.1 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (an, pr),

respectively, be the solutions of (3.2.1)-(3.2.2) and (3.3.1)-(3.5.2). Then, there exists a pos-

1

itive constant C' independent of h, but dependent on the bounds of K~ and p such that

1w~ wnllez@ye + P = pall < C [lle = eall + Al gy +llpl)] . (34.2)

IV (u—un)|| < Ch[V - ully, (3.4.2)
provided u(t) € (H'(Q))?, V-u(t) € H(Q) and p(t) € H(Q).

Then for finding the estimates for concentration, we split ¢ — ¢, = (¢ — Ryc) + (Rpc —
cn), where Ry, is the Ritz projection to be defined below in (3.4.3). In Lemma 3.4.1 and
Lemma 3.4.3, we derive respectively H! and L2- error estimates for R;,. Finally using these

estimates, we obtain a priori error estimates in L2- norm for the concentration.

3.4.1 Elliptic projection

Let Ry, : H'(Q) — M, be the projection of ¢ defined by
B(u;c— Rpe,xn) =0 Vxn € My, (3.4.3)
where
B(u; ¥, xn) = An(w; b, xn) + (A, xn)  Vxn € M. (3.4.4)

Using the boundedness of Ay (u;-,-), we have

1/2
[B(w; ¥, xn)| | S 1l + <Z hT|¢\§,T> Ixallls + 1l el | - (3.4.5)

TeT,

Since Ap(w; xn, xn) = CllIxalll? — Callxnl?, if we choose A such that A — Cy > 0. Then,
B(u; xn, xn) will be coercive in the norm |||-|||; defined in (3.3.4), i.e., there exists a positive

constant C' independent of A such that

B(w; xn, xa) = Clllxalll; Vxn € M. (3.4.6)
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Below we discuss L? and H'- a priori error bounds for ¢ — Ry,c.
Let I,c € M}, be an interpolant of ¢, which has the following approximation properties [29]:
lc — Inclsr < Oh27%||e|lar VI €T, s=0,1,2. (3.4.7)

Moreover, if ¢ € W2°°(Q), then
16 = Indll100 < Chl[@]]2,00- (3.4.8)
LEMMA 3.4.1 There exists a positive constant C independent of h such that
lle = Ricl[lx < Chllc]l2, (3.4.9)
provided c € H*(Q).

Proof. Write ¢ — Ryc = (¢ — Ic) + (Inc — Ryc), first we derive the bound for |||c — Ixc|||.
By the definition of ||| - |||, we obtain

1
lle— Tuell P = le — Tuel? + 3 - /[c ~ I2ds (3.4.10)

ecl’

Using the trace inequality (3.3.8) and (3.4.7), we find that

N / e~ Ief2ds < C(h:fle — TnelZr + | — Tncl )
6 < OBl 341)
Use (3.4.11), (3.4.10) and (3.4.7), to obtain
lle = Lnellls < Chllel (3.4.12)
The coercivity (3.4.6) and boundedness (3.4.5) of bilinear form B(u;-, ) with (3.4.3) yields

|[Inc — Rpel||] < CB(u; Ie — Ryc, Inc — Ryc)
< CB(u;Inc — ¢, Inc — Rye)

1/2
lle = Inellls + (Z hr|c — Ih0|§,T> [ Rne = Incll|x

TeT,

IA

C

HI[Rne = Inclll]lfe = fh0|||1]7 (3.4.13)
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and hence,
[1Z1ne = Rucllly < Cllle = Incll]x, (3.4.14)

where C' depends on bound of D(u) given in (2.1.13). Combine the estimates of (3.4.12)
and (3.4.14) and use the triangle inequality to complete the proof. [ |
Before going to the L? error estimates, we introduce the following bilinear form

A(u;-,-) : M(h) x M(h) — R which will be helpful in deriving optimal error estimate in

L? norm.

Z/ u)Ve — ug) de:v—Z/ )V — ug)ds

TeT,
— u)Vip)ds + : (3.4.15)
DYICRE > [

For our further use, let us introduce the following error function

ca(W; 0, x) = A(u; 9, x) — Ap(w; 9, x) VX € M. (3.4.16)

Below, we will prove a lemma which plays an important role in the proof of a priori L2

error estimates for the Ritz projection Ry,.
LEMMA 3.4.2 There exists a positive constant C' such that
aw e~ R, )| < OR(llglh+ 1650 + el
V-l + ||u||<H1<m>2) lonlls Von € M. (3.4.17)

Proof. From (3.4.15), we obtain

A(u;u — Rpe, o) = Z /T (D(u)V(c — Rpec) —u(c — Rpe)) - Vo, dx

-3 [l Rid- (Do)
—i—Z/%[qﬁh] [c — Ryc]ds
— T1+T2+T3+Z/ [on] - [c — Rnc]ds, (3.4.18)

eel
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Similarly, we find that

Ap(a;e — Rpe, dp) = — Z / V(c— Rpc) —u(c — Rye)) -n)yoy, ds

TCT, j=1 J+1BP

N Z / 7¢h (C - Rhc) - u(C - Rhc»ds

eel

> / (¢ — Rpe)] - (D(u) V) ds

eecl

+Z/ [én] - [c — Ruclds

eecl

= Thy +Thy +Thy + Z/ (1] - [¢ — Rpc]ds. (3.4.19)

ecl’

From (3.4.18) and (3.4.19), we arrive at
|A(u; ¢ = Ruc, ¢n) — An(w; ¢ — Byc, ¢n)| < [Ty — Ty | + [To — Tho| 4 [T5 — Th|- (3.4.20)

To estimate |17 — T, |, we use Lemma 3.3.1 to obtain

1-Tul < |X [ (@n— 20 (D@V(e - Fio) ~ ule ~ Ric) 1 ds
TeT, Y T
Z / V- V(c— Rpc) —u(c — Rpe))(pn — vop)dx
TET;,
= L] + |1, say. (3.4.21)

To bound |[;] and | 5|, we follow the proof techniques given in [46]. Since Ve-n is continuous

across the element boundaries, we find that

L] < Z D()V(c— Rpc) - n(¢n — v¢n)ds
Tet, 7 OT
+ j;h /aT u(c — Rye) - n(gn — yon)ds
< > ; ((D = Dr)V(c — Ryc)) - n(¢n — vén)ds
T

TeT;

(3.4.22)

Z/ u-n(¢y — yon)ds

TeT),

Hle = Baello
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where D = D(u) and Dy is a function designed in a piecewise manner such that for any

edge e of a triangle T' € 7},
Dr(z) = D(x.), Vz € e,

and x, is the mid point of e. Since |Dy — D| < Ch||D||1,00, We obtain from the Cauchy-
Schwarz inequality that

Bl < ChIDw Y [ [on—1nl V(e Rac) - nlds
or

TeTy

+llell2

3 /8 (= tar) n(0, —700)ds

TeTy,
Using (3.3.7) and (3.4.9), we obtain

1/2
|| < Ch[(Z h;lquh_7¢h||2T+hT‘¢h_7¢h|iT>

TeT,

1/2
. (z =l — Ruclt g 4 hale — Rhc@,T)

TeT,

12
+Helly hy'? (Z hi'llon — yonll7 + hrlén — 7¢hﬁr)

TeTy
< Cngnllilells (3.4.23)

|I5| can be bounded as follows:

L < |Y /v (D(W)Ve — ue) — V - (D(u)V Ruc) (6 — 7p)ds
TeT, VT
+ Z V - (uRpc)(¢p — von)ds| .
TeT, VT

Using (3.1.3), we obtain

2 /T <g - ¢% -V <D(U>VRhc>) (¢ — vén)ds

TeET),

Z /(V ‘u Rpe+u-VRue) (¢ — yop)ds
T

TeET),

I, <

+
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A use of (3.3.30) and (3.3.7) yields
L] < CK? <H9||1 + ||¢ H1 + el + 1V - ull + fafl g @) ) [fnlls- (3.4.24)
Combining (3.4.23), (3.4.24) and (3.4.21), we obtain the following bound for |77 — T}, |.

Ty = Th| < CB <Hg||1 + ||¢ H1 + el + IV - ully + flull @ @) ) [ @nlls- (3.4.25)

To obtain an estimate for T, — T}, we note that

T2 — Th,| Z / ¢n — o] - (D(w)V(c — Rye))ds| + Z / én — yon) - (u(c — Rpe))ds
ecl ecl’
= |Ji| + ||, say. (3.4.26)

Using the same argument as in /7, we bound J; as

|| = Z/(bh—%bh D(u)V(c— Ryc))ds

eel

= |3 [lon=inl 0 - DV Rucs

eel

Using the Cauchy-Schwarz inequality and the trace inequality (3.3.8), (3.3.7) and (3.4.9),
we find that

< chnDnmz/wh—whnu (c — Ruc))|ds

ecl’
1/2
< Ch (Z hrtllén — YonllF + hr|dn — 7¢h|iT>
TeT),
1/2
X (Z h}l‘c — Rhc‘iT + hylc — Rhc|§,T>
TeT),
1/2 1/2
< Ch (Z hT‘Qbh‘iT) <Z hT|C|3,T)
TeT), TeT,
< Chldnlllcllo- (3.4.27)
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Similarly, we bound J, as

| L] =

S [1én —v6n] - (ulc — Ryc))ds

ecll V€

< lell2 [ Y [ [én —vén] - (u —ug)ds
ecl v €
< Chllell2llullwee @y Z [n — Ybulds

eclh V€

< CP*cllallgnlls-
Substituting (3.4.27) and (3.4.28) in (3.4.26), we obtain
Tz — Tho| < CR?||dnll1lc]l2.

In order to estimate T3 — T},,, we rewrite it as

Ts —Th,| = D> [l(c— Ruc) = y(c — Ruo)] - (D(u)Vy)ds
= 1> [lle= Ruc) = (¢ = Rao)] - (D — Dr)Vp)ds

and using the same arguments as in |/ |, we arrive at

T = Thal < ChlDlhoe ) [ lllc = Bue) = v(e = Ruc)l| [{(Vebn)lds

ecl’ V€

IN

TeT,

1/2
(3 sttt

TeT,
1/2 1/2

< Ch (Z hrle — Rhc\iT> (Z hElllcbhlliT>

TeTy, TeT,

1/2 1/2

< Ch (Z h%|c|§,T> (Z Hm!l?z>

TeTy, TeT,
< OR?|lefl2l|¢nlh-

103

(3.4.28)

(3.4.29)

1/2
Ch (Z hitll(c = Rue) — v(c = Rue) |7 + hrl(c = Rue) = ~(c - Rhc)ﬁ,T)

(3.4.30)
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Now substitute (3.4.25), (3.4.29) and (3.4.30) in (3.4.20) to complete the rest of the proof. B

LEMMA 3.4.3 There exists a positive constant C' independent of h such that
oc
le— Racll < Ch? (ch2 +lglh + o5+ 1V - ull + HUH(HI(Q)P) . (3431

Proof. To obtain an optimal L? estimate for ¢ — Rjc, we now appeal to Aubin-Nitsche

duality argument. Let ¢ € H?(Q2) be a solution of the following adjoint problem

V- (D(u)Vy) —u -V + \p = c— Rye in Q, (3.4.32)
D(u)Vy-n=0 on 02,

satisfying the following elliptic regularity condition:
[¥]l2 < Clle = Rycll. (3.4.33)

Multiply the first equation (3.4.32) by ¢ — Rj,c and integrate over §2. Then using (3.4.16)

and (3.4.3), we arrive at

e — Rue|®> = A(u;c— Rye,¥) + M@, ¢ — Rye)
= [A(ujc— Rpe, ¥ — ¢n) + AM(c — Ruc, ¥ — wh)]

+e(w; e — Rye, ) = I + I, say. (3.4.34)
For I, use (3.4.9) to obtain
L] = |A(wc— Rue, ¥ — n) + (- V(e = Rpe), p — ) + e — Bue, b — )|
1/2
< O < lle = Racllls + (Z hT\C—RhC@,T> 1% = ¥ulllx
TeT,

+lI[¢ = nlllillle = Ruclll

< Chliell2fll> = ¥allls- (3.4.35)

The following bound for I5 follows from Lemma 3.4.2.

Oc
|| < Ch? (||9||1 + ||¢§||1 + llell2 + [V - ufl + ||11||(H1(Q))2) [ l1- (3.4.36)
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Substitute (3.4.35) and (3.4.36) in (3.4.34) to find that

le = Rucll* < C|hllellally - wh||1+h2<||9||1+||¢ I+ [lell

IV -l + fal e ) lnll | (3.4.37)
Now choose ¢, = I, in (3.4.37) and use (3.4.33) with (3.4.7) to obtain
le = Rucl| < CP? <HC||2 + llgll + ||¢ ||1 IV -ully + lall @) )
and this completes the proof. [ |
For finding a bound for ||Ryc||1,00, we use (2.3.14), (3.4.8) (3.4.9) and (3.4.14)
[Bnellice = lle = Bncllioo + llell100

= lle = Inellroo + e = Rncllroo + [lell100

< C(lle = Incllioo + b7 [ Ine — Ruclly + Il 1.00)

< Clefl2,00- (3.4.38)

LEMMA 3.4.4 There exists a positive constant C' such that
400 Bac,6) — An(udls B 0)) < Ol unlizziane + BV - (= wy)|
+|Hp|!|)||\9||| V0 € M. (3.4.39)

Proof: Using the definition of A,(+;-,-), we obtain

Z Z/ — D(u)))VRyc-nvl ds

TCET, j=1 a+1BP

\Ah(uM; Rhc, 8) — Ah(ufy; Rhc, 8)| =

+ Z/thc u) — D(uM))Ve) ds
+> / 0] - D(uM))VRyc) ds

+ ZZ/ u™ — u))Ruc-n A0 ds

TCT, j=1 J+1BP

+ 2/79 M w)Ryc)ds

eel

= A+ Ay + Az + Ay + As, say.
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To estimate 4, we note that

Z Z/ (D(UM) - D(U{Y))VRhC -n 0 ds

TeT, j=1 Y Pi+1BP;

- ‘ZKT\,

TeTy

A =

3

where Ky = Z/ (D(u™) — D(u)"))VRyc-n 46 ds. Since 70 is constant over each
j=1 7 Pi+1BP;

control volume V*, set 76

vy = 0, Referring to Figure 3.4, K7 can be written as follows:

Kr = Z/PIB(D(uM) D)V e my(0ar — 6)ds (61 = 6)

=1

Then using (3.4.38) and the Cauchy-Schwarz, we obtain

3
Kp <> [ — 6] |(D(uM) — D(u}))VRyc-ny|ds
=1 P B

3
< O 01 — 0] | D) = D] (12(p,5))2x2 (meas(PB)) 2.

=1

Apply Lemma 2.3.5, trace inequality (3.3.8) and (3.3.15) to obtain

3
Kr < CY (01— 0 0™ = ud||z2mm)2 by’
=1

IN

3
C> 101 = ] [ = unllz2mmehy”

=1
3

C* S b = 1] [hrJu = wnlly + B2 - (0= wn)r] . (3.4.40)

=1

IA

Now using Taylor series expansion and (2.3.18), we obtain

00, 00 o0 o0 1/2
. < vy D < YV 9 GVia) 12
< Cl0|inr, [=1,2,3. (3.4.41)

Substitute (3.4.41) in (3.4.40) to arrive at

Ky < Cl0|ynr (la—unl|z + hrl[V - (0 —un)|r).
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With the estimates of K and Lemma 2.3.1, we obtain

Ar < O (1l = wnlzzan + AUV - (=) ) 161

Since [yc] = 0, we can write

Ay =

<

> [Rucl - (D) = D) 0) s

eel

Z/WRhc—’yc (D(uM) — D(u}))V) ds

ecl
Z/7p MYV6)ds| + Z/7p MYV0)ds
ecl eel’

Using the same argument as in deriving (3.3.32), we obtain

and similarly,

> [l (D )vojas| < Cllall 1l

eecl

3 / Vol - (D(W)VeYds| < Clipll 116

eel

Substituting (3.4.44) and (3.4.45) in (3.4.43), we obtain

Az < Clllpll 1II]-

107

(3.4.42)

(3.4.43)

(3.4.44)

(3.4.45)

(3.4.46)

Now, we bound Aj as follows: Using (3.4.38) and the Cauchy-Schwarz inequality, we obtain

Ay =

<

Now using Lemma Lemma 2.3.5 and

As

eecl eel’

, we arrive at

1/2
<Z HuM - ul]YH?L2(e))2>

ecl’

1/2
<Z lu— “h”?L?(e))?)

ecl’

eel

(g

eel

IA

)
)

0(2/“9]2618) (ZHD D)z >/
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Using the trace inequality (3.3.8), we obtain
As < NI (I = unll gz + IV - (@ =) ). (3.4.47)
A4 can be bound in a similar way as Aj;:
A < OO (=l o + BV - (=) ). (3.4.48)
To bound As, we use the same arguments used in A3 to obtain
As < CllI0fl] (lla = anll + AV - (0 —an)]]) (3.4.49)

Combine the estimates derived for A; - - - A5 to complete the rest of the proof. [ |

3.4.2 L*(L?) estimates for concentration

In this subsection, we discuss an L>(L?) norm error estimate for the concentration.

THEOREM 3.4.2 Let ¢ and ¢y, be the solutions of (3.2.3) and (3.3.18), respectively, and let

cn(0) = con = Rpc(0). Then, for sufficiently small h, there exists a positive constant C(T)

1

independent of h but dependent on the bounds of k= and p such that

le = enlliw sz < C(T)

r 4 2 80 2
(Ul + 6% 1 + Il e + 19 - ull
0

d%c
+llell + llgell; + el @z + 1V - welly + chﬁﬂf

R (el + uls e + 1)) ds|. (3.4.50)

Proof: Write ¢ — ¢, = (¢ — Rpc) + (Rpc — ¢p) = p+ 6. Since the estimates of p are known,
we need to find only the estimates of 6.

Multiply (3.1.3) by 7zp, integrate over 2. Then subtract the resulting equation from
(3.3.18) to obtain

00 0
(fbaﬁzh) + Ah(uM;C, Zh) - Ah(uhM; Ch>zh) = - <¢a_fa72h)

+(g(c) — glen), v2n) Von € M. (3.4.51)
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Put z, = 6 and use the definition of R}, to obtain

00 0
(650:70) + Anufs0.0) = = (657,78 + . 0) + (o) = glen). 0)
— [Ah(llM; RhC, 8) — Ah(ufy; RhC, 8)}
= Il + IQ + Ig + 14, say. (3452)

Now we estimate I;,j = 1,2, 3,4 one by one. To estimate [;, we use the Cauchy Schwartz

inequality, boundedness of ¢ and (3.3.48) to obtain

(9p
1l =1 (5.20) 1< CIZe oL (3453
Similarly,
11l = [(3.0) < Clll 0] (5.4.54

Using (2.1.7) and (3.3.48), I3 can be estimated as
15| < [(g(cn) = g(c),70)] < Clle — el [10]]- (3.4.55)
The bound for I4 follows from Lemma 3.4.4 and hence,
2] < C (o — unll 2@z + IV - (w—un) [ + lloll]) [161]] (3.4.56)

Substitute the estimates of Iy,---, Iy in (3.4.52) and use (3.3.34), Young’s inequality, non

singularity of the function ¢ with standard kick back arguments to obtain
%!H@Illi + (a0 = OION* < C[hQHV (=[P + |||p|||2||Ul — U [[{12())
+le = eull® + [lpll* + || ||2+ 16]] ] (3.4.57)
Now, from (3.4.1),
=l zze < (ol + 161 + ARl grrcane + 1)), (3.4.59)
A use of (3.4.31), (3.4.58) and (3.4.2) in (3.4.57) yields
SN +oallol® < Cr (1ol + e + 19 -l + 6503

Hleells + gell + lluell @z + 1V - ut!|1+||¢8t2||)

+h*([lell3 + [[ullfa e + llpl7) + IIQHQ]‘ (3.4.59)
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Since ¢,(0) = Rpc(0), this implies that #(0) = 0. An application of Gronwall’s inequality
with (3.3.47), (3.4.59) yields

T
1611700 (22 < CCF)[/O {h4<||9||?+ [ull @2 + 11V - ull
+||¢ H1 + lledll3 + [1gellt + l[aell @z + 11V - uels

+||<bé,152 I ) + R ([lells + lallEp a2 + ||p|y§)}ds], (3.4.60)

Use triangle inequality to complete the rest of the proof. [ |
Combining the estimates derived in (3.4.18) and (3.4.50), we obtain the following estimates

for the velocity and pressure.

THEOREM 3.4.3 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (an, pr),
respectively, be the solutions of (3.2.1)-(3.2.2) and (3.3.1)-(3.3.2) and let c,(0) = cop =
Ryc(0). Then, for sufficiently small h, there exists a positive constant C(T) independent
of h but dependent on the bounds of k™' and u such that

T
lo =l ez + 0= pallieoane <cx>[£ {1 (gl + Il an oy

+IV- U|!1+||¢ ||1+||Ct||2+”gt||1+||utH(H1 2+ IV - uglly

2
+w§ﬂ®+mm¢%ww@mw+mm&w]

3.5 Completely Discrete Scheme

In this section, we briefly discuss a fully discrete scheme. In order to approximate the time
derivative, we use the Euler backward difference scheme. Let 0 =ty < t; < ---ty =T be
a given partition of the time interval [0, 7] with time step size At,, = t, — t,,_1. For the
sake of convenience we assume a uniform time step size At. Set f" = f(t,) for a generic
function f in time. Then, at time level t¢,, the fully discrete problem corresponding to

pressure-velocity equation (3.3.1)-(3.3.2) is to find (up, p}) € U, x W), such that

(k' p(c)up, vavn) + (V- v, pf) =0 Vvy € Uy, (3.5.1)
(V-up,wp) = (¢", wp) Yw, € W, (3.5.2)
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For the approximation of concentration at time level t = ¢, .1, we use the approximate
velocity at the previous time level (¢ = t¢,). Using backward Euler difference scheme, we
have

n+1
%hztnﬂ ~ %17;02. (35.3)
Here also, we use the cut-off operator M(uy) of the approximate velocity uy, at t = ¢, by

M(ub) = min (jub], M) b (3.5.4)

n )
|U-h‘
Since u™ is bounded, we have
)

M(u") =u"

Now, the discrete problem corresponding to the concentration equation (3.3.18) is to find

&yt € My, such that

( n+1

c —c}
hih)ﬁzh) + Ah(M(uE)§CZ+1>Zh) = (g(c’i“)mzh) Yz, € My, (3.5.5)

S

3.5.1 Error Estimates

In order to derive the error estimates for concentration, we need the following error bound

for velocity and pressure at t = t,,, which is given in Theorem 2.4.1.
Ju® — uEH(LQ(Q))? +p" —ppll £ C [ch —cyll+h (HUHH(HI(Q))2 + ||PnH1>] , (3.5.6)
and
IV - (0 —uy)[| < Ch|V - u®||. (3.5.7)
Now we prove our main theorem.

THEOREM 3.5.1 Let ¢™ and ¢} be the solutions of (3.2.3) and (3.5.5) respectively at t =
tm, 1 <m < N, and let ¢, (0) = cop, = Rpc(0). Then for sufficiently small h, there exists
a positive constant C(T) independent of h but dependent on the bounds of k' and u such
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that
m_my2 4 2 2 dc o
ogmn?gXN [e™ = a'l]” < C[h <Hg||L°°(O,T;H1) +(V- u”LOO(O,T;Hl) + ||¢§HL00(0,T;H1)

+||CtH%2(O,T;H2) + ||gt||%2(07T;H1) + ”utH%Q(QT;(Hl(Q))?) +V- utH%Q(O,T;Hl)
0c
+||¢@||2LZ(0,T;H1)> + (At)2(HutH%Q(QT;(L?(Q))?) + IV ut“%aomm)
+II%II2 + 02 ]z + [[ulf3 + pll7 (3.5.8)
g2 112(0,1,12) Lo (0,T;H?) L>=0,T;(H (2))2) T IIPllLoe(0,1;H1) ) |- 99+

Proof. Write ¢" — ¢} = (¢" — Rpc™) + (Rpc™ — ¢ft) = p™ + 0™. Since the estimates for p”
known from Lemmas 3.4.1 and 3.4.3 at t = t,,, it is enough to obtained the bound for 6.
Multiply the concentration equation (3.1.3) by vz, and integrate over . Then, at t = ¢,,41,
we have

acn-i—l
(925777%) + Ap (™ A 2) = (g("th), vzn) Yz, € My, (3.5.9)

Subtracting (3.5.5) from (3.5.9), we obtain

o n+1 n+l __ n
<¢ C(?t —¢ch Al Chﬁzh) +Ah(un+150n+1,2h)

—Ap(M@); et 2) = (g™ — g ™), vzn) Ve € My, (3.5.10)

Now using choosing zj, = 0""! and using (3.4.3), we obtain the following error equation:

6m+1 — 6"
<¢T7 ,wgn—i-l) 4 Ah(M(uﬂ), en+17 en—i-l) — [Ah(./\/l (uﬂ); Rhc”+1, en—i-l)
n+l _ n
— Ap(u™ Rhcn+1’9n+1] _ (¢P P 77‘9n+1)

At
acn—l—l Cn—l—l —c" .
¢ < N )

+(g(cn+1) o g(cz—i-l)’,yen—i-l) + )\(pn—i-l’,yen—i-l)

= J1+J2+J3+J4+J5, say. (3511)
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Using the same arguments as in the proof of Lemma 3.4.4, J; can be bounded in the

following manner

T < AR (MUD); Ruc™, 0741) — A (u™Y, Rpc™t, 07+
< C [Hun-l—l — uEH(Lz 2 + hHV (un-l—l o uﬂ)” + |Hpn+lHH H|0n+lH|
< [Hu —upll 2@z + ||V - (0 —uy)|

Hu™ T — 2@ + IV - (@ —u”)| + IIIp"“IH] o™ (3.5.12)
Using (3.3.48) and the Cauchy-Schwarz inequality, J; can be bounded easily as follows:
| 2| < C(AL)” 1/2H 2tz 107 (3.5.13)

An application of Taylor series expansion and (3.3.48) gives us

1/2

tnt1
5| < Cllom| (At/ Hctt||2ds) . (3.5.14)
tn

Since the function ¢ is uniformly Lipschitz continuous (see (2.1.7)), J4 can be bounded in

the following way:

| J4]

IN

[(g(c™™h) = glep ™), 70" )] < Clle™™ — | (0]

(L™ HE+ e Do) (3.5.15)

IN

Again using (3.3.48), we obtain

Js <A = Ry A0 < [lp" ] (10" (3.5.16)
Since
tn+1 2 tn+1
I / w ds| < At/ [wy|2ds, (3.5.17)
tn tn
Hence,
Ju™ ™t — |22 e < AL WellT2, 0 22@)2); (3.5.18)

and similarly,

IV - (0™ = u®)|[Ta0) < ALV el 0002 (3.5.19)
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Substituting (3.5.12)-(3.5.16) with (3.5.18), (3.5.19) in (3.5.11) and applying Young’s in-

equality, we obtain the following equation

(gn-i-l — o . i ) )
(%) AR 0 < LA o+ 197

+ At<||.u'tHL2 tn Jtna1; (LQ(Q) + ||v .u'tHL2 tn Jtnt1; L2)>
2

A a0z + 107 = 0o + o

+ WV =) [P+ [0+ IIp”+1||2] (3.5.20)

n+1|H2

Now, a use of (3.3.34), (3.5.6) and (3.5.7) in (3.5.20) with kick back arguments yields

o™ = nemli* < C[At (O™ CH =+ 6™ 117 + 1™ 1% + ™ 1 + o™ 1)

02 (w2, o 19 wlZag 0

62
I tntnny) I stz
+h2AL (B2 w3 + |1un||(H1(m)2 )] @321

Taking summation over n = 0---m — 1, we obtain

;_-

O = 161 < C 37 A (112 + 10712 4+ 1712 + 1™+ 12+ 1+ 1)

n=0
2 2 2 c o
(A0 (1062 sz + IV - Wil sz + 155 20m00)
dp .
G 00y + H2AL(B2]V -
i @e + 12717) }] - (3.5.22)

Use Gronwall’s Lemma 1.2.8, equivalence of the norms ||| - |||, and || - || given in (3.3.47)

and estimates of p to obtain

m oc
167112 < € [16°12 + * (1191 w30ty + IV - Wl ziarty + 16 3 oy

+led|Ze (0,1;H2) T ||9t||L2 o) T ||U—t||L2(0T(H1(Q) + IV U-tHL2(0TH1)
5

+||¢w||%2(O,T;H1)> + (At)2(HutH%Q(QT;(L?(Q))?) + IV utH%Q(OI;L?)

62
55 W) + 12 (el o + e @) + P13 ) |- (8:5:23)
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Now since ¢;,(0) = Rp,c(0), i.e., 8° =0, (3.5.23) implies that
mi(2 4 2 2 dc
Jmaxc (6712 < C 1 (1gll3ormey + 1 - lieqo roamy + 165 eio roam)
+||Ct||2L?(0,T;H2) + ”gtH%Q(QT;Hl) + ||utH%2(0,T;(H1(Q))2) + V- ut“%,Q(QT;Hl)

0?c
o5 a0 ) + (A0 (I1ael20 2y + IV - wellEorize

D%c
5z 0.2 ) + B2 (el oy + Il iz + [Pl iz ) |- (3:5:24)
Now combined the estimate of # and p to completes the rest of the proof. [ |
Now using (3.5.6) and (3.5.8), we obtain the similar estimates as in Theorem 3.5.1 for

velocity as well as pressure.

3.6 Numerical Procedure

In this section, we discuss the numerical method applied to pressure-velocity equation and
concentration equation. We consider the following test problem, where only the molecular
diffusion is present and the effect of dispersion coefficients are negligible. Find ¢, p ,u such

that

x,t) € Qx J, 3.6.1
eI (3.6.)
V-ou=qt—-q V(z,t) € Qx J, (3.6.2)
qb%%—u-Vc—V-(D(u)Vc)%—cq‘:Eq+ V(z,t) € Q x J, (3.6.3)

with boundary conditions
u-n=0 V(z,t) € xJ, (3.6.4)
D)V -n=0 V(z,t) €00 x J, (3.6.5)

and initial condition

c(x,0) =co(x) Ve (3.6.6)

Here p(c) is the viscosity of the fluid mixture which depends on the concentration as:

—4

ple) = p(0)| (1 —c) + Mic| | (3.6.7)
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where M is the mobility ratio between the resident and injected fluids and p(0) is the
viscosity of the resident fluid, ¢ is the injection concentration and ¢t and ¢~ are the
production and injection rates, respectively. Let 7;, be an admissible regular, uniform
triangulation of € into closed triangles

As we have mentioned in Chapter 2 that for a good approximation to the concentration,
one has to take larger time step for the pressure equation than the concentration. Here
also, we take different time step for pressure and concentration equation. Let 0 =g < t; <
-+ -ty = T be a given partition of the time interval (0, 7] with step length At,, = t;1 —tm
for the pressure equation and 0 = t° < ! < ---t¥ = T be a given partition of the time
interval (0, 7] with step length A¢" = "1 —¢" for the concentration equation. We denote
C™ = cp(t), Cp = cp(tm), Up = un(ty,) and P, ~ pp(ty,).

If concentration step t" relates to pressure steps by t,,_1 < t" < t,,, we require a velocity
approximation at t = ¢, which will be used in the concentration equation, based on U,,_;
and earlier values. We define a velocity approximation at ¢t = ¢t by

m_t ot
EU" = <1 + 71) Ui — tilUm_g for m > 2, (3.6.8)

tm—l - tm—2 m—1 — tm—2

EU" =1, for m = 1. (3.6.9)

The discrete problem corresponding to pressure-velocity equation (3.3.1)-(3.3.2) is to find
(U, P) : {to,tl, . tM} — Uh X Wh such that

(k7 u(C) Uy yivin) + (V- v, Pn) =0 Vv, € Uy, (3.6.10)
(V-Up,wp) = (g8 — ¢, wp) Yw, € Wy, m > 0. (3.6.11)
oC ontt —cn

Set tht" L A Then, the discrete problem corresponding to concentration

equation (3.3.18) is to find C : {t°, ! .- - tN} — M), such that

Cn-l—l o Cn
=) ) + (Ut e gz

+Ah(EUn+1; Cm+1, Zh) + ((]_Cn+l, szh) = (éq+, H;Zh) Vzh c Mh, (3612)

(¢

where the bilinear form Aj(+;-,-) is defined in (3.3.19). To solve (3.6.12)-(3.6.11), we use

mixed finite volume element method. Numerical procedure for solving (3.6.12)-(3.6.11), we
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have discussed in details in Chapter 2. Here we will discuss the numerical procedure for
solving (3.6.12).

Now we write (3.6.12) in the matrix form. Let A1, A2 and A3 be the barycentric coordinates
of the triangle A P} P, P3, associated with nodes Py, P, and Pj, respectively. Since the finite
dimensional space M), is discontinuous, we take 1, Ay and A3 as local basis functions for a
triangle T' € 7;,. Then, we construct the global basis functions W;’s for M), with the help
of these local basis functions (for details see numerical procedure part of Chapter 2 ). Set

C™ = SN 67, then the concentration equation ( 3.6.12) can be written in matrix form

as
[D" 4+ At (E™ + H" + R™)] 6" = D"6" + At,,G", (3.6.13)
where
5= (PN D= = [ v, i
B" = (e) = [ (U7 VW) ¥, do
HY = TP +T0 + T + T2,
with
77 (i) = / (DU TUm)y W, ds, [T3(i7)] = -3 / (DU VW, )ds,
TeTh k=1 Y Pr+1BP eel
.. o
T3] = X [l (DU Vs, [T =3 1 [
ecl ecl e Je
and

R" = (ryj)i_, = /v ¢V 7Y de,  G"=(g)M = / cqt Y, dx

*

3.6.1 Numerical experiments

For the test problem, we have taken the data from [80]. The spatial domain is
Q = (0,1000)x (0, 1000) ft* and the time period is [0, 3600] days, viscosity of oil is 1£(0) = 1.0
cp. The injection well is located at the upper right corner (1000, 1000) with injection rate
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Figure 3.5: Surface (b) and contour plot (a) in Test 1 at ¢ = 3 years.

¢ = 30ft?>/day and injection concentration & = 1.0. The production well is located at the
lower left corner with the production rate ¢~ = 30ft? /day and the initial concentration is
¢(z,0) = 0. In the numerical simulation for spatial discretization we choose in 20 divisions
on both z and y axes. For time discretization, we take At, = 360 days and At, = 120
days, i.e., we divide each pressure time interval into sub three intervals.

Test 1: We assume that the porous medium is homogeneous and isotropic. The perme-
ability is k = is 80. The porosity of the medium is ¢ = .1 and the mobility ratio between
the resident and injected fluid is M = 1. Further more we assume that the molecular
diffusion is d,, = 1 and dispersion coefficients are zero. The surface and contour plots for
the concentration at ¢ = 3 and t = 10 years are presented in Figure 3.5 and Figure 3.6,
respectively.

Since only molecular diffusion is present and viscosity is also independent of the velocity,
Figure 3.5, shows that the velocity is radial and the contour plots for the concentration is
almost circular until the invading fluid reaches the production well. Figure 3.6 shows that
when these plots are reached at production well, the invading fluid continues to fill the
whole domain until ¢ = 1.

Test 2: In this test we consider the numerical simulation of a miscible displacement
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Figure 3.6: Surface (b) and contour plot (a) in Test 1 at ¢ = 10 years.

problem with discontinuous permeability. Here, the data is same as given in Test 1 ex-
cept the permeability of the medium x(z). We take k = 80 on the sub domain Qj :=
(0,1000) x (0,500) and x = 20 on the sub domain y := (0,1000) x (500,1000). The
contour and surface plot at ¢t = 3 and ¢ = 10 years are given in Figure 3.7 and Figure 3.8
respectively.

In Test 2, the lower half domain has a larger permeability than the upper half. Figure 3.7
and Figure 3.8 shows that when the injecting fluid reaches the lower half domain, it starts
moving much faster in the horizontal direction on this domain compared to the low perme-
ability domain that is upper half domain. We observe that one should put the production
well in a low permeability zone to increase the area swept by the injected fluid.

Order of convergence. We compute the order of convergence in the L?- norm. Figure
3.9 shows that the computed order of convergence in L2- norm is approximately 2, which

matches our theoretical findings.
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Figure 3.7: Contour (a) and surface plot (b) in Test 2 at t = 3 years.
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Figure 3.8: Contour (a) and surface plot (b) in Test 2 at ¢t = 10 years.
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Figure 3.9: Order of convergence in L?— norm



Chapter 4

The Modified Method of
Characteristics Combined with

FVEM

4.1 Introduction

The following system of coupled nonlinear partial differential equations describe the miscible
displacement of one incompressible fluid by another. Find the pressure p, velocity u and

the concentration ¢ such that

r(x)
=——=Vp V(z,t) € QxJ, 4.1.1
" V) (4.1
V-u=gq V(z,t) € Q2 x J, (4.1.2)
¢(x)% +u-Ve—V - (D(u)Ve)=(¢—c)g VY(z,t) € QxJ, (4.1.3)
with boundary conditions
un=0 V(z,t) € xJ, (4.1.4)
D(u)Ve-n=0 V(x,t) € 02 x J, (4.1.5)
and initial condition
c(x,0) = ¢co(x) Vae, (4.1.6)

122
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where ¢ is the concentration of the injective fluid. We assume that the domain €2 is a
rectangle and all functions in (4.1.1)-(4.1.3) are spatially 2-periodic. This assumption on
() is physically reasonable, because the boundary condition (4.1.5) can be considered as a
reflection boundary and in the reservoir simulation the boundary effect are of less interest
compared to the inner flow.
As mentioned in Chapter 1, the concentration equation (4.1.3) is convection dominated
diffusion type. The standard numerical schemes fail to provide a physically relevant solu-
tion because most of these methods suffer from grid orientation effects. The other way to
minimize the grid orientation effect is to use modified methods of characteristics (MMOC).
Douglas and Russell [41] introduced and analyzed MMOC for the approximation of convec-
tion dominated diffusion equations. The authors in [34, 44, 72| studied MMOC combined
with Galerkin finite element methods for incompressible miscible displacement problems.
In this chapter, we apply MMOC combined with FVEM for the approximation of concen-
tration equation (4.1.3) and mixed FVEM for pressure-velocity equations (4.1.1)-(4.1.2).
The basic idea behind the modified method of characteristics for approximating the con-
centration equation (4.1.3) is to set the hyperbolic part, i.e., ¢6_§ +u- Ve, as a directional
derivative.
Set

e 1) = (e D + @) = (ua(z, 1) + uale, 1) + §(2)?).

0
The characteristic direction with respect to the operator gba 4+ u - V is the unit vector

(ur(z, 1), ua(w, 1), d(x))
(.t '
The directional derivative of the concentration ¢(z,t) in the direction of s is given by
dc  Oc ¢(x) u.Ve
9s Ot (a,t)  W(at)

s(x,t) =

This implies that
dc oc

(x, t)a = gb(x)a +u.Ve,
dc Oc
where Ve = <%, a—y)
Hence, (4.1.3) can be rewritten as
w(x,t)@ — V- (D(u)Ve)=(c—c)g V(z,t) e QxJ (4.1.7)

O0s
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Figure 4.1: Direction of ¢ (z,t)

Since (4.1.7) is in the form of heat equation, the behavior of the numerical solution of
(4.1.7) should be better than (4.1.3) if the derivative term % is approximated properly.
We choose the same time steps for pressure and concentration for simplicity. However, the
analysis can be extended to the case when different time steps are chosen for velocity and
concentration through minor modifications.

Let 0 =ty < t; <---txy =T be a given partition of the time interval [0, 7| with the time

step size At. For very small values of At, the characteristic direction starting from (x, ¢, 1)

crosses t = t,, at (see Figure 4.2)
T=x——=At, (4.1.8)

+1

where u™* = u(z, t,41).

This suggests us to approximate the characteristic directional derivative at ¢t =¢,,.1 as

Jc At —o(F, ")
%h:tn“ ~ As
(& — &) + (toyr — ta)?)"* h
where "t = c(x, t,41).
Using (4.1.8), we obtain
Jc vl —gn
(@, t) —|imt, ., = () ——— (4.1.10)

O0s At
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t . (E s f)
/ T
tn+1 (x7tn+1)

Figure 4.2: An illustration of the definition &

where ¢" = ¢(Z,t,).

This chapter is organized as follows. While Section 4.1 is introductory in nature, in Section
4.2, we discuss the FVEM formulation. In Section 4.3, we derive a priori error estimates
for the velocity and for the concentration. Finally, we present the numerical procedure and

the results of the numerical experiments in Section 4.4 to support our theoretical results.

4.2 Finite Volume element formulation

As mentioned in Chapter 2, the mixed FVE approximation corresponding to (4.1.1)-(4.1.2)
can be written as: find (uy,pp) : J — Uy x W}, such that for t € (0,77,

(/i_l,u(ch)uh, 'thh) + b(’thh,ph) =0 Vvp €Uy, (421)
(V . uh,wh) = (q, U)h) Ywy, € Wh, (422)

where v, is the transfer operator defined in Chapter 2. Here, the spaces Uy, V), and W), are

defined as follows:
Up,={vh €U :vu|r = (a+bx,c+by) VT € Tp,},

Vi, = {Vh € (L*(Q))*: Vh|rs, 18 a constant vector VI, € 7, and vy -1 =0on OQ} )
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and

Wy, ={wp, € W : wy|r is a constant V1" € 7, } .
Let us define the discrete norm for vy, = (v}, v}) € Uy, as
Ivalli = Ivulltzzyz + vali s, (4.2.3)

where |vy|] ), = Z IVopllg .7+ IVUi][§ - For vy, € Uy, it is straight forward to check that
TeTy

Vil < C||Vh||H(diV;Q), (4.2.4)

where C' is a constant independent of h. For vy, € Uj, the following inequality

1\ /2
Mullamae < (toaz)  Ivalun (4.25)

holds true when €2 is in R? and the triangulation 7} is quasi-uniform and can be proved
using the same arguments as in the proof of Lemma 4 in [78, pp. 67].
For applying the standard finite volume element method to approximate the concentration,

we define the trial space M}, on 7, and the test space Lj, on V; as follows:
Mh = {Zh c CO(Q) : Zh|T € Pl(T) VT € %}

L, = {wh € L*(Q) : wy

vs is a constant  VVp € Vit.

We now recall the transfer operator IIy : M, — L; which is defined as

Ny,
Iz (2) = Zzh(P])X](x) Vo €, (4.2.6)
j=1
where x;’s are the characteristic functions corresponding to the control volume Vjﬁj, ie.,

1, ifxeVp
x;(@) = ’
0, elsewhere.

For any given v € U,y € HY(Q) and 1}, € L;, we define the bilinear form ay(v;-,-) as

Np

atvixn) == [ (DW)Vx ) Winds,

7j=1 P;
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where np, is the unit outward normal to the boundary of V.
Then, the FVE approximation corresponding to the concentration equation (4.1.7) is to

find a solution ¢, : J — M, such that for t € (0, T],

den, ., ) o
<w8—sh’nhzh) + an(un; cn, ) + (cng, Whzn) = (g, Up2n) Vzp € My (4.2.7)

cn(0) = cons

where ¢ 5, is an approximation to ¢y to be defined later.

To approximate the concentration at any time say t,,1, we use the approximation to the
velocity at the previous time step. The fully discrete scheme corresponding to (4.2.1),
(4.2.2) and (4.2.7) is defined as: Forn =0,1--- N, find (¢}, p}', up) € My, x Wy, x Uy, such
that

&) = Ryc(0), (4.2.8)
(k™ u(eHud, vavn) + b(ya v, pf) = 0 Vvp € Up, (4.2.9)
(V-up,wp) = (¢",wp) Ywy, € W, (4.2.10)

n+1 ~n
C —C * n. n n n *
(d)ih Al h,Hhxh) +ap(up; G xn) + (¢ )

= (¢"" & Mixe)  Yxw € My, (4.2.11)

where & = ¢, (2, t,) = cp(x — %At, tn,) and Rjc is a projection of ¢ onto M}, which will be
defined in (4.3.3).
Note that in (4.1.9), we use the following notation for the exact velocity

n+1

¢

At t,).

4.3 A priori error estimates

In this section, we derive a priori error estimates for the concentration and the velocity. We
have derived the following estimates for u and p in terms of the concentration in Chapter

2 (see Theorem 2.4.1).
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THEOREM 4.3.1 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (ay, pr),

respectively, be the solutions of (4.1.1)-(4.1.2) and (4.2.1)-(4.2.2). Then, there exists a pos-

1

itive constant C', independent of h, but dependent on the bounds of k™" and p such that

1w — sz + P = pall < C [lle = eall + h(lull gz +llpl)] . (43.2)

IV - (0 —up)|| < Ch[V -uly, (4.32)
provided u(t) € (H'(Q))?, V-u(t) € H'(Q) and p(t) € HY(Q), for t € (0,T] a.e.
Let Ry, : HY(Q) — M, be the projection of ¢ defined by
A(u;c— Rpe,x) =0 Vx € My, (4.3.3)
where
A(w; ¢, x) = an(w; 1, X) + (g9, X) + (M, x) - VX € M. (4.3.4)

The function A will be chosen such that the coercivity of A(u;-,-) is assured.
The following lemma, which gives a bound for the error between the bilinear forms a(u; -, -)

and a(u;-, -), can be proved using similar arguments as used in Lemma 2.4.2 of Chapter 2.

LEMMA 4.3.1 There exists a positive constant C' such that
9 _ Oc
lea(u; ¢ — Rpe, xn)| < O™ | [(c = &)gql1 + |¢$|1 +llellz ) [xnlt Vxn € My (4.3.5)

We also state the following lemma, which gives us H'- norm error estimates for the operator

R, and can be easily proved using the similar arguments as in proof of Lemma 2.4.1.

LEMMA 4.3.2 There exists a positive constant C' independent of h such that
le = Riclly < Chllc]l2, (4.3.6)
provided c(t) € H*(Q), fort € (0,T] a.e.

We also recall the following lemma from Chapter 2.
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LEMMA 4.3.3 There exists a positive constant C' such that V0 € My,
|ah(u RhC 8) - ah(uh, RhC 8)| < C (Hu - uh|| L2(0))2 + th (11 - llh)H) |t9|1 (437)

In the next lemma, we state the error estimate for R;, in L2- norm, the proof of which can

be obtained by a modification of Lemma 2.4.3 in Chapter 2.

LEMMA 4.3.4 There exists a positive constant C independent of h such that

_ oc
o= Rl < 0n (1(c = Sl + 1501 + el ). (4.3.8)

0
provided ¢ € H*(Q) and wa—c € H'(Q) fort € (0,T] a.e.
s
Before proving the main theorem, we prove the following two lemmas for our future use.

LEMMA 4.3.5 For f € HY(Q) , there exists a positive constant C' independent of h and At
such that

1f = Fll < cat|v . (4.3.9)

un—i—l(

x)

¢(x)

where f = f(¥) :f<x—

Proof. Note that

At).

=1t = [ =pta

_ /g)(/;Vf-dG)2dx (4.3.10)

where § = (1 —2)% + zz, with Z € [0, 1] parametrizes the line segment joining & to x. Then,

1/2

Hf—fHQS/Q{/Ol(x—:E)de] [/0 (gi((l—z)x+zx))2dz|m] dz, (4.3.11)

n
is the directional derivative of

where z is the unit vector in the direction of x — % and

0z
f in the direction of z.
un—i—l (.T)
Since |z — 7| < At 5@ | we find that
x
ut(z

Ir =7l

/ / ( ((1=2)z+ zx))2d2d:r (4.3.12)
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Define the transformation

w1 (z)
()

The Jacobian of the map G, say DG with u®™! = (u]* uj ) is given by

B 1—71( (1—2)) —72<“1+f At(l—z))
DG; = —a—i<u2 ') At(1 - )> 1_8872(1( (2) At(l—z)>

and its first order partial derivatives are bounded, the determinant of DG is

y=G:(r)=(1—-2)i+zr=0—

At(1 - %), (4.3.13)

Since u™t?!

of the form 1+ O(At).
A change in the order of integration and variables in (4.3.12) yields

;=P <oz [ 5 [

TeTy,

y dde. (4.3.14)

For small At it can been seen that G5 is one-one mapping on each 7. Moreover, for small A
and At, Gz maps T into itself and its its immediate-neighbor element. Hence, G is globally
at most finitely one-one and maps 2 into itself and its immediate-neighbor periodic copies.
Thus the sum in (4.3.14) is bounded by finite many multiples of an Q- integral. This implies
that

£ = Fll < etV (4.3.15)

LEMMA 4.3.6 [/1, pp. 875] If n € L*(Q) and (z) = n(&) with ¥ = v — v(x)At, for a

nonzero function r(x) such that r and V - r are bounded, then
I —7ll-1 < ClinllAt, (4.3.16)

where C' is a positive constant independent of h and At.

Proof. Let z = G(z) = # — r(z)At. For sufficiently small At, the determinant of DG is
nonzero. It can be easily seen that the determinant of DG and DG~ are both of the form
14+ O(A?).

Using the definition of || - ||-1 norm, we have

) = su ! T)—nx—r(z x)dx | . 3.
7 —nll-1 = p/{0}< /[ (@) = n(z —r(z)At)] f(z)d ) (4.3.17)

feEHY(Q Hf”l
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Using a change of variable in the second term of the right hand side of (4.3.17), we obtain

ln—alle = sup (H i [/ n(a) f(a)da - / n(x)f(G‘l(x))detDG‘l(x)da:D

fedt(@)/{o}

1
sup
FEH(9)/{0} ||f||1

{ / n(z)f(z) (1 — det DG~ (x)) dx]

—i—feHSltg) o Hf”l {/ n(z) (f(z) — f(G(z))) det DG~ (x)dx}

= Wi+ Ws, say. (4.3.18)
Since |1 — det DG~!(z)| < CAt. Hence,

|Wi| < CAt  sup

1 flInll < CAt|n]. (4.3.19)
FEH(Q)/{0} ||f||

To bound W5, we proceed as follows. Using the Cauchy-Schwarz inequality and the fact
that |det DG~ < C, we have

[Wa| <C sup ()]l [1f(2) = F(GTH (@) (4.3.20)
FEHL(@)/{0} ||f||
Note that
1f(z) = F(GTH )PP = /Q [f(z) = F(G7H@)]” da. (4.3.21)
Proceeding as in the proof of Lemma 4.3.5, we obtain
I1f(z) = F(GT (@) < CAY] £l (4.3.22)
Substituting (4.3.22) in (4.3.20), we obtain
|Wa| < CAt||n]|. (4.3.23)

Substitute (4.3.19) and (4.3.23) in (4.3.18) to complete the rest of the proof.

Now, we prove our main theorem.

THEOREM 4.3.2 Let c™ and ¢} be the solutions of (4.1.3) and (4.2.11) att = t,, respectively,
and let ¢,(0) = co 5, = Rpc(0). Further assume that At = O(h). Then, for sufficiently small
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h, there exists a positive constant C(T') independent of h but dependent on the bounds of

k= and p such that

max |7~ il < C[H (16 = Dallmoim + 1 g o) + el o

2
T )+ oy + e e, T.m))
802 (Il + 107 - Wi + e e
12 () 0oy + 1Pl i) | (4.3.24)
Proof. Write ¢ — ¢! = (¢" — Rpc") — (¢} — Rpc™) = p™ — 0". Since the estimates of p" are
known, it is enough to estimate 6™.

Multiplying (4.1.3) by I} x5 and subtracting the resulting equation from (4.2.11) at ¢ =

tni1, we obtain

cn+l _ é” . . N . . .
(¢ L At . ALx ) +ah(uhvch+1>Xh) — ap(u e ,Xh) + (¢ +1Ch+1>HhXh)
n+1 _n+1 11* _ n+1 n+1 acn+1 I M.
(¢" e IGx) = (™ Vet g T | Yo € M (4.3.25)

Choose xp, = 0" in (4.3.25) and use the definition of Ry, to obtain

en-l-l _ Qn % artl n+1 an+l n+1 _n+1 * nn+1
¢7At 1,0 + ap(uy; 0", 0") = (0" "L IO

+ pn-l-l en-l-l) + (pn-l-lqn—l-l en-l—l —H*Qn_H)

+[ah L R 0 — gy (utY Ryt en-l-l)}
n+1 n+1l _ ~n

+<un+1 Vcn+l+¢a o _¢(C N c )’Hzen-i—l)

+

n+l vn . en _ én e
o ) - (as%,nhe )

< Rhc B Rhc ) H*en-{—l)
h

=N+ +T3+Ty+T5+ T+ 17 + 1. (4.3.26)
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To estimate T3, T5 and T3, we use the Cauchy-Schwarz inequality, boundedness of ¢ and

(2.3.47) to obtain

|T1| _ ‘(9n+lqn+l,H29n+l)‘ S C||9n+1||2> (4.3.27>
T = [(p" 0" < Cllp" | 10", (4.3.28)

and
| T5| = |(p" g, 07 = T0,6" )| < Clp™ ) (107H]. (4.3.29)

To bound T}, we use Lemma 4.3.3 to obtain
‘T4‘ — |ah(un+1; Rhcn+1,9n+l) _ ah(urﬁ—i-l RhCn+1,9n+l)|

C (||u“+1 . UEH(L2(Q))2 + h”V . (un—i-l n+1)||) ‘0n+1|

C(HUHH —u®| 22 + [[u™ —upl 2@z + AV - (Ut —u?)

IA

IA

RV - (u® - u;>||) 167+, (4.3.30)
From (2.5.22) and (2.5.23), we find that
T = ey < AtluelZag, o seeye) (43.31)
and
IV (@™ = a®)|[f2q) < AUV - Wil 2, i) (4.3.32)
Hence,

Tl < O[O (Il 20t 2@y + T - Wil z20 02200 )

= wllzaeye + RV - (0 = )] 74 (4.3.33)

Using the Cauchy- Schwarz inequality and (2.3.47), we obtain

acn-‘rl Cn—l—l — .
T5| = ( Vet 4 —Cb( Al >aHh9 H)
a n+1 n+1l __
< COlu™ Vet 4o %t —¢(C ‘ 1671, (4.3.34)
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a n+1 (Cn+1 _ é”)
To bound |[u™ . Ve + ¢ 5% ) A7 , we use the similar arguments given in
[44]. Let o(z) = [#(2)? + u**(2)2]"/*, so that
a n+1 a n+1
0% L artt vt = 5% (4.3.35)

ot or

where 7 approximates the characteristic unit vector s. Let 7 € [0,1] parametrize the
approximate characteristic tangent from (&,t,)[7 = 0] to (z,t,+1)[T = 1]. A use of Taylor

expansion along the characteristic gives us

O e K (1) 12 211/2 Pc
o ¢ NN o [lz(T) — 2" + (t(1) — t,)7] ﬁdr (4.3.36)

Taking the square of the L?(Q) norm, we obtain

<[]

Using the Cauchy-Schwarz inequality, we find that

acn—i-l cn—i—l —on

g B

dz.
or v

(x,tn+l) 62
/ —2 dr
(&,tn) or

acn—l—l Cn—l—l _o 2 (zytn+1)
- < — d d
e N = / /( . 072 T
tnt1 2
< / / a T b+ (1= 7)at)| dida.(43.37)
tn T
For a fixed 7 consider the transformation
un—|-1
y=fr=1t+{1-T)r=2x AtT.

Since u, ¢ and their first order partial derivatives are bounded, the determinant of D f- is
1 + O(At) and hence D f- is invertible for sufficiently small A¢. By a change of variable
argument, we have

2 e

< OAtH

acn—i-l cn—i—l _xn

Y

a 2 ||L2(tn tnt1; L2) (4338)

Hence, T5 bounded as follows

T3] < C(At)l/2|| ||L2 (tastnsi2) 107 (4.3.39)
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To bound Tg, we proceed as follows

Ty = ' <¢<P”“7—ﬁ”>, HWH) '

At
(pn+1 - pn) n+1 * nn—+1 (pn—i—l - pn) n+1
< A — Mz P
< (o e o) | | (o

Now I; can be written as

n+l _ n n__ xn
e (5 ) s

A use of Lemma 4.3.5 yields

HM < |V (4.3.42)

At

It is easy to show that

n+l _ n
H% < C(Al)” 1/2|| HLQ(tn tn+1,L2) (4.3.43)

Using (4.3.42), (4.3.43), (2.3.16) and the Cauchy-Schwarz inequality, we obtain

I < c[nenﬂ—nzenﬂu ((At) T H)]

< Ch [(At) 1/2|| HL% ton,n2) + [[VP" H} Vo, (4.3.44)
I5 can be bounded as follows:
(an —p") n+1 (" —p") n+1
< AL - = . 0.
I, < '(gb A7 ,0 + || o A7 , 0 J1+ Jo (4.3.45)

A use of Cauchy-Schwarz inequality yields
J1 < C(At)” 1/2H 22t 22 107 (4.3.46)
Using Lemma 4.3.6, we obtain

10" 1 < Cllp 16" )1 (4.3.47)
~1
This implies that

1o < € (8021 i+ 171) 167 (13.48)
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Using (4.3.44), (4.3.48) and (4.3.40), we obtain the following bound for T§:
- a n n n
13l < € (801G i+ BIVA I+ 1) 10751 (4349

Using the Cauchy-Schwarz inequality, we obtain

(en - én) * an—+1 n+1 (Qn - én) n+1
< A S _ A,
|T7| = < At ) Hhe 0 + At ) 6
(en - én) * an—+1 n+1 (Qn - én) n+1
< ||—- — - . 3.
< || e e S et a0
o — é” o — én '
We use Lemma 4.3.5 and Lemma 4.3.6 to bound A7 and A7 , respectively.
~1

For this, we need that uj, and its first derivative are bounded.
First let us make an induction hypothesis. Let there is a constant say K* > 2K with
||ﬁﬁ“(Lo®(Q))2 < K such that

lug (Lo )2 < K7, (4.3.51)
where 1y, is the projection of uy, at t = t,, defined by (see Chapter 2, (2.4.8)-(2.4.9))

(Ii_l,U/(C)flh,Vh) — (V . Vh,]ah) =0 Vvp € Uh, (4352)
(V . ﬁh,wh) = (q,wh) Yw, € Wy,. (4353)

To bound ||V.u}||e, we use inverse inequality and (4.3.51)
|Vl |l At < Ch AU} o < C. (4.3.54)

where we have used the assumption that At = O(h).

Using Lemma 4.3.5, we have

on — on
At

< O(K")||Vo". (4.3.55)

Similar arguments as in the proof of Lemma 4.3.6, gives

on — on
At

< C(K)[|6"]. (4.3.56)

-1
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Now using (2.3.16), (4.3.55), inverse inequality (2.3.15) and (4.3.56), we obtain the following
bound for T%:

| Tr| < C(E™)|10°]] 16" (4.3.57)
To bound Ty, we use maximum norm estimate of VRyc (see (2.4.43)).

~ n - n
RhC —RhC

Y < |Rnell1o0[[u™ = upl| < Cllu™ — ug 202, (4.3.58)

and hence, using (2.3.47), T3 is bounded as follows
Tg S C||9n+1|| ||11][1 — uEH(L2(Q))2. (4359)

Substitute the estimates of T}, T3 - - - Tg in (4.3.26) and use non-singular property of ¢, kick

back argument with the Young’s inequality to obtain

@m0 ] < O [A L g + 107
O+ 0071+ N1 5t (el B g ey + IV Wil i
2
e i) + 10"~ Wl
P9 = )P+ "+ V). (4.3.60)

Using (4.3.1) and (4.3.2), we obtain
lo = wllz@ye < C[le” = cill + b (la ey + 1°11) |
< o+ Dol + b (le e + 1971) |, (43.61)
and
IV (@ —u)]| < Ch|V - u”|s. (43.62)
Substitute (4.3.61) and (4.3.62) in (4.3.60) to obtain
HemH I = e < O™ [Ae(Jlm 2 + 61 + Nl |12 + o™ 112 + B2 Vo)
(A2 (0l aziays) + IV - Wl iz

9%c

9 Btz + I Btz

FRAL (B2 w2+ B e + 12711 | (4.3.63)
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Taking summation over n = 0---m — 1, we obtain

m—1

lom i = e < )| S {ae (o2 + o) + "1 + 10" + A2V o" )
n=0
2 2 2 &c
+(At) <HutHLQ(tn,th;(L?(Q))?) + |V - utHLQ(tn,th;LQ) + ||ﬁHL2(tmtn+1,L2))

ap n n T
G Wt iy + 22w+ [ e + 1" 7) ] (4:364)

Now using discrete Gronwall’s ( see Lemma 1.2.8), equivalence of the norms (2.3.46) and

the estimates of p, we obtain

m * ~ 80
o2 < ) (10012 + B (e = el + 19 5 e oy + el
&

+||V'u||%°°(O,T;H1) + ”CtH%OO(O,T;HQ) + ”w%H%W(O,T;Hl))
2 2 2 & c
+(At) <||utHL2(0,T;(L2(Q))2) + IV - wiel[z200.7,02) + ”ﬁ”L%O,T,L%)
+h2(HUH%OO(O,T;(Hl(Q))?) + ”p||%°°(O,T;H1)>:|' (4.3.65)
Now it remains to show the induction hypothesis (4.3.51). Using (4.2.4) and (4.2.5), we
have
[upll(ze@)z < [lup — Wgllze@)e + ([0l 2o @)
1\ 1/2 n
< C<10g E) [up — g || divie) + K.
Using |V.(up —ap)|| = 0, we have
Ju? — G2 (e < c<1og E> [u® — G2 122 (4.3.66)

Now using (2.4.22) and (4.3.65), we obtain for small h

1

Here we have used At = O(h) and hlog% — 0 as h — 0 and this proves our induction
hypothesis (4.3.51).

Now combine the estimates of p and 6 and use triangle inequality to complete the rest of
the proof. [ |
Using (4.3.1) and Theorem 4.3.2, we obtain the following error estimates for velocity as

well as pressure.



Chapter 4. The Modified Method of Characteristics 139

THEOREM 4.3.3 Assume that the triangulation Ty, is quasi-uniform. Let (u,p) and (up, pp)
be respectively the solutions of (4.1.1)-(4.1.2) and (4.2.1)-(4.2.2) and let c,(0) = cop =
Ryc(0). Further assume that At = O(h). Then for sufficiently small h there exists a
positive constant C(T) independent of h but dependent on the bounds of k= and p such
that

dc

e [u” — by < OB (e = DalEeomam + 105 omimy + lelfeo

d%c
+”v'u|’%°°(0,T;H1) + ”CtH%OO(O,T;H?) + ||¢%H%oo(o,T;H1)>
2 2 2 P 2
+(At) <HutHL2(O,T;(L2(Q))2) + IV w720 7.02) + ”wHLQ(O,Tﬂ))

+h? <Hu||%°°(0,T;(H1(Q))2) + ”p”%OO(O,T;Hl))] : (4.3.68)

4.4 Numerical Experiments

As mentioned in Chapter 2, we use larger time steps for the pressure equation than the
concentration equation. Let 0 = tg < t; < ---t)y = T be a given partition of the time
interval (0, 7] with step length At,, = t,,+1—t,, for the pressure equation and 0 = t° < ¢! <
-tV =T be a given partition of the time interval (0, 7] with step length At,, = t,1 — t,
for the concentration equation. Let C", U,, and P,, be the approximation values of ¢, uy,
pn at t =t" and t = t,,, respectively.
If concentration step t" relates to pressure steps by t,,_1 < t" < t,,, we require a velocity
approximation at ¢ = t", which will be used in the concentration equation, based on U,,_;
and earlier values. We define a velocity approximation [44, pp. 81] at t = t™ by

EU" = (1 + m) Ung — ttn_ﬂum_2 for m>2  (4.4.1)

tm—l - tm—2 m—1 — tm—2

EU" =1, for m = 1. (4.4.2)
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Then the combined time stepping procedure is defined as: Find C : {t° ¢!, .- -V} — M,
and (U, P) : {to,t1,- -ty } — Up x Wy, such that

(/i_l,u(Cm)Um, ’Yth) + b(’thh, Pm) =0 Vvh € Uy, (443)
(V-Up,wp) = (¢" —q ,wp) Yw, € Wy, m >0, (4.4.4)

ot _Cm * n+1 n+1 -+l *
¢T7HhXh + ap(EU C" L xn) + (¢ C™ L I xn)

= (¢"c M xn)  Vxn € My, (4.4.5)

where C" = C™(z — (Egn)At).

To solve the pressure equations, i.e., (4.4.3) and (4.4.4), we use the mixed finite volume

element method and for concentration equation (4.4.5), we use the standard finite volume
element method. We have already discussed the matrix formulation for the pressure equa-
tions in Chapter 2. Now we will discuss the matrix formulation and solution procedure for
the concentration equation (4.4.5).

Let {¥;} be the basis functions for the finite dimensional space Mj,. Then the approxi-

mate concentration at time level ¢ = t" can be written as
Np
C" =) A, (4.4.6)
i=1

where 4" = C™(F;), i.e., the value of the nth level concentration at the vertices P;.

Now using (4.4.6), the concentration equation (4.4.5) can be written in the following matrix

form:
(D" + At"(H" + R™)] 4™ = E"" + At"G™, (4.4.7)
where
= (CYPY, D = (dig)N, = /V w,dr,
EU" (2,
E" = (ey)M, = / xlf(xj—ﬂm") de, H"=(hy)Mr,=— [ D(EU")VU,n,ds,
’ Vi o(x;) ’ av;
and

R" = (ryj)i, = /V ¢ Vdr, G"=(g") = /V cqtdz.
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4.4.1 Test Problem

For the test problems, we take spatial domain as Q = (0,1000) x (0,1000) ft* and the time
period is [0,3600] days, viscosity of oil as u(0) = 1.0 c¢p. The injection well is located at
the upper right corner (1000,1000) with the injection rate ¢* = 30ft>/day and injection
concentration ¢ = 1.0. The production well is located at the lower left corner with the
production rate ¢~ = 30ft?/day and the initial concentration is ¢(x,0) = 0. For time dis-
cretization, we take At, = 360 days and At. = 120 days, i.e., we divide each pressure time
interval into three subintervals.

Test1l: We assume that the porous medium is homogeneous and isotropic. The perme-
ability x = is 80. The porosity of the medium is ¢ = .1 and the mobility ratio between
the resident and injected fluid is M = 1. Further more, we assume that the molecular
diffusion is d,, = 1 and the dispersion coefficients are zero. In the numerical simulation for
spatial discretization we divide in 20 number of divisions both along x and y axis. For time
discretization, we take At, = 360 days and At. = 120 days, i.e., we divide each pressure
time interval into three subintervals.

The surface and contour plots for the concentration at ¢ = 3 and ¢ = 10 years are presented
in Figure 4.3 and Figure 4.4, respectively. Since only molecular diffusion is present and
viscosity is also independent of the velocity, Figure 4.3, shows that the velocity is radial
and the contour plots for the concentration is circular until the invading fluid reaches the
production well. Figure 4.4 shows that when these plots are reached at production well,

the invading fluid continues to fill the whole domain until ¢ = 1.

Test 2: In this test, we take the permeability tensor is same as in Test 1 and M = 41
i.e., viscosity is dependent on the concentration. We assume that the physical diffusion
and dispersion coefficients are given by ¢d,, = 0.0ft? /day, ¢d; = 5.0ft and ¢d, = .5ft . The
difference between the longitudinal and the transverse dispersity coefficients implies that
the fluid flow is much faster along the diagonal direction see Figures 4.5 and 4.6.

Test 3: In this test we consider the numerical simulation of a miscible displacement
problem with discontinuous permeability. Here, the data is same as given in Test 1 ex-

cept the permeability of the medium x(z). We take x = 80 on the sub domain ; :=
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Figure 4.3: Contour (a) and surface plot (b) in Test 1 at ¢t = 3 years.
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Figure 4.4: Contour (a) and surface plot (b) in Test 1 at ¢t = 10 years.
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Figure 4.5: Contour (a) and surface plot (b) in Test 2 at ¢t = 3 years.
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Figure 4.6: Contour (a) and surface plot (b) in Test 2 at ¢t = 10 years.
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Figure 4.7: Contour (a) and surface plot (b) in Test 3 at ¢ = 3 years

(0,1000) x (0,500) and x = 20 on the sub domain y := (0,1000) x (500, 1000). The
contour and surface plot at t = 3 and ¢t = 10 years are given in Figure 4.7 and Figure 4.8

respectively.

Figure 4.7 and Figure 4.8 shows that when the injecting fluid reaches the lower half
domain, it starts moving much faster in the horizontal direction on this domain compared
to the low permeability domain that is upper half domain. We observe that one should put

the production well in a low permeability zone to increase the area swept by the injected

fluid.

Order of Convergence: In order to verify our theoretical results we also compute the
order of convergence for the concentration for this particular test problem. We compute
the order of convergence in L? norm. To discretize the time interval [0, T], we take uniform
time step At = 360 days for pressure and concentration equation. The computed order of
convergence is given in Figure 4.9. Note that the computed order of convergence matches

with the theoretical order of convergence derived in Theorem 4.3.2.
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Figure 4.8: Contour (a) and surface plot (b) in Test 3 at ¢ = 10 years
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Chapter 5

Conclusions and Future Directions

In this thesis, an attempt has been made to study finite volume element methods for a
coupled system of nonlinear elliptic and parabolic equations arising in the incompressible

miscible displacement problems in porous media.

5.1 Summary

In Chapters 2, 3 and 4, we have applied a mixed finite volume element method for approx-
imating the pressure equation and different kinds of methods for the approximation of the
concentration equation. In Chapter 1, we have discussed briefly theoretical and computa-
tional issues related to the incompressible miscible displacement problems in porous media.
Moreover, an extensive survey for the finite volume element methods is presented.

In Chapter 2, we have applied a mixed finite volume element method for the pressure equa-
tion and a standard finite volume element method for the approximation of the concen-
tration equation. The trial space for velocity consists of the lowest order Raviart-Thomas
element while the trial space for concentration is C°- piecewise linear. We have obtained
a priori error estimates in L°°(L?) norm for the concentration as well as for the velocity,
see Theorem 2.4.2 and 2.4.3. We have also presented a couple of numerical experiments for
the verification of our theoretical findings.

In Chapter 3, we have applied a discontinuous Galerkin finite volume element method for

the approximation of the concentration equation and a mixed finite volume element method

146
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for the approximation of the pressure equation. In Theorems 3.4.2 and 3.4.3, we have de-
rived a priori L°°(L?) error estimates for the concentration and for velocity, respectively.
Numerical experiments are also presented, which confirm our theoretical results.

As the modified method of characteristics reduces grid orientation effects, many re-
searchers have studied modified methods of characteristics combined with finite element
methods or finite difference methods for the approximation of the concentration equation,
see [2, 34, 41, 42, 44, 72] etc. In Chapter 4 , we have analyzed a modified method of
characteristics combined with the finite volume element method for approximating the
concentration equation. Following the analysis of [41, 44, 72], we have derived a priori er-
ror bounds in L*(L?)- norm. Finally, we conclude this chapter with a couple of numerical

examples.

5.2 Some Remarks

In [37, 44], the authors have chosen different mesh sizes; h. and h, for the concentration
and the pressure equation, respectively. In the context of finite element method, they
have derived order of convergence in L>(L?)- norm as (h? + h,) for both concentration
and velocity when lowest order Raviart-Thomas elements and piecewise linear polynomials
are used for approximating the velocity and concentration, respectively. Though, we have
chosen the same spatial discretization parameter 'h’ for both pressure as well concentration
equation, it is possible to obtain error estimates in L>°(L?)- norm depending on (h., h,) as
in [37, 44] in our analysis by making some minor modifications.

In Chapters 2 to 4, we have taken in the analysis the same time steps for the pressure as
well as for the concentration equation. Since velocity is more smooth in time compared
to concentration, it has been suggested in [47, 44] that one should take larger time steps
for the pressure equation compared to the concentration equation. However in our nu-
merical experiments, we have taken care to choose different time steps for pressure and
concentration. The analysis can also be easily modified for this case by estimating the

n+1

term ||[u™* — E(upt!)| in place of the term [[u™*! — u®||, using the ideas given in [44].
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5.3 Comparison

In Chapter 2, we have applied a mixed FVEM for approximating the pressure equation and
a standard FVEM for approximation of the concentration equation. Since discontinuous
Galerkin methods are easy to implement and also element wise conservative, in Chapter
3, we have applied DGFVEM for approximating the concentration equation. In numeri-
cal procedure presented in Chapter 2, for approximating the concentration equation, we
have chosen the basis functions which are continuous through the inter element boundaries
but, in Chapter 3, the basis functions are discontinuous. In DGFVEM, the support of the
control volume is small compared to the support of the control volume in the standard
FVEM. In addition, in DGFVEM the control volumes have support inside the triangle in
which they belong to, but in the standard FVEM the control volumes have support in
neighboring triangles also. The construction of the control volumes in DGFVEM is also
similar to the construction of the control volumes in mixed FVEM which is not the case in
the standard FVEM. We find that DGFVEM are also suitable for the approximation of the
miscible displacement problems. But like DGFEMs, DGFVEMs are not well developed in
the literature for miscible displacement problems. The main aim of Chapter 3 is to study
DGFVEM for the miscible displacement problems in porous media. Using cut-off functions
technique, we have derived a priori error estimates for the velocity and the concentration
which match with the order of convergence obtained as in the case of the standard FVEM.

In Chapter 4, we have applied modified methods of characteristics combined with FVEM
for the approximation of the concentration equation. After applying MMOC, the concentra-
tion equation behaves like the heat equation. It is expected that behavior of the numerical
solution of the heat equation should be better compared to the convection dominated dif-
fusion equation. If we compare the numerical results of this chapter with those obtained in
the remaining chapters ( Chapter 2 and 3) for the case when only the molecular diffusion
is present and the effect of molecular diffusion is negligible, we observe that the contour
plots are almost circular until the invading fluids reach to the production well. Figure 4.3
shows the contour plots are much circular compared to Figures 2.11 and 3.5. Essentially,
we may infer that MMOC combined with FVEM yields better approximation for the con-
centration compared to standard FVEM and DGFVEM. Note that the derived order of
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convergence in L>(L?)- norm for the velocity as well concentration are same in the three

chapters (Chapter 2, 3 and 4).

5.4 Future Directions

Since the concentration equation behaves more like a hyperbolic equation. It is expected
that use of local discontinuous Galerkin (LDG) method with appropriate choice of numerical
fluxes may provide a good approximation to the concentration equation. LDG finite element
methods have been studied for elliptic problems by [11, 33] etc. In [11], the authors have
considered the P* — P* elements while in [33] P*™! — P* elements are used, where k
being degree of the polynomial. Now, we briefly discuss the local discontinuous Galerkin
finite volume element method (LDGFVEM) for the approximation of the following elliptic
problem based on [33].

Given f, find (u,p) such that

u = —KVp in €, (5.4.1)
Vou = f in Q, (5.4.2)
p =0 on 2, (5.4.3)

where 2 is a bounded, convex polygonal domain in R? with boundary 0Q and K =
4
(kij(x))2x2 € (WQOO(Q)> is a real valued, symmetric and uniformly positive definite ma-

trix, i.e., there exists a positive constant aq such that
ETKE > apet¢ VE € R2. (5.4.4)

We also assume that K satisfy the following condition
K*>K'>K, >0, (5.4.5)

where K* and K, are constants.
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Py

Figure 5.1: A triangular partition and its dual elements

5.4.1 P!'~P°" LDGFVEM formulation

Let 75, be a regular, quasi-uniform triangulation of € into closed triangles T with h =
maxrer, (hr), where hr is the diameter of the triangle 7. Let I'" denote the union of the
boundaries of the triangles 7" of 7;,. The dual partition 7," corresponding to the primal
partition 7, is constructed as follows: Divide each triangle T € 7}, into three triangles
by joining the barycenter B and the vertices of T. In general, let T* denote the dual
element /control volume in 7%, see Figure 5.1. Let the U, and Vj, be the trial and test

spaces, respectively, associated with approximation of velocity defined by
Uy, ={vn € L*(Q)*: vp|r € (P(T))*} VT €T,
Vi = {vn € L*(Q)? : vu|r € (Po(T%))?} v e 1)
and the trial space W), associated with the pressure is defined by
Wi, = {wy, € L*(Q) : wy|r € Py(T) VT € T,},

where P,,(T)( resp. P, (T%)) denotes the polynomials of degree less than or equal to m
defined on T'(resp. T%).
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Let U(h) = Uy, + H?(Q2). For connecting the trial and test spaces, define the transfer
operator v : V(h) — U}, as follows:

_1
T*—he eV

where e is an edge in T, T* is the dual element in 7," containing e and h, is the length of

v mds, T*eT), (5.4.6)

the edge e.
Multiplying (5.4.1) by vy, € V},, integrating over the control volumes T* € 7,*, applying
Gauss’s divergence theorem and summing up over all the control volumes, we obtain
(K 'u, vy) — Z / pvh - nds =0 VYvih € Vi, (5.4.7)
ety VT
where n denotes the outward unit normal vector to the boundary 7™ of T*. Let T} €

7,5 (j = 1,2,3) be the three triangles in T' € 7j, (see Figure 5.1). Then, for wy, € W},

3
Z/ pvh-nds:ZZ/ PV - nds
oT* ar;

T*eTy TET, j=1
3
= Z Z/ pvnh - nds + Z / PVh - nds. (5.4.8)
TeT;, j=1 Y Ai+1BA; TeT;, Y 0T
In order to rewrite the last term on the right hand side of (5.4.8), we note that for any four

real numbers a, b, c and d, we have
1 1
ac—bd:§(a+b)(c—d)+§(a—b)(c+d). (5.4.9)

Using (5.4.3), (5.4.9) and the fact that [p] = 0, (5.4.8) becomes

Z /8T* PVh - Nds = Z Z/A PVh - nds + Z [Vi] - (p)ds. (5.4.10)

T+ TeT;, j=1 j+1BA; ecl v ¢

Now we are in position to define our P — P° LDGFVEM:
Find (uy, py) € U, X W), such that

3
(up,yvn) + Z Z/ DrYVh - NdS + Z Prlyvnlds =0 Yo, € U, (5.4.11)
A

TeT;, j=1 " Ai+1BA; ecr V¢

(Vaug) = > [ dopfyan] = (f,ws) Yw, € W, (5.4.12)

ecl’ V€
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where w,, are the approximation of wy referred to as numerical flux, on the boundary of a
triangle T' € 7.

In immediate future, we propose to develop the error estimates for the LDGFVEM applied
to the concentration equation. Note that LDG methods also can be a good choice for
the approximation of the convection-diffusion equations if the numerical fluxes are chosen

suitably, see [12, 30].

5.4.2 Modified methods of characteristics with adjust advection
(MMOCAA) procedure

The modified method of characteristics is not conservative in nature, but a modification
of MMOC called MMOCAA, proposed by Douglas et al. [39] is conservative in nature. It
also has been observed that this new scheme is naturally parallelizable and more accurate
as it reduces the effects of grid orientation, the excessive smoothing of the sharp fronts and
has low storage requirements. As in Chapter 4, the concentration equation can be written
as

V(DW= (e—dg V1) eQx ) (5.4.13)

where (z,t) = (Ju(z, 1)|> + ¢(2)?)? = (us(z)? + uz(z)? + ¢(2)?)? and s be the unit vector

P(x,1)

in the direction of (uq,ug, ¢) in Q x J.

In MMOCAA procedure one splits the concentration equations into two sub equations
namely, advection and transport equations and different time steps can be used for these
equations. Essentially, in the MMOCCA procedure the advection term is treated as a
primary variable and hence, more accurate approximation for the advection is excepted.
Following this procedure, the concentration equation (5.4.13) can be split into a system of

partial differential equations as

v=-D(u)Ve  Y(z,t) € Qx J, (5.4.14)
Je
Os

V()= +V-v=(¢—c)qg V(x,t)exJ, (5.4.15)

It is also noted through experiments in [39] that there are advantages if one considers larger

time step for advection term. We also plan to study MMOCAA for the approximation of the
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concentration equation. Since in LDG methods also, we split the second order equations

into two first order equations, it would be good idea to combined LDG methods with

MMOC.
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