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Abstract

The main objective of this thesis is to analyze mortar finite element methods for elliptic
and parabolic initial-boundary value problems.

In Chapter 2 of this dissertation, we have discussed a standard mortar finite element
method and a mortar element method with Lagrange multiplier for spatial discretization
of a class of parabolic initial-boundary value problems. The introduction of a modified
elliptic projection helps us to derive optimal error estimates in L>°(L?) and L>(H')-norms
for semidiscrete methods. A completely discrete scheme using backward Euler scheme is
also analyzed and optimal error estimates are derived in the framework of mortar element
method. The results of numerical experiments support the theoretical results obtained in
this thesis.

The basic requirement for the stability of the mortar element method is to construct
finite element spaces which satisfy certain criteria known as inf-sup (well known as LBB,
i.e., Ladyzhenskaya-Babuska-Brezzi) condition. Then many natural and convenient choices
of finite element spaces ruled out as these spaces may not satisfy the inf-sup condition.
In order to alleviate this problem stabilized multiplier techniques or Nitsche’s method is
used in Chapter 3 and 4. We have studied both stabilized symmetric and unsymmetric
methods for second order elliptic boundary value problems under some assumptions on
the penalty parameter, and established stability of the schemes with respect to the mesh
dependent norm. The existence and uniqueness result of the discrete problem are discussed
without using the discrete LBB condition. In Chapter 4, we have established optimal order
of estimates with respect to broken H! and L?-norm for both symmetric and unsymmetric
cases with v = O(h). We have also analyzed the Nitsche’s mortaring element method for
parabolic initial-boundary value problems using semidiscrete and fully discrete schemes.
Using the elliptic projection, with v = O(h), we have derived optimal order of estimates
for both semidiscrete and fully discrete cases. Numerical experiments are conducted for

support our theoretical results.
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Chapter 1

Introduction

1.1 Motivation

Domain decomposition methods provide a powerful technique for approximating solutions
of partial differential equations (PDEs). The basic idea behind this method is to split the
computational domain into smaller subdomains with or without overlap and then apply
numerical techniques such as finite difference, finite volume or finite element schemes for
approximately solving the underlying PDE on the subdomains independently. For extensive
literature in this area, we refer to the proceedings of conferences on domain decomposition
methods [27, 49, 59, 63]. In most of these numerical methods, a global mesh is initially
constructed on the whole domain and then the meshes are subdivided into individual sub-
domains preserving the alignment of the nodes on the interior subdomain interfaces. Now
a natural question that arises is whether we can discretize the subdomains independently,
that is, whether we can allow incompatible grids on the interior subdomain interfaces. If
this is possible, it allows us to change grids locally in one subdomain without changing
the grids in other subdomains and this feature is quite useful in adaptive methods. As
we have already pointed out, the approach of discretizing the subdomains independently
may lead to nonmatching grids across the interfaces between adjacent subdomains. Fur-
thermore, it requires transmission conditions to ensure the weak continuity of the traces
on the subdomain interfaces. Now the major problem is “how to achieve the continuity of
the traces of the solution of the PDE across the interfaces of the subdomains’. In order
to achieve continuity, mainly the following two different approaches have been proposed in

the literature:
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e direct procedure: the mortar element method by Bernardi, Maday, and Patera [23,
24], Belgacem [16] and Le Tallec and Sassi [84] with a suitable operator ensuring an

optimal transmission condition across the adjacent subdomains.

e stabilized multiplier methods, or mesh-dependent penalty methods [12, 13, 15, 46, 82]
to improve the stability of the method without compromising the consistency with

the original problem.

So far, there is a great deal of literature devoted to mortar element methods for elliptic
problems [16, 18, 23, 24, 89, 94], but there are only a few papers available for the mortar
element method applied to parabolic problems. In this dissertation, we discuss mortar finite
element methods with and without Lagrange multipliers and stabilized multiplier methods
for parabolic initial and boundary value problems. Moreover, we have analyzed stabilized
mortar element methods for both elliptic and parabolic problems and have derived optimal

error estimates.

1.2 Preliminaries

In this section, we discuss standard Sobolev spaces with some properties which are used
in the sequel. Moreover, we appeal to some results which will be useful in our subsequent
chapters.
Let IR denote the set of all real numbers and IN, the set of non-negative integers. Define
a multi-valued index o = (ay, s, ..., ), o € NUO, and |o| = oy + g + ... + ag. Let Q
denote an open bounded subset of IR* with boundary 02 [36]. Set
olal

D* =
03610‘1 0x2°‘2 .. .al’dad

For 1 <p < o0, let LP(Q2) denote the space of real-valued measurable functions v on € for

which [, [v(z)[’dz < oo, associated with the norm

1/p
ol = ( / |v<x>|pdx) |
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In addition, let L>(2) denote the space of real-valued measurable functions which are

essential bounded in €, associated with the norm

[0]] oo (0 = esssup [v(z)].
e

We denote the inner product and norm on L?*() as (+,-) and || - || respectively, i.e.,

(v,w) = /Qv(x)w(x)dac and o] == (v,v)2.

Denote the set of all r times continuously differentiable functions in €2 as C" and the set
of all infinitely differentiable functions in 2 as C*°.

For a non-negative integer ‘s’ and 1 < p < 0o, the Sobolev space W*P(Q)) is defined as
WeP(Q) = {v e LP(Q): D € LP(Q2), for all |a| < s},

where the derivatives are in the sense of distributions, and is equipped with the usual norm

1/p

E— / D*op de

|o|<s

Sometimes, we also use the following seminorm on W*?(2)

‘U|Wsp(Q Z/|Dav|p dl’

lal=

1/p

In particular, when p = 2, we denote W*%(Q) = H*(Q).
Let
Hy(Q) = {ve H(Q): v|so = 0}.
Note that v),, in the definition of H} () should be understood in the sense of trace, see

[4, 5]. For a given Banach space Y with norm || - ||y, the space H*(0,7;Y") consists of all

measurable functions v: (0,7") — Y such that

0] v

dt<oo
Y

and is equipped with the norm

Hs(0,T;Y) (

O
ot

0]

)”.
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In particular, s = 0 corresponds to the space L*(0,T;Y).
L>(0,T;Y) consists of all measurable functions v: (0,7) — Y with

ess sup |jv(t)]ly < oo
0<t<T

and is equipped with the norm
HU”Loo(o,T;Y) =ess sup [[v(t)]y.
0<t<T

The space H'/2(99) be the range of H'(Q) by the trace operator [52]. Note that H'/2(9Q)

is equipped with the norm

= inf v )
Hg||H1/2(aQ) veH ()0, =0 | ||H1(Q)

We denote by H~1/2(9Q), the dual space of H'/2(99) and equip it with the norm

| < @, 1 >0 |
||90”H*1/2(8Q) = sup T
REH/2(8R), 10 ||M||H1/2(aﬂ)

where < -,- >5q denotes the duality pairing between H~Y/2(0Q2) and H'Y2(0€). With
~ C 9, let § be an extension of v € H'/2(y) by zero to all of 9Q. Then we set Hay*(7), a
subspace of H'/?(y) as

Hep*(v) = {v € HYV?(7): 5 € HY*(0Q)}.

The norm in H%Q(v) is defined by:

= inf v :
103260 = ey, =102

Note that H&éQ(v) is strictly contained in H'/2(v) and also continuously embedded in
H'Y2(v), see [44, 60]. Let H&)I/Q(v) be the dual space of HééQ(v). Let < -, >qg,1/2 denote
the duality pairing between H&)l/ *(y) and Héf('y) and let the norm in H&)l/ *(v) be defined
by

| <@, 1t >00,1/2 |

lell =172,y = sup
o) pEHN? ()10 H’u”HSéQ(V)
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Note that Héf('y) can be characterized as the interpolation space [60] in between H}(v)
and L?(v) with index 3, i,

Hol*(v) = [Hy (7). () o

while
H'Y?(7) = [H' (), L*(V)], o

Moreover, let s; < sy and s = 6s; + (1 — 6)sy, 6 € (0,1), then for v € H*(y) the following

interpolation inequality holds:

11l < 101

Hs(y H*1(9) HU| HSz ()

Theorem 1.2.1 (Poincaré Inequality)[36]. Let Q be a bounded open set in R®. Then

there exists a positive constant C' depending on €2 such that
I0ll2@) < Clulgey Vv € Hy().

Theorem 1.2.2 (Trace Theorem)[52]. Let Q be a bounded open set in R® of class C"+
with boundary OS). Then there exists a surjective map v = (Yo, Y1, -+ Vr—1)

r—1
v H'(Q) — [[H 7 *(09)

J=0

_ 311 ar—l
such that, for v € C*(Q), 10(v) = V)0, N1(v) = %‘8(2,' oy and oy (v) = W(Uﬂan;

where m is the unit exterior normal to the boundary OS).

Theorem 1.2.3 (Holder Inequality)[4]. Let 1 < p < oo and 1/p+ 1/p" = 1. If
v e LP(Q), we LP(Q), then vw € LY(Q) and

/ o()w(@)] dz < 1o ey ]l @) (12.1)

Theorem 1.2.4 (Young’s Inequality)[54]. Let a and b be two positive real numbers,
then the following inequality holds for all € > 0:

1
< 2.
ab 2a—|—26 (1.2.2)
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Theorem 1.2.5 (Hardy’s Inequality)[47]. Ifp > 1, f(x) >0, and F(x / f(t)

Then,
[ (D) ar < (2 [wpa 2

p
unless f = 0. The constant (1%) 15 the best possible.

Theorem 1.2.6 (Gronwall Inequality)[70, Lemma 1.4.1],[68]. Assume that the func-
tions C(t) > 0 and F(t) are absolutely integrable, and the integrable function y(t) > 0
satisfies the integral inequality for t > 0

/C s) ds+ F(t),

L /0 OV F(r)enp ( /O tC(s)ds) dr.

then

Theorem 1.2.7 (Discrete Gronwall Inequality)[70, Lemma 1.4.2],[68]. If w, >
0, fn =0, yp =0 and

n—1

Un < fn + ijyj,for n=0,1,2,.., then for any N > 1,
=0

—_

n—1 N—
ynﬁfn—l-zexp( wj) wnfm
j=n+1

N-1
n < exrp w; | max
0<n<N

=0

and
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Theorem 1.2.8 (Lax-Milgram lemma)[36]. Let V be a Hilbert space, a(-,-): V xV —
R be a continuous V -elliptic bilinear form, and let f: V — IR be a continuous linear form.

Then the abstract variational problem: Find an element u € V' such that
a(u,v) = f(v) VoelV, (1.2.4)

has one and only one solution.
From time to time, we shall use ¢ and C as generic positive constants which do not

depend on the discretizing parameters.

1.3 Mortar Finite Element Method

In this section, we briefly describe mortar finite element methods [23, 24, 16, 17] in the
context of second order elliptic boundary value problems.
Consider the following second order model problem with homogeneous Dirichlet condi-

tion: Find w such that

—V - (a(z)Vu) = f(z) in Q, (1.3.1)
u = 0 on 09, (1.3.2)

where Q is a bounded convex polygon in IR? with Lipschitz continuous boundary 052,
V = (a%l, 8%2), and f € L?(Q) is a given function. Assume that the coefficient a(x) is
smooth and satisfies 0 < o < a(x) < ay, for some positive constants ag and oy, and for
all z € Q. The problem (1.3.1)-(1.3.2) has unique solution u in H?(£2) by [55].

Mortar finite element methods deal with the decomposition of the domain 2 into K

nonoverlapping convex subdomains €2;, 1 <[ < K such that

K
a=Jo
=1
Without loss of generality, we assume that each €); is a convex polygon. Let 9€; N 9Q; =
vij, 1 < 4,7 < K, and n;; be the unit normal oriented from §2; towards 2; such that

ni; = —nj; (See Figure 1.1 (a)). Geometrically, there are two versions of mortar methods;

geometrically conforming and geometrically non-conforming methods. Here, we discuss the
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geometrically conforming version of the mortar method, i.e., the intersection of Q; and
for i # j is either the empty set, a common edge, or a common vertex; see Figure 1.1 (a).
If it fails to satisfy the above condition then, the mortar method is said to be geometrically

non-conforming, see Figure 1.1 (b).

Siy | M M)
1971 ., Qo Qg
N2l = —N12 n12 d1(1)
5 o
2(1) 1) )
3(2) O 2(2)
Ya(3) V3(2) "2(3)
Q3 Q4 Q3
da(3) Ya(4) V3(3)
(a) Geometrically conforming (b) Geometrically non-conforming

Figure 1.1: Two different versions of mortar methods

Let
Hp(y) ={ve H'(): U‘OQZOGQ =0}.

Now, define
X ={veL*N): v € Hy(XY),V1 <I< K},
which is equipped with the norm and seminorm
K 1/2 K 1/2
o]l x = (Z HU||2H1(QZ)> and |vyx = (Z HVU”2L2(QI)> :
=1 =1
respectively.

The weak formulation corresponding to (1.3.1)-(1.3.2) is to find u € H{ () such that

a(u,v) = l(v) Yo € Hy(9), (1.3.3)
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where

and
K
l(v) = Z fu dz.
1=1 /¢

Here, u; and v; are the restrictions of u and v, respectively, to §2;. From the properties of
the coefficient a(-), it is easy to show that the bilinear form a(-,-) satisfies the following

boundedness property: for v and w in X,
la(v,w)] < Blv]x|w|x < Bllv|x|wllx. (1.3.4)

Now, we are in a position to discuss the mortar finite element method to approximate
the solution of (1.3.3). In each subdomain §2;, associate a triangulation 75(€Y;) consisting
of triangles of different mesh sizes hy, i.e.,

Q= U T.
TET; ()
The discretization parameter is defined by h = max;<j<x{h}, where hy = maxyer, ) hr
and hy = sup, 7 d(x,y) where d(z,y) is the distance between any two points z and y in
T. Assume that the family of triangulations associated with each €2; is regular in the sense

that for all T' € 7,(§)

for some positive constant C'; where pr is the diameter of largest ball contained in 7.
The mortar element method first deals with a skeleton of the decomposition, i.e., the

union of all edges (interfaces)

I = Jou\o (1.3.6)

=1
and consists of choosing one of the decompositions of I' that is made up of disjoint open
segments (that are edges of subdomains) denoted by 7,,, 1 < m < mg as mortars, i.e.,

T={JAm mnu=0ifm#L

m=1
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Let v, denote an edge of €; that is a mortar (master) and let d,,(;) denote an edge of
€2; that occupies physically the same place, called as nonmortar (slave). Note that on each
mortar edge 7y,;), there is a natural triangulation which is generated by the triangula-
tion 7,(€);). Similarly, there is also a partition on each non-mortar edge d,,(;) due to the
triangulation 7,(€2;).

Once a triangulation 75(§2;) is chosen over each €2, the finite element subspaces in the
subdomains and the interfaces can be defined. While it is possible to choose locally the
finite element method that is best suited to the local properties of the solution, for the
present problem, we assume conforming linear finite elements defined on each triangulation

Tn(),1 <1 < K that is, to introduce
Xh(Ql) = {Ul,h c OO(QZ)Z Ul,h\T € Pl(T) VT e %(Ql), ,Ul’h|asmaﬂl = O},

where P;(T) is the set of all linear polynomials over the triangle 7" in 7,(£2;). The global
finite element approximation space X (2) consists of square integrable functions whose

restriction over each €; belongs to X,(€Y), that is,
Xh(Q) = {Uh S Lz(Q) Uh‘ﬂl c Xh(Ql) Vi<i< K}

For notational purpose, we write X} in place of X,(€2). In general, a function v, € X}, is
typically discontinuous across the common interfaces of the subdomains.

Let v;; = Q; N, and Wi (v;;) be the restriction of Xj,(€;) to ;. Since the triangulations
on two adjacent subdomains are independent, the interface ;; = Vi) = Om(;) is provided
with two different and independent (1D) triangulations and two different spaces W (v,,,;))
and W (8,,¢;)). Additionally, define an auxiliary test space M" (8,,(;)) which is a subspace
of the nonmortar space W"(,,;)) such that its functions are constants on the elements

which intersect the ends of d,,(;), see Figure 1.2.

... 4

Figure 1.2: Basis functions over a non-mortar
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XXX

Figure 1.3: Basis functions over a mortar

The dimension of M" (6,,(;)) is equal to dimension of W"(8,,(;) minus two. In order
to achieve the continuity across the common interfaces of subdomains, in the non-mortar

side, we impose the following matching condition on each element v, € X, as

V(Sm(j) C F,/ (Uz‘,h — Ujvh)\ém(j)wdT =0 V@ZJ € W ((5m(j)), (1.3.7)

Om(j)
where v;; and v;; in the integral are, respectively, the traces of v, onto the common
interface vy and 6, of ©; and Q;. The integral condition (1.3.7) is well known as the
mortar condition in literature, see [23]. Thus, we define a discrete space V}, as

Vi, = {Uh € Xh(Q) Vém(j) C F7 / (Uz’,h — Uj7h)|6m(j)¢d7— =0,

Om(s)

V) € M" (8,05))}. (1.3.8)

From (1.3.7), it follows that the interior nodes of the non-mortar sides are not associated
with genuine degrees of freedom in the finite element space V},. For notational conve-
nience, we denote the non-mortar side d,,(;) by . Since Vj, is not a subspace of Hg(Q), a
consistency error appears in the error estimate, see (1.3.42).

The mortar finite element formulation for the problem (1.3.3) is to seek w;, € V}, such

that
a(uh,vh) = l(’Uh) Y o, €V, (139)

where

and
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Here, v;;, and wy, are, respectively, the restrictions of v;, and wy, to €2;. We now recall the
following version of Poincaré inequality on broken Sobolev spaces which will be used in our

subsequent analysis.

Lemma 1.3.1 (Generalized Poincaré Inequality)[23] There exists a positive constant

¢ such that for vy, € Vj, the following relation holds true:

K K
2 2
;HWmﬂmmogc;£Wmﬁwm» (1.3.10)

Using Poincaré inequality for elements in V}, see [23, Proposition A.3, Page 45|, we note
that the seminorm | - |x is indeed a norm on Vj, which is equivalent to | - || norm. From
the properties of the coefficient a and Lemma 1.3.1, the Vj,-ellipticity of the bilinear form

a(-,-) follows, i.e. for v, in Vj,
a(vp,vp) > ao\vh@( > a|]vh||_2x, (1.3.11)

where « depends on ag and the constant in the generalized Poincaré inequality. Therefore,
the wellposedness of the problem (1.3.9) follows.

We now recall the following results for our future use. Let I}, be the Lagrange interpo-
lation operator defined on X,(€2;) for 1 < i < K. Then the following estimate [36] holds

true. For any o > 1,
Vae HY(),  lu— Il < O fullgea, (13.12)

Also we have the following approximation properties for I, for 1 <i < K on the edge of

triangles in €2; (see Page 57 of [29]).

Lemma 1.3.2 Let uj,, € H2(Ql), 1 <1 < K, then there exists positive constant C inde-

pendent of discretization parameter, such that

3/2 . .
(= Tnw)loy | 2y, < ChY[[ull gy for L =i or j. (1.3.13)

Now we define the mortar projection which is one of the most important features in the
mortar element method. Assume that the triangulation on ~;; induced either from the

mortar side (say from €;) or from the nonmortar side (say from €2;) is quasiuniform in the
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sense that each segment e from the triangulation 7,(7;;) over ;; satisfies the following rela-
tion: For all e, e’ € Tj,(7;;), there exists a positive constant ¢ independent of discretization

parameters h, and h., such that
he < chy. (1.3.14)
Now, we define the mortar projection operator

I, L2 (i) — Whi(35) N H&(PWM)

/ (o —Tpp) dr =0 Vi € M (0y(5)). (1.3.15)

Vij

Stability of II;, has been shown in [16, 23, 24] for the two dimensional case. Stability
for the three dimensional case is discussed in Belgacem, Maday [17], and Braess, Dahmen
[30]. In the following lemma, we recall from [16, p.181] the stability of II,,. For a quick
exposure, we provide a proof. For a proof of the stability result, we need the following

inverse inequality [36, Page 140]:

Lemma 1.3.3 Let the family of triangulation over the finite element space be quasiuniform
(1.3.14), then with I,m > 0 and 1 < r,q < oo, there exists a constant such that, for all
Yn € Wh(r);

(hg)t/atir
|Pnlymage) < CW|%|W1,T(E). (1.3.16)

Lemma 1.3.4 The projection operator 11, is L?-stable, i.e.,

0ol 2y < Cliellpag,,) Vo € L2 () (1.3.17)

Moreover, when ¢ € Héf (45)

ol vz, y < Cllill g, - (1.3.18)
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Further, the following estimate holds for any s(1/2 < s < 2) and for ¢ € HS('yij)ﬂHééQ(%j):

s—1/2
lo = Wallgazzs,y < Chi 210l ey (13.19)

Proof. We prove the result (1.3.18) for the reference interval v;; = (—1,1). The tri-
angulation 7p(7;;) associated with v;; is assumed to be quasiuniform. Let (y;);*, form a

quasiuniform partition of v;;, i.e.,

ne—1 ng—1
Vij = U (Yo, Yr41) = U e (1.3.20)
1=0 1=0

with yo = —1 and y,, = 1.
Let D(v;;) be the class of infinitely differentiable functions with compact support on
vij- For ¢ € D(v;5), we define the function 1 as below

L+
= L, 1.3.21
¢‘60 1+y hzgo|eo ( )
e, = Hnel, VI<I<n,—2 (1.3.22)
1_ynk—1
Vewrr = 10 =, Onele, - (1.3.23)

The function ¢ is continuous on 7;; and piecewise linear in each interval except in the first
and last intervals ey and ey, _;, where it is a constant, so that v is in M ha (7ij)- Now from

(1.3.15), we find that

/ Iy, 9 dy =/ @y dy. (1.3.24)
Vij Yij
Using the definition of v, (1.3.21)-(1.3.23), we write
1 + y ?”Lk—2
/ My, 000 dy = / (M) ——dy + Y /(Hhiso)zdy
Vig €0 I+y =1 "
21 - ynk—l
+ (M, p)*———dy. (1.3.25)
€nyp—1 1 - y
1 1—vy,, _
Note that, i > 1 over eq and 2 Yt > 1 over ey, 1. Therefore, we find that
1+y 11—y
ne—1
[ Mgw o) = Y [ @y = el (1.3.26)
Yij =0 Y€
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On the other hand from (1.3.24) and the definition of ¢, (1.3.21)-(1.3.23), we derive

?”Lk2

/HWW@=/¥M@==/whw——@HEZ/thy
Yij Yij €
1 —yn
+1/' @th%—TgJLidy. (1.3.27)
e y
Apply Cauchy Schwarz inequality to obtain
Up, e
Mt dy) < A +y)llell e |77
/%'j 1+ YllL2(eo)
?”Lk—2
+ Z ||90HL2(el)||Hhi<P||L2(el)
=1
Hhi@
= )l 72 (1.3.28)
Yllzzen,—1)
An application of Hardy’s inequality (Lemma 1.2.5) yields
d
HhiWP dy < (1 + yl)H(tDHL?(eo) d_thSO
ij Y L2 (eo)
ng—2
S I 2 e ) P
1=1
d
(1 = yn-)1@ll2e,, || 7 Hae (1.3.29)
k L2( ny, 1) dy Lz(enk—l)

Use the inverse inequality (1.3.16) for the first interval ey and the last interval e,, 1 to

obtain
/ Hm‘ﬂlb dy < C(l + yl)(l + y1>_1HSOHLQ(GO)||Hhi(p||L2(eo)
Yij
?”Lk—2
+ > 1l g2 1T 2l 2 e
=1

0= )1 = Yet) el 1Mol (1:3.30)

and hence, we find that

ng—1

< C Z ||90HL2(el)||Hhi90||L2(el)

Tl 2y, )- (1.3.31)

/ I, 00 dy
0t

ij

< Cllel 2y
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From (1.3.26), (1.3.31) and the fact that D(v,;) is dense in L?(7;;), we derive the following
L?-stability of ITj,:

||Hhi90||L2(«,i]-) < O”SOHB(«,U)- (1.3.32)

For Hj-stability of IIj,, apply the inverse inequality (1.3.16) and (1.3.31) to obtain for
¥ € Hy(vig),

HHhiSOHHl(%j) < Cllg— HhiSOHHl(%j) + ||90||H1(%~j)

IA

~1
0 (mx lel) e = Mgl + el

0<I<ny,—

< Cllelag,,): (1.3.33)

The Héf—stability of IIj,, that is, (1.3.18) can be establish by interpolating (1.3.32) and
(1.3.33). For the estimate (1.3.19), we now proceed in the following way: For all ¢ €

s 2
H(7i5) N Hob? (7i5),

le = Mnell e,y < C inf le = xll gz s,
oo (1) XEW i (i HI (i) oo™ )
s—1/2
< ChY|lgl H5 (i) (1.3.34)
Hence the lemma follows, and this completes the rest of the proof. [ |

Below, we define a lifting operator Ry, for the traces of the finite element functions on
7i; and discuss its properties. The existence and stability of such an operator is discussed

in [26, Lemma 5.1].

Lemma 1.3.5 There exists a lifting operator Ry, from Wi (v, ) VHE (vi5) into X, (%) such
that, for any ¢ € Whi(~v;;) N HE (vij), Rn,p is equal to ¢ on vy, vanishes over each side of
Q) except v;; and satisfies

||Rh190||H1(QZ) < CHSOHH%Q(%]-)' (1335)

Following [23], define the operator @}, as

K
Quo=1Iw+> > n’, (1.3.36)

=1 Vij cr
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where the function Iv equals I5,v on each €, 1 <[ < K and rﬁl’j is equal to zero, if ;; is
a mortar edge otherwise it equals Ry, (I, (¢ — Ihz“)le) on ) in case of v;; is a nonmortar
edge. Here, the mortar function ¢ is equal to the trace of I;,v on the mortar side.

The central issue is how to find a good approximation Qv € V} such that it satisfies the

desired approximation properties. Here, we state and prove the result from [23, p 43].

% < o < 2, there exists a positive constant C,

independent of hy, such that for any function v € H}(Q) with Vg, € He ()

Lemma 1.3.6 For any real number o,

K
o—1
v — Quolly < C; A TS [ (1.3.37)
Proof. From the definition (1.3.36) of @5, we note that

L
lv = Qnvllmay = llv—=Invllaqy + 17 lme,)

= o= Dol + 1B (0 = o)l g (1338)

Since the estimate for [|v — I4v]| 1 q,) is known from (1.3.12), it is enough to find an estimate
for the second term.
For the second term on the right hand side of (1.3.38), use the property (1.3.35) of

lifting operator Ry, to arrive at

(1.3.39)

1, (Thy (0 = T 0) 1 My ) < Gl (0 = Inyv)

HY( I HH%Q(W)

Note that, here v;; is a nonmortar side and ¢ matches with trace of Iv on the opposite side
i.e., on the mortar side of 7;;. Since the triangulation on -, is assumed to be quasiuniform,

we apply here the inverse inequality (1.3.16) to obtain

1R, (T, (2 = Do), ) < Chy 2|\, (¢ — Ino) (1.3.40)

H() s HLQ(WJ-)'

Now use the stability property (Lemma 1.3.4) to find

—1/2
| R, (T, (0 — Inv) Chy o = vy, ||

i ey =

-1/2
e (S TR S

(1.3.41)

L2(y )
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Since the function ¢ matches with trace of Iv on the mortar side of v;; , summing up

(1.3.38) over all 1 <1 < K, the rest of the proof follows. [ |
Error estimate
For the error estimate, thanks to Strang’s lemma so that we obtain

< s a%[[“’h]]\%é”) |

||whHX

lu—up|ly <C ( inf [|u—wvpllx + sup (1.3.42)
v EVR

wpEVR m=1

where [[v]]|,,, = (v), — |, ) denotes the jump of v across ;. For a proof of (1.3.42), add

and subtract v, € V}, on the error term ||u — wuy|| so that we obtain
e = wnl < 1w — onllx + llon — unllx. (13.43)
Now use coercivity of a(-,-) to find that

allvp, — uh||_2X < a(vy — up, vy — up)

< la(u — up, vy — up)| + [a(u — vy, vy — up)|

— ou
< C (Z/5 a%[[“h — up))ls,, dT + [|u — vn | x [lon — uhHX) :
m=1 m
(1.3.44)

Divide by ||vs, — us||x on both sides of (1.3.44) to obtain (1.3.42).

The first term of right hand side of (1.3.42) is the approzimation error and the second
term is consistency error due to the non-conformity of the method. Since the estimate of
the first term on the right hand side of (1.3.42) is known from Lemma 1.3.6, we discuss
below the consistency error term, that is, the second term on the right hand side of (1.3.42).
Consistency error

We now define an L?-orthogonal projection 7, from L?(d,,;)) into M "5 (8m(j)) as below:

Th; - L2(5m(j)) — M ((5m(j))

/ (o — ﬂ-hj(p)w dr =0 Yy € Mhi (5m(j)). (1.3.45)

Om(5)
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Note that, we can establish a result similar to Lemma 1.3.4 for the stability of 7. More

over, m,, satisfies following properties ([23, Page 37, Lemma 4.1]).

Lemma 1.3.7 For any real number s, 0 < s < 1, the following estimate holds true for any

Junction ¢ € H*(6m(j)):

—-1/2 s
1o =70y 2l 25,y + 15 N0 = Tl goiags,, ) < OGN H5 6,0 ) (1.3.46)

Now, a use of the mortar condition (1.3.7) yields

i‘): / o lmir| < i / a2~ (a22)) [willdr|. (1347
m=1 Om CI a/n' 4 - — SmCT an hj an h ) .
and hence,

mo au mo au au

Z /6mc1“ an[[wh]]d < 1;::1 Qg = T, <a%) H71/2(5m)HHwhHHHm(&’”)'

Finally, use Lemma 1.3.7 to arrive at

> [ St

m=1

Cih

< C Zhjuunmmjnmhux. (1.3.48)

IA

[ [[wn]] ||H1/2(6m)
HY2(6,)

8n

Hence, from Lemma 1.3.6, (1.3.42) and (1.3.48), we derive the following error estimates,

see also [16, 23].

Theorem 1.3.1 Let u be the solution of (1.5.3). Moreover, assume ulg, € H7(Y), 3 <

o < 2, then there exists a positive constant C, independent of h;, such that

K
o—1
lu=wunllx < C Y M7 gl o (1.3.49)

=1
By an application of the Aubin-Nitsche duality argument to the problem (1.3.9), we can

derive an optimal L2 error estimate [22]:

K
o= unll 2@y < C Db il (1.3.50)

=1
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Remark 1.3.1 The estimates here only depend upon the local reqularity of the original
solution u in each subdomain and don’t require the global reqularity of u on the whole
domain ). Therefore, with low reqularity one achieves optimal order of estimates which
is an advantage over the standard finite element method. On this basis, we can apply the
method in certain problems where singularities of the solution arise due to to the geometry of
domain. For instance, this method can be applied to the driven cavity problem, a particular
case of the Navier-Stokes equation, where there are singularities in the corners and one
needs to do refinements near the corners. Further, it is possible to apply this method to
elliptic problems with discontinuous coefficients specially if the discontinuity occurs across

the subdomain interfaces.

1.3.1 Mortar finite element method with a Lagrange multiplier

Instead of imposing the constraint (1.3.7) in the finite dimensional space X}, it is possible
to impose the weak continuity condition across the subdomain interfaces in the variational
formulation. We observe, in this section, that the Lagrange multiplier is a good approxima-
tion to the normal derivative along the interfaces of subdomains. We define the following

spaces for our use in future.
H(div;Q) = {qe€ (L*(Q)": divqec L*(Q)}
and
Hy(div; Q) = {qe€ (L*(Q)": divqe L*(Q), q-n, =0},
equipped with the norm
lall ey = (lalloq + 1| div allgg)'?,

where n is the unit outward normal along 0f2.

We define the Lagrange multiplier space M as follows:

K
M ={y e H H51/2(a§21); there exists a function q € Hy(div; Q) such that ¢, = q-n;}
I=1
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where q - n; € Hgl/ 2(891) is normal component of q and n; is the unit outward normal
along 0€;. Here, H51/2(8Ql) represents the dual space of H})/2(8Ql) while H})/2(8Ql) is the
range of H}(2) by the trace operator. The space M is equipped with the norm

= inf O
Hw”M qEHo(div;g)l: q-ny =Vl HqHH(d‘V’Q)

Also, we need the auxiliary space
~ o
M = [T Hoo*(0). (1.3.51)
m=1

equipped with the norm

mo 1/2
el = I @mll3 12,4 . (1.3.52)
00 ( m)
m=1

Setting the flux a(:v)a—u as A\, we obtain the following weak formulation of the problem
n

(1.3.1)-(1.3.2) : Find (u, A\) € X x M such that

a(u,v) +b(v,A) = I(v) VovelX, (1.3.53)
bu,p) = 0 Vue M, (1.3.54)
where
K
a(u,v) = Z/ a(x)Vu, - Vu, dx,
1=1 /%
b(U,u) - - Z < K, [[U]]|5m > m s
m=1
and

K
l(v) = Z fv dx.
1=1 /¢

Now we define the discrete space for the Lagrange multiplier over all nonmortars as follows:

M, = ﬁ M"i(8,,), (1.3.55)

m=1
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where M"i(§,,) is the subspace of W"i(4,,) with codimension two. Now, the mortar element
formulation with Lagrange multiplier corresponding to (1.3.53)-(1.3.54) is to seek (up, Ap) €
X}, X M, such that

a(uh,vh) + b(Uh, )\h) = Z(Uh) Yo, € X}, (1356)
b(uh,uh) =0 Vuh e M,,. (1357)
Note that
K
a(up,vp) = Z/ a(z)Vuy, - Vuy, dz,
1=1 7%
mo
b(on, ) = —Z/ pnl[onll),, dr,
m=1" 1mCl
and

K
l(vp) = Z fop, dx.
1=1 /%

Contrary to the standard classical mortar formulation where the constraint (1.3.57) is im-
posed in the mortar finite element space Vj,, the condition (1.3.57) is the weak continuity
constraint which appears in the formulation. Since the problem (1.3.56)-(1.3.57) is equiva-
lent to a system of linear equations with finite dimension, the existence of a pair of solution
(up, Ap) follows from the uniqueness. For uniqueness, take f = 0 in (1.3.56) and with the

help of (1.3.57) and (1.3.11), we find uj, = 0. Therefore,
b(vp, Ap) =0 Yo, € Xy,
and hence, A\, = 0 if and only if
{pn € My b(vp, pp) = 0 Yo, € X} = {0}. (1.3.58)

Moreover, note that the solution uy, of (1.3.56)-(1.3.57) is also the unique solution of (1.3.9)
[16, Page 185] and [73, Page 396]. Now, we state below without proof a theorem on error

estimate. For a proof, we refer to [16, Theorem 2.8].
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Theorem 1.3.2 Let (u,\) be the solution of the problem (1.8.53)-(1.3.54). Moreover,

3

assume ulg, € H7(SY) for any real number o, 5 < o < 2, then there exists a positive

constant C', independent of h;, such that

K
o= unll + 12 = Ml < €SB gl (1.3.59)

=1

By an application of Aubin-Nitsche duality argument, we can derive an optimal L2- error

estimate [22]:

K
= wnll sy < € D2 A Mg (1.3.60)

=1
1.4 Literature Survey

The mortar element method firstly introduced by Bernardi, Maday, and Patera [23, 24]
in 1987, which designed for solving 2" order partial differential equations with very few
restrictions on the domain and grid related to the discretization procedure. Bernardi, Ma-
day and Patera [23, 24] have discussed the standard mortar finite element method without
Lagrange multiplier and also discussed the mortar element method in the framework of spec-
tral elements. Later on Bernardi et al. [22] discussed the coupling of finite elements with
spectral elements. The original computational domain is subdivided into two subdomains;
a finite element approximation is used on the first domain and a spectral discretization is
used in the second domain. In the mortar element method, a good transmission of informa-
tion between the interfaces of adjacent subdomains is achieved by imposing the condition
that the interface jumps are orthogonal to a suitably chosen multiplier space, which is
known in literature as the mortaring condition. This method seems to be an efficient tool
in this framework due to its flexibility of choosing independent discretization parameters
in nonoverlapping subdomains. We refer to Bernardi, Maday, and Patera [23, 24], Ben Bel-
gacem [16], Ben Belgacem and Maday [17] for a general presentation of the mortar element
method applied to elliptic problems. Restoring almost all the advantages of domain de-
composition methods, the mortar finite element method has the following extra advantages

because of its nonconforming property:
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e The triangulations need not align across subdomain interfaces and thereby, inde-
pendent discretization over subdomains employ locally-conforming but globally non-

conforming method.

e Due to non-matching of grids on the inter subdomain interfaces, it is possible to
refine the mesh in one subdomain without affecting the other and this flexibility is

an attractive feature in adaptive procedure.

e It allows to couple different variational schemes such as finite element method and
spectral element method over different subdomains to take advantages of both the

methods.

In order to achieve the interface continuity weakly, two kinds of matching conditions are
discussed and compared by Bernardi et al. [22]. The natural one is the pointwise matching
condition at the subdomain interfaces and this leads to a pointwise matching of the ap-
proximating functions. In this case, there should be one globally defined mesh on the entire
domain. Moreover, the pointwise matching of the approximating functions gives rise to a
non-optimality of the approximation error of the method and hence, is not used in general.
On the other hand, the integral matching condition leads to optimal schemes and is very
much used in practice. In mortar element method, the later one is adopted. The integral
matching condition ensures that the traces of the solutions across the interfaces are made
orthogonal to a suitably chosen multiplier space. To achieve stability of the corresponding
scheme, we need to choose the multiplier space appropriately so that the discrete spaces
for the primal variable and the multiplier satisfy the inf-sup condition, also known as the
Ladyzhenskaya-Babuska-Brezzi (LBB) condition. In literature, mostly two types of multi-
plier spaces are chosen. The first one is subspaces of functions of traces of primal variables
with codimension two, for example, see, Bernardi, Maday and Patera [23, 24], and Bel-
gacem [16, 17]. The second choice is using dual spaces for the multipliers, see, Wohlmuth
[89], Lamichhane and Wohlmuth [58], and Braess, Dahmen and Wieners [29].

In the standard mortar finite element method [23], the continuity at the vertices is
considered and the variational formulation leads to a positive definite system on the con-

strained mortar space. On the other hand, in the second generation of mortar finite element
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methods by Ben Belgacem [16], the continuity is not imposed at the common vertices of
the subdomains. Belgacem analyzed the mortar element method with Lagrange multiplier
by setting under a primal hybrid formulation and generalized the previous work of Raviart
and Thomas [72]. He also emphasized the importance of Hé({Q space in the derivation of
error analysis for the mortar finite element method with Lagrange multipliers. The dis-
crete LBB condition for the discretization space for the primal variable and multipliers is
derived by choosing some appropriate spaces. While the Lagrange multiplier is used to
relax the mortaring condition on the finite element spaces, the corresponding discrete for-
mulation gives rise to an indefinite system. He also discussed the parallel implementation
complexity for the mortar element method. Subsequently, Belgacem and Maday [17], and
Braess and Dahmen [30] analyzed the mortar element method in three dimensional cases.
They discussed the stability of mortar projection operator individually in three dimensional

case. Braess and Dahmen [30] used the mesh-dependent norms in their analysis and they

discussed some properties (see, below) of the bilinear form b(-, ) used in general:
(i) I [[o]l}, € H'2(7y) and p € (H'/2(35)), then
[bCv, )| < Tl e gy il i )y (1.4.1)
Taking the advantage of the trace theorem, it is easy to prove the following estimate:

Nl < € (Il + ol ) - (1.42)

(ii) Assume the continuity at the corners of the subdomains, then [[U]]Hij € Hol({2(/7ij> and
NS (H&{Q (747))’- In this case we can not take the advantage of the trace theorem as
the estimate (1.4.2) does not hold in general. Therefore, it was suggested in [30] to

make use of the following mesh-dependent norms:

||U||1/2,h,%-j = h_l/QHUHB(%j) and ||MH—1/2,h,%~j = hl/2||/J||L2(%j)'

Then

[l dr

3

< ||U”1/2,h,'yi]- M”—l/?,h,%'j'
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Using the mesh-dependent norm, they proved the LBB condition in 3D and also discussed
the L2-error estimates.

The mortar element method using dual spaces for the Lagrange multipliers has been
studied in [29, 58, 89]. The Lagrange multiplier space is replaced by a dual space without
losing the optimality of the method. The advantage of this approach is, all the basis
functions are locally supported in a few elements. Compare to the standard mortar method
where a linear system of equations for the mortar projection must be solved; in this case
the matrix associated with mortar projection is represented by a diagonal matrix. For the
construction of such a dual basis function, we refer to [88], [89, Page 993|. Lamichhane,
Stevenson and Wohlmuth in [57] generalized the concept of dual Lagrange multiplier bases
by relaxing the condition that the trace space of the approximation space at the slave
side with zero boundary condition on the interface and the Lagrange multiplier space have
the same dimension. They provided a theoretical framework within this relaxed setting,
which was a simpler way to construct dual Lagrange multiplier bases for higher order finite
element spaces.

A residual based error estimator for the approximation of linear boundary value prob-
lems by nonconforming finite element methods which are based on Crouzeix-Raviart ele-
ments of lowest order was analyzed by Wohlmuth [90] and compared with the error esti-
mator obtained in the more general mortar situation. In [92], Wohlmuth also discussed
hierarchical a posteriori error estimators for mortar finite element methods.

Since mortar element method is nonconforming in most cases, the matrix system arising
from the finite element discretization has a large condition number and hence, the system
becomes ill-conditioned. Efforts have been made in literature for developing algorithms
to solve efficiently the corresponding algebraic systems. Achdou, Maday and Widlund
[1, 3] discussed iterative substructuring algorithms for the algebraic systems arising from
the discretization of symmetric, second-order, elliptic equations in two dimensions. Both
spectral and finite element methods, for geometrically conforming as well as nonconforming
domain decompositions, were studied. In both the cases, they obtained a polylogarithmic

bound on the condition number of the preconditioned matrix.
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Generally, the mortar approach has the disadvantage that even when the boundary
value problem is elliptic, the arising linear system is of saddle point type, usually for which
iterative methods are known to be less efficient than for symmetric positive definite sys-
tems. However, when working with dual Lagrange multiplier bases, the degrees of freedom
associated with the multiplier can be locally eliminated leading to a sparse, positive definite
system, on which, for example, efficient multigrid methods can be applied, see [91, 93]. For
the lowest order finite elements in 3D, dual Lagrange multiplier bases are constructed in
[53, 91]. A multigrid algorithm for the system of equations arising from the mortar finite
element discretization of second order elliptic boundary value problems has been developed
and analyzed by Braess et al. [29]. They have also highlighted the important role of H&F
space from the numerical analysis point of view. They have revisited the concept of mor-
tar element method by employing suitable mesh-dependent norms and verified the validity
of LBB condition. Further, they have verified the optimal multigrid efficiency based on
a smoother which is applied to the whole coupled system of equations. Later Gopalakr-
ishnan and Pasciak [42] have discussed and analyzed a multigrid technique for uniformly
preconditioning linear systems arising from a mortar finite element discretization of second
order elliptic boundary value problems. These problems are posed on domains partitioned
into subdomains, each of which is independently triangulated in a multilevel fashion. Suit-
able grid transfer operators and smoothers are developed which lead to a variable V-cycle
preconditioner resulting in a uniformly preconditioned algebraic system.

Bjorstad, Dryja and Rahman [25] have designed and analyzed two variants of the ad-
ditive Schwarz method for solving linear systems arising from the mortar finite element
discretization on nonmatching meshes of second order elliptic problems with discontinuous
coefficients. The methods are defined on non-overlapping subdomains, and they have used
special coarse spaces, resulting in algorithms that are well suited for parallel computation.
They have discussed the condition number estimate for the preconditioned systems which is
independent of the discontinuous jumps of the coefficients. Dryja et al. [39] have analyzed
a multilevel preconditioner for mortar finite element method. The analysis is carried out

within the abstract framework of the additive Schwarz methods.
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The finite element tearing and interconnecting (FETT) method is an iterative substruc-
turing method using Lagrange multipliers to enforce the continuity of the finite element
solution across the subdomain interface. Stefanica [79] has presented a numerical study
of FETTI algorithms for an elliptic self-adjoint equation discretized by mortar finite ele-
ments. Several preconditioners which have been successful for the case of conforming finite
elements are considered and experiments are carried out for both two and three dimen-
sional problems. He has also included a study of the relative costs of applying different
preconditioners for the mortar elements.

The hp version of mortar finite element methods for elliptic problems has been studied
by Padmanabhan and Suri [75, 76]. They have discussed and analyzed uniform convergence
results for the mortar finite element method in case of h, p and hp discretizations over
general meshes and derived optimal rates of convergence even for highly nonquasiuniform
meshes over the subdomains. They established optimality for the non-quasiuniform A
discretizations that include, among others, radical and geometric meshes needed for the
treatment of the singularities. Also for p version, where the degree p is allowed to increase,
while the mesh is kept fixed is shown to be optimal up to O(p*/*) and the hp version over
geometric meshes, which leads to exponential convergence.

Mixed finite element methods for second order elliptic equations on nonmatching multi-
block grids are discussed and analyzed by Arbogast, Cowsar, Wheeler and Yotov [6]. A
mortar finite element space is introduced on the nonmatching interfaces for approximating
the trace of the solution. A standard mixed finite element method is used within each
block. Optimal order of convergence is obtained for the solution and its flux. Moreover,
at certain discrete points, superconvergence is obtained for the solution and also for the
flux in certain cases. Recently, mortar finite element discretization for the flow in a nonho-
mogeneous porous medium is discussed and analyzed by Bernardi, Hecht and Mghazli in
[21].

Because of the nonconformity and flexible nature of mortar element method, it turns
out to be well adapted to handle mesh adaptivity in finite elements. Mesh adaptivity in
the mortar finite element method has been studied by Bernardi and Hecht [20]. In [19],

they extended the numerical analysis of residual error indicators to mesh adaptive methods
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for a model problem.

Marcinkowski [65] discussed domain decomposition methods for mortar finite element
discretizations of the plate problem. A mortar finite element method for the fourth order
problems in two dimensions with Lagrange multipliers can be found in [64].

In [35] and [94], the authors have applied a finite difference scheme to discretize the
parabolic equation in temporal direction to obtain an elliptic equation at each time step,
and then mortar finite element method is used to discretize the resulting elliptic equa-
tion in spatial direction. In [78], domain decomposition methods for the mortar mixed
finite element method have been applied to parabolic problems in the framework of split-
ting method. The approach adopted in [78] makes use of the parabolic structure and a
non-iterative scheme is proposed to solve the problem once in each subdomain via an op-
erator splitting. An a posteriori error estimate for the mortar finite element method for
parabolic problems has been developed in [18]. In particular, the authors have studied the
residual spatial error indicators at each time step using mortar elements to discretize in
spatial direction. A multigrid method for mortar finite element method has been applied
to parabolic problems in [94]. The error analysis is developed essentially in the framework
of elliptic problems. Note that the cumulative effect of the time discretization is missing
in their analysis. In this thesis, we discussed and analyzed a standard mortar finite ele-
ment method and a mortar element method with Lagrange multiplier which is used for the
spatial discretization. We derive optimal error estimates in L°°(L?) and L*®(H')-norms
for the semidiscrete methods for both the cases. A mixed finite element discretization on
nonmatching multiblock grids for a degenerate parabolic equation arising in porous media
flow is discussed by Yotov [95].

We have seen that a basic requirement for the mortar element method is to construct
multiplier spaces which satisfy certain criteria known as the inf-sup properties for the
scheme to be stable. Many natural and convenient choices of these spaces are ruled out as
these spaces do not satisfy the inf-sup condition. In order to alleviate this problem, stabi-
lized multiplier techniques or Nitsche’s method [82] is used. This was originally introduced
for solving non-homogeneous Dirichlet problems without enforcing the boundary condition

on the finite element spaces [10, 11, 67]. In this method, the original bilinear forms of
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the problem are modified by adding suitable stabilized terms in order to improve stability
without compromising on the consistency of the method. We refer to [9, 12, 13, 14] for the
various penalty methods applied to elliptic problems and discuss how to circumvent the
inf-sup condition in order to achieve the consistency and stability of the methods.

In [15, 46, 48, 82|, the various possible Nitsche’s mortaring methods have been intro-
duced and analyzed for elliptic problems. In [82], Stenberg pointed out the close connec-
tion between Nitsche’s method and stabilized methods and called it as mortaring Nitsche
method. Becker, Hansbo and Stenberg [15] extended the previous work and discussed in
more details the analysis of this technique where independent discretizations were used in
different subdomains. The continuity of the solution along the common interface is imposed
without disturbing the consistency of the resulting scheme with the original problem.

The drawback of most of the stabilized methods is that they use the jump in the
primal variables as one of stabilized term across the subdomain interfaces. This means
that piecewise polynomials on unrelated, unstructured meshes have to be integrated which
is quite expensive to implement, especially in three or higher dimensions. To mitigate this
problem, Hansbo et al. [46] proposed a stabilization method which avoids the cumbersome
integration of products of unrelated mesh functions. While Hansbo et al. discussed H!-
estimate for the elliptic problem, optimal L?-estimate was missing in their analysis. In
Chapter 4, we have proposed and established the error estimates for a stabilized Nitsche
mortar formulation which is consistent with the original problem. We obtain optimal order
estimates in both L2?- and H'-norms for the stabilized Nitsche’s mortaring method for

second order elliptic and parabolic problems.

1.5 Outline of the Thesis

The organization of the thesis is as follows. Chapter 1 is introductory in nature. After
recalling some inequalities and results, we have briefly described the mortar finite element
methods with and without Lagrange multipliers for the second order elliptic problems.
Further, we have discussed a literature survey for the mortar finite element method.

In Chapter 2, an effort has been made to apply mortar element methods with and
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without Lagrange multipliers for the parabolic initial and boundary value problems. We
have discussed mortar finite element methods for the second order parabolic problems.
A standard mortar finite element method and a mortar element method with Lagrange
multiplier are used for the spatial discretization. Optimal error estimates in L*°(L?) and
L>(H')-norms for semidiscrete methods for both the cases are established. The key feature
that we have adopted here is to introduce a modified elliptic projection. In the standard
mortar element method, a completely discrete scheme using backward Euler scheme is
discussed and optimal error estimates are derived. Finally, numerical experiments that
support the theoretical results are obtained.

In order to alleviate the LBB condition, in Chapter 3, we have proposed a Nitsche’s
mortaring element method for the elliptic and parabolic problems. We added a stabilized
term which contains € as a parameter which helped us to show the existence and unique-
ness of the resulting discrete scheme without using the discrete LBB condition. We have
obtained a priori error estimates. Since, this proposed scheme is not consistent, we have
obtained only sub-optimal L? and H'-error estimates.

In Chapter 4, we have proposed and analyzed stabilized Nitsche mortar formulation
which is consistent. Under a mild assumption on the penalty parameter, the method is
shown to be stable. Further, we derive a priori error estimates for the Nitsche’s mortaring
method applied to a second-order parabolic problems with discontinuous coefficients in a
polygonal region ) with Lipschitz boundary. Moreover, we have analyzed the error esti-
mates in both L?- and H'-norms for the Nitsche’s mortaring method for both semidiscrete
and completely discrete schemes.

Finally, in Chapter 5, we have summarized the results obtained and have done a critical
assessment of the work. Further, we have discussed the possible extensions of the results
derived in this thesis. Also we have discussed the future work in the direction of mortar

finite element method applied to nonlinear problems.



Chapter 2

Mortar Finite Element Methods with

and without Lagrange multipliers

2.1 Introduction

In this chapter, a standard mortar finite element method and a mortar element method
with Lagrange multipliers are applied for the spatial discretization of the following class of

parabolic initial-boundary value problems:

u— V- (a(z)Vu) = f(z,t) in Qx(0,7], (2.1.1)
u(z,t) = 0 on 00 x (0,7, (2.1.2)
u(0) = wup(zr) in Q, (2.1.3)

where Q is a bounded domain in IR? with Lipschitz continuous boundary 02, T is the fixed
final time, u; = %, V = (8%1’ 8%2), and f € L*(), ug are given functions. Assume that
the coefficient a(z) is smooth and satisfies 0 < ap < a(z) < a4, for some positive constants
ap and a; and for all z € Q. For ug(x) to be in L?(Q), the problem (2.1.1)-(2.1.3) has
unique solution in H?(Q2) by [56].

The related work for the parabolic initial-boundary value problem (2.1.1)-(2.1.3) can
be found in [18, 35, 78, 94]. In [35] and [94], finite difference scheme is applied to discretize
the parabolic equation in temporal direction to obtain an elliptic equation at each time

step, and then mortar finite element method is used to discretize the resulting elliptic

equation in spatial direction. In [94], a multigrid method for mortar finite element method

32
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has been applied to parabolic problems. In [78], mortar mixed finite element method have
been analyzed for parabolic problems and a non-iterative scheme is proposed to solve the
problem once in each subdomain via an operator splitting. In [18], the authors have studied
the residual spatial error indicators at each time step using mortar elements to discretize
in spatial direction.

In this chapter, we establish optimal error estimates in L>(L?) and L>(H"')-norms for
the semidiscrete scheme for mortar element methods with and without Lagrange multipli-
ers. The key feature that we have adopted here is the introduction of a modified elliptic
projection. Using backward Euler method, a completely discrete scheme is analyzed for
the standard mortar finite element method and error estimates are derived.

A brief outline of this chapter is as follows. In Section 2, we define the problem and
discuss the mortar finite element discretization. In Section 3, some approximation proper-
ties are stated and an auxiliary projection which is used in the subsequent error analysis
is defined. In Section 4, error estimates for both semidiscrete and fully discrete schemes
are developed. In Section 5, the mortar finite element method with a Lagrange multiplier
is discussed. Finally in Section 6, the results of some numerical experiments that support

our theoretical results are presented.

2.2 A Mortar finite element method

The main objective in this section is to provide an approximation to the solution of (2.1.1)-
(2.1.3). The starting point of this method is to use a natural decomposition of the domain
(Y into K nonoverlapping convex subdomains €2;, 1 <[ < K. Denote 0; N0Q; = 7,5, 1 <
1,7 < K. Let n;; be the unit normal oriented from §2; towards €2, so that n;; = —n;;. Here,
we discuss the geometrically conforming version of the mortar method, i.e., the intersection

of €; and Qj for i # j is either empty set, a common edge or a common vertex. Let
H%)(Ql) ={v € Hl(Ql)1 U‘anmag = 0}.

Now, define
X ={veL*N): v € Hp(Y) V1 <1< K},
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which is equipped with a norm and seminorm

X 1/2 X 1/2
lvllx = (Z HU||2H1(QZ)> and |v[y = <Z HVU”2L2(QI)) ,
=1

=1
respectively.

The weak formulation corresponding to (2.1.1)-(2.1.3) is to find u : [0,T] — H}(Q)
such that

(u,v) + a(u,v) = I(v) Vv € Hy (%), (2.2.1)
w(©0) = uo. (2.2.2)

Here, (-,-) denotes the inner product in L*(2),

K
a(u,v) = Z/Qa(x)Vul-Vvl dx,
=1 7/

and

K
l(v) = ;/Qlfvdx,

where u; and v; are restrictions of u and v, respectively, to §;. From the properties of
the coefficient a, it is easy to show that the bilinear form a(-,-) satisfies the following

boundedness property: for v and w in X,
a(v,w)] < onfvlx jwlx < aifjv]lx [Jw]x, (2.2.3)
Now, we recall from Chapter 1, that the discrete space V), is defined as

Vi, = {Uh € Xh(Q) Vémm C F, / (Uz’,h — ,Ujvh)|6 (_)¢dT =0,
5 m(j

m(j)

Vi € M" (8ms))}-

For notational convenience, we denote the non-mortar side d,,,(;) by 0,.
The mortar finite element formulation for the problem (2.2.1)-(2.2.2) is to seek uy, : (0,7] —
V3, such that

(Uht, ’Uh) + G,(Uh, Uh) = Z(Uh) Yo, €V, (224)
un(0) = uop, (2.2.5)
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where v, is an approximation of ug in V}, to be defined later,

K
a(vp, wy) = Z/ a(z)Vup, - Vwy, dz,
Q

=1

and

K
l(vp) = ;/ﬂl fup dx.

Here, v;;, and w;j, are respectively, the restrictions of vy, and wy, to €2;.
Note that, Poincaré inequality holds true on the broken Sobolev spaces, which is stated

as below:

Lemma 2.2.1 (Generalized Poincaré Inequality)[23] There exists a positive constant

¢ such that for vy, € Vj, the following relation holds true:

K K
z : 2 z : 2
=1 =1

Using Poincaré inequality for elements in V}, ( Lemma 2.2.1), we note that the seminorm
| - |x is indeed a norm on Vj, which is equivalent to the | - ||, norm. From the properties
of the coefficient a, we note that the bilinear form a(-,-) satisfies the following coercive

property: for v, in V},
a(vn,vn) = aolvalk = aflonll%, (2.2.7)

where « depends on ag and the constant in the Poincaré inequality. Note that, (2.2.4)
is equivalent to a linear system of ordinary differential equations and the matrix involved
with the bilinear form is positive definite. Therefore Picard’s theorem ensures the existence

of a unique solution u,(t) € V}, for t € [0, T] of the problem (2.2.4)-(2.2.5).

2.3 A Modified Elliptic Projection

For our error analysis, we now introduce a modified elliptic projection P, from X onto V},,

which is defined as follows: For a given v € X, find P,u € V} such that
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mo
a(u — Pyu, x) — Z / aVu - n[[x]]dr =0 Vyx € V. (2.3.1)
m=1 omCI
where [[v]] = (v; —v;)|, denotes the jump of v over the common interface ~;; of €; and

]

;, with v;, v; being the restrictions of v to ; and €);, respectively. Now for a given w,
the problem (2.3.1) has a unique solution P,u € V}, as the bilinear form a(-, -) satisfies the
coercive property (2.2.7). Observe that (2.3.1) is a modification of the standard elliptic
projection used in the context of parabolic problems, see Thomeé [85]. Below, we discuss

a priori estimates for u — Pyu in broken H'-norm and L2-norm.

Lemma 2.3.1 Assume that for t € (0,T], u(t) € H}(Q) and u(t)ml,ut(t)IQ € H().
l
For any real number o, with % < o < 2, there exists a positive constant C, independent of

h;, such that

K
Ju— Prad + bl — Pl < OB o (232)
=1
Further,
K
lue = Pouel| + Pllus = Pawellx < OB lute]l o - (2.3.3)

=1

Proof. Using the definition of @, in (1.3.36), we rewrite the equation (2.3.1) as

a(Qpu — Pyu, x) = —a(u — Qpu, x) + Z /5 aVu - n[[x]ldr Vx €V,  (2.34)
m=1"mCT

Set x = Qnu — Pyu € Vj, in (2.3.4). Using the coercivity (2.2.7) and boundedness (2.2.3)

of the bilinear form a(-,-), we obtain

ol|Quu — Pyullk < a(Quu — Pyu, Quu — Pyu)

< aqllu — Quullx [|Qru — Phul|x + Z | / aVu - n[[Qru — Pyulldr|. (2.3.5)

m=1 omCT*
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Now using the mortar condition (1.3.7) and Lemma 1.3.7 with the trace inequality, we
proceed as in [23], Lemma 3.5 of [29] to obtain
mo
|

aVu - n[[Qnu — PyulldT| = Z | / (aVu-n— Ap)|[[Qru — Prulld |

omCI OomCI

m=1 m=1

YA, € M"(5,,)
< CllaVu-n = Aull -1/ {1 @nu — Prul]ll gz
K
< CZ h?_lHu”H"(Q]-)HQhu - PhuHHl(Q]-)' (2.3.6)
j=1

Substituting (2.3.6) in (2.3.5) and using Lemma 1.3.6 , we arrive at

K
|Qnu— Paally < Clavanllu— Quully + 30 Nl oy (23.7)

=1
Since

[ — Poully < llu— Quullx + |Qnu — Pyul|x,

again using Lemma 1.3.6 with (2.3.7), we obtain

K
lu— Puullx < CZ W~ ull o - (2.3.8)

=1

For the L? error estimate, we appeal to Aubin-Nitsche duality argument. Let ¢; = (2 o €
H?() N HE(Q),1 <1< K, be the solution of the transmission problem :

-V (CL(JI)VIM) = Uuj; — Phul in Ql, (239)
Y = 0 on 00N oY, (2.3.10)
0
(]l =0, Haa—:f”r = 0 along T, (2.3.11)

which satisfies following regularity condition

K
> 1l 20,y < Cllu— Prul. (2.3.12)

I=1
We now refer to Theorem 1.1 of [11], Theorem 2.1 of [34] and the references therein for the
proof of the elliptic regularity (2.3.12). Multiplying both sides of (2.3.9) by u; — P,u; and
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summing over all [, 1 <[ < K, we find that

K
lu—Pul® = Y lu— Pyl

mo

= a(u— Pyu,¢) — Z/& . aVi) - nlju — PyulldT.

m=1

Using (2.3.1), and the mortar condition (1.3.7), we now arrive at

Ju— Pyul® = a(u— Pyu,v» — Qut)) + alu — Puu, Qutb)

mo

- 2/5 Cr(avlb n— pp)[[u— PyulldT Y, € M"(6,,)
= a(u— Pyu, v — Quy) +Z/ FaVu n[[Qnv)]d T
- /5 Cr(avw -n = pup)[[u — Prulld 7. (2.3.13)

Now boundedness of a(-,-) with Lemma 1.3.6 yields
la(u — Py, = Qn)| < aallu — Puull x[[v — Qn¥dll

K
< Clan) Y hullell ooy lu — Paully- (2.3.14)

=1
To estimate the second term on the right-hand side of (2.3.13), we use (1.3.7), and [[¢)]] =0
on I'. Then, we apply Cauchy-Schwarz inequality and Lemma 1.3.7 to obtain for A, €

M (6,n)
mo
Z|/ aVu - n[[Qp]]dT| =
=1 Jomcr

< Z inf |[aVu-n — )‘hHLQ(ém) 1y — Qh¢]]||L2(5m)

T A EM" (8n)

S | @V n= i - Quolr

m=1 mCT

<C Z By 2w - nll s I = Quilll 2, (2.3.15)

m=1
From the definition (1.3.36) of @, we note that [[[[t) — Qpi]]|| (5, ) can be written in terms
of [l — In¥]lll 125,,)- Now using (1.3.13), (2.3.15) leads to

mo K
> /5 _aVu-n{[Quylldr] < C Y Billull o) 10120, (2.3.16)
m— mC

j=1
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For the last term on the right-hand side of (2.3.13), we proceed similarly as in (2.3.6) to
obtain

S / @V -1 - p)l[u - Pualldr| = 3| / @V -1 — un)l[u — Prdr]

m=1 omCT m=1 omCT

K
< O bl el — Pl g, (2:3.17)
j=1

Substituting (2.3.14)-(2.3.17) in (2.3.13) and using the elliptic regularity result (2.3.12), we
find that

K
Ju = Pl < €S Nl o (23.15)

=1

With h = max hy, the proof of (2.3.2) follows from (2.3.8) and (2.3.18). To prove (2.3.3),
differentiate (2.3.1) with respect to time to obtain

mo
a(uy — Prug, X) — Z/ a(x)Vu - n[[x]]dr =0 Vx € V. (2.3.19)
m=1" 0mCl

Since the equation remains invariant under time differentiation, (Pyu); = Pyuy, replacing
u; by v, we obtain exactly same equation (2.3.1) for v. Then proceed similarly to derive

estimates for u; — Pyuy. [ |

2.4 Error estimates for the mortar finite element method

In this section, optimal error estimates in L>°(H!)- and L°°(L?)-norms are discussed.

2.4.1 Error estimates for the semidiscrete method

Note that for v € X and for ¢ € (0,77, from (2.1.1)-(2.1.3), we obtain

K mo
(u,v) + a(u,v) = Z fv dx + Z / aVu-n[v]ldr Vv e X (2.4.1)
=1 7 m=1"ymCL

u(0) = wup. (2.4.2)
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Theorem 2.4.1 Assume that for t € (0,T], u(t) € Hy(Q) and u(t)q, . w(t),, € H* ().
!

Let u and uy, be the solutions of (2.4.1)-(2.4.2) and (2.2.4)-(2.2.5), respectively. Further,

let wop, = Inug or Pyug. Then, there exists a positive constant C, independent of h;, such

that for t € (0,T), the following estimates hold:

K
= un) 1) < €31 (ol ey + Nl oo e ) (243)
=1
and
K
= wn) 1)y < O3 (ol gy + el oo s ) - (2.44)

=1

Proof. Using the definition of P,, we now split © — u;, as
u—up = (u— Pyu) + (Pou —up) = p+0. (2.4.5)

Since the estimates of p are known from Lemma 2.3.1, it is enough to estimate #. From

(2.2.4), (2.3.1) and (2.4.1), we obtain

(0, x) + a0, x) = =(pe,x) VX € Vi (2.4.6)

Substituting xy = 0 in (2.4.6), applying coercivity of a(-,-) with coercivity constant « and
using the Young’s inequality (1.2.2), we arrive at
1d

SO+ alloly < liadlel

1 9 Q9
< — —19||%-
< ol + S

Hence,

d o2 2 1 2
—||60 oy < — :
S1612 + ool < ~llpl
Integrating from 0 to ¢, we find that
1 t
161" < 16(0)]1* + 5/0 ol *ds. (2.4.7)
If wg j, = Prug, then 6(0) = 0, otherwise with g, = I uo,

100)]] = | Prhuo — wonll < [luo — Tnuol| + || Prhuo — uoll

K
< Czhl2||u0||H2(Ql)' (2.4.8)
=1
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For the second term on the right-hand side of (2.4.7), we apply (2.3.3) to obtain

K
lpell = llue — Pouel] < Cle) Y Bl ra - (2.4.9)
=1

Substituting (2.4.8) and (2.4.9) in (2.4.7), we find that

K t
1001 < 1) Soni (alfy + [ Tl ds). (2.4.10)
=1

A use of triangle inequality with Lemma 2.3.1 and

t
U(t) =4(0) + / Pi(s) ds (2.4.11)
0
yields (2.4.3).
For a bound in X-norm, substitute x = 6; in (2.4.6) and apply Cauchy-Schwarz inequality

to obtain

1d 1 1
161 + 5&%‘);9) < lpelll|0:]] < §Hpt||2 + §||9t“27

and hence,
d
10:01” + - a(0,0) < lloi]*. (2.4.12)

Integrating both sides of (2.4.12) from 0 to ¢, using coercivity and boundedness of a(-,-),

we arrive at

t
16113 < Cla) (||e<o>\|i |/ ||ptr|2ds) | (2.413)
When g, = Puug, 6(0) = 0, otherwise with ugp, = Inup,
1000)| x = [[Pruo —wonlly < o — Inuoll x + || Prto — uol| x
K
< O hilluoll gy (2.4.14)
=1

Substituting (2.4.9) and (2.4.14) in (2.4.13), we obtain

K t
[ < <hz2HuO||§pml> T b / el ey ds>) . (2.4.15)

=1
An application of triangle inequality with Lemma 2.3.1 and (2.4.11) yields (2.4.4). This
completes the rest of the proof. [ |
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Remark 2.4.1 If we choose uy,(0) = Ppu(0), then 6(0) = 0 in (2.4.13). Therefore, using

Lemma 2.3.1, we derive the following super-convergent result in 0:

K t
10O < S [ el (2.416)
=1

2.4.2 Completely discrete scheme

Let k£ be the time step parameter such that N = T/k and t, = nk. For a continuous
n _ ,n—l1

d kgp . The

backward Euler approximation is to seek a function U™ € V}, so that U™, n > 1, satisfies

function ¢ € C[0,T], we set the backward difference quotient as d,p" =

QU™ x) +aU"x) = (f(ta),x)  Yx €W, (2.4.17)
UO = UQ,h,
where ug, is chosen either as Ijug or Ppuy.
Note that at each step ¢t = ¢,, (2.4.17) leads to a system of linear algebraic equations.

It is easy to check that this system has a unique solution. We discuss below the a priori

error estimates for the solution U™ of (2.4.17).

Theorem 2.4.2 Assume that for t € (0,T], u(t) € H} (), u(t)ml,ut(t)ml € H*() and
uw(t) € L*(Q). Let u(ty,) be the solution of (2.4.1)-(2.4.2) and let U™ € V}, be an approzi-
mation of u(t) at t = t, is given by (2.4.17). Then with ugp = Inug or Pyuy, there exists
positive constants C, independent of h; and k, such that

K tn tn
Ju(t,) = U"* < C <Z hi {HUOH?LI?(QZ) +/0 ||Ut’|§{2(nl)d3] +k2/0 HUttH2d5’> :
=1
(2.4.18)
and,

K tn tn
lu(tn) —U"% < C <Z hi {HUOH?LI?(QZ)_‘_/O ||Ut’|§{2(nl)d3] +k2/0 HuttHzCiS)-
=1
(2.4.19)
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Proof. Set
u(ty,) — U™ = p" + 0" = (u(t,) — Pyu(ty)) + (Pou(t,) —U™). (2.4.20)

Since the estimates of p" are known from Lemma 2.3.1 at t = t,,, it is sufficient to estimate

0™. Using elliptic projection (2.3.1), (2.4.1)- (2.4.2) at t = t,, and (2.4.17), we obtain

(00", x) +a(d™,x) = (W, x) Vx € Vi, (2.4.21)
where
= wy +wy. (2.4.22)

Choose x = 6" in (2.4.21). Note that
_ 1= k. - 1~
(2,67,6™) = =0,10" (1 + 5 119:6" | > Sl .
2 2 2
Using the coercivity of a(-,-), Cauchy-Schwarz inequality and Young’s inequality (1.2.2),
we find that
1 n n n n n n
0l I+l < fw"lllle"] < Cllw™|[116"]
1 2 @ 2
_ n _ GTL
P+ S

IA

and hence,
010" |1* + |05 < Cle)[lw™]*

Using the definition of d;, we arrive at
n||2 n—1)2 n||2
16717 < 10" + Cla)kllw™|,
and hence, by repeated application, we obtain
ni2 2 - 202 " ;2
671 < 116°1” + CRO - llwdll” + > llwsl). (2.4.23)
j=1 j=1
With ug p, = Prug, 0(0) = 0, otherwise we have with wug, = Inug
16°] = | Pauo — U°[| < [luo — Tnuol| + || Pruto — uo

K
< CY B lluol o, (2.4.24)
=1
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Since

we use (2.3.3) to arrive at

n n t. K t
.9 J n
e Iull* <Y [ lnltas < oY / el opds. — (2:4.25)
j=1 j=17ti-1 =1

To estimate w%, we apply Taylor series expansion, to find that

wh = Opu(ty) —w(ty) = k_l(u(tj)' —u(tj-1)) — wty)

t]
= —k_l/ (s —tj—1)uwu(s)ds
tji—1

j—

and, hence,

2
n - n t tn
EY llwdl” <> (/ |s — tj_1\||utt||ds> < Ck‘Q/ use|*ds. (2.4.26)
j=1 j=1 i 0

j—1

Substitute (2.4.24)-(2.4.26) in (2.4.23) to obtain

K tn tn
lg"* < C (Z hi [HUOH?{?(QL) "‘/0 ||utH?{2(Ql) ds] +k2/0 HuttH2d5’> - (24.27)

=1

With an application of triangle inequality, (2.4.27), Lemma 2.3.1 and (2.4.11), the estimate
(2.4.18) follows. In order to obtain (2.4.19), substitute x = 9;0" in (2.4.21) and then pro-
ceed in a similar way to derive an estimate of ||u(t,) — U"||x. This completes the proof of

the theorem. u

Remark 2.4.2 Higher order schemes like Crank-Nicolson scheme and second order back-
ward difference methods can be applied to discretize in time direction. The corresponding
error analysis follows closely the analysis in Thomeé [85] and hence, we prefer to skip these

results.
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2.5 A Mortar finite element method with a Lagrange
multiplier

In the previous section, we note that the mortar condition (1.3.7) is imposed on the mortar
finite element space which is computationally cumbersome. Instead, in this section, we use
Lagrange multiplier method. By doing so, although we avoid imposing mortar condition on
the mortar element space, but we obtain a larger system of equations. However, by adopting
a Lagrange multiplier method, we also obtain an estimate for the Lagrange multiplier, which
is an approximation to aﬁ—z on the interfaces of the subdomains along with the solution
which is useful for domain decomposition methods.

In this section, we discuss the mortar method with a Lagrange multiplier for the problem

(2.1.1)-(2.1.3).

Now we define Lagrange multiplier space M as follows:

K
M={y e H Hgl/z(ﬁﬁl): there exists a function q € Hy(div; Q) such that ¢, = q - n;},
=1

(2.5.1)
and an auxiliary space is defined as:
mo
M = T Hoo"*(6m). (2.5.2)
m=1

Multiply the equation (2.1.1) by v € X and then integrate by parts over €2;. An introduction

of the flux A = aﬁ—u, now yields the following weak formulation of the problem (2.1.1)-(2.1.3)
n

: Find (u, A): (0,7] — X x M such that for ¢t € (0,7

K
(ug,v) + a(u,v) + b(v,\) = Z fode VovelX, (2.5.3)
=1 /<
bu,p) = 0 Vue M, (2.5.4)
u(0) = wup, (2.5.5)

where (-, ) denotes the inner product in L?(Q), and

K

a(u,v) = Z/ﬂl a(x)Vu - Vu dx,

=1
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and

mo

o) == [ e, dn

m=1
Here, we follow the same notations and definitions which are defined in the earlier sections.

Define the space
My, = [ M"(6) (2.5.6)

over all nonmortars. Now, the mortar element formulation with Lagrange multiplier cor-

responding to (2.2.1)-(2.2.2) is to seek (up, An): (0,7] — Xj, x M}, such that

K

(unt, vn) + alun, v) + blvp, Ap) = Z fuop dx Yoy, € X}, (2.5.7)
1=1 /S

b(uh, ,Uh) =0 Vuh e My, (258)

uh(O) = Ug,h, (259)

where u, € X, is a suitable approximation of uy to be defined later. Note that

K
a(up,vp) = Z/ a(z)Vuy, - Vuy, dz,
1=1 ¢

and
mo
b(vn, ftn) = — Z/ pnlon]),,, dT.
m=1"1mCT
For given u and A, we now define Pyu € X}, and IT} A € M), by
a(u — Pfu,x) —b(x, A\ —IHA) =0  Vyx € Xy, (2.5.10)
and
b(u— Pru,pup) = 0 Yun € My, (2.5.11)

Note that for a given v and A, (2.5.10)-(2.5.11) has a unique solution (Pju, IT} \) € X} x Mj,.
Based on the analysis in Theorem 2.8 of [16], we obtain easily the following optimal error

estimates. We recall the following result from Chapter 1.
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3 < 0 < 2, there ewists positive constants C,

Lemma 2.5.1 For any real number o, 3

independent of hy, such that for any function v € Hg(Q) with Ui, and U, € Ho (),

2 , , 4
0 0 0
——(u — Pyu) —|—hH'—i(u—P*u) + H—i(A—H*A)H })
— (Hat . ot "l ot |
2 K 150
< 7 0.
< Ch ZZ o .. (2.5.12)
i=0 I=1 ()

where h = rnlax h;.
Note that for time derivative we first differentiate (2.5.10)-(2.5.11) with respect to time

and then proceed as in Theorem 2.8 of [16] to complete the proof.

2.6 Error estimates for the semidiscrete method

In this section, we discuss optimal error estimates for the error u — u, and A — A,.

Theorem 2.6.1 Let u and uy be the solutions of (2.5.3)-(2.5.5) and (2.5.7)-(2.5.9), re-
o, € H2(Q) for 1 <i < K. Then with ugj, = Iyuy or Pug

spectively. Further, let ulq,,
there exists positive constants C, independent of h;, such that fort € (0,7,

K
e = un) @) < © 318 [loll ey + Nl 2oy (2:6.1)

=1
and,

K

[ = u) Ol < 3 m [lollageyy + 1Oy + el 2oz - (262
=1

Proof. Using Pyu and II} A\, we write
u—up=(u—Piu)+ (Piu—up) =p+40 (2.6.3)
and

A=Ap=A=TEN) + [N = \) =+ & (2.6.4)
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From (2.5.3)-(2.5.4), (2.5.7)-(2.5.8), (2.5.10) and (2.5.11), we obtain

(0, x) +a(0,x) +b(x, &) = —(p,x)  Yx € Xy (2.6.5)
b(@,,uh) =0 V,uh e M,,. (266)

Substituting x = 6 in (2.6.5), up = £ in (2.6.6), using Lemma 2.5.1 and proceeding as
in the proof of Theorem 2.4.1 we derive the L?-error estimate (2.6.1). In order to derive

(2.6.2), we substitute x = 6, in (2.6.5), differentiate (2.6.6) with respect to t and set pp = ¢

to obtain
1d
16:11* + 5@“(979) = —(pt, 0h).
To complete the rest of the proof, proceed as in the proof of Theorem 2.4.1. [ |

Remark 2.6.1 As a consequence of Theorem 2.6.1, we obtain

t K
2 * 2
HetHL?(QT;L?(Q)) < C HUO,h—PhU0||_2x+/O Zh%HutHHl(Ql)d‘gl‘
=1

(2.6.7)

Further, differentiating (2.6.5), (2.6.6), we find that
(Or, x) + a0, x) +0(x, &) = —(pu,x) VX € Xy (2.6.8)
b(@t,uh) =0 Vuh € M,. (269)

Substituting x = 6, in (2.6.8), un, = & in (2.6.9) and multiplying both sides of (2.6.8) by t,

we arrive at
t(O1, 0r) + ta(Br, 0:) = —t(pu, 6:),

and hence

1d

1
57 16:1%) + ta(6r, 0:) = —t(pu. 01) + 516, (2.6.10)

Integrating (2.6.10) from 0 to t with respect to t, using coercivity of a(-,-) and Cauchy-

Schwarz inequality, we obtain

t t t
t||9t||2+oz/ s ds < C(a) (/ sllpul)? ds+/ 16,7 ds). (2.6.11)
0 0 0
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Using (2.6.7), we now find that

C(a) = 2 ! 2 2
02 < ST ey + [ (ol s + slhuelioe, ) 05|
=1

(2.6.12)

Error estimate for the Lagrange multiplier

For the error bound in Lagrange multiplier, we need the inf-sup (well known as Ladyzhenskaya-
Babuska-Brezzi) condition for the bilinear form b(-,-). Since it is difficult to prove the

inf-sup condition in X, following [16], we now define an auxiliary space Xgg as

Xoo = {v € X: o], € Hp (5,)¥0,, C T} (2.6.13)
with the norm
0%, = 1ol + D Ml 2,
omCT

Now define the new approximation spaces as

X, =XnN Xo0,
and
M, = M, N M,
where,
~ mo
M = 1] He"*(6m)
m=1

Now, consider the bilinear form B(’Uh, p) defined over Xh X Mh as below:

mo

b(vns i) = —Z/ crﬂh[[vh]h% dr.

m=1
With this modification the discrete spaces satisfy the inf-sup condition. Below, we present

a Proposition on inf-sup condition satisfied by b(-,-). For a proof, see (Proposition 2.6,

[16]).
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Proposition 2.6.1 The bilinear form l;(, -) verifies the following uniform inf-sup condition

over Xh X Mh: there exists a constant co > 0 independent of hy, 1 <1 < K such that

b -
sup blon, ) > collpnll Vun € M. (2.6.14)

thXh HU”XOO

In the following theorem, we discuss the error estimate for the Lagrange multiplier.

Theorem 2.6.2 Assume that fort € (0,T], u(t) € Ho(Q), u(t)q, w(t),, € H*(4) and
l

f9)
utt(t)ml € H' (). Let ugy = Iyug or Pfug. Then there exists a positive constant C' which

is independent of hy, 1 <1 < K, such that fort € (0,T],

K

C(co, o) '
=)0 < %WZ(H%HEQ(W / el @ s

=1

t K
2 2
1=1
Proof. Since X;, C X}, from the error equation (2.6.5), we can write for all y € X,

b(x. &) = —(pe, x) — (0, x) — a(0, ). (2.6.16)

A use of the inf-sup condition (2.6.14) and Cauchy-Schwarz inequality leads to

Coll€llz < llpell + 110l + 1161] x (2.6.17)
Now
1A= Anllz < linllag + 1€ 15 (2.6.18)
Using (2.6.17), we obtain
1A= Anllgr < Il + S—O{HPtH + (16 + 1101l - (2.6.19)
From Lemma 2.5.1, (2.6.12) and Theorem 2.6.1, the rest of the proof follows. [ |

Remark 2.6.2
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1. We can also easily obtain an estimate for | A — Apl| L2 7.5p) from the equations (2.6.17),
(2.6.18) and (2.6.7). Moreover, choosing uy(0) = Pfu(0), we obtain a super-convergent

result in HfHLQ(QT;M). Similarly, we can also obtain a super convergent result for

1€z

2. Note that from Theorem 4.1, Theorem 4.2 and Theorem 6.1 we obtain O(h) estimate
with respect to H'-norm and O(h?) estimate in L*-norm for both the semidiscrete and
fully-discrete cases. These estimates are optimal as in the case of elliptic problems.
Also, Theorem 6.2 yields O(h) estimate for the Lagrange multiplier as in the elliptic

case.

3. The analysis can be carried out in an exactly similar manner for the case when the
coefficient a(z) is replaced by a(x,t) with 0 < ap < a(x,t) < MV x € Q,t € [0,T].

Numerical experiments illustrating this has been included in the next section.

4. Parabolic equations with discontinuous coefficients can occur in many physical prob-
lems, such as in material sciences, fluid dynamics, where the original domain of
interest consists of materials with the different conductivities, permeabilities or den-
sities, which lead to discontinuity of the coefficients across the interfaces. Note that,
our analysis is also valid when the coefficient is discontinuous along the subdomain
interface but is piecewise smooth in each subdomain with the condition that the coef-

ficient is bounded below and above by positive constants.

2.7 Numerical Experiments

In this section, we discuss the implementation procedure for the discrete problem (2.4.17)
for the geometrically conforming case. For construction of the nodal basis functions for the
mortar element space we refer to [25], [33], [66]. Here, the implementation is done using

MATLAB. The basis functions are defined with the help of the following sets of nodes:
e the nodes which lie in the interior of the subdomains,

e the nodes which lie in the interior to the mortars, and
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e the nodes of vertices of subdomains except those on 0f).

Uug . *

.
* Um ° . o
° Usg

e

Uy o o o

Degrees of freedom

Figure 2.1: Degrees of Freedom over the subdomains

Now we construct the canonical basis functions involved with each of the nodal points
defined above. The functions ¢! corresponding to the interior nodes !,1 <1 < K,1 <i <
K, are canonical nodal basis functions as in the conforming finite element discretization,
where K is the number of non-overlapping subdomains and K is the total number of interior
nodes in the subdomain €);. Here, we have taken piecewise linear polynomial functions on
each triangle T € 7,(€)), 1 <l < K.

The basis functions corresponding to the nodes interior to the mortars are defined as
follows. The function ¢]* associated with the node ", 1 < m < mg,1 <@ < my, where
my is the total number of mortar edges and m is the total number of interior nodal points
in the mortar edge is a continuous piecewise linear function which takes value one at x",
zero at xé, 1 <I<K,1<i< Kj;and at the nodes of vertices of subdomains. The values of
this function ¢} at the interiors of the nonmortars are determined by the mortar condition
with zero values at the end points of the non-mortars. From this it follows that the interior
nodes of the nonmortar sides are not associated with the genuine degrees of freedom in the
finite element space. From this point of view, we present, here, the matrix formulation of

the mortar conditions as follows. Let d,, be an arbitrary nonmortar side, and let ug be the
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vector of the interior nodal values of u; on 9,,. For the sake of convenience, assume that
the mesh is uniform on ¢,, with mesh size h;. Further, let u,, be the vector of the values
of uy at the interior nodal points of the other side ~,,, which is a mortar side. Then u, is
uniquely determined by u,, using the mortar conditions and this can be written in a matrix

form as :
Myug, — M, u,, =0, (2.7.1)

where M, and M,, are given by (my),; = [; @5n.dr and (my,); = [; @74y, dr, respec-
tively. Here, 1, are the nodal basis functions for M"i(4,,), @5 and 7" denote the basis
functions for W"(T') associated with the nodes corresponding to nonmortar and mortar
sides, respectively. Since M is a tridiagonal, symmetric and positive definite matrix, we

can write ug as :
Ug = M7 Moy, (2.7.2)

Finally, we define the basis functions associated with vertices of subdomains in the
following way. Let S denote the set of vertices of the subdomains which are associated
with degrees of freedom of V},. Each crosspoint of I' corresponds to several nodes of S and,
hence, the mortar finite element functions are typically multivalued at the cross points of
the subdomain and contribute one degree of freedom for each of the subregion that coincides
at that point; which are in same physical position, but are assigned to different subregions.
Let ®,, be the basis function associated with a vertex y, € S of 2; which takes the value
one at y, and zero at all other vertices of S and all vertices interior to all mortars and
nonmortars.

We first assume the vertex y, is a common end of two mortars v, and 7,,, ®,, restricted
to 7, and 7, is the standard nodal basis function corresponding to y,, i.e., one at y, and
zero at the remaining nodes of both the mortars. The basis function ®,, is determined by
the mortar conditions (1.3.7) on the nonmortars §, = v, and §,, = 7,, with zero values at
the ends of 6, and d,,, respectively. If y, is a common end of two nonmortars ¢, and dg,
then &, restricted to the mortars v, = 0, and v, = J, is zero and on the nonmortars 9,

and 9, is determined by the mortar condition with one at y, and zero at the other ends of
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the 9, and d,. Finally, suppose v, is a common end of a mortar 7, and a nonmortar d;,

then @, is defined on the mortar 7, as in the first case and on the nonmortar d, as in the

second case. In all cases, ®,, is defined as zero on the remaining mortars and nonmortars.

With these above sets of basis functions, the fully discrete problem (2.4.17) can be

expressed in the matrix form as :

(B + kA)a™ = Ba" ' + kF(t,), n>1,

with a = (ut, u™, u,)T.

) Y

Here A, B and F will have the following forms:

A Aim Ail/
A: Amz Amm Amy )
A A Aw/
where
Aim = AisMS_IMm + Aim
Amm = AmsMS_le + Amm
Anm - AsmM_lM + Anm
Ai = fael o)y aldl e ), 1<1<K,
Aim = {a(% 7%0171)} zi S %(Ql)axm S Yms
Ais = {(Z(QOZ 7905)} l’i € %(Ql)a Ts € 5m,
A = {a@",@,)} b€ T(n),z, €.
Further,

(2.7.3)

(2.7.4)

(2.7.5)
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where
Bim == stMs_le+Bzm
Bmm - BmsMs_le+Bmm
Bnm - BsmM_lM +Bnm
Bi = {(¢" ¢} alal e T), 1<I1<K,
Bim - {(sz(l)agom)} xz’ € %(Ql)amm S Ym
Bis - {B(SOZ 7()08)} fL’i € %(Ql)axs S 6m7
By = {(¢ @)} 2l € Tu()z0 v
and
T
F=(F 7. F)
where
F, = FEM‘M, +F
= {(fi(l),cpﬁ-”)} e T(), 1<I<K
Fm - {( z 7§0m)} xi € %(Ql)wxm E/me
FS = {( i ?905)} Z’i € %(Ql)axs S 5ma
F, = {(fV, 20} 2l e T(Q)z, e v

2.7.1 Numerical Result

Choose the following parabolic initial boundary value problem on the square domain

(0,1) with Dirichlet boundary condition:

Q=1(0,1) x

= f in Qx(0,1],
71]7

= 0 on 092 x (0

= Up in €.

25
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Monmatching grid

0.8

DB¢

0.45

02¢

Figure 2.2: Independent discretizations over subdomains

We divide €2 into four equal subdomains ;, 1 <1 < 4 (See Figure 2.2). Each subdomain
is triangulated into triangular elements with different mesh sizes h;. In Figure 2.2, h; =
1/12,hy = 1/14,h3 = 1/14, hy = 1/12 in the four subdomains €2;,1 <[ < 4, respectively.

In our first example we take uy = 0, ¢ = 0 with constant coefficient a(z) = 1. We
choose f such that the exact solution is u(x,t) = z(x — 1)y(y — 1)e’. Choosing the time
step parameter k = O(h?), we obtain the mortar solution. The mortar and exact solutions

at t = 1 are shown in Figure 2.3(a) and Figure 2.3(b) respectively.

Table 2.1: Order of convergence p w.r.t. space variable h and ¢ w.r.t. time variable k

(hi,ho, hs, hy) h= max h k Error e P q
(1,111 1/6  1/36  0.00150650

(L1 11 1/S  1/64  0.00090908 1.7558 0.8779
(1,2 L 1y 1710 1/100 0.00060966 1.7905 0.8952
(L,1 L 1y 1/12 1/144 0.00043774 18170 0.9085
(L1 1 1y 1/14  1/196 000032975 18377 0.9189

The order of convergence at t = 1 for the error e = (u—uy) in L? norm ‘p’ with respect
to the space variable h and ‘g’ with respect to the time step k& has been computed in Table
2.1. Figure 2.4(a) and 2.4(b) shows the computed order of convergence with respect to h

and k, respectively, for ||u — uy|| in the log-log scale. The computed order of convergence
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Mortar solution

Exact Solution

02
015
01
- s Tavav
0 RS
; LSO
(a) Mortar Solution (b) Exact Solution
Figure 2.3: Solution Figures
Order of convergence w.r.t. h Order of convergence w.r.t. k
-6.4 T T T -6.4 T T T
—8—p=2 —8—g=1
—6.6 -6.6
-6.8 -6.8
-7t -7
o 72F o 72
= 74 = 74
=76 -7.6
78 -7.8
-8 -8
-8.2 : : : . : -8.2 . : : :
-2.6 -2.4 -2.2 -2 -1.8 -5 -4.5 -4 -35
logh log k
(a) Order of Convergence w.r.t. discretization (b) Order of Convergence w.r.t. k

parameter h

Figure 2.4: Order of Convergence with constant coefficient
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Order of Convergence w.r.t. h Order of Convergence w.r.t. k

—8—p=2 —8—0g=1

log e
I
4
N

(a) Order of Convergence w.r.t. discretization (b) Order of Convergence w.r.t. time parame-

parameter h with variable coefficient ter k with variable coefficient

Figure 2.5: Order of Convergence for variable coefficient

matches with the theoretical order of convergence derived in Theorem 2.4.2. In the second
example, we take ug = 0, g = 0 with variable coefficient a(x,t) = e'. In this case also, we
choose f such that the exact solution is u(z,t) = xz(x — 1)y(y — 1)e’. Figure 2.5(a) and
2.5(b) shows the computed order of convergence with respect to h and k respectively for
|lu — up|| in the log-log scale. We conducted the experiment by taking time step parameter
k = O(h?) corresponding to space discretization parameters h = 1/6,1/8,1/10,1/12,1/14.

In the third example, with ug = 0, ¢ = 0, we consider discontinuous coefficients along
the common interfaces of subdomain. We take the coefficients (51, 82, 03, 51) = (1,10, 10, 1).
We choose f in such a way that the exact solution is u(z,t) = z(z —1)y(y —1)e’. The order
of convergence at t = 1 for the error e = (u — uy,) in L? norm ‘p’ with respect to the space
variable parameter h and ‘¢’ with respect to the time parameter k has been computed in
Table 2.2. Figure 2.6(a) and 2.6(b) shows the computed order of convergence with respect
to h and k, respectively, for |[u — uy|| in the log-log scale. The computed result illustrates
the validity of our result as we stated in Remark 2.6.2 also in the case with discontinuous

coefficients across the interfaces.
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Table 2.2: Order of convergence p w.r.t. space variable h and ¢ w.r.t. time variable k in

case of discontinuous coefficients

(h1,ho, hs, hy) h= max h k Error e P q
(111 /6 1/36  0.0015066

(é7 %7 %, %) 1/8 1/64  0.00091132 1.7475 0.8381
(%, %, 1—12, %) 1/10 1/100 0.00060446 1.8399 0.8640
(L, L, L 1y 112 1/144 000042524 1.9289 0.8831
(ﬁ, 11_6’ %, 1—14) 1/14 1/196 0.00031147 2.0199 0.8975

Order of convergence w.r.t. h with discontinuous coefficients Lz—order of convergence w.r.t k
-6.4 T T T T T -6.4 T T T

—S g1

6.6

-6.8[

-7+

7.2

loge
log e

-7.4t

76}

—78}

i i i i i i i i
-2.6 -2.4 2.2 -2 -1.8 -5 -45 4 35
log k

(a) Order of Convergence w.r.t. discretization (b) Order of Convergence w.r.t. k

parameter h

Figure 2.6: Order of Convergence with discontinuous coefficients



Chapter 3

Nitsche Mortaring Element Method

3.1 Introduction

In our earlier chapters, we have discussed mortar element methods with and without La-
grange multipliers which fall under the category of direct methods. While in the standard
mortar element method, the mortar condition is imposed on the finite element space, in the
mortar element method with Lagrange multipliers, the constraint on the space is relaxed
by imposing it in the formulation. One of the drawbacks of the method is that the stability
of the method is guaranteed if the discrete spaces corresponding to the primal variable and
the Lagrange multiplier satisfy the “discrete LBB condition.”

In order to alleviate this problem, stabilized multiplier techniques or simply Nitsche’s
method [82] is used in the literature. This was originally introduced for solving Dirichlet
problems without enforcing the boundary condition in the finite element spaces. Nitsche has
introduced penalty term on the boundary to derive optimal error estimates. In [15, 46, 82],
Nitsche’s technique has been extended to mortar element method and a penalty term
involving jump on the subdomain interfaces is added in the original bilinear forms of the
problem to improve stability.

In this chapter, we have proposed stabilized mortar finite element methods containing
a small penalty parameter for both elliptic and parabolic problems and have discussed a
priori error bounds.

A brief outline of this chapter is as follows. In Section 3.2, we formulate the elliptic

interface problem and in Section 3.3, we introduce Nitsche’s mortaring element method

60
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with a perturbation. In Section 3.4, we extend the method to parabolic initial and bound-
ary value problems and analyze the error estimates for both semidiscrete and fully discrete
schemes. Finally, Section 3.5 deals with some numerical experiments to support our theo-

retical results.

3.2 Elliptic Interface Problem

In this section, we introduce an elliptic interface problem. After introducing Lagrange mul-
tiplier space, a saddle point formulation is discussed. Then a continuous perturbed saddle
point problem which forms a basis for the Nitsche mortaring method with perturbation is
proposed and analyzed.

We now consider a second order model problem with discontinuous coefficients. Let
Q1 C R? be a bounded convex domain with boundary 9. We consider only the case where
the domain € is subdivided into two non-overlapping, convex and polygonal subdomains §2;
and Qy, i.e., Q = Q;UQ,. Denote the common interface as 9Q; N9Q, = I'and T'; = 9, NT.
Further, let n; be the unit normal oriented from €; towards €, 1 <7 < j < 2 such that
n = n; = —ng (See, Figure 3.1). Now consider the following elliptic interface problem:

Given f € L*(Q), find u;, i = 1,2, such that

—V - (Bi(x)Vw) = f in Q, (3.2.1)
uw; = 0 on 90N Y, (3.2.2)
ou
[[u]]r =0, Hﬁa—nnr = 0 along T, (3.2.3)
where 3, = (;, is discontinuous along the interface I', but is piecewise smooth in each

subdomain €2;, that is 3; is smooth in each subdomain. Further, we assume that ( or
each f; is bounded below by a positive constant say «g and bounded above by a positive
constant ;. The problem (3.2.1)-(3.2.3) has unique solution in H%(Q) by [55]. Along the

interface, I' we denote
[l]p = (v1 — U2)|F

for the jump, where v; = v, and

1 1
{U} = 51)1 -+ 51}2
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for the average.

Q

9251

2

Figure 3.1: Q = Oy Uy, ny and n, represents the outward normal components.

With the notations described above, we note that

@ ~10v;  10vy  10v; 10w,
on

=200 T29n " 20m,  20m,

and hence from (3.2.3),
0 0 0
{ﬂ “} b = ozt

n

0 2
Now, let
~1/2
M = Hoo/ (I,
and
X ={veL*N):vg € Hp(), 1 =1,2}.
8U1 8 U9
Introducing the Lagrange multiplier A = [31 = —[o— o , the saddle point formulation
ny ny’

for the problem (3.2.1)-(3.2.3) is to find (u, )\) X X M such that

a(u,v) +b(v,\) = I(v) Yo e X, (3.2.4)
blu,p) = 0 VYue M, (3.2.5)
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where

2
a(u,v) = Z/Q G;Vu; - Vudz, (3.2.6)
i=1 7S

and
b, \) = < M)l > U0) = Z/ﬂ fodz. (3.2.7)

Here < -, - >p denotes the duality pairing between H~/2(I") and H'/?(I"). For the existence
of a unique solution (u, A) € X x M of (3.2.4)-(3.2.5), we refer to [16, 31, 73].

3.3 Nitsche’s Mortaring method

In each subdomain €2;, we associate a regular triangulation 7,(€2;) consisting of elements
of different mesh sizes h;, i.e.,
o= |J T
TET, ()
Here, the discretization parameter is (hy, hy) over 0y and €y, where h; = maxy, (,) hr and
hr = diam T. Once the triangulation 7,(€2;) is chosen over each €2;, the finite element sub-
spaces in the subdomains and on the interface can be defined. We choose locally the finite
element method that is best suited to the local properties of the solution. Let us assume
that we work with the simple generic case of linear finite elements. We now introduce the

space for i = 1,2

Xh(QZ) = {U@h - C(QZ) = 0, Ui7h\T - Pl(T) VTe ZL(QZ)},

U,
h|agnag;

where P;(T) is the set of all linear polynomials over the triangle T" in 7;(€2;). The global
finite element approximation X (£2) consists of functions whose restriction over each €;

belongs to X, (€;) and is defined as
Xh(Q) = {Uh € L2(Q) Vhlpq = O, Uh‘ﬂi c Xh(QZ) 1= 1,2}

Let W*(T;) be the restriction of X,(€;) to Iy = 9Q; NT. Since the triangulations on

two adjacent subdomains are independent, the interfaces I'y and I'; are provided with
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two different and independent (1D) triangulations 75, (I";), 7,(I'y) and correspondingly two
different spaces W"(T';) and W"(T'y). The natural choice for the multiplier space over the
common interface I' for our purpose is either W"(T';) or W"(T'y) with the mesh parameter
he, and h,,. For our convenience, let us choose W"(T') to be W"(T'y). For the analysis

purpose, we also define
h = mazx{hp,he: T € T,(),e € T,(1;),i = 1,2}.

The Nitsche’s mortar finite element method is to find (up, ) € X x W*(T) such that

2 2
Z/ @Vuh : V’Uh dx + / )\h[[vh]] dr = Z/ fUh dx V’Uh & Xh, (331)
1 Ju r i=1 Y

/F[[uh]]uh dr — E/F)\huh dr = 0 V[Lh € Wh(F), (332)

where, € is a suitably chosen penalty parameter. Now using the Gelfand triplet H'/2(T") C
LX) ¢ H~Y2(T') i.e. for u € L*(T) and [[v]] € H'/*(T'), we have

boo) = [ (ol (3:33)
Equivalently, (3.3.1)-(3.3.2) can be written as: Find (up, \y) € X, x WH(T') such that
.A(Uh, )\h; Up, ,Uh) = f(’Uh) V’Uh € Xh, Hrn € Wh(F) (334)

where

2
A(v, p;w,v) = Z/ GiVv-Vw de + pl[w]] dr
i=1

[[v]]v dT + E/F,LU/ dr, (3.3.5)

J
J

for all (v, u), (w,v) € X x L*T), and

2
Flon) = > / fop, dz. (3.3.6)
i=1 /&
Subtracting (3.3.1)-(3.3.2) from (3.2.4)-(3.2.5), we obtain

a(u — up,vp) + b(vp, A — Ap) — b(u — up, pp) = —e/ Mupindt Yo, € X, i, € WD),
r
(3.3.7)
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which can be written as
A(u — up, A — Ay on, fin) = 6/ MNendr Yo, € Xp, o € WHI). (3.3.8)
r

Note that, the interface I'" here can be chosen either I'y or I'y. For our convenience, we
choose T to be I'y. For the existence and uniqueness of the solution (uy, A\y) € X, x WH(T)

of (3.3.1)-(3.3.2), the discrete spaces may not satisfy the inf-sup condition.

Lemma 3.3.1 There exists a unique solution (up, \,) € X xW"(T) to the problem (5.3.1)-
Proof. Since (3.3.1)-(3.3.2) gives rise to a system of linear algebraic equations, uniqueness
implies existence of the solution. With f = 0 in (3.3.1)-(3.3.2), we claim that u, = 0 in
each ;, i = 1,2 and A\, = 0 on I". Substitute v, = uy, and p, = A in (3.3.1) and (3.3.2)
respectively, and then subtract (3.3.2) from (3.3.1) to obtain

2
1/2 2 2
> 8 Vunl| 2, + €72 Mnll 2y = 0. (3.3.9)

i=1
Since uy, vanishes on 0€), up, = 0 in each €2;, i = 1,2 and A, = 0 on I', and hence, uniqueness
follows. This completes the rest of the proof. [ |
For the stability of the scheme (3.3.4), we define here the mesh-dependent norm as below.

2
2 2 2
1 Cons )17 =D 1V 0m 11720 + 1€ 0l 2 ry- (3.3.10)
i=1
Below, we prove the coercivity of A(-,-;-, ).

Lemma 3.3.2 For all v, € X}, and pp, € WH(T), A satisfies the following coercivity
property:

A(vn, pn; On, pn) > 04|||(”ha/ih)||‘27 (3.3.11)

for positive «, where a = min(ag, 1), with ag being the lower bound for the coefficients

ﬁi; Z: 1,2
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Proof. From (3.3.5),

2
A(vh,,uh; Up, uh) = Z/ @-Vvh : Vvh dx + / ,Uh[[vh]] dr
i=1 /& r

~ [l dr + ¢ [ pur

2
1/2 2 2
— Z 18V Vrll g2, + ||€1/2Mh||L2(F). (3.3.12)

i=1
Hence, using the lower bound of the coefficients 3;, i = 1,2, we derive the desired coercivity

property (3.3.11). |

Now we prove the boundedness property for A.

Lemma 3.3.3 Let (v,u) € X x L*T) and (wp, un) € Xp X My,. Then the following

inequality holds true:

Alw i wn ) < C (Il + Tl oy + 16720l ey ) MG, )l
(3.3.13)

Proof. Applying Cauchy Schwarz inequality, the duality between H =2 and H'?, we

obtain

2
A(v, g wp, iy) = Z/Q.@-VU-VUJ;L dx+£[[wh]]udr—/F[[v]],uth—Fe/F,u,uth

2
< C (Z VUl 120,
=1

Y2yl ey + el ey e 2l ey ) (3:3.14)

V| 2y + 118l =172y I TTwn ]l 2y

Therefore, we obtain

2 2 ~1/2 2 1/2
A, ) < C (1 mIE + 1l ey + 1200

9 1/2
2 2 2
(Z IVwall 20, + ITTwnll ez @) + ||€1/2/14hHL2(F)> (3.3.15)
i=1
Using the trace inequality (Theorem 1.2.2), we obtain an estimate as below

A son ) < C (11 + Dl vagey + e 200Dl oy

2 1/2
2
<Z IVwnl 720, + |]e1/2uh!|L2(F)) ., (3.3.16)
i=1
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and, hence, the boundedness (3.3.13) of A follows from (3.3.10). |
Let us recall here from Chapter 1 that [,u; € X, (€);) is the nodal interpolant of u; in

Q; for © = 1,2 which satisfies the following approximation property :

7

We also define the L? projection IIj, from M to WH(T) as follows:
[to=tughin =0 vunewm) (3319)
Moreover, the operator I, satisfies the property [23, Lemma 2.4]: For A € H 1/ 2(T),
A= M gagey + A = Mooy < ORI ey (33.19)

Theorem 3.3.1 Let (u,\) € X x M be the solution of (3.2.4)-(3.2.5) and (up, \p) €
X5, x My, be the solution of (5.3.1)-(3.8.2). Moreover, assume ulg, € H?(;) fori=1,2.
Then for e = O(h) the following estimates hold true:

2
(= uny A= A)l| < CRY2 Y full o (3.3.20)
=1
and
2
lw = unll 2y < Ch Y llull oy (3.3.21)
=1

Proof. Using I,u and II, )\, split the error term and then apply the triangle inequality to

obtain
(e = un, A= )] < 1w = Tpu, A= TN+ (][ (Znw = wn, TN = AWl (3.3.22)

Since the estimates for the first term on the right hand side of (3.3.22) are known from the
standard approximation properties (3.3.17) and(3.3.19), it is enough to derive an estimate
for the second term on the right hand side of (3.3.22). Now using Lemma 3.3.2, we obtain

2
I

- 1 - -
H|(Ihu — Up, Hh>\ — )\h) = E.A(Ihu — Up, Hh>\ - )\h; Ihu — Up, Hh>\ — >\h>

1 .
- <.A(U — Up, A — )\h; Ihu — Up, Hh>\ — )\h)

(0%

IA

—A(U - ]hu, A — ﬁh)\; ]hu — Up, ﬁh)\ — )\h)) (3323)
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From (3.3.8), we arrive at

= 2 1
11T =, THA = M7 < —e

/ AMIIA — Ap)dr
r
+ é )A(U — Ihu, A — ﬁh)\; [hu — Up, ﬁh)\ — >\h) (3324)

Here, we note that for u|g, € H?();), Ais in H/?(I"). Now, use Cauchy Schwarz inequality
for the first term on right hand side of (3.3.24). To estimate the second term on the right
hand side of (3.3.24), we apply Lemma 3.3.3 and the trace inequality. Now altogether we

obtain

- 2
11(Thw — wp, A — Ap) |

< C(a) (€2 Al aqry + Il = T, ThA = M)
12l = Tl ey + 1A = Al vy

(11 (Tner = A = A1) (3.3.25)
and hence, we arrive at

11T = s T A = Ml <€ (Il = T, Tlad = N+ e 2[fu = ],
 MTA = All vy + 1€\ aqry ) - (3:3.26)

By taking ¢ = O(h), and then using the standard approximation properties (3.3.17) and
(3.3.19), we find an estimate for the first term on the right hand side of (3.3.26) as

2
I[(u = Tyu, A = A)[|| < Ch (Z il 2,y + ||>\||Lz(r)> : (3.3.27)

i=1
For the second term on the right hand side of (3.3.26), use Lemma 1.3.2 to obtain an

estimate
le 2l = Ll oy < e (un = Intn) | ey + ez = Inuo) | oy

2
< Ce VPR uill o,y for ui € HA ()

i=1

2
= ChY il if e=O(h). (3.3.28)

=1



Chapter 3. Nitsche Mortaring Element Method 69

For the third term on the right hand side of (3.3.26), use (3.3.19) to find
A~ Ml -vrey < Ol ey (3.3.20)
For the last term on the right hand side of (3.3.26), we only obtain h!/? by taking € = O(h)
I My < O Ny (3.3.30)

Note that,

2
M2y < M g2y < C Y il gy (3.3.31)

=1

Substituting (3.3.27)-(3.3.31) in (3.3.26), we find that

2
(e =, T = M)l < CRY2 S il 2 - (3.3.32)

i=1

Hence, from (3.3.22), we arrive at

2
= un A= M)l < OB Y uill - (3.3.33)

i=1
Observe that here, we only obtain [|A — Ap || 2y < C.
Now we appeal to Aubin-Nitsche duality argument for the L? error estimate. Let

Vi =1, € H*(Q;) N Hj(2),i = 1,2 be the solution of the interface problem

Yi = 0 ondQN oy, (3.3.35)
[y =0, Hﬁ?—f”r = 0 along T, (3.3.36)

which satisfies the following regularity condition [11, Theorem 1.1], [34, Theorem 2.1]

2
S Wil ey < cllu—unll o). (3.3.37)
=1

where

2
2 2
Ju— Uh||L2(Q) = Z Ju; — uhiHL?(Qi)'
i=1
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With e; = u; — up;, we multiply both the sides of (3.3.34) by e; and sum over i = 1,2 to

obtain

2 2 a?/i
le|> = ;Heinigmi) :;/ﬂ B;Ve; - Vi dx—Aﬂ%[[e]] dr.  (3.3.38)

Note that by (3.3.8),

E/F)\ﬁh (62_15) dr = A (U — Up, A — )\h; [}ﬂ/],ﬁh (62—:6))

2
= ; /Q | B:Ve; - VI dx + /F (A = A )[[In])dr

- Jreim, (552 ) ar e [ 3= a (552 ar

(3.3.39)
Since [[¢]] = 0 along I, from (3.3.38) and (3.3.39), we arrive at
2
e =3 / Ve V(0 ) e+ J 0=l — 1) ar
0 0 ~ 0
- Juien (955~ (652 ) dr - [ 3= i, (555 ) ar
Y
+6/F)\Hh (ﬁﬁ—;ﬁ) dr (3.3.40)

For the first term on the right hand side of (3.3.40), apply Cauchy Schwarz inequality, trace
inequality, (3.3.33) and (3.3.17), to find the estimate given below:

2 2 2
=1 i =1

i=1
From (3.3.33), Lemma 1.3.2 and € = O(h), we obtain an estimate for second term of (3.3.40)

as

/F A=) = Ll dr < Clle2 (A= M)l gyl 21100 = nd )]l gy

2 2
< Ch*? <Z||u||H2(Qi)> <Z||wi||H2(Qi)>‘ (3.3.42)
=1 =1
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For the third term on the right hand side of (3.3.40), use Cauchy-Schwarz inequality and
apply the trace inequality. Then from (3.3.33) and (3.3.19), we obtain

Jen (852 -, (552 )) ar < e (Z e )(Z HwiHm)) (3.3.43)

For the fourth term on the right hand side of (3.3.40), apply Cauchy Schwarz inequality,
use (3.3.19), (3.3.33) to obtain

e/F(A — ), <5g:f) dr = /(/\ An) (ﬁg:i I, <ﬁg:f)> dr — /(/\ — Ah)ﬁg—%h

o - [ o
< €A - Al 2y || € <ﬁ_ — <ﬁan)>
L2(I)
o
20— Ao [ €72 (ﬁ—)
L (F) 8n L2(F)

2 2
< ChY ullay D il (3.3.44)

=1 =1

Finally, for the last term on the right hand side of (3.3.40), we proceed in the similar way

as in (3.3.44) to arrive at

~ 8¢ 2 2
e [t (552 ) dr < cn <Z ||u||Hz(Qi>> (Z ||wz-r|Hzmi>> S (3349)

Now using the regularity condition (3.3.37), from (3.3.40)-(3.3.45), we obtain the estimate:

2
lw = unll 20y < Ch Y Nullia,: (3.3.46)
and this completes the proof. [ |

Remark 3.3.1 Note that, here we have not been able to improve the order of convergence

in (3.3.32) even if we choose € = O(h™) for m > 1 with u; € H*(Q;), i =1,2.

3.4 Nitsche’s method for parabolic problem

Here, we extend the method to parabolic initial and boundary value problems with discon-
tinuous coefficients and observe the effect of inconsistency of the method which we have

discussed earlier. We follow the same assumptions and notations as in the last section.
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Let Q C R? be a bounded domain with boundary 9Q. Now consider the following
parabolic initial-boundary value problem: Given f € L?(Q), find u; = u;(x,t) satisfying

u, — V- (B(x)Vu;) = f in Q; x (0,77, (3.4.1)
ui(z,t) = 0 on (0; NON) x [0,T7, (3.4.2)
ui(z,0) = wup(x) in Q (3.4.3)
ou
[[u]]p =0, Hﬂ%ﬂr = 0 along I (3.4.4)
The problem (3.4.1)-(3.4.3) has unique solution in H?(Q2) by [56].
3.4.1 Semidiscrete method
. . . Ouy Ous .
Integrating by parts, and introducing the flux A = ﬁlﬁ— = —628—, we derive the follow-
T Mo

ing Lagrange multiplier method for the interface problem (3.4.1)-(3.4.4): Find (u(t), A(¢)) €
X x M such that for ¢t € (0,71,

(u,v) + a(u,v) +b(v,\) = Z/ fodx  YoveX, (3.4.5)
b(u,p) = 6:1 Y e M, (3.4.6)
(u(0),v) = (uo,v), (3.4.7)

where (-, ) denotes the inner product in L*(2) and af(-, ), b(-,-) are defined in (3.2.6) and
(3.2.7) respectively.
Nitsche’s Mortaring method

We propose the Nitsche’s Mortaring method for the parabolic problem (3.4.5)-(3.4.7)
as follows: Find (up(t), \n(t)) € X x W*(T) such that for ¢ € (0,7] and for all (v, up,) €
X, x WH(D),

2 2 2
Z/ uh,tvdx—FZ/ ﬁiVuh-Vvhdx—i-/)\h[[vh]] dr = Z/ fopdz, (3.4.8)
i=1 /% i=1 7 r i—1 I

/F[[Uh]]ﬂh dT—G/F)\h,uh dr = 0, (3.4.9)
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Equivalently (3.4.8)-(3.4.10) can be written as: Find (up(t), \n(t)) € Xp, x WH(T') such that
for t € (0,77,

(tnt, v) + A(un, An; On, i) = F (o) Yo, € Xp, iy, € WH(TD) (3.4.11)
up(0) = upo, (3.4.12)

where

r

_ /F[[v]]y dT+e/F/w dr,

2
Z/ fop dx.
i=1 7

Since (3.4.12) forms a system of linear ordinary differential equations, Picard’s existence

Av, pyw,v) = Xi:/g BiVu-Vw de + /,u[[w]] dr

for all (v, i), (w,v) € X x L*T), and

theorem ensures the existence of a unique solution (uz, ) € X x W*(T).

We discuss below the error estimates for (3.4.11)-(3.4.12).

Theorem 3.4.1 Let (u,\) and (up, A\p) be the solutions of (3.4.5)-(3.4.7) and (3.4.8)-
(3.4.10), respectively. Further, letuq, ,uy, € H?(Q;). Then there exists a positive constant
C, independent of h, such that fort € (0,T] and e = O(h)

2 . 1/2
u(t) — un(t)|| < Ch (Z {HUOH?{z(Qi) +/0 el 72 dsD : (3.4.13)

=1

and

C < ‘
= A= 2O < F0 3 [lnlleay + [ (sl
i=1
+ Hutuﬁ,m)) ds] . (3.4.14)
Proof. Subtracting (3.4.8)-(3.4.9) from (3.4.5)-(3.4.6), we obtain the error equation

(ut — Uh,t> Uh) + a(u — Up, Uh) + b(vh, )\ — )\h) = O, VUh € Xh, (3.4.15)
b(u — Up, ,Uh) + 6/ )\h,uth =0 V[Lh & Wh(F) (3.4.16)
r
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We now define mixed elliptic projection as follows. For given u and A set (4, j\h) as the

solution of the corresponding elliptic part of (3.4.15)-(3.4.16).

A(w — @, X — Mn; on, pin) = e/FAuth Yon, € X, i, € WH(T). (3.4.17)

Set
u—up = (u—1up) + (ap —up) =p+10 (3.4.18)

and
A== =X)+ =) =n+E (3.4.19)

Since estimates of p and 7 are known from Theorem 3.3.1, we need to bound ¢ and £. From

the equations (3.4.15)-(3.4.19) and using the elliptic projection (3.4.17), we find

(Qt, Uh) + CL(@, Uh) -+ b(vh, 5) = —(pt, Uh) Y, € Xy, (3420)
b0, ) — ¢ / Cupdr = 0 Y, € WHI). (3.4.21)
T

Set v, = 0 in (3.4.20), pp = € in (3.4.21) and then apply coercivity of A(:,-;-,-). Then,
using Young’s inequality (1.2.2), we arrive at

SN +all @O < ool
< gellnd?+ 16l
and hence,
S0l + a0, €I < Co) ol (3.4.22)
Integrating (3.4.22) from 0 to t, we find
oI +a 16, < o) (1o [ t Iofar). (3.4.23)
Now choose g, = @p(0), then 6(0) = 0, otherwise with ugp, = Inug

10O = llan(0) = uonll < [luo = Inuoll + [[@n(0) — uoll

2
< Chz ||u0HH2(Qi)> (3.4.24)
i=1
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provided € = O(h). From (3.3.21), we obtain

2
loill = e = @l < ChY el g2 -

i=1
Substituting (3.4.24) and (3.4.25) in (3.4.23), we find that

2

5

(3.4.25)

t t
||9(15)H2+04/0 @, OlPdr < Ch*y <|IUO||§12<QZ-> +/0 el 20,y ds) (3.4.26)

i=1
Using triangle inequality and (3.3.21) with e = O(h), we derive

2

t
)~ o < €23 (ol + [ ol ds )

i=1

with € = O(h).

(3.4.27)

For a bound in |||(+, -)|||-norm, substitute v, = 6; in (3.4.20), differentiate the equation

(3.4.21), put pj, = £ in (3.4.21) and apply Cauchy-Schwarz inequality, Young’s inequality

(1.2.2) to obtain

16:1% + 0. ON* < llpelll6]] < —Hpt!l + —H9tl|

sl

and hence,
16:]1* + %Hl(@ﬁ)\l!2 < C(a)]lpell”.
Multiply both sides of (3.4.28) by t. Since
d
@(tIH(@,S)H! ) =116, Il tio H|(9 3lll
the equation (3.4.28) can be written as

t6:° + — (t|||(9 ONF) < Ctlal* + 1116, 11

Integrating both sides of (3.4.30) from 0 to ¢, using (3.4.23), we arrive at

wwmamWSCmewﬁéﬂm%haAwmm)

(3.4.28)

(3.4.29)

(3.4.30)

(3.4.31)
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From (3.4.24) and (3.4.25), we obtain the estimate

2

C t
16, @I < 5123 (Huonip(gi) +/O (T||ut||§,2(9i) + ||ut]|§{2(9i)) dT) . (3.4.32)

i=1

An application of triangle inequality yields

[\

C t
(= A= AP < TS [luollny + [ (el

n ||ut]|§{2(ﬂi)) dT} . (3.4.33)

i=1

and hence rest of the proof follows. [ |

Remark 3.4.1 Due to the inconsistency of the method (3.8.1)-(5.3.2), we loose h'/? order
for |||(-, )|||-norm in case of elliptic problem. And hence we also observe a loss of order
one in case of L*-order estimate.

In the next section, we discuss a completely discrete scheme which is based on backward

Euler method.

3.4.2 Fully discrete method

Let k be the time step parameter T = Nk and ¢, = nk. For a conltinuous function
Ld —kgo . The backward

Euler approximation of (u, \) is to seek a pair of functions (U™, A") € X, x WH(T') so that
the pair (U™, A™), n > 1, satisfies

¢ € C[0,T], we set the backward difference quotient as ;™ =

2
(5tUn, ’Uh) + Z/ ﬁZVUn : Vvhdx + /An[[’l)h“ dr = Z/ fvhda: V’Uh € Xh,
i=1 /& r -

o (3.4.34)
/F (U™, dr — € /F Ay, dr = 0¥, € WHT).  (3.4.35)
U°(0) = un,, (3.4.36)

where up, is an approximation to u(0) in X} to be chosen later.

Equivalently (3.4.34)-(3.4.35) can be written as: For n > 1, find (U™, A") € X}, x Wh(T)
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such that
QU vp) + AU A v, i) = Flon) Vo, € X,y € WHT)
For the error estimate we decompose the error terms as follows:
u(ty) = U™ = (u(tn) = @n(tn)) + (Un(tn) = U") = p" 4 0.
and

~ ~

Atn) = A" = (A(tn) = An(tn)) + (An(tn) = A") =" + &7

7

(3.4.37)

(3.4.38)

(3.4.39)

Since the estimates of p™ and n™ are known, it is sufficient to estimate 8™ and ¢". Using

the elliptic projection (3.4.17), (3.4.38)-(3.4.39) at t = t,, and (3.4.34)-(3.4.35), we obtain

(0:0™, ) + a(0™,vp) + blvp, ") = (W' vn) Vo, € X
b(0", pn) —e/ﬁ”uh dr = 0 Vu, e WHI)
r

where
w" = Oytiy(t,) — ue(ty) = (Ovtin(ty) — Ou(ty)) + (Ouu(ty,) — w(ty))
= wy + w;y.
Choose vy, = 6™ in (3.4.40) and pp = €™ in (3.4.41). Note that

_ 1_ ko_ _
(8.0,6") = SO16"1I° + Z196"I" = 510"

1
— 2

Using the Cauchy-Schwarz inequality and Young’s inequality (1.2.2), we find that

IN

1~ n n ¢n n n n n
00 I+ all|(6", €I* [[w™ 16" < [lw"[[16™]

IA

1 2 « )
. n _ 0“
o + 216

IA

1 2 2
_ n - on_ gn
Sl + S 116", €M)l

and hence,

O™ 1” + alll(6", €MI” < Ol llw"[|*.

(3.4.40)
(3.4.41)

(3.4.42)
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Using the definition of 0;, we arrive at
16711° < N6 + Clepkfjm |,
and hence, by repeated application, we obtain
o < 16°1° + (Y o + 3 )
j=1 j=1
Choose ug, = @,(0), then §° = 0, otherwise with ug, = Iu,
16°1 = 11@n(0) —wnll < luo — Inuoll + |4 (0) — uoll
2
< Chz ol 20
i=1
Since

t;
wl = Byin(ty) — Bru(ty) = k! / (iine — ug)ds,
ti—1

j—

we now find that
n -2 n tj 9 K tn 9
SEDS / i — u)Pds < C3 2 / el s
j=1 j=1/tj-1 i=1 t=

To estimate w3}, we note using Taylor series expansion that

wh = Opu(ty) —wu(ty) = K (ulty) —ultj—1)) — u(t;)

tj
= —k_l/ (s —tj—1)uw(s)ds
tji—1

j—

2
tn
s—t, 1|||utt]|ds> g(]k:“’/ s
t=0

3l Z(/

Substituting (3.4.45)-(3.4.47) in (3.4.44), we obtain

2 tn tn
n 2 2
Jorl” < ) ( (Zuuonmm + [ 0||utr|m(m)>+k2 ) ds>.
t= t=

=1

With an application of triangle inequality with (3.4.48), we derive the estimate:

2

78

(3.4.43)

(3.4.44)

(3.4.45)

(3.4.46)

(3.4.47)

(3.4.48)

tn tn
lu(ts) — U2 < © <h2 3 (nuouip(gi) + / 0 ||utuimi>) e / 0 ||uttr\2ds> (3.4.49)
t= t=

=1
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In order to estimate in || - ||x-norm, substitute v, = 96" in (3.4.40), and then use
(3.4.41) to obtain
kI8 + 167, € I1° = a(6",0"7") = b(6" ", €") = k(w", 3,6")
Using the equation (3.4.40) for v, = 6"~!, Cauchy Schwarz inequality, we arrive at
KOG |” + 110" €MI° = (", 6"7") = (3,8",6" ") + k(w", 5,6") (3.4.50)
Now an application of Cauchy Schwarz inequality, Young’s inequality (1.2.2) gives,
16", €I < Cllo1° + kflw™|* (3.4.51)
Since from (3.4.43)
16"1* < 11611 + Chllu" |

by repeated application
n oo 2 . N 2
1@, €17 < 16°1° + CRO lwill” + Y llwill) (3.4.52)
j=1 j=1

Now proceed similar way as in (3.4.46)-(3.4.49), to obtain

2 tn
n ny |2
Jut) = U™ + €2 \) = Ay < C<h§:<||u0||m # [ o,
t—=

=1
tn
2 / ||utt||2ds). (3.4.53)
t

=0

The result we proved can be stated as:

Theorem 3.4.2 Let (u(t,), A(t,)) be the solution of (3.4.34)-(3.4.36) and let (U™, A™) €
Xp, x W) be an approzimation of (u(t),\(t)) at t = t, is given by (3.4.37). Further,
assume that for t € (0,T], u(t) € H (), u(t)ml,ut(t)ml € H*(Q) and uy(t) € L*(Q).
Then with ug, = g, there exist positive constants C, independent of h and k, such that
fore=0(h),

2

tn tn
lu(t,) = U"|* < € <h22 (HUOllifz(Qi) +/ ) ||utH§{2(gi)d8) + k‘Q/ ) HuttH2d5> :
- t= t=

=1
(3.4.54)
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and

2

() = U5 + 1> (\(ta) = Aoy < C (hz (ool + [l ds)

i=1

tn
2 / ||utt||2ds). (3.4.55)
t

=0
Remark 3.4.2 Note that, here we obtain suboptimal order of convergence in the case of
H' and L* for e = O(h) and this is the effect of the inconsistency of the method (3.4.54)-
(3.4.36). In Chapter 4, we have modified the method in such way that the resulting method

is consistent and we achieve optimal order of estimates in both the cases.

3.5 Matrix Formulation

In this section, we discuss the algebraic formulation arising from the discrete formulation
(3.3.1)-(3.3.2). Construction of basis functions are similar to that in Section 2.7 of Chapter
2, with a slight modification for the Lagrange multiplier space. As in Chapter 2, in order
to find a matrix formulation for (3.3.1)-(3.3.2), we need to provide a matrix form of (3.3.2).

We can write the matrix form associated with (3.3.2) as
Moug — Mty = €Mm A, (3.5.1)

where M, M, and M,,, are given by (m),; fr P5n, AT, (M), fr2 @b, d7 and
(M) fF2 Un,bn, dT respectively. Here, v, are the nodal basis functions for W"(T';), ¥
and ¢ denote the basis functions for W"(T'y) and W"(I'y), respectively.

Now, the matrix representation of (3.3.1)-(3.3.2) can be given as:
Aa=F, (3.5.2)

where a = (u},ul, u? u?,,\,)". Note that here u} and u? represent the unknowns associ-

19 sy) Y Y'mp

1

ated with all the internal nodal points in Q; and 2, respectively. Further, u! and u2, are

unknowns associated with I'y and I'y and )\, is the unknown for the Lagrange multipliers
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associated with W"(T'). Note that

AL AL 0 0 0
Al AL, 0 0 M
A=10 0 A2 A% 0 : (3.5.3)

0 0 A% AL, —(Mpn)"
0 M, 0 -—-M, —eM,m

with

A= {a@ "y alal e T, 1<1<2,

Ay = a0} ab e T(),x, €T

Ais = {a<9087908)} rs €1,

A, = {a@l om)t 2l € To(), 2m € T,

A?nm = {G(SOmaSOm)} Tm €F2a
and

T
F= ( F' F' F2 F2 0 ) , (3.5.4)

where

Flo= {0 el e T(), 1<1<2,

(fP 0} 2l e Th(),z, €T,
(f9 om)} 2t € Th(SU), 2 € Ty,

Now, for fully discrete formulation (3.4.34)-(3.4.35), the associated matrix formulation

can be given as:
(B+ kA)a™ = Ba" ' + kF(t,), n>1, (3.5.5)

with o = (u}, ul,u?, u?,, \,)T, where A and F are same as in (3.5.3) and (3.5.4), respectively
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and B has the following form:

B BL 0 0 0
By By, 0 0 M,
B=|l0 0 B B2 0 , (3.5.6)
0 0 B B —(My,)T

0 Ms 0 _Mm _eMmm

where
B = {(¢, oM} alal e (), 1<1<2,
Bl, = {B(¥\,¢,)}  aleTh(u), 2, €Ty,
B;s = {B(9087§08>} xserlu
B, = {(¢\" on)} 2l €Th() xy €T

Bglm = {(meﬂpm)} T € Ly

3.5.1 Numerical Experiments

We choose the following second order elliptic problem on the unit square domain 2 =
(0,1) x (0,1) with Dirichlet boundary condition and homogeneous jump conditions as

follows:

=V - (Bi(2)Vu;) = [ in €,

u; = 0 on 00N O,
ou

[[ul]r =0, Hﬁa—n”F = 0 along I.
The computational domain €2 is subdivided into two equal subdomain §2;, + = 1,2. In each
subdomains €2;, we decompose it into a family of linear triangular elements of different
mesh sizes h;. Here, we take hy = 1/14 and hy = 1/16. With the penalty parameter
e = O(h), we choose discontinuous coefficients with #; = 1 and 2 = 10 in two subdomains.
We choose f such that the exact solution is u(x,y) = z(z — 1)y(y — 1).
The order of convergence for the error ¢ = (u—wuy,) in L?-norm with respect to the space

variable parameter h has been computed in Table 3.1 in the log-log scale. The computed
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L% order of convegence w.r.t. h

-6.4

6.6

6.8}

-72F

log e

74}

76}

-78}

8.2 i i i i i
-2.6 -2.4 -2.2 -2 -18
log h

Figure 3.2: Order of Convergence w.r.t. h

Table 3.1: L? Order of Convergence
(h1,ho)  h=maxh; |[ju—uplrq Order

1 1/6  0.0015099

1/8  0.0008971  1.80974559675578
/10 0.0005967  1.82731188795612
/12 0.00042635  1.84374176729892
1/14  0.00032016  1.85818015641332

0 |—=
sl=
~—

~—

sl
= == Sl
S~—

—
i~
=
(o))
S~—

order of convergence is better than the theoretical order of convergence derived in Theorem
3.3.1.

For the second order parabolic initial and boundary value problem, we consider again the
unit square domain 2 = (0, 1) x (0, 1) with Dirichlet boundary condition and homogeneous

jump conditions: Find u; = w;(z,t) satisfying

w, — V- (B(x)Vu) = f in Qx(0,1], (3.5.7)
wia,t) = 0 on (9 NQ) x [0, 1], (3.5.8)

wi(z,0) = up(z) in Q (3.5.9)

o [[p2]] = 0w v as10

The computational domain 2 is subdivided into two equal subdomains €2;, i = 1,2. In

each subdomains §2;, we decomposed into a family of linear triangular elements of different
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mesh sizes h;. With uy = 0, we consider the discontinuous coefficients along the common
interface I' of subdomain. We take the coefficients (31, 52) = (1,10) and choose f in such
a way that the exact solution is u(z,t) = x(x — 1)y(y — 1)e’. By choosing the penalty
parameter ¢ = O(h), the order of convergence at t = 1 for the error e = (u — uy) in
L?-norm ‘p’ with respect to the space variable parameter h and ‘¢’ with respect to the
time parameter k has been computed in Table 3.2. Figure 3.3(a) and 3.3(b) show that the
computed order of convergence with respect to h and k, respectively, in the log-log scale.
The computed result illustrates an improved order of convergence in comparison to our

theoretical result (See, Theorem 3.4.2).

Table 3.2: Order of convergence p w.r.t. space variable h and ¢ w.r.t. time variable k

hi,hy) h= max hy k Error e D q

1 1/6  1/36  0.0038965

1/8  1/64 0.0022893 1.8487 0.9029
1/10  1/100 0.0014986 1.8988 0.9164
/12 1/144 0.0010499 1.9517 0.9287
/14 1/196 0.0007706 2.0064 0.9394

0 |—=
—
)
S—

~—

sl
= == gl
S~—

—
i~
=
(o))
S~—

In the next chapter, we would like to modify the scheme so that it is possible to derive

optimal order of convergence.
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L2 Order of convergence w.r.t. h Order of Convergence w.r.t. k

-5.4 T T T -5.4 T T T
5ol [o—p=19] | sel e
-58f 1 -5.8f
i ] -
o —6.2F 1 o —6.2F
j=2} [=2}
o o
= -64r f = -64f
6.6 — -6.61
-6.8| ] -6.81
l ] 4l
=72 -7.2 L L L L
-5 -45 -4 -35
log k
(a) Order of Convergence w.r.t. discretization (b) Order of Convergence w.r.t. k

parameter h

Figure 3.3: Order of Convergence with discontinuous coefficients
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Chapter 4

Stabilized Mortaring Element
Method

4.1 Introduction

In Chapter 3, we have proposed and analyzed Nitsche’s mortaring method with a parameter
for both elliptic and parabolic problems with discontinuous coefficients. Since this method
is not consistent, we could only derive suboptimal error estimates that are of order O(h'/?)
in the broken H'-norm and O(h) in the case of L?*-norm under the assumption that the
perturbation parameter € is of O(h). In literature, mortar finite element has been studied by
[15, 46, 82] in case of elliptic problems. The close connection between Nitsche’s method and
mortaring method has been shown in [82]. In [15], a priori and a posteriori error estimates
have been derived for second order elliptic problems. In their analysis, the formulation
contains a penalty term which involves an integral term of products of piecewise polynomials
on unrelated meshes. This is very expensive to implement in higher dimension cases. The
interface Lagrange multiplier [46] is chosen with the purpose of avoiding the cumbersome
integration of products of functions on unrelated meshes (for example, global polynomials
as multipliers).

In this chapter, we introduce a stabilized Nitsche’s mortaring method which is consistent
with the original problem and derive optimal error bounds in both the norms when ¢ is of
O(h). In the first part of this chapter, we deal with the elliptic boundary value problems
with discontinuous coefficients and in second part, we extend the method to parabolic

initial and boundary value problems with discontinuous coefficients.

86
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A brief outline of this chapter is as follows. In Section 2, we formulate the interface
problem with discontinuous coefficients. In Section 3, we describe the stabilized Nitsche’s
mortaring method and discuss the error analysis for second order elliptic problems. In
Section 4, we apply the method to parabolic initial and boundary value problems and
analyze the error estimates for both semidiscrete and fully discrete schemes. In Section 5,

we present the result of some numerical experiments.

4.2 Elliptic Boundary Value Problem with Discontin-

uous Coefficients

Let Q C R? be a bounded domain with boundary 92. We consider the case when the
domain  is subdivided into two non-overlapping, convex and polygonal subdomains €2,
and €, i.e., Q = O UQ,. Let the common interface be denoted by 9Q; N0, = I and let n;
be the unit normal oriented from €2; towards €2; for 1 <17 < 57 < 2 such that n :=n; = —no.

Now recall the following interface problem defined in Chapter 3: for i = 1,2

u; = 0 on 00N O, (4.2.2)
[[u]]r =0, Hﬂg_:;”r = 0 along T, (4.2.3)

where 3|, = (3; is discontinuous along the interface I', but is piecewise smooth in each sub-
domain €2;. Further, we assume that 3 or each (3; is bounded below by a positive constant

say g and bounded above by a positive constant ;.

With
M = Hoy"(T)
and

X ={veL*Q): v € HH(Y), | =1,2},
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Q
— n1
9251
«— Q2
ng = —N3
r

Figure 4.1: Q=0 UQ,, n; and ny represent the outward normal components

ou ou
we now introduce the Lagrange multiplier A = ﬁ18—1 = —62—2 and write the weak
n1

8n2
formulation for the problem (4.2.1)-(4.2.3) as: Find (u, \) € X x M such that

a(u,v) +b(v,\) = Il(v) Yve X, (4.2.4)
bu,p) = 0 Vue M, (4.2.5)
where
a(u,v) = Z /Q G;Vu; - Vude, (4.2.6)
b, A) = < A [R]] > U0) = Z/ﬂ fo dz. (4.2.7)

and < -,- >p denotes the duality pairing between H~'/? and H'/2.

4.3 Stabilized Nitsche’s Mortaring method

Let us recall the mortar finite element spaces which we defined in Chapter 3. Let

Xh(QZ) = {Uz',h - C(QZ) = 0, Ui’h|T € Pl(T) VTe %(QZ)}

L U;
bhagnoq;

be defined on each €2; and let the global finite element space X} be given by

Xh(Q) = {Uh S L2(Q) Vhlpo = 0, Ung, € Xh(Qz) 1= 1,2}
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Let W"(T;) be the restriction of X3(£2;) to I';. Note that, the choice of the multiplier space
over the common interface I' for our purpose is either W"(T';) or W"(T'y) with the mesh
parameter h,, and h,,, respectively. For convenience, let us choose W*(T') as W"(T';).

Further, we assume that there exist positive constants c;, ¢y such that
Clhel S he2 S CQhel (431)

holds for all pairs (e1,e3) € (7n(I'1), 75(I'2)), with e; Ney # ¢. For the analysis purpose,

we also define
h = mazx{hp,he: T € T,(),e € Tp(1),i = 1,2}.

Nitsche’s Method: The stabilized Nitsche’s mortaring approximation is to find (up, Ap) €
X, x Wh(T') such that for all v, € X}, and pu, € WH(T),

2
;/flz G;NVuy, - Vo, de + /)\h[[vh]] dT—i—O’/’y)\h {ﬁ%}

T

- / {ﬁ%}{ avh}dr—Z/ fon de, (4.3.2)
/F[[uh]]uh dr + /Fv {ﬁ%} pu, dr — /Fv)\huth —0. (4.3.3)

When ¢ = 0, this method is unsymmetric and for ¢ = 1, this method is symmetric. Here,
v is at our disposal and will be chosen later.

Equivalently, (4.3.2)-(4.3.3) can be written as: Find (up, Ay) € Xj, x WH(T') such that
.A(Uh, )\h; Uh, ,uh) = f(vh) Y, € Xy, My € Wh(F) (434)

where

A, jiw,v) — Xj:/ﬂ B,V Vu dx—i—/,u[[w]] dr

_/F[[ ]]yd¢+a {ﬁ }
—a/ry{ }{ }dT ol dr
—/F’y{ }VdT—i—/Fv,uydT, (4.3.5)
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for all (v, u), (w,v) € X x L*T), and

Flo) =Y /Q o d. (4.3.6)

For both the cases, i.e., 0 = 0 and ¢ = 1, this method is consistent with the original
problem (4.2.4)-(4.2.5). In order to verify the consistency, substitute (u,\) in place of

. . o a@h N 8u2
(up, Ap) in (4.3.2)-(4.3.3). Since A = ﬁlﬁ—nl = —[y - and

@ . 8u . 8u1 . 8’&2
on

“on om om
8’Uh 8u a’Uh .
Jor oy [ o
0
—/v{ﬂ—u}uh dT+/vAuh dr =0
r on r

We state this in the form of a lemma as follows.

we have

and

Lemma 4.3.1 The problem (4.5.4) is consistent with the original problem (4.2.4)-(4.2.5).
Moreover, if (u, \) is a solution of (4.2.4)-(4.2.5) and (up, A\n) is a solution of (4.3.4), then

A —up, X = Ay v, pin) =0 Yo, € Xy, € WHTD). (4.3.7)

In order to verify stability of (4.3.4), we define here the following weighted norm: for
(v, ) € X x L*(T)

2
2
(o, I =D IVl + 1722l 2y (4.3.8)
i=1
We also need the following result (See, [15, Lemma 2.4], [82, Lemma 2]) for our subsequent
analysis.
Lemma 4.3.2 Consider A(-,-;-,-) as given in 4.3.4. There exists a positive constant C
such that
1/2 v,
anl LQ(FZ) *

Below, we prove the stability of the method (4.3.4).
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Lemma 4.3.3 There exists a positive constant o independent of h such that

Alvn, i vns i) = all[(on, m) 1P Vo € Xn, pn € WHI); (4.3.10)
40&0

C [OK%
Proof. From (4.3.5) and the Cauchy Schwarz’s inequality, we obtain

for v = yoh with vo < ;ag, aq, C1 being positive constants.

2
2 ov
A(vns pn; Un, i) = Z HﬁilmvvhHLQ(Qi) +(0—-1) /1“7 {66—7;} fn dT
i=1

v 2
1/2 Y%
gl {ﬂ o }
Now another application of Cauchy Schwarz’s inequality, Young’s inequality together with

Lemma 4.3.2 yield a bound for the second term on the right hand side of (4.3.11) as

2
- + ||71/2Mh’|L2(p). (4.3.11)

L2(T)

avh} ‘ 1 { avh}
drl < /2 1/2
LW{ﬁ an [ Hn > || 6671 L2(r)||7 MhHL2(F)
1 ov 2 € 2
< _||41/2 YYh 4= 1/2
< 5| {ﬁ 6n} . 517 “h”m(p)
Cr003 2 €1 2
< Vo —|Iy"? . (4312
< o IVl + gl el (0312

Since (4.3.1) holds, we choose v = 7oh, where vy > 0 is independent of A . Now substitute
(4.3.12) in (4.3.11), use the bounds of the coefficients [ to derive

2
2
A(vn, pin; vns i) > QOZHV%H;(QZ-)"‘||W1/2Mh||L2(F)
i=1

Cryood 2 2 €, 1 2
_1) [ 2NN v, €|y
o >< S 9ty + 50l

2
—oCrypas? Z ||Vvi||2LQ(Qi). (4.3.13)
i=1
Note that here ag and «; are the lower and upper bound for the coefficient 3. Now for
CIQ%%
2e
positive constant a such that (4.3.10) holds.

4o
> 0 and € < 2. And hence for 7y < 0—02, there exists some
10

o = 0, choose ag —

a

For o = 1, choose ag — Crajyy > 0. Therefore, for vy < 0—02, there exists some positive
109

constant « such that the stability (4.3.10) holds. This completes the proof. |

We need also the boundedness of A(-, -; -, -) with respect to |||(-, -)|||-norm.
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Lemma 4.3.4 For all (v,p) € X x L*T) and (wn, un) € X, x WHT), the following
relation holds true for v = O(h):

A,y wns i) < C (I )+ 172000 ey + Dl -7y ) 1 ons )l (4:3:14)

Proof. Apply Cauchy Schwarz’s inequality and the duality between H /2 and H'? to

derive

2
. _ Vo un
A, g wp, pp) = ;/ﬂ BiVu - Vuwy, dx—l—/r,u[[wh]] dT—i—O'/F’}/,u {ﬂ o }dr
0 0
L) o
0
_/F/V{ﬂa_:;}ﬂh dT+/quth

2
< c (Z 190l i I F20ml 20y + 1l 2720y ] e
=1
8wh
ol |2 {ﬁ—}
) on L)
4o 71/2 {ﬁ@} 71/2{ %}
an L2(T) an L2(T)
2] g 72 ey
2 LU 2 o + 128l e I 2
Y an T Bellpey WY Bz 17T Bellzzr)
L2(T)

(4.3.15)

Using Lemma 4.3.2, we obtain for v = O(h)

2 2 ~1/2 2 1/2
Aw, o) < C (I + Dl sy + 720D )

2 1/2
2
(Z ||V’whHi2(Qi) + ||Hwh]]||§{1/2(r) + ”’Yl/2ﬂhHL2(r)> (4.3.16)

i=1
Using the trace inequality (Theorem 1.2.2) and Poincaré inequality (Theorem 1.2.1), we

arrive at

A o) < C (@l + vy + 197200 o)

2 1/2
2
i=1
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The boundedness (4.3.14) of A follows from (4.3.8) and this completes the rest of the proof.
|

The coercive property (4.3.10) and the boundedness (Lemma 4.3.14) of A(-,;-,-) ensure

the validity of Lax-Milgram lemma (Theorem 1.2.8) and hence, there exists a unique pair

of solution (up, A\p) € X, x W™(T) to the problem (4.3.4).

4.3.1 Error Analysis

In this section, we derive a priori error estimates for the elliptic problem (4.2.4)-(4.2.5).

Theorem 4.3.1 Let (u, \) be the solution of (4.2.4)-(4.2.5) and (un, Ap) be the solution of
(4.8.4). Then, there exists a positive constant C independent of h and v such that

—up A=\l < ¢ inf A —
(v = un Wl < e (I (w = wn, A = ) [
+ ([ = wallll oy + 1A = /LhHH*l/?(F)) . (4.3.18)

Proof. By adding and subtracting wj, and p;, in the error term, we obtain as a consequence

of triangle inequality:
(= wn, A= )] < W[ (w = wn, A = ) 1] + ([ Cwn = wny pon = Al (4.3.19)
Now using (4.3.10), orthogonality (4.3.7) and boundedness (4.3.14) of A we obtain

1
1 (wn = wn, i — )| < EA(wh — Un, fth — AR; Wh — Up, fth, — Ap)

1
< EA(U_UM)\_)\h;wh_Uha,uh_)\h)
1
—EA(U — Why A — fip; Wy — Up,y [, — Ap)
< C(J[[(u = wn, A = pa)|l|

+ ”’y_1/2[[u - wh]] HLQ(F) + ||)\ - MhHH*1/2(F)>
(I(wn = wn, pn = M) - (4.3.20)

From (4.3.19) and (4.3.20), (4.3.18) follows and this completes the proof. [ |
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Theorem 4.3.2 Let (u, \) be the solution of (4.2.4)- (4.2.5) and (un, A) be the solution of
(4.3.4). Further, assume u € H*(;), then with v = O(h) there exists a positive constant
C such that

2
l1u = wns A= Ml < CBY il (13.21)
i=1
and
2
o= w0y < RS Nl (1322
i=1

Proof. From Theorem 4.3.1, using the nodal interpolant I; of u; in €, and the L%
orthogonal projection I, on W"(T) defined by (3.3.17) and (3.3.19) in Chapter 3, we
obtain

(v =up, A=M)[l] < C <H|(u — Iyu, A= T
+ - Inulll 2y + 1A = ﬁh)‘||H*1/2(F)> . (4.323)

For the first term on right hand side of (4.3.23), we use the standard interpolation estimate

and L*(T) estimates

[ = Intill g1,y < Chlltill g,y for ui € H (), (4.3.24)
and
1A =TI 2y < CRY2(IA] g2 yfor A € HYA(T). (4.3.25)
Hence, we obtain
~ 2
(= Inu, A= T[] < Ch+~"2RY2) > il o, (4.3.26)
=1

For the second term on the right hand side of (4.3.23), we use Lemma 1.3.2 to derive

2= Ty < I = Ty + I = Ty e

2
< Oy VRPN uill g, forwi € HA(Q).  (4.3.27)

=1
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For the last term on the right hand side of (4.3.23), we use (3.3.19) to arrive at

2
IA =T M gr-1/2) < CRINgary < CR Y ill e (4.3.28)

i=1
Substituting (4.3.26)-(4.3.28) in (4.3.23), and choosing v = O(h), the estimate (4.3.21)
follows.

For the L2-error estimate, we appeal to Aubin-Nitsche duality argument. Let ¢; =

V1o, € H*(Q:) N H(Q),i = 1,2 be the solution of the interface problem

v; = 0 on 90N oK, (4.3.30)
0
(]l =0, Hﬁ%”r = 0 along T, (4.3.31)

which satisfies the regularity condition[11, Theorem 1.1], [34, Theorem 2.1]

2
S il ooy < cllw—unll 2q- (4.3.32)
=1

Setting e; = u; — up,, and multiplying both the sides of (4.3.29) by e;, and summing up over

1 = 1,2, we obtain

2 2
oY
lel* = > leilliz,) = Z/Q B:Ve; - Vipi d — /Fﬂ%[[e]] dr.  (4.3.33)
=1 =1 i
With the help of (4.3.7), we find that

0 = A (u — Uy A — A I, T, (ﬁg—;ﬁ))

2

-y / Ve VI do+ [ (A= M)l dr

T

—i-_a/ry()\—/\h) {ﬁaé;w}dr—aéy{ﬁ%} {ﬁaéf}m
m (52)ar- [ ()

+/F7(A AT <5g_:§) dr. (4.3.34)
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Subtracting (4.3.34) from (4.3.33), and making use of [[¢)]] = 0 along I', we obtain

2
2 = i V€ i — Iny;) do — V20 = M)y Y[y — d
e Zj/ﬂﬂv V(i — Ints) da /Fv (A= M)y 21 — L)) dr

_U/FW(A—)\h) {ﬁﬁéﬁ}dwa/ﬂ{ﬁg—?ﬁ} {5‘%?}057
- () R )5 ()

- /Fy()\ — AT, (5216) dr. (4.3.35)

Note that, using trace inequality (Theorem 1.2.2), we find that

e ael 662
- <
H{ﬁa”} 2w ' ' on ‘ EF || Loy

For the first term on the right-hand side of (4.3.35), use the Cauchy Schwarz inequality,
(4.3.21) and then the approximation property (3.3.17) to obtain

Ve - V(v — Iygy) de| < Ch? Z ]l g2,

=1

(4.3.37)

For the second term on right hand-side of (4.3.35), use Cauchy Schwarz’s inequality, (4.3.21)

and then Lemma 1.3.2 to derive

/F P2 = Ny V2 — L)) dr

< 2O = M)l ey 2 0 = Inlll ey

< Ch? Z ] 2o, (4.3.38)

when v = O(h).
For the fourth term on right-hand side of (4.3.35), an application of Cauchy Schwarz’s
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inequality, the trace inequality (4.3.35) yields

[ )l = el o) s o)
[P )

Oe
N5,
8¢}
+ _
L2(T) H{ﬁﬁn

(Hosas-o)

IN

L? (F)>

(4.3.39)

IA

_2
< o) |
=1

For the fifth term on right-hand side of (4.3.35), use the duality pairing between H'/? and
H~'/2 the trace inequality, (4.3.21) and the approximation property (3.3.19) to obtain

o o (00 % _q, (524
Jen (5 1 (55,)) | = M| (55, - (550) )|
/9
< OZH‘QHHl(Q ( w — 1 (ﬂ%)) H-1/2(T)
< Ch2ZHUHH2 (4.3.40)
=1

An application of Cauchy Schwarz’s inequality together with the trace inequality and v =
O(h) yields an estimate for the sixth term on the right hand side of (4.3.35) as

e | = oY Oe ~ oY
ﬁﬂ%ﬂmQ%J*'SCW%—}mmm@%)
CWZnenHlm ( w)

Chzz lull 72 )
=1

Finally, for the third and last term on the right-hand side of (4.3.35), we proceed in the

L2(r)

IA

L2(r)

IA

(4.3.41)
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following way. From (4.2.4)-(4.2.5) and (4.3.2)-(4.3.3), we arrive at
8vh
A—A —rd
FV( 2 {ﬂ on } '

—U/F'y {ﬁ%(u _ uh)} {ﬁ%} dr — 0,(4.3.42)

/F[[u — up)|pn, dr + /Fv {58%@ - uh)} pu, dr — /Fv()\ — ) = 0.(4.3.43)

2;/9 BV (u —up) - Vuy, d:c+/r(>\— An)[[vn]] dr+o—/

With v, = (vp,,0), we derive from (4.3.42)

BV (Pyu — uy) - Vo, do + /(ﬁhA — \n)Un, dT + o—/
O r r

0 0
- U/FV{ﬁa(u — uh)} {ﬁ g;:l}dT
— o 5V (Pyou —u) - Vo, dv + /F(l:[h)\ — Ao, dr + U/F,y(ﬁh)\ —\) {ﬁ%} dr,
(4.3.44)

(I — An) {ﬁagzl } dr

and hence,

/(ﬁhA — An)on, dT = 61V (up, — Pyu) - Vo, drv +o / (A — TN {58% } dr
r Q1 r on

+ GV (Pyu — ) - Vuy, dx+ /(ﬁh)\ — Ay, dr
o r

+ a/rv(l:[h)\—)\) {ﬁ%}m
+ a/rv{ﬁ%(u—uh)} {ﬁﬁgzl}dr (4.3.45)

Note that by using Lemma 4.3.2, we obtain an estimate for the second term on the right
hand side of (4.3.45) as
v
1/2 h1
gl <ﬂ o )

. 0 -
/V(Ah — 1 \) {ﬁ ghl } dT‘ < C||71/2()\h - Hh)\)”m(r)
r n

L2(r)

2
< Ch Z [will g2,

i=1
Now for the rest of the terms on the right-hand side of (4.3.45) we use Cauchy Schwarz
inequality, duality pairing between H~/2? and H'/2, the trace inequality (Theorem 1.2.2)
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along with the standard approximation properties (3.3.17), (3.3.19), (4.3.21), and similarly

as in (4.3.46) we arrive at

2

/(ﬁhA — A\p)op, dt < Chz [will g2(qy)
I

i=1

Applying (4.3.47), for the third term on the right-hand side of (4.3.35), with v, = (vp,,0) €
Olny

Xpand vy, = R, | O W)’ where Ry, is the continuous lifting operator defined in Lemma

1.3.5, we obtain for v = O(h)
AL : oI
- < 200,
v 0w (0% ) dr < Cm Yl | (955
In¥ill g oy

i=1 HY/2(D)

2
< CVhZ [ull g2

=1

2
< Chzz [ll 20
=1

Vill g2, - (4.3.48)

Similarly for the last term on the right-hand side of (4.3.35), vy, = Ry, (ﬁh (ﬁg—zﬂ)), we
n
arrive at the estimate for v = O(h)

(L0 - (L0
A — )1l — )dr < C~h aro 11T —
)RR o ety TP L S |
2
< O Null g il 2oy (4.3.49)
=1

From (4.3.35)-(4.3.41), (4.3.48) and using the regularity condition (4.3.32), we obtain L?2-
error estimate (4.3.22). This completes the proof. |

4.4 Parabolic Initial and Boundary Value Problems

In this section, we study both the semidiscrete and fully discrete methods for the parabolic
initial and boundary value problem with discontinuous coefficients. We follow the same

assumptions and notations as in the last sections.
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Consider the following parabolic initial-boundary value problem with discontinuous co-

efficients: Given f € L*(Q), find u; = u;(x,t) satisfying

w, — V- (B(x)Vu;) = f in Q x (0,7, (4.4.1)
wlz,t) = 0 on (99 NOQ) x [0,T], (4.4.2)

wi(2,0) = wp(z) in Q (4.4.3)

([u]]y = 0, Hﬂg_ZHF — 0 along I. (4.4.4)

4.4.1 Semidiscrete method

0 0
By integrating by parts, introducing the flux A = —ﬁla—ul = ﬁ2a—u2, we can derive the
n n

1 2
Lagrange multiplier method for the interface problem (4.4.1)-(4.4.4) as follows. Find
(u(-,t), A(-,t)) € X x M such that for ¢t € (0, 7]

(u,v) + a(u,v) +b(v,\) = Z/ fvdx  YoveEX, (4.4.5)
b(u, p) = 6:1 Ve M, (4.4.6)
(u(0),v) = (uo,v). (4.4.7)

Now we propose the stabilized Nitsche’s Mortaring method for the parabolic problem

(4.4.5)-(4.4.7): Find (un(t), \u(t)) € X;, x WH(T) such that for ¢ € (0,7
2
(ung on) + ;/Q BiVuy, - Voy, dw+/r)\h[[vh]] dr + /FV)\h {ﬁ%} o

ou ov 2
_ /F’Y {66—7;} {56—7”]:} dr = ;/QZ fUh dx Vvh - Xh, (448)

/F[[uh]]ﬂh dr + /Fv {6%} iy dT — /Fw)\h,uth =0. Yu, € WHI)  (4.4.9)
un(0) = upo, (4.4.10)

where upg is an approximation of u in X}, to be defined later. Equivalently, (4.4.8)-(4.4.9)
can be written as: Find (up,(t), \n(t)) € X x W(T) such that such that for ¢t € (0, 7]

(Uht, ’Uh) + .A(Uh, )\h; Vh, ,LLh) = f(’Uh) V’Uh € Xh, JUS Wh(F) (4411)
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where

A(wh, Vh;“h;ﬂh) =

zj:/ BiVwn - Von der/F nl[vn]] dT+/th {5%}
- [ awh}{ S bar = [lwnlo dr
I8

{ },uh dr + / YU R dT, (4.4.12)

and

F(uy) = Z /Q fon da. (4.4.13)

(4.4.11) leads to a system of linear ordinary equations and an application of Picard’s exis-

tence theorem yields the existence and uniqueness of solution on [0, 7.

4.4.2 Error Analysis

In this section, we discuss the error estimates for the scheme (4.4.11). Subtracting (4.4.8)-
(4.4.9) from (4.4.5)-(4.4.6), we obtain the error equation such that for all (vy, un) € X X
W),

(Ut — thvh) —+ Z /Q ﬁZV(U — Uh) . Vl)h dl’ + /()\ — Ah)[[vh“ dT

r

+/F7()\_— M) {5%} dr /F’y {ﬁa(“a;“h)} {ﬁ%ﬁf } dr=0, (44.14)

/FH(U — up)Jpn dr + /F o {5%} i, dr — /Fv()\ — An)pn dT = 0. (4.4.15)

Equivalently (4.4.14)-(4.4.15) can be written as
(wy — g, vp) + A — up, A — Ay op, i) =0 Yo, € Xy, € WHT).  (4.4.16)

For the error estimates, we now define mixed elliptic projection as follows. For given u and

A, set (up, S\h) as solution of elliptic part of (4.4.11), i.e

A(U — ’[Lh, A — S\h; vh,,uh) =0 Yo, € X}, JUTS Wh(F) (4417)
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Set

u—up = (u—1ap)+ (tp, —up) =p+46 (4.4.18)
and

A== =)+ M=) =n+E (4.4.19)

Since estimates of p and n are known from Theorem 4.3.2, it is enough to estimate # and
¢. From the equations (4.4.18), (4.4.19), (4.4.16) and using the elliptic projection (4.4.17),

we obtain
2
(0, v1) + ZZ:;/Q BV -V, dv + /Fﬁ[[vh]] dr + /Fvﬁ {ﬁ%} dr

_/F7 {52_72} {ﬁ%} dr = —(py, on), (4.4.20)

/F[[@]]uh dr + /Fv {52—2} pi dT — /Fyguh dr = 0. (4.4.21)

Substitute v, = 0 in (4.4.20), pp = £ in (4.4.21). Then subtract (4.4.21) from (4.4.20)
and apply coercivity of A(-,-;+,-). Then using Young’s inequality (1.2.2) and Poincaré
inequality (Theorem 1.2.1), we now arrive at

%%W +all@.O1F < ledlel
< @l + ZN1@ O,
and hence,
%HGIIQ +all|0, I < Ca)llp)” (4.4.22)
Integrating (4.4.22) from 0 to ¢, we find
o) +a [ 110,91 < @ (100 + [ Iolfar). @z
Now choose g, = 1p(0), then 6(0) = 0, otherwise with wg ), = Ipug

10O = Nlan(0) = uonll < [luo = Inuoll + [[@n(0) — uoll

2
< CR*Y uollyeo,)- (4.4.24)
=1
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From Theorem 4.3.2, we obtain

2
lpell = llwe — @]l < CP* > el 2y - (4.4.25)

i=1
Substituting (4.4.24) and (4.4.25) in (4.4.23), we find that

2

t t
||9(75)H2+04/0 @, OllPdr < Ccnty <|IUO||§12<QZ-> +/0 el 72 ds)- (4.4.26)

i=1
Using triangle inequality and Theorem 4.3.2, we arrive at

2

t
lu(t) = un(®)|* < CR* Y (HUOHia(gi) +/O el 72 dS) : (4.4.27)

i=1
For a bound in |||(-, -)|||-norm, substitute v, = 6; in (4.4.20), differentiate the equation
(4.4.21), put pp, = € in (4.4.21) and proceed in similar way as in the proof of Theorem 3.4.2

to arrive at

2

C t
ORI <Hu0||§{2(9i) +/O (T||ut||§,2(9i) + ||ut]|§{2(9i)> dr) . (4.4.28)

i=1

Finally, we apply triangle inequality. The result obtained is stated as a theorem below.

Theorem 4.4.1 Let (u,\) and (up, \p) be the solutions of (4.4.5)-(4.4.7) and (4.4.8)-
(4.4.10), respectively. Further, let u|q ,uy, € H?(;). Then with ugy = G or Tyug, there
exists a positive constant C', independent of h, such that for t € (0,T],

2

t
lu(t) = un()* < OB <Hu0||§{2(9i) +/O [ e dS) : (4.4.29)

i=1
and,

2

C t
= A =3I < TS (Hlieay + [ (e

i=1

+ el dr) - (4.4:30)
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4.4.3 Fully discrete method
T
Let k& be the time step parameter k = N and t, = nk. For a continuous functions

n _ ,n—l1
¢ € C[0,T], we set the backward difference quotient as d,p" = % The backward

Euler approximation of (u, \) is to seek a pair of functions (U™, A") € X, x WH(T') so that
(U™, A™), n > 1, satisfies

2
arm n n n 8fUh
(BU™, vp) + ;/ﬂ BVU™ - Vuy, dw+/FA [[vn] dT+/F7A {ﬁ—an }dT

oU™ f .0 -
— /F,y{ﬁ B }{ﬁ%}dT:;/gifvh dx Vv, € Xp, (4.4.31)

a n
/F[[U”]],uh dr + /Fv {ﬁ (;i },uh dr — /FvA”,uh =0.  VYu,e WHI) (4.4.32)
U° = upg (4.4.33)

Equivalently, (4.4.31)-(4.4.32) can be written as: for n > 1, find (U™, A") € X}, x W"(T)
such that

(O.U™ vp) + A(U™, A% v, 1) = Flup) Yo € Xp, i € W), (4.4.34)

Theorem 4.4.2 Let (u(t,), A(t,)) be the solution of (4.4.5)-(4.4.7) and let (U",A™) €
Xy, x WH(T) be an approzimation of (u(t),\(t)) at t = t,, as given by (4.4.34). Further,
assume that for t € (0,T], u(t) € H (), u(t)ml,ut(t)ml € H*(Q) and uy(t) € L*(Q).
Then with ugp = Upe or Ipug, there exists a positive constants C, independent of h and k,

such that

2

tn tn
lu(tn) = U™ < © <h4 > <HU0||§12(QZ-> +/0 IIUtH?{zmi)) + k‘z/ HUttHQd8> (4.4.35)
t

i=1 =0

and,

2

tn
||\<u<tn>—U",Mtn)—A")nFs0<h22(||uouzzm b [l )

=1

tn
+ K / ||utt]|2ds)(4.4.36)
t

=0
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Proof. For the error estimate we split the error terms as follows:
u(ty) — U™ = (ulty,) — an(tn)) + (ap(t,) = U™) = p"™ + 6™, (4.4.37)

and

~ ~

AMtn) — A" = (Mtn) — ntn)) + () — A™) = ™ + €7 (4.4.38)

Since the estimates of p™ and 1" are known from Theorem 4.3.2, it is sufficient to estimate

0™ and £". Using (4.4.37)-(4.4.38) in (4.4.31)-(4.4.32), elliptic projection (4.4.16), we arrive

at
2
(B9, v) + ; /Q BV oy do /F & {[on]] dr + /F Yer {5%} ir
00mY (.0
- /1“7 {ﬂa—n} {ﬂ%} dr = (wn,Uh) Vvh - Xh (4439)
o0
[ ar + jﬁvh{ﬁzﬁi}luldT——/ﬁWE”uh:=0. VW) (4440)
where,

w" = Oytiy (t,) — ue(ty) = (Otin(ty) — Opulty)) + (Omu(ty,) — us(ty))
= wi +wy. (4.4.41)

Choose vy, = 0" in (4.4.39), pup = &" in (4.4.40) and subtract the resulting equation. Note
that

_ 1_ ko _
(07,0 = S0,10" " + 5 10:6” >

1=
> Ao

Using the Cauchy-Schwarz inequality, ellipticity (4.3.10) and Young’s inequality (1.2.2), we
find that

1-
5(9t||9”H2 1O NP < Cllw™[lle™] < flw™ 116" x

n o n ¢en
< c)lw"?+ Sllem e

and hence,

o™ 1” + alll(6", €MI” < Ol llw"||*.
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Using the definition of 9, we arrive at
671" < 16" I + Chfje™ |,
and hence, by repeated application, we obtain
012 < 16°1° + (Y I+ 3 )
j=1 J=1
Choose ug; = 15,(0), then % = 0, otherwise with ug; = Thug
16°] = ll@n(0) — wonll < lluo — Inuol| + [1@n(0) — uoll
2
< CR*Y ol pza,)-
i=1
Since

tj
wl = Byin(ty) — Bru(ty) = k' / (it — ) ds,
ti—1

j—

we now find that

n n ts K t
in2 TR 2 " 2
ES Sl <30 [ M —wlfas < O3t [ e s
j=1 j=1“ti-1 =1 0

To estimate w3}, we note using Taylor series expansion that

wh = Opu(t;) — uy(ty) = /f_l(u(tj). —u(tj_1)) — wlty)

t]
= —k:_l/ (s —tj_1)uu(s)ds,
ti—1

J

and hence,

n n . 2 t
.2 J n

B3 flud) sz(/ |s—tj_1\||utt||ds> <R / ] Pds.
j=1 j=1 \’t 0

t
-1

Substituting (4.4.44)-(4.4.46) in (4.4.43), we obtain

2

tn tn
n 2 2
lo")* < C <h4z [uoll7r2(q,) +/0 el 20, + k2/t . Hutt||2d3> :
=1 =
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(4.4.42)

(4.4.43)

(4.4.44)

(4.4.45)

(4.4.46)

(4.4.47)
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An application of triangle inequality with (4.4.47) yields

2

tn tn
lu(t.) = U"|* < C <h4z <Hu0||§{2(ﬂi) +/0 Hut||§p(gi>) + kz/ ) Hutt!|2d8> (4.4.48)
t=

i=1
In order to estimate in |||(-, -)|||-norm, substitute v, = 3,0™ in (4.4.39), then proceed similar

way as in Theorem 3.4.2 to obtain (4.4.36). [ |

Remark 4.4.1 Since our scheme is exactly consistent with the original problem, we derive

the optimal estimates in L*-norm as well as in |||(-,-)|||-norm when v = O(h).

4.5 Matrix Formulation

In this section, we discuss the algebraic formulation arising from the discrete formulation
(4.3.2)-(4.3.3). Here in this case also, construction of basis functions are similar to that in
Section 2.7 of Chapter 2, with a slight modification for the Lagrange multiplier space. The
matrix representation for (4.3.3) can be given by:

M, + %Nsus + %Nmum — Mt = Mypm A (4.5.1)

Here, M,, M,, and M,,,, are given by (mS fr 3y, dr, (mm fr @7, dr and

(mm fF2 Yn;n,dT respectively. Here, ¢y, are the nodal basis functions for Wh(Ts),

@5 and @7 denote the basis functions for Wh(F 1) and W"(Ty), respectively. Moreover,

let N*, N™, Ny and N;* are defined by N3, = [ @3- mpdr, NJi = [ @} - nothp,dr,
Ny = fFl @:-mpd-ng, and N = fm @7 - nagpll" - my, Tespectively.

Now, the matrix representation of (4.3.2)-(4.3.3) can be given as:
Aa=F, (4.5.2)

where « = (u},ul,u? u?,\,)". Note that here u} and u? represents the unknowns as-

1 'mo

1

sociated with all the internal nodal points in €y and €2, respectively. Further, u, and

u?, are the unknowns associated with I'; and 'y and ), s are the unknowns for Lagrange
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multipliers associated with W"(T).

AL AL 0 0 0
AL Al 0 0 M+ Z(N*) + LN
A=10 0 A2 Az 0 (4.5.3)
00 A AL, L) T )T
0 M,+IN* 0 —M,+IN" —Y My
with
Ay = fa@ o)} alal e (), 1<1<2,
A = falel p)} 2l € T()x, €T,
Ais = {alps, vs)} rs €Iy
A = falel pm)} 2l € Ti(),m € T,
A = {a(omsom)}  xpm €Ty,
and
T
F= < F! F! F? F? o) : (4.5.4)
where

7

(fP 0} 2l e Th(),z, €T,
(f9 om)} 2t € Th(SU), 2m € Ty,

Flo= {0 el e T), 1<1<2,

For fully discrete formulation (4.4.31)-(4.4.32), the matrix formulation associated can

be given as:
(B+ kA)a™ = Ba" ' + kF(t,), n>1, (4.5.5)

with o = (u}, ul,u?, v, \n)T.

10 778y ey hm)
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Here A and F are same as in (4.5.3) and (4.5.4), respectively and B has the following form:

Bl Bl 0 0 0
Bl B!, 0 0 M+ (N®)+ ZN;
B=| 0 0 B2 B2 0 (4.5.6)
00 Bi B ()T FO) - FRT)
0 M,+IN* 0 —M,+IN" — My,
where
B = {(p" ¢!} aiale (), 1<1<2,
B, = {B(@,¢)}  al€Tu(),z, €Ty,
By, = {B(¢s 9s)} s €I,
B, = {(.on)} 2l €T(U), 2 €T
Br = {(empm)}  xm T2

4.5.1 Numerical Experiments

We choose the following second order elliptic problem on the unit square domain 2 =

(0,1) x (0,1) with Dirichlet boundary condition and homogeneous jump conditions as

follows:
-V (@(I)VUZ) = [ in €,
u; = 0 on 9N Y,
ou
[[u]]lp =0, Hﬂ%ﬂr = 0 along I.

The computational domain €2 is subdivided into two equal subdomains €2;, ¢ = 1,2. Each
subdomain is subdivided into linear triangular elements of different mesh sizes h;. Here,

we take h; = 1/14 and hy

1/16. With the penalty parameter ¢ = O(h), we choose
discontinuous coefficients with #; = 1 and 35 = 10 in two subdomains. We choose f such
that the exact solution is u(z,y) = sin 7wz sin 7y.

The order of convergence for the error e = (u — uy) in L? norm ‘p’ with respect to the

space variable parameter h has been computed in Table 4.1. Figure 4.2 shows the computed
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L% order of convergence

—o—p=2

loge
&

Figure 4.2: Order of Convergence w.r.t. h

Table 4.1: L? Order of Convergence
(h1,ho)  h=maxh; |[ju—uplrq Order

1/4 0.047767

1/8 0.011946 1.99948664449448
1/16 0.0020445  2.02043304825433
1/32 0.00072768  2.01664660906930
1/64  0.00018066  2.01002704544642

=
o=
SN—

0 |—=
Sl
~—

~—

- &k 5l
= sk
S~—

D
=~
©
(=]
S~—

order of convergence with respect to h for ||u — uy|| in the log-log scale. The computed
order of convergence ‘p’ matches with the theoretical result (See, Theorem 4.3.2).

For the second order parabolic initial and boundary value problem, consider the unit
square domain € = (0,1) x (0,1) with Dirichlet boundary condition and homogeneous
jump conditions. Consider the following parabolic initial-boundary value problem with

discontinuous coefficients: Find u; = w;(z,t) satisfying

wy, — V- (B(x)Vu) = f in 9 x(0,1], (4.5.7)
wz,t) = 0 on (99 N8Q) x [0, 1], (4.5.8)

w(z,0) = wuolz) in Q (4.5.9)

([u]l = 0, Hﬁg—ZHF — 0 along I. (4.5.10)

The computational domain €2 is subdivided into two equal subdomains €2;, ¢ = 1,2. Each
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Order of convergence w.r.t. k

Order of convergence w.r.t. h
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(a) Order of Convergence w.r.t. discretization (b) Order of Convergence w.r.t. k

parameter h

Figure 4.3: Order of Convergence with discontinuous coefficients

subdomain is subdivided into linear triangular elements of different mesh sizes h;. With
ug = 0, we consider the discontinuous coefficients along the common interfaces of subdo-
main. We take the coefficients (51, f2) = (1,10). We choose f in such a way that the exact
solution is u(x,t) = e’ sin ma sinry. Figure 4.3(a) and 4.3(b) shows the computed order of
convergence with respect to h and k, respectively, for ||u — uy|| in the log-log scale, when
the penalty parameter € is taken as O(h). The computed result matches our theoretical

result (See, Theorem 4.4.2).
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Conclusions

5.1 Summary and Some Remarks

In this thesis, we have discussed mortar finite element methods for second order elliptic
and parabolic problems. Since mortar finite element methods deal with the independent
discretization over each subdomain of the original domain, this process of discretization
leads to non-matching grids across the common interfaces of the inter subdomains. In this
regard, the mortar finite element method is a locally conforming but globally nonconforming
one. In Chapter 1, we have briefly reviewed mortar finite element methods for second
order elliptic boundary value problems. Here, we have discussed an approximation Q,u
of the solution defined in (1.3.36) and studied the error estimates (Lemma 1.3.6) for the
approximation. With the help of this result and the L?-orthogonal projection 7y, defined
in (1.3.45), we deduce the error estimates (Theorem 1.3.1) for the method (1.3.9). The
error estimates in X-norm (broken H!'-norm) and L?norm is optimal as in the case of
standard finite element method. Next, instead of imposing the constraint (1.3.7) in the
finite dimensional space X}, we impose the weak continuity condition across the subdomain
interfaces in the variational formulation by means of a Lagrange multiplier. Then optimal
error estimates are derived in Theorem 1.3.2. The main contribution of the thesis starts
from Chapter 2.

In Chapter 2, we have discussed a standard mortar finite element method and a mor-
tar element method with Lagrange multipliers for the spatial discretization of a class of
parabolic initial-boundary value problems (2.1.1)-(2.1.3). A basic approach in deriving er-

ror estimates in Chapter 2 is the introduction of a modified elliptic operator P, from X

112
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onto V},, which is defined as :

a(u — Pyu, x) — Z / aVu-n[[x]]Jdr =0 Vx €V (5.1.1)

m=1 omCT*

where,

=

a(v,w) = Z/Ql a(x)Vu, - Vwy dz.

=1

After discussing a priori estimates for v — Pyu in broken H'-norm and L2-norm (see,
Lemma 2.3.1), optimal order of estimates in L>°(L?) and L*(H"')-norms for the semidis-
crete method is derived for the parabolic problem. Based on backward Euler method, a
completely discrete scheme is analyzed. Further, we have discussed a mortar finite element
method with Lagrange multipliers for parabolic problems. In order to find an estimate for
the Lagrange multiplier, we have chosen some auxiliary discrete spaces for primal variables
and Lagrange multipliers in such a way that they satisfy the LBB condition (See, Propo-
sition 2.6.1). Using the LBB condition, we have derived optimal error estimates (Theorem
2.6.2) in the later part of Chapter 2. The analysis can be easily extended to parabolic
problems with discontinuous coefficients and some numerical experiments are conducted to
substantiate the theoretical findings.

In order to alleviate the discrete LBB condition, which is crucial for finding the esti-
mates for the Lagrange multipliers discussed in Chapter 2, we have introduced a Nitsche
mortaring method in Chapter 3. In Nitsche mortaring method, we have added a penalty
term to the discrete formulation in order to establish the stability of the proposed method.
We have analyzed the following stabilized problem for elliptic problem with discontinuous

coefficients: find (uy, A\y) € Xj, x WH(T') such that

2 2
Z/ @Vuh : V’Uh dx + / )\h[[vh]] dr = Z/ fUh dx Vvh € Xh, (512)
i=1 7S r i=1 /S

/F[[uh]]uh dr — e/FAhuh dr = 0 Y, € WMD), (5.1.3)

where € is a suitably chosen penalty parameter.
We have proved the existence of a unique solution (uy, A,) € X, x W"(T') for the problem
(5.1.2)-(5.1.3) and derived a priori estimates in broken H! and L?*-norms provided ¢ = O(h)
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and u; € H*(Q;), i = 1,2. Moreover, we have extended this mortaring method to parabolic
initial-boundary value problems with discontinuous coefficients. Both semidiscrete and
fully discrete schemes have been discussed and error estimates have been derived when
¢ = O(h). Since the method (5.1.2)-(5.1.3) is inconsistent, in Chapter 3, we have obtained
only sub-optimal order of estimates in H' and L?norm. This chapter concludes with some
computational results.

Finally in Chapter 4, we have proposed a stabilized Nitsche’s mortaring element method,
which is consistent with the original problem. We have discussed the following discrete

scheme: find (up, \p) € X5 x W"(T') such that for all v, € X} and pu;, € WH(T),

2
Z/ gV Vo i /Fkhnvhn dr+o /Fw{ﬂ%}df

Guh 8Uh . 2
_ "/ﬂ{ﬁa—n} {ﬁa—n}dT — ;:1:/% fon de, (5.1.4)
0
/F[[uh]],uh dr + /F7 {ﬁ%} pp, AT — /Fy)\h,uth =0, (5.1.5)

where the penalty parameter v is at our disposal. When o = 0, the method (5.1.4)-(5.1.5)
is unsymmetric and for ¢ = 1, this method is symmetric. We have studied both the
symmetric and unsymmetric methods.

Under the assumption on the penalty parameter «, that is, v = O(h) (See, Lemma
4.3.3), the method is shown to be stable with respect to the ||| (-, -)|||-norm defined in (4.3.8).
Note that, we have used a natural choice for the discrete space of Lagrange multipliers
that is, W"(T'), the trace space of primal variables X,. After proving the existence of
a unique solution to the discrete problem, we have established in this chapter optimal
order of estimates with respect to [||(-,-)|/|-norm and L?*norm for both symmetric and
unsymmetric cases (See, Theorem 4.3.1) when v = O(h). We have also analyzed the
Nitsche’s mortaring element method for the parabolic initial-boundary value problems with
discontinuous coefficients. Using the elliptic projection (4.3.7), with v = O(h), we have
derived optimal order of estimates for both semidiscrete case, (see, Theorem 4.4.1) and
fully discrete case (see, Theorem 4.4.2). Moreover, we have derived error estimates for the
Lagrange multiplier. This plays a crucial role when we apply domain decomposition method

combined with mortar method. Note that, for the parabolic problems, we have only studied
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the case o = 1, that is, when the method (5.1.4)-(5.1.5) is symmetric. For the unsymmetric
case, there are certain difficulties in deriving the error estimates. Computational results
are discussed at the end of Chapter 4. Compared to Chapter 3, in Chapter 4, we have
derived optimal order of convergence for |[u — up| 2q, that is of order O(h?) if the penalty

parameter is of order h.

5.2 Extensions and Future Problems

In this thesis, we have studied mortar element methods for second order elliptic boundary
value problems and parabolic initial boundary value problems in two dimensional cases.
The results, however, can be extended to problems in three space-dimensions by making
appropriate modifications. Mortar element methods for three dimensional problems have
been discussed and analyzed in [17, 30]. We can also extend it to non-selfadjoint elliptic
boundary value problems. In this thesis, we limit ourselves to h-version of finite element
methods. For p and hp-version of mortar finite element methods it may be of interest to
extend our results by following the analysis of [75, 76]. This may be taken up in future.

Since the mortar finite element method deals with the decomposition of computational
domain into a finite number subdomains, the matrix system arising from the discretization
(2.7.4)-(2.7.5) is a block matrix and is sparse locally, but the global matrix leads to a full
matrix. Therefore, it may be possible that the global matrix has a large condition number.
Our future plan is to construct suitable preconditioners for the linear system arising from
the mortar finite element method.

Except for [66] and references cited there, there is hardly any literature in the direction
of mortar finite element method for nonlinear problems. Marcinkowski [66] has analyzed the
mortar element method for the following quasilinear strongly monotone elliptic boundary
value problems:

— Z %ai(l’, u, Vu) + ap(z,u, Vu) = f  in Q, (5.2.1)
i=1

u=0 onl, (5.2.2)

where Q C IR? is a bounded polygonal region with Lipschitz continuous boundary 9.
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oy oy
’ Oz’ Oxo

Denoting a;(x, po, p1,p2) = a;(x,u ) and p = (po, p1,p2), we assume that a;: Q X

R? — IR, i =0, 1,2 satisfy the following conditions: For some positive constants L, o,
a; € CH(Q x IR?), (5.2.3)

da;

Oda;
maz{|a;(z,0,0,0)],] axk@ P15

J

(z,p)|l} <L, for i,j=0,1,2; k=1,2;(524)

2

Z (z,p)&E; > o Z &2 (Uniform ellipticity). (5.2.5)

=0 i=1
For the error analysis of mortar finite element method applied to (5.2.1)-(5.2.2), Marcinkowski
in [66] has used in a crucial way the strongly monotoneness and boundedness property of
the bilinear form associated with the elliptic operator.

To the best of our knowledge, there is hardly any result available in mortar element

methods for the following quasilinear elliptic boundary value problems of non-monotone

type:

-V - (a(u)Vu) = f in Q, (5.2.6)
u = 0 on 09, (5.2.7)

where a: QxR — IR is a smooth function bounded above and below by positive constants.
Here, a(u) = a(x, u(x)).

The mortar formulation for the problem (5.2.6)-(5.2.7) is given as: Find uj, € V}, such
that

a(uh;uh,vh) = l(Uh) Y v, €V, (528)
where
Umvh,wh Z/ uhl Vvlh leh dz,
o)

and

l(vp) = Z fup, dx.

=1 v
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It is, therefore, natural to discuss the wellposedness of the discrete problem (5.2.8) and also
to derive a prior: error estimates.

Instead of imposing the mortar condition on the space, it is possible as in case of linear
problems to formulate a problem with Lagrange multiplier. The mortar finite element

method with Lagrange multiplier for the nonlinear problem is to seek (up, Ap) € Xp, x Mp,

such that
a(up; up, vp) +b(vp, Ap) = l(vy) Yo, € X (5.2.9)
b(uh,,uh) =0 V,uh c Mh, (5210)
where
mo
b(vn, pin) = Z/ Mh[[vh“\% dr,
m=1" 1mCIl
and

K
l(vp) = Z fup dx.
1=1 7%

The main concern is how to prove the wellposedness of the problem (5.2.9)-(5.2.10).
Based on the idea of linearization, see [45], it may be possible to use fixed point arguments
to prove existence of a discrete solution and we shall take this up in future.

With the help of Taylor series expansion, from (5.2.6)-(5.2.7) and (5.2.8), we obtain

K

A(u;u — up,vp) = Z/ﬂ [y (up)(u — up)V(u—uy) - Vo,

F g (up) (u — up)*Vu - Vo] dz + Z a(u)g—Z[[vthT Y oo € Vi,
m=1Y7Tm

(5.2.11)

where

K
A(u;v,w) = Z/Q la(u) Vo, - Vwy + a,(u) Vo - V] de,
1=1 /<

a(v) — a(vy) = @y(vp) (v —vy) = ay (V) (V — V4) — Guo(vs) (v — v3)?,
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and

i (vn) = /0 v+ ton — )dt, gs(vn) = /0 (1= Dapo[v + t(on — v)]dt.
Using (5.2.6)-(5.2.7) and (5.2.9)-(5.2.10), we rewrite

A(u;u — up,vp) + b(vp, A — N) = Z/Q [@y (up)(u — up)V(u—uy) - Vo,

Ay (un) (U — up)*Vu - Vg ldx Yo, € Xy,
(5.2.12)
b(u — uh,,uh) =0 A n € My, (5213)

where

mo
b(vn, pn) Z/ tn[[vn]]

With appropriate approximation @y, of w in Xj,, the problem (5.2.12)-(5.2.13) can be written

as

A(u; @y, — up,vp) + b(opg, A\ = Ap) = Alup; tp — u, vp)
K

+ Z/ ay(up)(u — up)V(u — uy) - Vo,
o

+ Ggu(up) (v — up)*Vu - Vuglde Yo, € X,

(5.2.14)
b(ap, — up, pp) = b(ap — u, pp) Y un, € My, (5.2.15)
Now consider a map
O Xy — X,
defined by ®(w) = z, where (z, () is the (unique) solution of the system
Alu;ap — z,0p) + 0o, N\ =) = A(up; ap — u,vp)
+ XK:/Q [y (w)(u —w)V(u —w) - Vo,
1/
+ cfbul(w)(u —w)*Vu - Vup]dx Vo, € X,
(5.2.16)

b(ﬁh —w, uh) = b(ﬁ,h —u, uh) A JUTS M,,. (5217)
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For given w € X}, the problem (5.2.16)-(5.2.17) is linear in z, the existence and uniqueness
of which follows for small h. Note that, here the existence of (up, Ap) € Xp, X M), satisfying
(5.2.9)-(5.2.10) follows, if we can show that ® has a fixed point in X}. This can be ensured
by applying Brouwer fixed point theorem; that is, by proving that ® is continuous and it
maps a closed bounded ball of X}, into itself. In future, we would like to pursue this theory
and discuss optimal error estimates in broken H' and L?-norm. Extension of this analysis
to parabolic problem is left as a future problem.

In, this thesis, we have not discussed mixed methods combined with mortar element
method with and without Lagrange multipliers. Therefore, it may be desirable to explore

it further for nonlinear elliptic and parabolic problems.
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